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THE HAHN-SCHUR THEOREM ON EFFECT ALGEBRAS

A. A1zpuru, M. NicasiO-LLACH AND M. TAMAYO

In this paper we obtain new results on the uniform convergence on matrices and a
new version of the matrix theorem of the Hahn-Schur summation theorem in effect
algebras.

1. INTRODUCTION

In 1936 Birkhoff and Von Neumann ([10]) began to consider the lattice of closed
subspaces of a separable infinite-dimensional Hilbert space as a mathematical model
for a calculus of quantum logic. From 1980, with Gudder’s work ([11]), the quantum
mechanical system is given by a probability measure on its set of events that, in general,
fails to form a Boolean algebra. To model unsharp quantum logics Foulis and Bennett
in 1994 ([7]) introduced effect algebras as follows:

A structure (L, @, 0, 1) is called an effect algebra if 0, 1 are two distinguished elements
and @ is a partial binary operation on L which satisfies the following conditions for any
a,b,ce L.

(1) bda=adbif a®bis defined.

(2) (adb)@c=ad (bdec) if one side is defined.

(3) For every a € L there exists a unique b € L such that a® b = 1.
(4) I 1@ ais defined, then a = 0.

In (8], the authors study the relation between partially ordered Abelian groups and
effect algebras.

Let (L,®,0,1) be an effect algebra. If a & b is defined we say that a and b are
orthogonal. If a ® b = 1 we say that b is the orthocomplement of a, and write b =a’. It
is clear that 1’ =0, (a’) =a, a® 0 is defined foralla € L and a® 0 = a.

We define now a partial order: a < b if there exists ¢ € L such that a®c =b. In
this case the element c is unique and it will be denoted by c= b6 a. Ifa < bbuta #b
we write a < b. We can prove that a < b if and only if a @ ¥’ is defined, also 0 < a < 1 if
a€l.

The effect algebra (L, ®,0, 1) is called a lattice effect algebra if (L, <) is a lattice. If
fora,be L,a< borb< athen (L,®,0,1) is said to be a totally ordered effect algebra,;

Received 12th June, 2006
Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/07 $A2.00+0.00.

161

https://doi.org/10.1017/50004972700039101 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700039101

162 A. Aizpuru, M. Nicasio-Llach and M. Tamayo (2]

if for all a,b € L, a < b, there exists ¢ € L such that a < ¢ < b, then L is said to be
connected.

Let F = {a; : 1 € 72 € n} be a finite subset of L. If a; ® a; is defined and
(a1 ®az) Das,...,(a1 Da2® - D an_1) ® a, too, we say that F is orthogonal and we
define @F = (a; ®a; @ - - D an—1) ® a,. (by the commutative and associative laws, this
sum does not depend on any permutation of elements).

An arbitrary subset of L, G is called orthogonal if F' is orthogonal for each F, finite
subset of G. In this case, if the supremum V{@F :FCcG,Fis ﬁnite} exists it is called
@-sum of G and we shall denote it by ©G.

We say that L is complete if for each orthogonal subset G of L, the &-sum, &G
exists; if for each countable orthogonal subset G of L, the ®-sum exists then we say that
L is o-complete. _

If (L,®,0,1) is an effect algebra we can consider in L the order topology. Birkhoff,
1948 [9] and Riecanova [13] proved the continuity of @ and ©.

The following is proved in [14]:

(i) If L is totally ordered and A = (a;); is orthogonal @-summable, then
{an}nen is order convergent to 0.

(ii) If L is o-complete, (a;); and (b;); are two orthogonal @-summable sequences
of L and for each ¢ € N, b; < a;, then we have:

n

V{Daon) = \/N{@} eryN{éBlb,-}

neN =1

(iii) If L is o-complete, totally ordered and connected, then for each h € L,
0 < h, there exists an orthogonal @-summable sequence (h;); of L such

that n
\,./{Gjh} < h.

Some interesting results about matrix convergence theorem in quantum logics are
studied in [14, 16, 15, 12]. These results generalise the results in [6]. In this paper,
we obtain a new version of the Hahn-Schur summation theorem in effect algebras. This
version can have direct applications to measure theory on effect algebras ([3, 4]). Some
similar results for normed spaces are obtained in [1].

2. MAIN THEOREM AND ITS PROOF

Let (L,®,0,1) be a totally ordered effect algebra.

We say that ([14]) the sequence (an)n of L is a Cauchy sequence if for each h € L,
0 < h, there exists ny € N such that when ny < n, np < m, ifa, € o, then e, Sa, < h
and if a, < a,, then a, S a, < h.
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In the next remark we obtain results that will be useful later.

If L is an effect algebra, then L is a D-algebra ([13]) and the following is satisfied:
if b© a and ¢ © b are defined then also ¢ © a and (¢ © a) © (c © b) are defined and
(coa)B(ced) =boa.

Let (L,®,0,1) be a totally ordered effect algebra.

Ifabe L,bya—bwemeana©bifbaand boaifa<b

If {a,b,c} C L thenc—a < (b—a) & (c—b) ([5)).

DEFINITION 0.1: Let (L, ®,0, 1) be a totally ordered effect algebra. An orthogonal
sequence {a;); is called an unconditionally Cauchy series if for each h > 0 there exists ng
such that when n 2 ng and B C {n,n+1,...} is finite then @ a; < h.

i€B

We shall denote by ¢o(N) the set of finite subsets of N. Every subset F of P(N)
such that ¢o(N) C F will be called a natural family.

A natural family F is subsequentially complete (SC) if for every sequence (4;) of
disjoints sets of F there exists M C N infinite such that | J;c,, A; € F.

The following result is a new version of the Hahn-Schur theorem and it is proved in
(14):

Let (L,®,0,1) be a o-complete totally ordered connected effect algebra, a;; € L
for 1,7 € N such that (a;;); is an orthogonal sequence of L for each i € N. If for each
subset A of N, the &-sum sequence @ %), is convergent, then (a;;);en are uniformly
@-summable with respect to 7 € N. e

We shall generalise this result using natural families, which can be non-SC.

In [1] the following definition is introduced:

DEFINITION 0.2: Let F be a natural family, we shall say that F is S if for every
pair [(Ai)i, (B;)i] of disjoint sequences of mutually disjoint sets of ¢o(N) there exists
M C N infinite and B € F such that if i € M then A; C Band BN B; = &.

REMARK. In [2] it is proved that there exist natural families being S but not SC.

REMARK. Let L be a totally ordered effect algebra and let {a,,...,a.}, {b1,...,b,} be
two orthogonal sets of n elements of L. In [14] it is proved that

(o) - (4) = (Drecom) o (Dow)

i€A_

where A, = {i<n:b <a;}, A ={1,...,n}\A;.

If L is o-complete and (a;);, (b;); are orthogonal sequences we have that:

(D) - (@) - (@eow) o (Do)
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where A, = {{ € N: b; < a;}, A- ={i € N:q; < b;}

If (L,®,0,1) is a totally ordered effect algebra and (a;); is an unconditional Cauchy
series then (a;); converges to zero. If @a; exists then it is easy to prove that (a;); is an
unconditional Cauchy series. ieN

The next theorem is similar to a result of [1] valid in normed spaces:

THEOREM 1. (Hahn-Schur Summation) Let (L,®,0,1} be a o-complete totally
ordered connected effect algebra. Let (a;;) be a matrix in L such that the rows are
orthogonal sequences and the columns are Cauchy sequences. The following assertions
are equivalent:

1. There exists a natural family F with the property S such that (EGBB a,-,-)
J

has the Cauchy property if B € F.

2. If(An). is a sequence of disjoint subsets of ¢o(N) then ( @D a,-j) has the

j€An i

Cauchy property uniformly inn € N.
3. @ ai; is uniformly and unconditional Cauchy series in i € N.
JEN
4. @ ai; is uniformly an unconditional Cauchy series ini € N and A € P(N)
JEA
5. (@ a,-j). has the Cauchy property if A € P(N).
jea /i

PROOF: We suppose that 1 is true and 2 is false. Then, there exists h > 0 such

that for each k there exist i > k and ny such that @ axj— @ ai; > h. Also, it is
3€An, j€An,
easy to show that for each k € N and each m € N there exist i > k and ny such that
@ Qi — @ a;j > handA,,,‘ﬂ{l,...,m}=0.

j€An, J€An,

Let {hl, ha, hs, h4} C L\{O} be such that hy ® ho ® hy ® hy < h.

For ky = 1, there exist ¢; and k, and n; such that €@ ax,; — @ ai,; > b

jEAn, j€An,
Since @ ax,; and € a;,; are an unconditional Cauchy series, we have that there
b} J
exists m such that @ ax,; < hy and @ a;,; < hy if B C {m; + 1,...} is finite.
j€B jEB

We observe that if B € {m; +1,...} and B* C {j € B : a;;; < ax,;} and B~

C {] € B: Ak, 5 < a,'u'} then

Do - Pani= [@ (ar,j — aiu‘)] - [@ @iyj — aku‘] <hi +hy
i€ j€B jem+ jeB-

because

D (ar; — 2is) < € arj <

jeBt jeBt
P (ai; — ars) < P aij < ho
jeB~ j€B-
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As for j € {1,...,/m}, (ai;)i has the Cauchy property, we can consider {hs),...,hsm, }
C L\{0} such thatif j € {1,...,m 1} and p,q 2 4o is Tp;—Tqj < hyj. Soif C C {1,...,m}

and C* = {j € C : apj < a5} we have that @i{(a,,,- —ag;) < h3, @ (ag; — ap;) < h3
je€e jec-

and it will be also (JEGBC aps ) ~ (,?2 ag5) < hs.

Take k; > i9; and i3 > k; and n, such that ( (4] ak,j) - ( <) a,-zj) > h and
Am, 0 {1,...,m} =0. 7€An2 7€An

We obtain, inductively, the sequences of integers k; < i} < ko < i < -+ < ky
<i, <---and my <my <---<m, <--- such that, if r € N we have:

i- @ (ak,j — ai,j) < hs, @D (ai,j —ax,j) < h3 if C C {1,...,m,_;} and

jEC+ jec-
Ct={jeC:a;j<a;},C ={jeC:ar;<ai;}

ii.- @D ar,; — P ai,; >hand m,_; <infA, <supAd, <m,.
J€EAn, J€An,

iii.- If B C {my41,...} is finite and B* = {j € B : a;,; < ax,;} and B~ = {j
€ B: ax,j < ai;} then € (ax,; — ai,j) < b1, @ (ai,; — ax,j) < hy and
jeB+ j€B-

(@ ak,j) — (@ a,',j) < hy + hs.

jeB j€B _
For each r € N, let By, = (m,_1, m,|\ Ay, we have a pair of disjoint sequences of disjoint
sets of ¢o(N) : [(An,), (B,,,)]r; since the family F has the S property, there exists M C N
infinite and A € F such that if r € M then A,, C A and AN B,, = 0. We have that

(@ a,-,-) ~has the Cauchy property. Then there exists 3y such that

jEB 1
(@ am‘) - (@ aqj) < hq,
JEA JEA
if p,q 2 0.
Let r be such that 3y < k,, we have that a = (@ ak,.j) - (G) ai,j).

JEA JEA
Let A* = {j € A:a;; <ax;}and A~ ={j € A:ar,; < a;;}. We have that

ot = P (aks — ais)

jea+
- [ @ (ak,; — a,-rj)] @ [ @ (ak,; — a,-,_,-)] @ [@ (ak,.j - ai,j)] =br@ct
jea+ JEAn,NA* JEAT
i<me_, i>m,
where ¢t = @ (ax,; — a,;) and
jeAﬂrnA+
bt = [ D (a; - ai,j)] ® [@ (@, = a,-,j)] < hi+hs.

jeat jeAt
j€me—y i>me
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Analogously, a™ = b~@®c™, wherea™ = @ (a;,j—ax,;)andc™ = @ (ai,j—ax,j)
jEA- FEA=NA,
and
b” = [ D (a;- ak,j)] ® [@(ai,j - akrj)]-
jeA- jEA~
Jj€me_y >m.

We also have that b~ < hy + hs.
If we consider ¢*, a*, ¢~ we deduce that ¢t ©¢~ is less or equal than b* @ (a* —¢7).
If we consider a™, a™, ¢~ we deduce that a* ©¢™ is less or equal than b~ @ (a* —a™).

So we deduce that € ax.; — @jca,, 8.5 =c* — ¢ is less or equal than h, that is
jeA'lr .
a contradiction.

Now we are going to prove that 2 = 3. If 2 is true and 3 is false, we have that there
exists h > 0 such that for each n there exists B C {n+1,...} finite and i, € N such that

@ Qi,j > h.

jeB .
We consider h; € L\{0} such that h; < h. For n; = 1 there exists 7, and B,
C {1,2,...} finite such that € a;; > h. Fori, there exists m; > sup B; such that €p a;;

j€By JEB
< hy if B C {m; +1,...}. For m, there exists i3 and B, C {m; + 1, ...} finite such that
@ Qiyj > h.
JEB;

Inductively we determine two sequences of integers 7; < iy < --+ < 4, < --+, My
< mg < +-- <my < --- and a sequence (B, ), of pairwise disjoint sets of ¢o(N) such that,
ifr > 1:

i.- B, C {m,_l +1,.. } and @ Qi.j > h.
JGBT
ii- @Pai; <hif BC {m,_;+1,...},s0 for each r > 1 we have @ a,,,;
jEB jeBr-(
— @ ai; > h — hy and this contradicts that (@ a,-j)_ has Cauchy

JEBr41
property uniformly in r € N.

jeB, /i

3 = 4 and 5 = 1 are trivial. We are going to prove 4 = 5.

We suppose that there exists A € P(N) such that ( D a,-,-) _is not a Cauchy sequence.
jea /i
We have that there exists h > 0 such that for each n there exist 7,k such that n < i < k

and @ axj — D ai; > h.

jeA JEA
For n =1 there exist: i1, k; such that 1< i, <k; and @ axj — @D ai; > h.
JEA JEA
Inductively, we obtain sequences k;, < 4 < k < i < - < k,
< 4, < --- such that € ax,; — @ ai,j, if r € N.

jEA j€A
Let hi, hy € L\{0} be such that h; + hy < hj.

By hypothesis, there exists m € N such that if B C {m+1,...}NA then @ a;; < h,
: je8
for each i € N.
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We have that, for j € {1,...,m} N A, (ai;); is a Cauchy sequence and it will exist ¢
such  that, if p,q > ip then ap; — aqg < hoj,  where
{ha1,... ham} C L\{0} and hoy & --- ® hom < he. So, if ¢ C {1,...,m}N A
and p, ¢ > ip, then € (ap; —ag;) < b1, €D (agj —ap;) < h1 and P(ap; —ag;) < hy, where

j€ct j€e— j€c
ct={j €c:ay <ap}and ¢ ={j € c:ap < ag}

Let 7 be such that ip < k, < i,. If a* = @ (ax,; —ai,;) and a™ = @D (ai,; - ak.j),
JEAT jeA~
where A* ={j € A:a;,; <ar}and A~ = {j € A: ax,j < a; }, we deduce

at = [@(ak,]‘ - ai,j)] ® [@ ak,j — a’irj] < hy + hy.

JEAT jeAt
jsm j>m

Analogously, we have that a= < hy + hy. So @ (ax,; — ai,;) = a* ©a~ < h and this
j€A

is a contradiction. 1]
REMARK. In the same conditions of the last theorem, we shall have that the rows (a;;);
have uniformly the Cauchy property and we can deduce from [5] that the columns also
have uniformly the Cauchy property, from this it is easy to deduce that given h € L\ {0}
there exist 4, jo such that a;; < hif i 2 ip and j 2 jo. In other words, lima;; = 0 in the
sense of Pringsheim.
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