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Abstract

Multiples zeta values and alternating multiple zeta values in positive characteristic were introduced by Thakur and
Harada as analogues of classical multiple zeta values of Euler and Euler sums. In this paper, we determine all linear
relations between alternating multiple zeta values and settle the main goals of these theories. As a consequence,
we completely establish Zagier—Hoffman’s conjectures in positive characteristic formulated by Todd and Thakur
which predict the dimension and an explicit basis of the span of multiple zeta values of Thakur of fixed weight.
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1. Introduction
1.1. Classical setting

1.1.1. Multiple zeta values
Multiple zeta values of Euler (MZV’s for short) are real positive numbers given by

1

W, where n; = I,I’lr > 2.
1 oKy

l(ng,...,n) =

O<kj<---<k,

Here, r is called the depth and w = n; + - - - + n, is called the weight of the presentation (ny, ..., n,).
These values cover the special values {(n) for n > 2 of the Riemann zeta function and have been
studied intensively, especially in the last three decades with important and deep connections to different
branches of mathematics and physics, for example, arithmetic geometry, knot theory and higher energy
physics. We refer the reader to [7, 43] for more details.
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The main goal of this theory is to understand all Q-linear relations between MZV’s. Goncharov
[19, Conjecture 4.2] conjectures that all Q-linear relations between MZV’s can be derived from those
between MZV’s of the same weight. As the next step, precise conjectures formulated by Zagier [43] and
Hoffman [23] predict the dimension and an explicit basis for the Q-vector space Z; spanned by MZV’s
of weight k for k € N.

Conjecture 1.1 (Zagier’s conjecture). We define a Fibonacci-like sequence of integers dy as follows.
Letting dy = 1,dy = 0 and dy = 1, we define dy = dy—3 + di—3 for k > 3. Then for k € N, we have

dimg Zy = dy.

Conjecture 1.2 (Hoffman’s conjecture). The Q-vector space Zy. is generated by the basis consisting of
MZV’s of weight k of the form {(ny, . ..,n,) withn; € {2,3}.

The algebraic part of these conjectures which concerns upper bounds for dimg Z; was solved by
Terasoma [34], Deligne—Goncharov [17] and Brown [5] using the theory of mixed Tate motives.

Theorem 1.3 (Deligne-Goncharov, Terasoma). For k € N, we have dimg Zj < dy.

Theorem 1.4 (Brown). The Q-vector space Z is generated by MZV’s of weight k of the form
l(ny,...,n.) withn; € {2,3}.

Unfortunately, the transcendental part which concerns lower bounds for dimg 2 is completely open.
We refer the reader to [7, 16, 43] for more details and more exhaustive references.

1.1.2. Alternating multiple zeta values
There exists a variant of MZV’s called the alternating multiple zeta values (AMZV’s for short), also
known as Euler sums. They are real numbers given by

ki k
€ ... & _ Z € .. &
g - ny

ny ...n ny?
! r O<kj<---<k, 1 -k

where €; € {+1}, n; € Nand (n,,¢.) # (1,1). Similar to MZV’s, these values have been studied by
Broadhurst, Deligne—Goncharov, Hoffman, Kaneko—Tsumura and many others because of the many
connections in different contexts. We refer the reader to [21, 24, 44] for further references.

As before, it is expected that all Q-linear relations between AMZV’s can be derived from those
between AMZV’s of the same weight. In particular, it is natural to ask whether one could formulate
conjectures similar to those of Zagier and Hoffman for AMZV’s of fixed weight. By the work of
Deligne—Goncharov [17], the sharp upper bounds are achieved:

Theorem 1.5 (Deligne-Goncharov). For k € N, if we denote by Ay the Q-vector space spanned by
AMZV’s of weight k, then dimg Ay < Fy41. Here, F, is the n-th Fibonacci number defined by F| = F> = 1
and Fpyo = Fpy1 + Fy foralln > 1.

The fact that the previous upper bounds would be sharp was also explained by Deligne in [15]
(see also [17]) using a variant of a conjecture of Grothendieck. In the direction of extending Brown’s
theorem for AMZV’s, there are several sets of generators for Ay (see, for example, [12, 15]). However,
we mention that these generators are only linear combinations of AMZV’s.

Finally, we know nothing about nontrivial lower bounds for dimg Ay.

1.2. Function field setting

1.2.1. MZV’s of Thakur and analogues of Zagier—-Hoffman’s conjectures
By analogy between number fields and function fields, based on the pioneering work of Carlitz [8],
Thakur [35] defined analogues of multiple zeta values in positive characteristic. We now need to
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introduce some notations. Let A = F, [6] be the polynomial ring in the variable 6 over a finite field F,, of
q elements of characteristic p > 0. We denote by A.. the set of monic polynomials in A. Let K = F, (6)
be the fraction field of A equipped with the rational point co. Let K, be the completion of K at co and
Co be the completion of a fixed algebraic closure K of K at co. We denote by v., the discrete valuation
on K corresponding to the place co normalized such that v, (6) = —1, and by |-|.c = ¢ the associated
absolute value on K. The unique valuation of C,, which extends v., will still be denoted by v,. Finally,
we denote by ﬁq the algebraic closure of F, in K.

Let N = {1,2, ...} be the set of positive integers and 720 = {0,1,2,...} be the set of nonnegative
integers. In [8], Carlitz introduced the Carlitz zeta values {4 (n) for n € N given by

1
Za(n) = Z - € Ko

acAy;

which are analogues of classical special zeta values in the function field setting. For any tuple of positive
integers s = (s1,...,5,) € N, Thakur [35] defined the characteristic p multiple zeta value (MZV for
short) £4(s) or {a(sy,...,S,) by

1
$) = —— € K,
£als) Zai‘...ai’

where the sum runs through the set of tuples (ai,...,a,) € A} withdega; > --- > dega,. We call r
the depth of {4(s) and w(s) = s1 + - -+ + s, the weight of £4(s). We note that Carlitz zeta values are
exactly depth one MZV’s. Thakur [36] showed that all the MZV’s do not vanish. We refer the reader to
[3, 4, 18, 28, 29, 33, 35, 37, 38, 39, 40, 42] for more details on these objects.

As in the classical setting, the main goal of the theory is to understand all linear relations over K
between MZV’s. We now state analogues of Zagier—Hoffman’s conjectures in positive characteristic
formulated by Thakur in [39, §8] and by Todd in [41]. For w € N, we denote by Z,, the K-vector space
spanned by the MZV’s of weight w. We denote by T, the set of £4(s), where s = (s1,...,s,) € N” of
weight wwith 1 <s; <gforl <i<r-1lands, <gq.

Conjecture 1.6 (Zagier’s conjecture in positive characteristic). Letting
1 ifw=0,

d(w) =q2w-1 fl<w<g-1,
ow-l_q ifw=gq,

we put d(w) = l.q:l d(w —1i) forw > q. Then for any w € N, we have
dimK ZW = d(W)

Conjecture 1.7 (Hoffman’s conjecture in positive characteristic). A K-basis for Z,, is given by T,
consisting of £A(S1, ..., 5y,) of weight wwith s; < qfor1 <i <r,ands, <gq.

In [31], one of the authors succeeded in proving the algebraic part of these conjectures (see [31,
Theorem Al]): For all w € N, we have

dimg 2, < d(w).

This part is based on shuffle relations for MZV’s due to Chen and Thakur and some operations introduced
by Todd. For the transcendental part, he used the Anderson—Brownawell-Papanikolas criterion in [2]
and proved sharp lower bounds for small weights w < 2qg —2 (see [31, Theorem D]). It has already been
noted that it is very difficult to extend his method to general weights (see [3 1] for more details).
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1.2.2. AMZV’s in positive characteristic
Recently, Harada [2 1] introduced the alternating multiple zeta values in positive characteristic (AMZV’s)

as follows. Letting s = (s1,...,5,) € N"and & = (e1,...,&,) € (F})", we define
dega deg a,
& L 8] Py O
ca (s) - Z al'...ay € Ko
where the sum runs through the set of tuples (aj,...,a,) € A} with dega; > --- > dega,. The

numbers r and w(s) = s; + --- + 5, are called the depth and the weight of {4 (E), respectively. We

set {a (g = 1. Harada [21] extended basic properties of MZV’s to AMZV’s, that is, nonvanishing,

shuffle relations, period interpretation and linear independence. Again, the main goal of this theory is
to determine all linear relations over K between AMZV’s. It is natural to ask whether the previous work
on analogues of the Zagier—Hoffman conjectures can be extended to this setting. More precisely, if for
w € N we denote by AZ,, the K vector space spanned by the AMZV’s of weight w, then we would like
to determine the dimensions of AZ,, and show some nice bases of these vector spaces.

1.3. Main results

1.3.1. Statements of the main results
In this manuscript, we present complete answers to all the previous conjectures and problems raised in
§1.2.

First, for all w we calculate the dimension of .4 Z,, and give an explicit basis in the spirit of Hoffman.

Theorem A. We define a Fibonacci-like sequence s(w) as follows. We put

(g-1g"™! ifl<w<g,
s(w) = 4 )
(g=-D(@" " -1) ifw=gq,

q-1
and forw > q, s(w) =(qg—=1) X, s(w—=1i)+s(w—gq). Then forallw € N,
i=1
dimg AZ,, = s(w).
Further, we can exhibit a Hoffiman-like basis of AZ,,.

Second, we give a proof of both Conjectures 1.6 and 1.7 which generalizes the previous work of the
fourth author [31].

Theorem B. Forallw € N, T, is a K-basis for Z,,. In particular,
dimg 2, =d(w).

We recall that analogues of Goncharov’s conjectures in positive characteristic were proved in [9]. As
a consequence, we give a framework for understanding all linear relations over K between MZV’s and
AMZV’s and settle the main goals of these theories.

1.3.2. Ingredients of the proofs

Let us emphasize here that Theorem A is much harder than Theorem B and that it is not enough to work
within the setting of AMZV’s. On the one hand, although it is straightforward to extend the algebraic
part for AMZV’s following the same line in [31, §2 and §3], we only obtain a weak version of Brown’s
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theorem in this setting. More precisely, we get a set of generators for AZ,, but it is too large to be
a basis of this vector space. For small weights, we find ad hoc arguments to produce a smaller set of
generators but it does not work for arbitrary weights (see §5.4). Roughly speaking, in [31, §2 and §3] we
have an algorithm which moves forward so that we can express any AMZV as a linear combination of
generators. But we lack some precise controls on the coefficients in these expressions so that we cannot
go backward and change bases. On the other hand, the transcendental part for AMZV’s shares the same
difficulties with the case of MZV’s as noted above.

In this paper, we use a completely new approach which is based on the study of alternating Carlitz
multiple polylogarithms (ACMPL’s for short) defined as follows. We put £y := 1 and £ := ]—[f:1 (0-69")
for all d € N. For any tuple s = (s,...,5,) € N and & = (g1,...,&,) € (]F;)’, we introduce the
corresponding alternating Carlitz multiple polylogarithm by

d, d,

e gl .. &
Li (S) = Z W S Koo
di>->d- 20 dy """ Vdy

We also set Li 8) =1.

The key result is to establish a nontrivial connection between AMZV’s and ACMPL’s which allows
us to go back and forth between these objects (see Theorem 5.9). To do this, following [31, §2 and §3] we
use stuffle relations to develop an algebraic theory for ACMPL’s and obtain a weak version of Brown’s
theorem, that is, a set of generators for the K-vector space AL,, spanned by ACMPL’s of weight w. We
observe that this set of generators is exactly the same as that for AMZV’s. Thus, AL,, = AZ,,, which
provides a dictionary between AMZV’s and ACMPL’s.

We then determine all K-linear relations between ACMPL’s (see Theorem 4.6). The proof we give
here, while using similar tools as in [3 1], differs in some crucial points and requires three new ingredients.

The first new ingredient is the construction of an appropriate Hoffman-like basis AS,, of AL,,. In
fact, our transcendental method dictates that we must find a complete system of bases AS,, of AL,
indexed by weights w with strong constraints as given in Theorem 3.4. The failure to find such a system
of bases is the main obstacle to generalizing [31, Theorem D] (see §5.1 and [31, Remark 6.3] for more
details).

The second new ingredient is formulating and proving (a strong version of) Brown’s theorem
for AMCPLs (see Theorem 2.11). As mentioned before, the method in [31] only gives a weak ver-
sion of Brown’s theorem for ACMPL’s as the set of generators is not a basis. Roughly speaking,
given any ACMPL’s we can express it as a linear combination of generators. The fact that stuffle
relations for ACMPL’s are ‘simpler’ than shuffle relations for AMZV’s gives more precise informa-
tion about the coefficients of these expressions. Consequently, we show that a certain transition ma-
trix is invertible and obtain Brown’s theorem for ACMPL’s. This completes the algebraic part for
ACMPLs.

The last new ingredient is proving the transcendental part for ACMPL’s in full generality, that is,
the ACMPL’s in AS,, are linearly independent over K (see Theorem 4.4). We emphasize that we do
need the full strength of the algebraic part to prove the transcendental part. The proof follows the same
line in [31, §4 and §5] which is formulated in a more general setting in §3. First, we have to consider
not only linear relations between ACMPL’s in AS,, but also those between ACMPL’s in AS,,, and the
suitable power 7" of the Carlitz period 7. Second, starting from such a nontrivial relation we apply the
Anderson—-Brownawell-Papanikolas criterion in [2] and reduce to solve a system of o-linear equations.
While in [31, §4 and §5] this system does not have a nontrivial solution which allows us to conclude, our
system has a unique solution for even w (i.e., g — 1 divides w). This means that for such w up to a scalar
there is a unique linear relation between ACMPL’s in AS,, and 7*. The last step consists of showing
that in this unique relation, the coefficient of 7" is nonzero. Unexpectedly, this is a consequence of
Brown’s theorem for AMCPLSs mentioned above.
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1.3.3. Plan of the paper
We will briefly explain the organization of the manuscript.

e In §2, we recall the definition and basic properties of ACMPL’s. We then develop an algebraic
theory for these objects and obtain weak and strong Brown’s theorems (see Proposition 2.10 and
Theorem 2.11).

e In §3, we generalize some transcendental results in [31] and give statements in a more general setting
(see Theorem 3.4).

e In §4, we prove transcendental results for ACMPL’s and completely determine all linear relations
between ACMPL’s (see Theorems 4.4 and 4.6).

e Finally, in §5 we present two applications and prove the main results, that is, Theorems A and B.
The first application is to prove the above connection between ACMPL’'s and AMZV’s and then
to determine all linear relations between AMZV’s in positive characteristic (see §5.1). The second
application is a proof of Zagier—Hoffman’s conjectures in positive characteristic which generalizes
the main results of [31] (see §5.3).

1.4. Remark

When our work was released in arXiv:2205.07165, Chieh-Yu Chang informed us that Chen, Mishiba
and he were working towards a proof of Theorem B (e.g., the MZV version) by using a similar method,
and their paper [10] is now available at arXiv:2205.09929.

2. Weak and strong Brown’s theorems for ACMPL’s

In this section, we first extend the work of [31] and develop an algebraic theory for ACMPL’s. Then
we prove a weak version of Brown’s theorem for ACMPL’s (see Theorem 2.10) which gives a set of
generators for the K-vector space spanned by ACMPL’s of weight w. The techniques of Sections 2.1-2.3
are similar to those of [31], and the reader may wish to skip the details.

Contrary to what happens in [31], it turns out that the previous set of generators is too large to be
a basis. Consequently, in §2.4 we introduce another set of generators and prove a strong version of
Brown’s theorem for ACMPL’s (see Theorem 2.11).

2.1. Analogues of power sums

2.1.1.

We recall and introduce some notation in [31]. A tuple s is a sequence of the form s = (s, ..., s,) € N
We call depth(s) = n the depth and w(s) = s; + - - - + 5, the weight of s. If s is nonempty, we put
5= (82,...,8,).

Let s and t be two tuples of positive integers. We set s; = 0 (resp. t; = 0) for all i > depth(s) (resp.
i > depth(t)). Wesay thats < tifs;+---+s; <t;+---+1; foralli € N, and w(s) = w(t). This defines
a partial order on tuples of positive integers.

Fori € N, we define T; (s) to be the tuple (s1+- - -+5;, Si+1, - - - , S5). Further, fori € N, if T;(s) < T; (1),
then Ty (s) < Ty (t) for all k > i.

Lets = (sy,...,5,) € N" be a tuple of positive integers. We denote by 0 < i < n the largest integer
such that s; < ¢ forall 1 < j < i and define the initial tuple Init(s) of s to be the tuple

Init(s) := (s1,...,5;).
In particular, if s; > ¢, then i = 0 and Init(s) is the empty tuple.

For two different tuples s and t, we consider the lexicographic order for initial tuples and write
Init(t) < Init(s) (resp. Init(t) < Init(s), Init(t) > Init(s) and Init(t) > Init(s)).
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2.1.2.
Letting s = (s1,...,5,) € N" and & = (&1,...,&,) € (F)", we set 5_ := (s52,...,5,) and &_ :=
(&2,...,&pn). By definition, an array (2) is an array of the form

& _ El " &En
S - S| Sn :
We call depth(s) = n the depth, w(s) = s+ - -+, the weight and y (&) = €] . . . &, the character of (E)

€

We say that (‘Z) < ( t) if the following conditions are satisfied:

L. x(¢&) = x(e),
2. w(s) = w(t),
3. 81+ +s; <t;+---+t; foralli € N.

We note that this only defines a preorder on arrays.

€

Remark 2.1. We claim that if (i) < ( i

depth(t). Thus,

), then depth(s) > depth(t). In fact, assume that depth(s) <

W(S) =S+ + Sdepth(s) < 1+ + ldepth(s) < 11 + -+ taeprnt) = w(t),
which contradicts the condition w(s) = w(t).

2.1.3.
We recall the power sums and MZV’s studied by Thakur [38]. For d € Z and for s = (sq,...,s,) € N,
we introduce

1
Sd(g) = Z W ek
ar,...,an €A, Lo
d=dega;>--->dega, >0
and
1
S<d(5) = Z T ekK.
a'...ay,

ap,...,an €A+
d>dega;>--->dega, >0

We define the multiple zeta value (MZV) by

{a(s) = ) Sals) = ) > ﬁ € Keo.

d>0 d>0 ap,..., an€A, 1
d=dega;>--->dega;, >0

We put £4(0) = 1. We call depth(s) = n the depth and w(s) = 51 + - - - + 5, the weight of 4 (s).
We also recall that £y := 1 and ¢, := I—[l‘.*’:l (0 —07) forall d € N. Letting s = (s1, . ..,5,) € N*, for
d € Z, we define analogues of power sums by

. 1
Sld(5) = Z W (S
d=d\>--->d,>0 di """ “dn

K9
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and

Sicg (5) = . Z W ekK.
>d|>->d, >0 di
We introduce the Carlitz multiple polylogarithm (CMPL for short) by
. . 1
LI(S) = Z Sld(S) = Z Z W € Keo.
d=0 d>0 d=d\>--->d, >0 "di dn

We set Li(0) = 1. We call depth(s) = n the depth and w(s) = 51 + - - - + 5, the weight of Li(s).

2.14.
& gl ... &
Let = (! " | be an array. For d € Z, we define
) St ... Sn
degal dega,,
8 PR
Sal.|= Z Gt 5 . €K
S a'...a
aj,...,an €A, 1 n
d=dega;>--->dega, >0
and
dega; degun
S £ ‘_ 81 e K
<d 5|~ Z —asl as” € K.
ar,...,an €A, Loern

d>dega;>--->dega, >0

We also introduce

e gl gdn
e B g
sulf)= Y Fhex

A Sn
d=d,>-->d,; >0 gdl T [dn
and
e sf‘ .. .sfl,"
Saff)= Yy S g
$ R i
d>d;>->d, 20 “di dn

One verifies easily the following formulas:

Siy ( ) = &% Sig(s), 2.1
Siy ( ! ) Sig(s1,...,50), 2.2)
Sicg ( ! ) = Sicy(s1,...,50), 2.3)

Sig (5) Sig ( ) Sica (j) | 2.4

Then we define the alternating Carlitz multiple polylogarithm (ACMPL for short) by

di dy
(€ . A 81 -€n
Li2) - 35 c)- > g ke

di>-->d, 20 fdl
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Recall that Li (g) = 1. We call depth(s) = n the depth, w(s) = 51 +--- + 5, the weight and y (&) =

&1 ...&, the character of Li (g)

Lemma 2.2. For all (:‘) as above such that s; < q for all i, we have

Sy (‘Z) = Siy (‘2) forall d € Z.

Therefore,

Proof. We denote by 7 the set of all arrays (2) = (jl T ‘;3") for some n such that s, ...,s, < gq.
1 +-- Sn

The second statement follows at once from the first statement. We prove the first statement by
induction on depth(s). For depth(s) = 1, we let (2) = (i) with s < g. It follows from special cases of

€

power sums in [37, §3.3] that for all d € Z, Sy (s

d
) = — = Siy (i) . Suppose that the first statement

€1 ... &y

holds for all arrays (5) € Jwith depth(s) = n — 1 and for all d € Z. Let (i) = (s s
1 --. Sp

)be an

element of 7. Note that if (;) e J, then (2_

s1 < gthatforalld € Z

sa(e) = (D)) = (s () =)

This proves the lemma. O

) € J. It follows from induction hypothesis and the fact

2.1.5.

Let (8), N
s

!
i > depth(t). We define the following operation

(0= %)

where g€ and s +t are defined by component multiplication and component addition, respectively.
We now consider some formulas related to analogues of power sums. It is easily seen that

Siy (i) Siy (j) = Siy (ssft) , (2.5)

)be two arrays. We recall s; = 0 and g; = 1 for all i > depth(s); ; = 0 and ¢; = 1 for all

hence, fort = (t1,...,1,),

€Y (€)Y _ o EE€| €_
Sld (S) Sld (t) = Sld (s 1 t_) . (2.6)
More generally, we deduce the following proposition which will be used frequently later.
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€

Proposition 2.3. Let (2) ( t

)be two arrays. Then we have the following:

1. There exist f; € F, and arrays (';l’) with (ﬁ’) < (Z‘) + (:) and depth(u;) < depth(s) + depth(t) for

all i such that

i

Siy (‘E) Siy (:) =" fiSiq (ﬁ’ ) foralld € Z.

2. There exist f! € F, and arrays (ﬁf) with (ﬁ}) < ((:) + (:) and depth(u) < depth(s) + depth(t)

for all i such that

. [e)\ o (€ ) o !
Si-y (s) Si<y (t) = > f Sica (ﬁl) foralld € Z.

i

3. There exist " € F, and arrays (ﬁf,) with (ﬁf,) < (2) + (:) and depth(u") < depth(s) +depth(t)
for all i such that l l

i € i € 1" Qs ”
Sia (s) Sica (t) = Z Ji" Sia (ﬁf,) foralld € Z.
L

Proof. The proof follows the same line as in [3 1, Proposition 2.1]. We omit the proof here and refer the
reader to [25, Proposition 1.3] for more details. O

We denote by AL (resp. £) the K-vector space generated by the ACMPL’s (resp. by the CMPL’s) and
by AL,, (resp. L,,) the K-vector space generated by the ACMPL’s of weight w (resp. by the CMPL’s
of weight w). It follows from Proposition 2.3 that AL is a K-algebra. By considering only arrays with
trivial characters, Proposition 2.3 implies that £ is also a K-algebra.

2.2. Operators B*, C and BC

In this section, we extend operators 5* and C of Todd [41] and the operator 5C of Ngo Dac [31] in the
case of ACMPL’s.

Definition 2.4. A binary relation is a K-linear combination of the form

> aisia (?) + 3 b Sigu (:‘) =0 foralldeZ,
. 3 }

i
i

where a;,b; € K and (‘:’) s (? are arrays of the same weight.
A binary relation is called a fixed relation if b; = O for all 7.

We denote by BR,, the set of all binary relations of weight w. One verifies at once that BR,, is a
K-vector space. It follows from the fundamental relation in [37, §3.4.6] and Lemma 2.2, an important
example of binary relations

. (€ _ . e 1
Rg: Sld (q)+8 lD]SldH(l q_l)zo,
where D1 =09 -0 € A.
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For later definitions, let R € BR,, be a binary relation of the form

R(d): Za,SId( ) Zb Sld+1() 0, 2.7

L

&g\ (€ .

where a;, b; € K and ( ’) s ( tl) are arrays of the same weight. We now define some operators on
i i

K-vector spaces of binary relations.

2.2.1. Operators B*
Let ( ) be an array. We define an operator

B, : BR, — BR,,,

as follows: For each R € BR,, given as in Equation (2.7), the image B;, , (R) = Sig (?}-) 2j<a R(j)is

a fixed relation of the form

0 = Siy (f:) (Z a; Sig (‘Z’) + Z bi Si<an (?))
=ZaiSid( )Sl<d( ) Zb Sld(V)Si<d( ) Zb Sld( )Sld(t)
:Zalsld( ) Zb Sld( Z)+Zbisid(va.-le :,l__)

1

The last equality follows from Equation (2.6).

2 gl ... 0y .
Let (V) (Vl o Vn) be an array. We define an operator By , (R) by

B;V(R) - 0'1 Vi OB:;',, vn( )
1% Vi ... Vp

. 2 € Ol ... On_l On€l €i—\ _
ZaiSId( ) Zb Sld( ) Zb Sld( e t,-_)‘o‘

i

Lemma 2.5. Let (Z) (0'1 o 0-") be an array. Then By, ,, (R) is of the form

Proof. From the definition and Equation (2.6), we have B, |, (R) is of the form

ZaiSid( ) I sld("" 6’) b Su(‘,f"f’;; ff__)z

1

Apply the operator B, |, o---0Bg | toBy | (R),theresultthen follows from the definition. O

2.2.2. Operators C
Let (‘E/) be an array of weight v. We define an operator

CZ,V (R): 589{w — %sﬁwﬂz
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as follows: For each R € BR,, given as in Equation (2.7), the image Cs v (R) = R(d) Si<g+1 (‘Z/) isa

binary relation of the form

sl s

13

_ Z“Z sld( )sld (v) +Zi:ai Sid( )Sl<d (‘Z,) Zb sld+1( )Sl<d+l (‘Z,)
= Zc, Sld( ) ZC Sige1 (ﬁ)

1

The last equality follows from Proposition 2.3.
In particular, the following proposition gives the form of Cs v (R:).

Proposition 2.6. Let (‘Z/) beanarraywithV = (vi,V_)and £ = (01, Z_). Then Cs v (R ) is of the form

. ol X X
Siy (q+ 1V) Sld(q ) Zb Sld+1(1t) 0,

where b; € A are divisible by D and (t )are arrays satisfying (t ) < (q i 1) + (‘Z/) foralli.

Proof. We see that Cs, v (R;) is of the form

(el o (2 el (2 - . e 1 . p)
Sld (q) Sld (V) + Sld (q) Sl<d (V) + & lD] Sld+1 (1 q- 1) Sl<d+1 (V) =0.

It follows from Equation (2.6) and Proposition 2.3 that

(el [2 A 2\ o gop X . [e 2
Sld (Q) Sld (V) + Sld (CI) Sl<d (V) = Sld (q v V_) + Sld (q V) ,
_ . e 1 . z . £ €
£7'D) Sigsi (1 q- 1) Sicgr (V) = Zbi Sigs (1 ti)’
1

where b; € A are divisible by D and ( t, ) are arrays satisfying ( i ) < (q 1 1) + (‘E/) for all i. This
; —
proves the proposition. O

2.2.3. Operators BC
Let & € . We define an operator

BCey: BR,, — BR,uy

as follows: For each R € BR,, given as in Equation (2.7), the image BC . , (R) is a binary relation given
by

BCoq(R) = By ,(R) = > biCe, t,(Re).
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Let us clarify the definition of BC ;. We know that B ,(R) is of the form

o [E & T« € € Qs E€1 €| _
Za,SId (q si)+Zb,SId (q ti)+Zb,SId (q+m ti_)_o.

4

Moreover, Ce, 1, (R ) is of the form

. (e € . E€1 € - . e\ .. 1 . €\ _
Sig (CI ti) + Sig (q + ti—) +& "Dy Sigy (]) Sicgsi (q _ ]) Sicas (tz) =0.

Combining with Proposition 2.3, Part 2, we have that BC ;. ,(R) is of the form

Z a; Sig ( ) Z bij Sign (‘f i,) =0,

13

where b;; € K and are arrays satisfying < ! +{ €] for all Jj.
t,] t,J q— 1 ti

2.3. A weak version of Brown’s theorem for ACMPL’s

2.3.1. Preparatory results
Proposition 2.7. 1) Let (i) = (jl o 8") be an array such that Tnit(s) = (sy,...,Sk-1) for some

1 ... 8n

1 < k < n, and let € be an element in Fé. Then Li :Z can be decomposed as follows:

[ (e e ) K )

|

type 1 type 2 type 3

where b;,c; € A are divisible by D such that for all i, the following properties are satisfied:

e For all arrays (6) appearing on the right-hand side,

t

depth(t) > depth(s) and Ti(t) < Ti(s).
e For the array ( ) of type 1 with respect to (j) we have

g\ (el ...&k1 € e ler exel ... En
S1 «v. Sk-1 4 Sk —(q Sk+1 --- Sn

Moreover, forall k < € < n,

N

’
1

oS, <SPSy
e For the array( )oftypeZthh respect to( ),for allk <€ <n,

4+, <S4+ 5.
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e For the array (ﬁ) of type 3 with respect to (:‘) we have Init(s) < Init(u).

2) Let ;;) = (jl jk) be an array such that Init(s) = s and si = q. Then Li (5) can be
1 -.. Sk

decomposed as follows:

N _ T €’ LT I’li
Ll(s)—Zi:blLl(t;’)+Zi:clLl(ui),

type 2 type 3

where b;, c; € A divisible by D1 such that for all i, the following properties are satisfied.:

€

t) appearing on the right-hand side,

e For all arrays (

depth(t) > depth(s) and Ty (t) < Tr(s).

’

e For the array (:,) of type 2 with respect to (::)

’

[+ 1 <Sp+--+5k.
e For the array (ﬁ) of type 3 with respect to (‘:), we have Init(s) < Init(u).

Proof. The proof follows the same line as in [3 1, Proposition 2.12 and 2.13]. We outline the proof here

and refer the reader to [25] for more details. For Part 1, since Init(s) = (sy, ..., Sk-1), we get s > q.
-1
Set (E) = (8 Ek &kl --- 8"). By Proposition 2.6, Cs, v (R ) is of the form
|4 Sk—q Sk+l --- Sn
-1
. Ek ... En . E E &k Ek+l .- En . € €|
Sid (Sk Sn) +Sia (q g S”) +Zbl Siasi (1 ti) =0, 2.8)

€;

t;

€ . 1 +Z _ eler kel ... €n .
t;] " \g-1 |% Sk =1 Sl ... Sn
For m € N, we denote by ¢!} the sequence of length m with all terms equal to g. We agree by
convention that ¢{%} is the empty sequence. Setting so = 0, we may assume that there exists a maximal

index j with 0 < j < k — 1 such that s; < g, hence Init(s) = (s1,...,s;, g'%=7=1}). Then the operator
BCe;, .q0 -0 BCg_ 4 applied to the relation (2.8) gives

where b; € A divisible by D and ( ) are arrays satisfying for all 4,

-1

. Ej oo k-1 &k ... & . Ej ... Ek-1 € E & € ... 6
Sld Jj+1 k-1 €k n +Sld J+l1 k-1 k €k+1 n
q ... q Sk ...Sp q ... q q Sk—q Sk+l --- Sn

Ej €i i

. J+1 Cipie | _
+ § bil...ik—j Sig1 ( 1 t.l . J) =0,
7 U .el—j
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where bil.,.ik_,» € A are divisible by D and

€iy ik < Ej12 « .. Ek-1 & 8_1«9k Ek+l --- €En ) 2.9)
ik q - q qSsk—1 Sg41 ... S

hY gl ... & . " . .

Set v =1 s . Applying 55, ,, to the above relation and using Lemma 2.5, we can deduce
1 ... 85 4
that
-1

Li (8) — _Li (81 oo &1 € E Ek Ek+1 .- Sn) (2.10)

S St ... Sk=1 49 Sk — 4 Sk+1 ... Sn

J

(€1 ... Ej-1 EjEj+1 €. dr_:
_Zb""""k*le (sl s1~1 sJ~-|J-1 tfl fkj ’
7 cee Sj=1 3 0.0k

<~J

(€1 ... & €11 €
_Zbil..,ik_~L1 j €J i)k
- 7 S N 1 ti1~~~ik—‘

The first term, the second term and the third term on the right-hand side of Equation (2.10) are referred
to as type 1, type 2 and type 3, respectively. From Equation (2.9) and Remark 2.1, one verifies that the
arrays of type 1, type 2 and type 3 satisfy the desired conditions. We have proved Part 1.

The proof of Part 2 follows the same arguments as that of Part 1. We first begin with the relation

R, . Next, we apply BC,,, g © -+ 0 BCg 4 t0 R, and then apply B, y,,. We can deduce that

L€ — . . (€1 - 8]' 8j+1 fil...ik_j
LI(S) = Zbll..‘lk—j Ll(s1 e 1t ) (2.11)
1

l|...ik,j
3 o (&1 - Ej-1 EjEj1 €ipip_;
zi: b”"'lk‘j Li (S] cee Sjo1 S+ 1 ti1...ik-j ) ’
where bil,_,ik_j € A are divisible by D and
fil...ikj) < (B2 - ek 1 ) (2.12)
til...ik_j qg ... q g-1

The first term and the second term on the right-hand side of Equation (2.11) are referred to as type 2
and type 3, respectively. From Equation (2.12) and Remark 2.1, one verifies that the arrays of type 2
and type 3 satisfy the desired conditions. We finish the proof. O

We recall the following definition of [31] (see [3 1, Definition 3.1]):

Definition 2.8. Let k € N and s be a tuple of positive integers. We say that s is k-admissible if it satisfies
the following two conditions:

1) s1,...,8: < q.
2) sis not of the form (sy,...,s,) withr <k, s{,...,5—1 < ¢, and s, = q.

Here, we recall s; = 0 for i > depth(s). By convention the empty array (8) is always k-admissible.

An array is k-admissible if the corresponding tuple is k-admissible.
Proposition 2.9. Forall k € N and for all arrays (g) Li (2) can be expressed as a K-linear combination

of Li (i) s of the same weight such that t is k-admissible.

https://doi.org/10.1017/fmp.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2024.18

Forum of Mathematics, Pi 17

Proof. The proof follows the same line as that of [31, Proposition 3.2]. We outline the proof here and
refer the reader to [25] for more details. We consider the following statement: (Hy) For all arrays
€

& .[& . . .
S| we can express Li (s) as a K-linear combination of Li ( ¢

)’s of the same weight such that t is

k-admissible.
We will show that (Hy) holds for all k£ € N by induction on k. For k = 1, we consider all the cases for

the first component s; of s. If 51 < g, then either s is 1-admissible, or (;;) = (2) We deduce from the

relation R that (H) holds for the case ((Z) = (2) If 51 > g, we assume that ((Z) = (jl j”) Set
L sy

(Z) = ( e & 8"). Applying Cs v to the relation R and using Proposition 2.6, we can deduce
\4 S1=¢q S2 "+ Sn ’
that

(&) _ (1l &1 & -y .l e
Ll(s)——Ll(q Si—q 5y - Sn)—Zb,Ll(l ti)’

where b; € K for all i. It proves that (H;) holds.
We next assume that (Hy_;) holds. We need to show that (Hy) holds. By using the induction
81 ... 8

. . . &€ .
hypothesis of (H_1), we can restrict our attention to the array (s = S" , where s is not k-
| Sy

admissible and depth(s) > k. We will prove that (Hy) holds for the array 2 by induction on s{+- - -+sk.

The case s; + - - - + s¢ = 1 is a simple check. Assume that (Hy) holds when s; + - - - + 5, < 5. We need
to show that (Hy) holds when s + - - - + 5% = 5. To do so, we give the following algorithm:
Algorithm: We begin with an array (‘Z)where s is not k-admissible, depth(s) > kand s;+- - -+s¢ = s.

Step 1: From Proposition 2.7, we can decompose Li (‘:)as follows:

(&) _ _.[¢ (€ [
Ll(s)— Ll(s')+zb’Ll(t;)+ZC’LI(ui)’ (2.13)

————

type 1 type 2 type 3

where b;, c; € A. The term of type 1 disappears when Init(s) = s and s, = g.
€
t
or t satisfies the condition #1 +- - - +1; < s, then we deduce from the induction hypothesis that (Hy ) holds

Step 2: For all arrays ( appearing on the right-hand side of Equation (2.13), if t is either k-admissible

& . . . € .
for the array (5) , and hence we stop the algorithm. Otherwise, there exists an array sl where s, is not
1

€1
S1 )
It remains to show that the above algorithm stops after a finite number of steps. Indeed, assume that the

k-admissible, depth(s;) > k and s1; +- - - + 51 = s. For such an array, we repeat the algorithm for

S0 S $2
that s; is not k-admissible and depth(s;) > k for all i > 0. Using Proposition 2.7, one verifies

above algorithm does not stop. Then there exists a sequence of arrays (':) = (80) , (81) , (82) ,...such

&ivl) . . & : . o
that ( ’+1) is of type 3 with respect to 5f for all i > 0O, hence we obtain an infinite sequence

Si+l i
Init(sp) < Init(s;) < Init(sy) < ---. For all i > 0, since s; is not k-admissible and depth(s;) > k, we
have depth(Init(s;)) < k, hence Init(s;) < ¢'¥}. This shows that Init(s;) = Init(s;,) for all i sufficiently
large, which is a contradiction. m}
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2.3.2. A set of generators A7, for ACMPL’s
We recall that AL,, is the K-vector space generated by ACMPL’s of weight w. We denote by AT, the

] .
We put t(w) = |AT | Then one Verlﬁes that

set of all ACMPL’s Li —Li|% f") of weight w such that sy, ...,s,-1 < gands, <gq.
Sn

(g —g™! ifl <w <gq,
1(w) = 0 .
(g=D(g"" -1 ifw=gq,

and forw > g, t(w) =(¢g—1) Z t(w—=1i).
=1

We are ready to state a Weak version of Brown’s theorem for ACMPL’s.

Proposition 2.10. The set of all elements Li (i) such that Li (‘:) € AT,, forms a set of generators for
AL, .

Proof. The result follows immediately from Proposition 2.9 in the case of k = w. O

2.4. A strong version of Brown’s theorem for ACMPL’s

2.4.1. Another set of generators AS,, for ACMPL’s

We consider the set J,, consisting of positive tuples s = (sy,...,5,) of weight w such that
S1,...,5n-1 < q and s, < ¢, together with the set |, consisting of positive tuples s = (s1, ..., s,) of
weight w such that g 1 s; for all i. Then there is a bijection

L j‘,:; — Jw

given as follows: For each tuple s = (s1,...,s,) € J,,, since g 1 s;, we can write s; = h;q + r;, where
0 <r; < qand h; € Z=°. The image «(s) is the tuple

1(8) =(qye s GoFlseeesqyersqyTn).
——— ———
h; times h,, times

Let AS,, denote the set of ACMPL’s Li ( ) such that s € 7,,. We note that in general, AS,, is strictly
smaller than AT, . The only exceptions are when ¢ =2 or w < q.
2.4.2. Cardinality of AS,,.

We now compute s(w) = |.AS,,|. To do so, we denote by A7, the set consisting of arrays (il o j")
1 .-+ 8n

N
such that s1,...,5,-1 < ¢,5, < g and &; = 1 whenever s; = g for 1 <i <n. We construct a map

of weight w such that g 1 s; for all i and by AJ . the set consisting of arrays ( j") of weight w

o AT\ — AT
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el ... &

s s ) € AJ, since q t s;, we can write s; = (h; — 1)g +r;,
1 .. 8

as follows: For each array (2) = (
where 0 < r; < g and h; € N. The image ¢ (i) is the array
g\ _((1...1)[& 1...1)\ (e,
#s q...q)\ri] " "\q ... q)\rn] )
S—— S——
hi;—1 times h,—1 times

It is easily seen that ¢ is a bijection, hence |AS,,| = |[AT | = |AJL|. Thus, s(w) = |AT. |. One
verifies that

(g - g™! ifl <w <gq,
s(w) = ol .
(g-D(g" " -1) ifw=gq,

and for w > ¢,

g-1
s(w)=(q- 1)2s(w—i)+s(w—q).
i=1

2.4.3.
We state a strong version of Brown’s theorem for ACMPL’s.

Theorem 2.11. The set AS,, forms a set of generators for AL,,. In particular,

dimg AL,, < s(w).

Proof. We recall that AT, is the set of all ACMPL’s Li (2) with (‘:) e AT w.

LetLi (‘:) =Li (il 8") € AT,,.Then (i) € AJ,whichimplies sy, ...,s,-1 < gands, <gq.
1 «.n

Sn

We express 2 in the following form

&1 ... shl—l Shl 8h1+---+h[-1+l e 8h1+~~+hg,1+(h(—1) 8h1+---+hg_1+h[
qg ... q ri ) q q re ’

| —
hi—1 times he—1 times

where hy,...,he 2 1,1 +---+hp=nand 0 < ry,...,r, < q. Then we set

’ 4 4
(s,) _ (8} g{)’
5 Sp oSy
where &7 = &p 4. th;_ 41 ** Enytoothy4h; and 87 = (h; — 1)g +r; for 1 < i < £. We note that ¢(s”) = s.
- - (&
From Proposition 2.7 and Proposition 2.10, we can decompose Li (5,)as follows:

(& g, 1. €
Li (s/):zae’t Li (t)
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g,
€t

oo |x1(mod Dy if €] =[°].
a; = t s

0 (mod D{) otherwise.

where (i) ranges over all elements of A7, and a € A satisfying

’ ’

(€ . . . (€
Note that Li (s’) € AS,,. Thus, the transition matrix from the set consisting of such Li (s’) as above

- (&) .. (& . .
(we allow repeated elements) to the set consisting of Li 5 with s € AJ, is invertible. It then follows

again from Proposition 2.10 that AS,, is a set of generators for AL,,, as desired. O

3. Dual -motives and linear independence

We continue with the notation given in the Introduction. Further, letting ¢ be another independent
variable, we denote by T the Tate algebra in the variable ¢ with coefficients in Cs, equipped with the
Gauss norm ||.|| and by L the fraction field of T.

We denote by &£ the ring of series )}, .qant" € K[[£]] such that lim,_ e /]anle = O and
[Ke(ag,ai,...): Ks] < oo. Then any f € £ is an entire function.

Fora € A =F,[0], we set a(t) := alo=; € Fy[t].

3.1. Dual t-motives

We recall the notion of dual -motives due to Anderson (see [6, §4] and [22, §5] for more details). We
refer the reader to [1] for the related notion of -motives.
For i € Z, we consider the i-fold twisting of Ce((¢)) defined by

Coo((1)) = Coo (1))

f=Zajtj — @ :=Za?itj.
j

J

We extend i-fold twisting to matrices with entries in C« ((7)) by twisting entrywise.
Let K[z, 0] be the noncommutative K [7]-algebra generated by the new variable o= subject to the
relation o f = f(-Vo forall f € K[1].

Definition 3.1. An effective dual #-motive is a K|t, 0]-module M’ which is free and finitely generated
over K [¢t] such that for £ > 0 we have

(t =) (M’ Jo M) = {0}.

‘We mention that effective dual r-motives are called Frobenius modules in [11, 14, 21, 27]. Note that
Hartl and Juschka [22, §4] introduced a more general notion of dual t-motives. In particular, effective
dual t-motives are always dual z-motives.

Throughout this paper, we will always work with effective dual #-motives. Therefore, we will some-
times drop the word ‘effective’ where there is no confusion.

Let M and M’ be two effective dual t-motives. Then a morphism of effective dual z-motives
M — M’ is just a homomorphism of left K [¢, o]-modules. We denote by F the category of effective
dual t-motives equipped with the trivial object 1.

We say that an object M of F is given by a matrix ® € Mat, (K[¢]) if M is a K[t]-module free
of rank r and the action of ¢ is represented by the matrix ® on a given K [¢]-basis for M. We say that
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an object M of F is uniformizable or rigid analytically trivial if there exists a matrix ¥ € GL,(T)
satisfying W1 = ®W. The matrix ¥ is called a rigid analytic trivialization of M.

We now recall the Anderson—-Brownawell-Papanikolas criterion which is crucial in the sequel (see
[2, Theorem 3.1.1]).

Theorem 3.2 (Anderson—Brownawell-Papanikolas). Let ® € Mat, (K [t]) be a matrix such that det ® =
c(t = 0)* for some ¢ € K and s € 220, Let Y € Matex1 () be a vector satisfying D = dy and
p € Matx¢(K) such that py(0) = 0. Then there exists a vector P € Matx¢ (K [t]) such that

Py =0 and P(0)=p.

3.2. Some constructions of dual t-motives

3.2.1. General case

We briefly review some constructions of dual -motives introduced in [11] (see also [9, 14, 21]). Let
s = (s1,...,5) € N” be a tuple of positive integers and Q = (Q1,...,0,) € K[t]” satisfying the
condition

qsy qsr

Q1 ll/10159™ . (10, 1o/ 16154 — 0 3.1)

as0<i,<---<ijandi; — 0.
We consider the dual -motives M g and M ¢ attached to (s, Q) given by the matrices

(t = @)1t tsr 0 0 N 0
Qiil) (t—@)S1+ 7+ (p—g)2t+se o 0
(DS,D = 0 Qé‘l) (t _ 9)s2+~~~+xr .
: (t=6) 0
0 . 0 Q}(’_l)(t _ 9)3, 1

€ Mat,, (K[1]),

and @, . € Mat, (K[1]) is the upper left r x r submatrix of @, g.

Throughout this paper, we work with the Carlitz period 7 which is a fundamental period of the Carlitz
module (see [20, 35]). We fix a choice of (¢ — 1)st root of (—8) and set

— (_my-al(a-1) _t x
Q1) = (=) [_](1 Hqi)eT
i>1
so that

QD = (t-9)Q and =7

1
Q(0)
Given (s, Q) as above, Chang introduced the following series (see [9, Lemma 5.3.1] and also [11, Eq.
2.3.2))

Q) =L si Qe 0= ) (@)W @)™, (32)

i1>->i, >0

It is proved that £(s, Q) € £ (see [9, Lemma 5.3.1]). Here, we recall that £ denotes the ring of series
Yins0ant™ € K[[t]] such that lim,, 4o 4/|dn|e = 0and [Ke(ag, a1, .. .) : K] < co. In the sequel, we
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will use the following crucial property of this series (see [9, Lemma 5.3.5] and [1 |, Proposition 2.3.3]):
For all j € Z>°, we have

2(5:9) (07) = (2(s:2)(0)7 . (3.3)
Then the matrix given by

QS+ sy 0 0 . 0
2(s51: Q1) Qs+ Qe+ sy 0 ... 0
. Q : Q3+ Sy .

W, o = (s2; 02)
RSty Sr=1301, ., Qr_1)Q% L(s2,...,8-1502,...,0,-1)Q" ... Q% 0
L(s1,...,85:01,...,0,) L(s2,...,85:302,...,0,) oo 805050, 1

€ GLr+1(T)
satisfies
lP( 1) SD‘PSD

Thus, ¥, q is a rigid analytic trivialization associated to the dual #-motive M; q.

We also denote by ¥, o the upper r X r submatrix of ¥ g. It is clear that ¥{ is a rigid analytic
trivialization associated to the dual #-motive M/ a0

Further, combined with Equatlon (3.3), the above construction of dual r-motives implies that
7 L(s;Q)(0), where w = 5| + - - - + 5, has the MZ (multizeta) property in the sense of [9, Definition
3.4.1]. By [9, Proposition 4.3.1], we get

Proposition 3.3. Ler (s;;Q;) as before for 1 < i < m. We suppose that all the tuples of positive integers
s; have the same weight, say w. Then the following assertions are equivalent:
D) 2(s1:R1)(0), ..., £(5m; Q) (0) are K-linearly independent.
ii) R(s1;Q1)(0), ..., 8(sm; Qum)(0) are K-linearly independent.

We end this section by mentioning that Chang [9] also proved analogue of Goncharov’s conjecture
in this setting.

3.2.2. Dual t-motives connected to MZV’s and AMZV’s
Following Anderson and Thakur [4], we introduce dual -motives connected to MZV’s and AMZV’s.

We briefly review Anderson-Thakur polynomials introduced in [3]. For k > 0, we set [k] := 97" -0
and Dy := H,];:l [t’]qkff. Forn € N, we writen — 1 = 3 ;59 njq’ with 0 < n; < g — 1 and define

I, = 1_[ D?‘f.

=0

We set yo(t) := 1 and y;(?) = ézl(éqj - tq() for j > 1. Then Anderson-Thakur polynomials
ay (1) € A[t] are given by the generating series

Z anr—(t)x" =x|1- Z yé—(;)xqj

nxl n j=0

-1

Finally, we define H,,(¢) by switching 8 and ¢

H,(t) = an(t)|,=g, o=t"
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By [3, Eq. (3.7.3)], we get

cn-Dg _ ng

deg, H . 3.4
8o Hn < = 71 34

Lets = (s1,...,5,) € N" be a tuple and € = (€1,...,€) € (F;)’. Recall that Fq denotes the

algebraic closure of F, in K.Forall 1 <i < r, we fix a fixed (¢ — 1)-th root y; € Fq of & € Fy
and set Oy, ¢, = ¥iH,,. Then we set Qse := (Qs,.¢»----0s,.¢.) and put L(s; €) := L(s; Qs ). By
ng

Equation (3.4), we know that ||Hp || < |9|§<’,_l for all n € N, thus Qs ¢ satisfies condition (3.1). Thus,w
e can define the dual 7-motives My e = M g, and M{ = M o attached to s whose matrices and
rigid analytic trivializations will be denoted by (P, ¥s.e) and ((1’3;,6, W, o), respectively. These dual
t-motives are connected to MZV’s and AMZV’s by the following result (see [14, Proposition 2.12] for

more details):

€
Y1 Yelg o T da (5)

ﬁw(s)

L(s:€)(0) =

(3.5)

By a result of Thakur [37], one can show (see [21, Theorem 2.1]) that £ 4 (:) # 0. Thus, £(s;€)(0) # 0.
3.2.3. Dual -motives connected to CMPL’s and ACMPL’s
We keep the notation as above. Let s = (sq,...,5,) € N” be a tuple and € = (€1,...,€) € (]P'j;)r.

For all 1 < i < r, we have a fixed (¢ — 1)-th root y; of & € F}; and set QF, ., := ;. Then we set
Q;’e = (Q;I’EI, R Q;NQ) and put

i(s;e) =i QL) = Y, (1, @) (@), (3.6)
i1>>0, 20

Thus, we can define the dual 7-motives N e = N5 g, and V] = N/, attached to (s, €). These
B ’ 5. €

dual -motives are connected to CMPL’s and ACMPL’s by the following result (see [9, Lemma 5.3.5]

and [11, Prop. 2.3.3]):
€
v1...yrLi (s)

aw(s)

Li(s;€)(0) = 3.7

3.3. A result for linear independence

3.3.1. Setup

Let w € N be a positive integer. Let {(s;; Qi) }1<i<n be a collection of pairs satisfying condition (3.1)
such that s; always has weight w. We write s; = (si1,...,8i,) € N% and Q; = (Qi1, .. ., Qir,) € (IFCXI)""
so that s;1 + - - - + 5;4, = w. We introduce the set of tuples

I(5:39:) = {0, (5i1;Qi1)s - - (Sits - -5 Si(ei=1)3 Qits - - -» Qiei=1)) }»
and set

I:=U;l(s;; Q).

https://doi.org/10.1017/fmp.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2024.18

24 B.-H. Im et al.

3.3.2. Linear independence
We are now ready to state the main result of this section.

Theorem 3.4. We keep the above notation. We suppose further that {(s;; Q;) }1 <i <n Satisfies the following
conditions:

(LW) For any weight w' < w, the values £(1; Q) (0) with (t; Q) € I and w(t) = w’ are all K-linearly
independent. In particular, £(t; Q)(0) is always nonzero.
(LD) There exista € A and a; € A for 1 <i < n which are not all zero such that

a+ Z a;8(s:; Q1) () = 0.

i=1

For all (t;Q) € I, we set the following series in t

fio = Z ai (OR(Si(keys - - -+ 8163 Qi(k1ys - - -» Qi) (3.8)

12

where the sum runs through the set of indices i such that (t; Q) = (si1, ..., 8ik; Qi1 - - - » Qix) for some
O0<k<( -1
Then for all (;) € 1, f1.q(6) belongs to K.

Remark 3.5. 1) Here, we note that LW stands for Lower Weights and LD for Linear Dependence.
2) With the above notation, we have

fo= D ai(L(si: Q).

L

2) In fact, we improve [3 1, Theorem B] in two directions. First, we remove the restriction to Anderson—
Thakur polynomials and tuples s;. Second, and more importantly, we allow an additional term a, which
is crucial in the sequel. More precisely, in the case of MZV’s, while [3 1, Theorem B] investigates linear
relations between MZV’s of weight w, Theorem 3.4 investigates linear relations between MZV’s of
weight w and suitable powers 7" of the Carlitz period.

Proof. The proof will be divided into two steps.

Step 1. We first construct a dual -motive to which we will apply the Anderson—Brownawell-Papanikolas
criterion. We recall a;(t) := a;|o=; € Fy[t].

For each pair (s;;%Q;), we have attached to it a matrix @, q,. For s; = (s;1,...,5i5) € Né% and
Qi = (Qit. - ... Qir,) € (FY)’ we recall

1(53 Q) = {0, (5:1:Qi1)» - - - (Sits - 5 Sie=1) Qits - - - Qgi-1) }

and I := U;I(s;; Q;).
We now construct a new matrix @ indexed by elements of 7, say

' = (0)q, (t,;n,))(t;m’(t/;n,) € Mat (KT1)).
For the row which corresponds to the empty pair 0, we put

) =" if Q) =0,
0.(t:%) 7 otherwise.

https://doi.org/10.1017/fmp.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2024.18

Forum of Mathematics, Pi 25

For the row indexed by (t; Q) = (si1,...,5:j;Qi1,...,Q;;) forsomeiand 1 < j < ¢; — 1, we put

(t—0) ) if (t:97) = (£:Q),
Et;Q),(t’;Q’) = QE;I)([ - g)w—w(t’) it (3R = (sin, - - -, Si(j-1)3 Qits -+ -5 Qi(j—l)),
0 otherwise.

Note that CI);'_,,:!,T = (CD’ for all 7.

“@“fgﬁuﬂuﬁwﬁu%&)
We define ® € Mat); .1 (K[¢]) by

d’' 0 — —
D= ( v 1) € Mat; .1 (K[t]), v=(vio)ta)ye € Mat(K[t]),
where

vea = Y a0 (1-0) O,
i

Here, the sum runs through the set of indices i such that (t; Q) = (si1,...,8i-1); Qits - - -» Qi(g-1))>
and the empty sum is defined to be zero.

We now introduce a rigid analytic trivialization matrix ¥ for ®. We define ¥/ =
( (1Q), (t;Q) (:Q), Q) el
we define

€ GL;/(T) as follows. For the row which corresponds to the empty pair 0,

, QY it (1;,Q%) =0,
lPw,(tf;a/) = {

0 otherwise.

For the row indexed by (t; Q) = (si1,...,5ij;Qi1,...,Q;j) forsomeiand 1 < j < ¢; — 1, we put

4

(tQ),(t:Q) =
Lt QM if (t:Q) =0,
R(Si(k+1)s - -+ Sij
Qi(k+1)s- -+ Qij)Qw_W(t) if (1;Q%) = (si1,...,8ik;Qit,..., Qi) forsome 1 < k < j,
0 otherwise.

Note that ¥’ = (‘P’ for all i.
5i,Q;

“ﬂ““Q)GQMﬂwkﬂw&)
We define ¥ € GL 7141 (T) by

¥ 0
Y= ( £ 1) € GLi1111(T), £ = (fulter € Matyyr(T).
Here, we recall (see Equation (3.8))

fia = Zai(t)ﬁ(sl'(kn), oo Sits Qitkertys - -5 Qi)
i

where the sum runs through the set of indices i such that (t; Q) = (s;1,..., sik; Qit, - - - » Qix) for some
0 < k < ¢ — 1. In particular, fp = >; a; (£)2(s;; Q;).
By construction and by §3.2, we get ¥ (-1 = ®W, that means ¥ is a rigid analytic trivialization for ®.
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Step 2. Next, we apply the Anderson—-Brownawell-Papanikolas criterion (see Theorem 3.2) to prove
Theorem 3.4.
In fact, we define

&= (f) (‘I),) & Maty 1» (R11])

and consider the vector constructed from the first column vector of ¥

1
Y= lP(,t;D),Q)
fo ) weyer
Then we have ¢~V = @y,
We also observe that for all (1; Q) € I we have lPEtﬁ) 0 =2t Q)QY~®  Further,

a+ fo0) =a+ Zaiﬁ(si;ﬁi)(e) - 0.

By Theorem 3.2 with p = (a,0,...,0,1), we deduce that there exists h = (go,gt.9.8) €
Matix(|11+2) (K[1]) such that hy = 0 and that gt.a(0) =0for (t,Q) €1, g0(f) =aand g(f) =1 # 0.
If we put g := (1/g)h € Mat (|1 }+2) (K ()), then all the entries of g are regular at t = 6.

Now, we have

(g-g VoW =gy - (gp) =0. (3.9)

We write g — g ® = (B, Bt q,0)ter. We claim that By = 0 and By g = 0 for all (t;Q) € I. In fact,
expanding Equation (3.9) we obtain

Bo + Z Biof(t; Q)M =0, (3.10)
tel

By Equation (3.3), we see that for (1;Q) € I and j € N,
L(1:Q)(67) = (2(1: 2)(9))7

which is nonzero by Condition (LW).

First, as the function Q has a simple zero at ¢ = 04" for k € N, specializing Equation (3.10) at r = 69’
yields Bo(6%") = 0 for j > 1. Since By belongs to K (¢), it follows that By = 0.

Next, we put wo := max,q)es w(t) and denote by I(wg) the set of (t; Q) € I such that w(t) = wo.
Then dividing Equation (3.10) by Q" ~"° yields

D Beften W= N B+ ) Baftenr®=o.
(t:Q)el (t:Q) €I (wo) (t:Q) eI\ (wo)
3.11)

Since each B g belongs to K(1), they are defined at 1 = 0 for j > 1. Note that the function Q has a
simple zero att = 9 “fork € N. Specializing Equation (3.11) at = #¢’ and using Equation (3.3) yields

Bra(67)(2(t:Q)(8))? =0
(t:Q) €l (wy)

forj > 1.
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We claim that By q(#9') = 0 for j > 1 and for all (t; Q) € I(wp). Otherwise, we get a nontrivial
K-linear relation between £(t; Q)(6) with (t; Q) € I of weight wo. By Proposition 3.3, we deduce a
nontrivial K-linear relation between £(t; Q) (0) with (t; Q) € I(wy), which contradicts with Condition
(LW). Now, we know that Bt,g(eqj) =0for j > 1and forall (t;Q) € I(wo). Since each B g belongs
to K (1), it follows that Bt g =0forall (t;) € I(wo).

Next, we put wi = max(.q)er\7(w,) W(t) and denote by I(w;) the set of (1;Q) € I such that
w(t) = wy. Dividing Equation (3.10) by Q"™ and specializing at = #7 yields

Bra(67)(2(t;2)(6))” =0
(t;Q) el (wy)

for j > 1. Since w; < w, by Proposition 3.3 and Condition (LW) again we deduce that BLD(Q‘JJ) =0
for j > 1 and for all (t;Q) € I(w;). Since each B; g belongs to K (1), it follows that Bt o = 0 for
all (t;Q) € I(w1). Repeating the previous arguments, we deduce that By o = 0 for all (t;Q) € [ as
required.

We have proved that g — g ® = 0. Thus,

1 0 0\"" Loy (Lo 0 0
0 Id 0 (O q)) =[0®d" 0 0 Id 0].
g0/g (g1.9/8)t:n)er 1 0 0 1/\go/g (gt,0/8)t:n)er 1

By [11, Prop. 2.2.1], we see that the common denominator b of go/g and gt o/g for (t,RQ) € I belongs
to F, [¢] \ {0}. If we put 69 = bgo/g and oy q = bgi q/g for (1,2) € I which belong to K[¢] and
 := (8y,9)ter € Maty 7 (K[1]), then 6(()71) = &y and

1d 0\ (@’ 0\ (@’ 0\ (1d 0 G.12)
01 bv 1] \0 1J\¢6 1/° ’
If we put X := I; (1)) (\lff (1)), then X1 = c(}; (l) X. By [32, §4.1.6], there exist vy g € F,(¢) for

(1, Q) € I such that if we set v = (vy g)t,9)er € Matix 1) (Fqy (1)),
¥ 0\ (Id O
=0 V)
. Id 0\ (¥’ 0\ _ (¥’ 0) (Id 0) . .
Thus, the equation (6 l) (bf 1) = ( 0 1) (v 1) implies
P +bf =v. (3.13)

The left-hand side belongs to T, so does the right-hand side. Thus, v = (vi o)t,9)er € Matix | (Fg4[1]).

For any j € N, by specializing Equation (3.13) at f = 04’ and using Equation (3.3) and the fact that Q
has a simple zero at r = 6 we deduce that

£(6) = v(6)/b(6).

Thus, for all (t,Q) € I, fi;.o(6) given as in Equation (3.8) belongs to K. O

4. Linear relations between ACMPL’s

In this section, we use freely the notation of §2 and §3.2.3.
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4.1. Preliminaries

We begin this section by proving several auxiliary lemmas which will be useful in the sequel. We recall
that F, denotes the algebraic closure of F; in K.

Lemma 4.1. Let ¢; € FZ; be different elements. We denote by y; € ﬁq a (g — 1)-th root of €;. Then y;
are all F,-linearly independent.

Proof. We know that ]F; is cyclic as a multiplicative group. Let € be a generating element of ]F; so that
Iy = (€). Let y be the associated (g — 1)-th root of €. Then for all 1 <i < g — 1 it follows that yiis

a (g — 1)-th root of €. Thus, it suffices to show that the polynomial P(X) = X9~! — € is irreducible
in F,[X]. Suppose that this is not the case, write P(X) = P1(X)P>(X) with 1 < degP; < g - 1.
Since the roots of P(X) are of the form ay with a € F%, those of P{(X) are also of this form. Looking
at the constant term of P;(X), we deduce that y2 1 ¢ Fy. If we put m = ged(deg Py, q — 1), then

1 <m<gq-1andy™ € Fy. Letting B := y™ eFx,wegetﬁ% =y9 ' =€ Sincel <m<q-1,we
get a contradiction with the fact that F; = (). The proof is finished. O

Lemma 4.2. Ler Li (z’) € AL,, and a; € K satisfying

13

Z a;Li(s;; €)(0) = 0.

4

For € € Fy, we denote by I1(€) = {i : x(€;) = €} the set of indices whose corresponding character
equals €. Then for all € € F%,

Z a;8i(s:;€)(0) = 0.
i€l (€)

Proof. We keep the notation of Lemma 4.1. Suppose that we have a relation
Z viai =0

with a; € K. By Lemma 4.1 and the fact that Ko, = F;((1/6)), we deduce that a; = 0 for all i.
By Equation (3.7), the relation }}; a;2i(s;; €;)(6) = 0 is equivalent to the following one

. | €i
Z aiiyil ... vYit; Li (51) =0.
i

L
By the previous discussion, for all € € F5,
.| €
Z aiyit ... vie Li (s) =0.
icl () !

By Equation (3.7), again we deduce the desired relation

D, aifilsie) () =0.

i€l (€)
O

Lemma4.3. Letm € N, ¢ € F;, 5 €K[t] and F(1,6) € ﬁq [2,0] (resp. F(t,0) € F,[t,0]) satisfying

es=6"V-0"+FV(@,0).
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Then o € ﬁq [2,0] (resp. 6 € Fy[t,0]) and

deg, F (1,6
deg96$max{ gm_ degy F( )}.

g-1 q

Proof. The proof follows the same line as that of [27, Theorem 2] where it is shown that if F (¢, 6) €
F4[t,6] and & = 1, then 6 € F, (¢, 0]. We write down the proof for the case F(t,6) € Fq [z, 0] for the
convenience of the reader.

By twisting once the equality £5 = 6~V (r — )™ + F(= (¢, 6) and the fact that £7 = &, we get

W =5t - 0™ + F(1,0).
We put n = deg, ¢ and express

S=ant"+---+ait+ag € K[1]

with ag, ..., a, € K.Fori < 0, we puta; = 0.
Since deg, s = deg, 6 =n < §(t —09)™ = n + m, it follows that deg, F(t,6) = n + m. Thus,
we write F(t,0) = bpyymt™ + -+ + byt + by with b, ..., bpm € Fq [6]. Plugging into the previous

equation, we obtain
slapt™ +---+al) = (ant" +- -+ ao)(t = 0" + bpyyt™™ + - + bo.

Comparing the coefficients #/ for n + 1 < j < n+ m yields

n
aj-m+ Z (Jnj i)(_eq)m_j+i“i +b;=0.

i=j—m+1

Since b; € Fq [0] foralln+1 < j < n+m, we can show by descending induction that a; € Fq [6] for
aln+l1-m<j<n
If n+1 —m < 0, then we are done. Otherwise, comparing the coefficients ¢/ for m < j < n yields

n
Ajom + Z (j - i)(—@")m ai+bj - ea =0.
i=j—m+1

Since b; € Fq[ﬂ] forallm < j <nanda; € E[G] foralln+1-m < j < n, we can show by

descending induction that a; € Fq [6] forall 0 < j < n—m. We conclude that § € Fq [z,0].

=, degggﬁ}. Otherwise, suppose that deg,d >
max{%, w}. Then deg, 6" = gdeg, d. It implies that deg, 6V > deg,(6(t — #9)") =
deg, 6 + gm and deg, 61 > deg, F(t,6). Hence, we get

We now show that deg,d < max{

deg,(e6'V) = deg, 6V > deg, (6(r — 69)™ + F(1,0)),
which is a contradiction. ]
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4.2. Linear relations: statement of the main result
Theorem 4.4. Let w € N. We recall that the set [J,, consists of positive tuples s = (s1, ..., sn) of weight

w such that q 1 s; for all i. Suppose that we have a nontrivial relation

a+ Z a;Li(s;;€,)(0) =0, fora,a; €K.

si€dw
Theng—1|wanda # 0.
Further, if g — 1 | w, then there is a unique relation
1+ Z a;Qi(s;;€)(0) =0, fora; € K.
S; Ej‘;,
Also, for indices (s;; €;) with nontrivial coefficient a;, we have €; = (1,...,1).
In particular, the ACMPL’s in AS,, are linearly independent over K.

Remark 4.5. We emphasize that although Theorem 4.4 is a purely transcendental result, it is crucial
that we need the full strength of algebraic theory for ACMPL’s (i.e., Theorem 2.11) to conclude (see the
last step of the proof).

As a direct consequence of Theorem 4.4, we obtain:

Theorem 4.6. Let w € N. Then the ACMPL’s in AS,, form a basis for AL,,. In particular,
dimg AL,, = s(w).

Proof. By Theorem 4.4, the ACMPL’s in AS,, are all linearly independent over K. Then by Theo-
rem 2.11, we deduce that the ACMPL’s in AS,, form a basis for AL,,. Hence, dimg AL, = |AS,,| =
s(w) as required. O

4.3. Proof of Theorem 4.4

We outline the ideas of the proof. Starting from such a nontrivial relation, we apply the Anderson—
Brownawell-Papanikolas criterion in [2] and reduce to the solution of a system of o -linear equations.
In contrast to [31, §4 and §5], this system has a unique solution when g — 1 divides w. We first show that
for such a weight w up to a scalar in K* there is at most one linear relation between ACMPL’s in AS,,
and . Second, we show a linear relation between ACMPL’s in AS,, and 7% where the coefficient of
7" is nonzero. For this, we use Brown’s theorem for AMCPLSs, that is, Theorem 2.11.

We are back to the proof of Theorem 4.4. We claim that if ¢ — 1 1 w, then any linear relation

a+ Z a; (s €)(0) =0

s, €Ty

with a, a; € K implies that a = 0. In fact, if we recall that Fq denotes the algebraic closure of F, in K,
then the claim follows from Equation (3.7) and that 7" ¢ ﬁq ((%)) since g — 1 ¥ w.
The proof is by induction on the weight w € N. For w = 1, we distinguish two cases:

e If g > 2, then by the previous remark it suffices to show that if
a+ ) a;2i(1;6)(0) =0,
then a; = 0 for all i. In fact, it follows immediately from Lemma 4.2.
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o If g =2,then w = g — 1 = 1. Then the theorem holds from the facts that there is only one index
(s1:€1) = (1,1) and that Li(1) = {a(1) = -D7'7.

Suppose that Theorem 4.4 holds for all w” < w. We now prove that it holds for w. Suppose that we
have a linear relation

a +Zai2i(si;ei)(9) = 0. .1

By Lemma 4.2 and its proof, we can suppose further that €; has the same character, that is, there
exists € € Fy such that for all 7,

x(€) =¢€i1...€q =€ “4.2)
We now apply Theorem 3.4 to our setting of ACMPL’s. We recall that by Equation (3.6),
Li(s;€) = L(s: R, ).
and also

I(sis€) = {0, (513 €1)s -, (Sily oo oy Si(=1)5 €ils - - -5 Ei(6i=1)) >
1= UiI(Si;fi). (43)
We know that the hypothesis are verified:

(LW) By the induction hypothesis, for any weight w’ < w, the values Li(t; €)(0) with (t;€) € I and
w(t) = w’ are all K-linearly independent.
(LD) By Equation (4.1), there exist a € A and a; € A for 1 <i < n which are not all zero such that

a+ Z a;Li(s;;€)(60) =0.
=1

Thus, Theorem 3.4 implies that for all (t; €) € I, fi.c(6) belongs to K where fi.c is given by

Sre = Z ai () L(Si(krtys - - > Sity5 Ei(k+1)s - - -5 Eily)-

v

Here, the sum runs through the set of indices i such that (t;€) = (s;1,..., Sik; €1, . - -, €k ) for some
0<k<é&-1.

We derive a direct consequence of the previous rationality result. Let (t;€) € I and t # 0. Then
(t;€) = (si15---»Sik; €1,-- -, €k) forsome i and 1 < k < ¢; — 1. We denote by J(t; €) the set of all
such i. We know that there exists at.e € K such that

ate + fre(6) =0,

or equivalently,

ate + Z i 8(Si(kalys - - 5 Sit;s €i(ka1)s - - -5 €ig;)(6) = 0.
ieJ (t;e)

The ACMPL’s appearing in the above equality belong to AS,,_,t). By the induction hypothesis, we
can suppose that €1y = - -+ = €;¢, = 1. Further, if g — 1 t w — w(t), then a; () = 0 for all i € J(t; €).
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Therefore, letting (s;; €;) = (81, . . ., Sig;; €il» - - - » €ig;) We can suppose that s;2, . . ., 54, are all divisible
byg—1land €y =--- =€y = 1. In particular, for all 7, ;1 = x(€;) = €.

Now, we want to solve Equation (3.12). Further, in this system we can assume that the corresponding
element b € F,[f] \ {0} equals 1. We define

J:=1U{(s;;€)},

where [ is given as in Equation (4.3). For (t;€) € J, we denote by Jy(t; €) consisting of (t’;€’) € I
such that there exist i and 0 < j < {; so that (t;€) = (s;1,52,...,5i56,1,...,1) and (t";€’) =
(8i1, 825 - - - 8i(j+1)s € 1, ..., 1). In particular, for (t; €) = (s;; €;), Jo(1; €) is the empty set. For (t;€) €
J\ {0}, we also put

w—w(t) c

z29.
qg-1

my =

Then it is clear that Equation (3.12) is equivalent finding (0t.¢)(t:e)es € Matlxm(f[t]) such that

Ste =0, (t—0)" ™M 4 Z SV —0)"®  forall (t;e) € J\ {0}, 4.4)

t/;E!
(t;€’) edo(tse)

and

Sre=op =)0 3 50Dy Va0, for () =0, (45)
(t";€”) eJy(t:€)

Here, yq‘l = €. In fact, for (1; €) = (s;; €;), the corresponding equation becomes J,.¢, = 6;_2 Thus,
Os;e; = ai(t) € Fy[t].

Letting y be a variable, we denote by v, the valuation associated to the place y of the field F, (y). We
put

T=t—-1t9, X:=t9-04.
We claim that

1) Forall (t;€) € J \ {0}, the polynomial 6t is of the form

mt—l
Ste = fi|[ X"+ D PLi(DX'|,
i=0
where

— forall 0 <i < my -1, Py ;(y) belongs to F,(y) with vy (Py;) > 1.
2) Forallt € J\ {0} and all t’ € Jy(t), there exists Py € F,(y) such that

fv = fiPry (7).
In particular, if f; = 0, then fy = 0.

The proof is by induction on m¢. We start with my = 0. Then t = s5; and € = €; for some i. We have
observed that ds,.¢, = a;(t) € Fy[t] and the assertion follows.
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Suppose that the claim holds for all (t;€) € J \ {0} with m¢ < m. We now prove the claim for all
(t;e) € J\ {0} with my = m. In fact, we fix such t and want to find 61 € K[¢] such that

Sre=0p (=)@ My N s (- gyl 4.6)

tl;el
(t;€) edo(tse)

By the induction hypothesis, for all (t"; €’) € Jo(t; €), we know that
my —1
Sy = fo [X™ + D Py (D)X,
i=0

where

L4 ﬁ, € Fq[t]’
o forall0 <i <my —1, Py ;(y) € Fy(y) with vy (Py;) > 1.

For (t';€’") € Jy(t;€), we write ' = (t,(m — k)(g — 1)) with 0 < k < m and k # m(mod g), in
particular my = k. We put fi = fy and Py ; = Py ; so that

6t’;e’ = fk € Fq [tv eq]' 4.7

k-1
XK+ 3 P ()X
-

By Lemma 4.3, 6. belongs to K[¢], and deg, d1.. < mq. Further, since dy.¢ is divisible by (¢ —
6)@=Dm we write 6. = F(t — 0)~D™ with F € K[¢] and deg, F < m. Dividing Equation (4.6) by
(t — 0)(@=D™ and twisting once yields

FO = F(r—g)la-bm 4 Z Otier- (4.8)
(t;€") ey (t:€)

As 6y € Fy[2,69] forall (t'; €’) € Jo(t; €), it follows that F(r—@)@~Dm ¢ Fy[t,67]. Asdegy F < m,
we get

F= " fuig(t=0)""9, for f_ig € Fylt].

0<i<m/q

Thus,

F(t-0) 00" = 3 foigt=0)" 0= 3 f X",

0<i<m/q 0<i<m/q

FO = N fusig =00 = 3 fo (T4 X)"4,

0<i<m/q 0<i<m/q

Putting these and Equation (4.7) into Equation (4.8) gets

k-1
Xk + Z Pei(D)X
i=0

Z fm—iq (T + X)m_iq = Z fm—inm_i + Z fk

0<i<m/q 0<i<m/q 0<k<m
k#m(mod q)
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Comparing the coefficients of powers of X yields the following linear system in the variables

Sos ooy fmmtt

Jm-1 Om-1
B|y:T = fm .
fo Qo |y=r

Here, for 0 <i <m—1,0; = (7)y"™" € yF4[y] and B = (B;j)o<i,j<m-1 € Mat,,,(Fq(y)) such that
. vy(Bij) > 1ifi>j,
. vy(Bij) >0ifi <,
° vy(B,‘i) =0as B;; = 1.
The above properties follow from the fact that Py ; € F,(y) and v, (Px ;) > 1. Thus, vy (det B) = 0 so
that det B # 0. It follows that for all 0 < i <m -1, f; = f,,P;(T) with P; € F;(y) and v, (P;) > 1, and
we are done.

To conclude, we have to solve Equation (4.4) for (t; €) = 0. We have some extra work as we have a
factor (=1 on the right-hand side of Equation (4.5). We use ! = y/e and put 6 := 6¢.9/y € K[t].
Then we have to solve

- -1
es=sV@-0"+ > sile-0". (4.9)
(t";€") €Jo(0)

We distinguish two cases.
43.1. Casel: g -1+t w,saysw=m(q—1)+rwith0<r<gqg-1

We know that for all (t’;€") € Jo(0),sayst’' = ((m —k)(g—1)+r)withO <k <mandk £m—r

(mod g),
k=1 )
Suer = fic | X5+ Y Pis(T)X'| € Fy[1,67), (4.10)
i=0
where
® fr € Fq (1],

e forall0 <i < k-1, P ;(y) belongs to F,(y) with vy (Py ;) > 1.

By Lemma 4.3, ¢ belongs to K[]. We claim that deg, 6 < mgq. Otherwise, we have deg, 69 > mgq.
Twisting Equation (4.9) once gets

e =6t — 91)" + Z Sprer(t — 0)" .
(t:e)edo(0)

As deg, 6 > mq, we compare the degrees of € on both sides and obtain
qdeg, 0 =degy 6 +wgq.

Thus, g — 1 | w, which is a contradiction. We conclude that deg, 6 < mgq.
From Equation (4.9), we see that § is divisible by (r — 8)". Thus, we write 6 = F(t — 6)" with
F € K[t] and deg,y F < mq —w = m —r. Dividing Equation (4.9) by (¢ — 8)" and twisting once yields

eFD = F(r— o)™ + Z St .11
(t:€') e (0)
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Since 0y, € Fy[t,09] forall (t';€”) € Jo(0), it follows that F (1 —0)" € F,[t,09]. Asdegy F < m-—r,

we write
F = Z Foner—iq(t =)™ "79 for fru_y_iy € Fylt].
0<i<(m-r)/q
It follows that
F=0"= > furig=0)" = 3 fo i X™,
0<i<(m-r)/q 0<i<(m-r)/q
F(l) = Z fm—r—iq(f - gq)m—r—iq = Z fm—r—iq(T + X)m—r—iq.
0<i<(m-r)/q 0<i<(m-r)/q

Putting these and Equation (4.10) into Equation (4.11) yields

€ Z fmfrfiq (T + X)m—r—iq

0<i<(m-r)/q

= Z fm—r—inm_i + Z fk
0<i<(m-r)/q 0<k<m
kzm—r(mod q)

k-1
XK+ 3T Pea(T)X
i=0

Comparing the coefficients of powers of X yields the following linear system in the variables fy, . . ., fi:
Sm
B |y:T - |=0.
Jo
Here, B = (Bij)o<i,j<m € Maty,.1(F,(y)) such that

. vy(Bij)Zlifi>j,
. Vy(Bij)ZOifi<j,
o Vy(B[,') =0as B;; EF;(.

The above properties follow from the fact that Py ; € F,(y) and vy (Px;) > 1. Thus, vy(det B) = 0.
Hence, foy = --- = fin = 0. It follows that 69 = 0 as § = 0 and 6y = 0 for all (t';€") € Jo(0). We
conclude that 64, = O for all (1; €) € J. In particular, for all i, a; (¢) = ds,.¢, = 0, which is a contradiction.
Thus, this case can never happen.

4.3.2. Case2:qg—1|w,saysw =m(q—1)

By similar arguments as above, we show that § = F(r — 6)@~D™ with F € K|[t] of the form

F= 3" fuig(t=0)""9, for f_ig € Fylt].

0<i<m/q

Thus,

Fr=0) "= 3" fuig=0)"" = 3" fuigX"™,

0<i<m/q 0<i<m/q

FO = N fig= 00" = 3 (T4 Xy,

0<i<m/q 0<i<m/q
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Putting these and Equation (4.7) into Equation (4.9) gets

€ Z fm—iq (T + X)m_iq = Z fm—iqu_i + Z fk

0<i<m/q 0<i<m/q 0<k<m
k#m(mod q)

k-1
Xk + Z Pei(T)X!
i=0

Comparing the coefficients of powers of X yields

€fm = fm
and the following linear system in the variables fy, ..., fi-1:
Jm-1 Om-1
B|y=T N Y '
Jo Qo | V=T

Here, for 0 <i <m—1,Q; = (7)y™" € yF4[y] and B = (B;j)o<i,j<m-1 € Mat,,,(Fq(y)) such that

. vy(Bij) > 1ifi>j,

° vy(Bij) >0ifi <,

° vy(B,‘[) =0as B;; € F;

The above properties follow from the fact that Py ; € F,(y) and v, (P ;) > 1. Thus, v, (det B) = 0 so

that det B # 0.
We distinguish two subcases.

Subcase 1: € # 1.
It follows that f;,, = 0. Then fy = --- = f,,—1 = 0. Thus, 6t.e = 0 for all (t; €) € J. In particular, for
all 7, a;(t) = ds,.¢; = 0. This is a contradiction, and we conclude that this case can never happen.

Subcase 2: € = 1.
It follows that y € Fy and thus

1) The polynomial d¢g = &y is of the form
m-1

X"+ ) Poi(T)X'
i=0

00 = fo

with
—forall0 <i<m—1, Py;(y) € Fy(y) withv,(Pg;) > 1.
2) For all (t';€”) € Jo(0), there exists Pyt € F,(y) such that

S = foPoy (T).

Hence, there exists a unique solution (t.¢)(t:e)es € Matyx|s(K[¢]) of Equation (4.4) up to a factor
in Fy (¢). Recall that for all i, a;(f) = Js;.¢;. Therefore, up to a scalar in K*, there exists at most one
nontrivial relation

aﬁw+2aiLi(?):0

with a; € K and Li (?

i

) € AS,,. Further, we must have g; = (1,...,1) for all i.
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To conclude, it suffices to exhibit such a relation with a # 0. In fact, we recall w = (g — 1)m
m
and then express Li(¢ — 1)™ = Li (q 1 1) as a K-linear combination of ACMPL’s of weight w. By

Theorem 2.11, we can write

1 \" & &
. _ m — . — . . i . . i
Li(g - 1) Li (q 3 1) E a; Li (s) , wherea; € K,Li (s

1 2

)G.ASW.

We note that Li(g — 1) = {a(q — 1) = =D'74". Thus,

_ -mz=w _ 1 [€i —
(-D)™""n ZalLl(si) 0,

which is the desired relation.

5. Applications on AMZYV’s and Zagier—Hoffman’s conjectures in positive characteristic

In this section, we give two applications of the study of ACMPL’s.

First, we use Theorem 4.6 to prove Theorem A which calculates the dimensions of the vector space
AZ,, of alternating multiple zeta values in positive characteristic (AMZV’s) of fixed weight introduced
by Harada [21]. Consequently, we determine all linear relations for AMZV’s. To do so, we develop an
algebraic theory to obtain a weak version of Brown’s theorem for AMZV’s. Then we deduce that AZ,,
and AL,, are equal and conclude. In contrast to the setting of MZV’s, although the results are clean, we
are unable to obtain either sharp upper bounds or sharp lower bounds for AZ,, for general w without
the theory of ACMPL’s.

Second, we restrict our attention to MZV’s and determine all linear relations between MZV’s. In
particular, we obtain a proof of Zagier—Hoffman’s conjectures in positive characteristic in full generality
(i.e., Theorem B) and generalize the work of one of the authors [31].

5.1. Linear relations between AMZV’s

5.1.1. Preliminaries

Ford € Z and for s = (s, ...,s,) € N, recalling S;(s) and S<4(s) given in §2.1.3, and further letting
(8) = (81 8") be an array, we recall (see §2.1.3)
S S1 ... Sn
deg a; deg a,
& (91 .8y
Sd (S) - Z aSl asn, € K
ayseen,@n €A Lorsmn

d=dega;>--->dega, >0
and
d d
& -
S<a = Z B TR K.
S a,'...a)
aj,...,an €A, 1 n
d>dega;>--->dega, >0

One verifies easily the following formulas:

... 1
T sn)_Sd(S],"-7sn)9

Sd ((;:) = 8de(S), Sd (:‘) = Sd (jll) S<d (Z‘:) .
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Harada [21] introduced the AMZYV as follows;
Sdeg aj Edegan
8 8 1 DY n
§A()= Sd(): ———— € K.
s c;) s al,...,za;,,em a'...ay

dega;>--->dega, >0

Using Chen’s formula (see [13]), Harada proved that for s,¢ € N and &, € € F, we have

3 Y R

A _{( DS+ (=) () ifg-1]iand0<i<s+1,
s,t =

where

) 5.2)
0 otherwise.

Remark 5.1. When s + ¢ < g, we deduce from the above formulas that

safd) sl =)

He then proved similar results for products of AMZV’s (see [21]):

Proposition 5.2. Let (':) (6

J[)be two arrays. Then

1. There exist f; € F, and arrays (ﬁ‘) with (u ) < ((:) + (i) and depth(u;) < depth(s) + depth(t) for
1

1

all i such that
& €\ . U;
Sq (s) Sa (t) = Ei fiSa (ui) foralld € Z.

2. There exist f; € F, and arrays (ﬁf) with (ﬁi) < (z) + (:) and depth(u) < depth(s) + depth(t)

i i

for all i such that

’

S<a (j) S<a (f) = Z 1 S<a (luli) foralld € Z.
i i

3. There exist f/" € F, and arrays (ﬁ ) with (ﬁ’ ) < (s) + (:) and depth(u;”) < depth(s) + depth(t)
i i

for all i such that

€ €) _ ne (M
Sy (5) Sea (t) = Zf Sy4 (ug') foralld € Z.

We denote by AZ the K-vector space generated by the AMZV’s and AZ,, the K-vector space
generated by the AMZV’s of weight w. It follows from Proposition 5.2 that 4 Z is a K-algebra.

5.1.2. Algebraic theory for AMZV’s
We can extend an algebraic theory for AMZV’s which follow the same line as that in §2.
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Definition 5.3. A binary relation is a K-linear combination of the form

Zan( ) std+1( ) 0 foralld € Z,

4

where a;, b; € K and (‘:’) s (?) are arrays of the same weight.
1 1

A binary relation is called a fixed relation if b; = O for all 7.

We denote by R,, the set of all binary relations of weight w. From Lemma 2.2 and the relation R
defined in §2.2, we obtain the following binary relation

& _ e 1
Re:  Sa (q)+8 'DSan (1 q_1)=0,

where D = 09 — 6.
For later definitions, let R € R,, be a binary relation of the form

R(d): Zan( ) stdﬂ(ﬁ):o (5.3)

&\ (€ .
where a;,b; € K and (sl) , ( tl) are arrays of the same weight. We now define some operators on
i i
K-vector spaces of binary relations.

. . lox .
First, we define operators 5*. Let (v) be an array. We introduce
B:;-,\; : 8{W B ERw+v

as follows: For each R € R,, as given in Equation (5.3), the image B;; ,(R) = Sq4 ((‘)}—) 2j<aR(j)isa

fixed relation of the form

-] (Zaz-s«(‘:s)@bi&dﬂ (;;))

The last equality follows from Proposition 5.2.

% ol ... Oy .
Let (V) (V1 o Vn) be an array. We define an operator 55, |, (R) by

Bi y(R) = o B: . (R).

0'1 Vl OnsVn
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b e ,
Lemma 5.4. Let = (71 0-") be an array. Under the notations of Equation (5.3), suppose that

\% Vi ... Vp
foralli, v, +t;1 < q, where t; = (t;1,1t;=). Then BE’V(R) is of the form

] 26, 01 ... 0n-1 On€1 €|
Za,Sd( ) std( ) std( o tl__)_o.

i

Proof. From the definition, we have B, |, (R) is of the form

B DN

i

For all i, since v, + t;1 < g, it follows from Remark 5.1 that

€ €;_ On€i €;_
sufiz)sa ()=o) G () =5 (75 s (2
_ On€il €i-
_Sd (Vn+ti1 ti_)’
hence B, ,, (R) is of the form

) On & On € ) On€i1 €| _
Zalsd( ) Zb Sd( i)+ZblSd(Vn+til tl_)_o.
Apply the operator B, 0B} to B;, ., (R), the result then follows from the definition. O

G'IVI On-1-Vn-1

Second, we define operators C. Let (‘Z/) be an array of weight v. We introduce

CZ,V (R) 9{w — mw+v

as follows: For each R € R,, as given in Equation (5.3), the image Cs v (R) = R(d)S<a+1 (‘2/1) is a

binary relation of the form

o:(zasd( ) std+l( ))s<d+1 (‘2,)
S5 8 Sl ) Ense g 3
—Zﬁsd( ) Zfsd+1( )

The last equality follows from Proposition 5.2.
In particular, the following proposition gives the form of Cs v (R;).

Proposition 5.5. Let (‘Z/) be anarraywithV = (vi,V_) and X = (01, Z-). Then Cs v (R;) is of the form

gop X_ €€ _
Sd(q+V1 V_)+Za5d( ) stdﬂ( )—0,
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where a;, b; € K and (2’

1

) R (:l) are arrays satisfying
1

&; z .
° ( l) < (z) + (V) and s;1 < q + vy for all i;

S;

° (2) < (qi 1) + (‘Z/)forall i

Proof. From the definition, Cs v (R ) is of the form

£ 2 £ 2 _ e 1 2
Sa (q) Sa (V) +S4 (q) S<a (V) +&'D1San (1 . 1) S<asi (V) =0.

It follows from Equation (5.1) and Proposition 5.2 that

& > & z\ ol X ' &
sa ()0 (0] s ()50 3) =30 (0, ) s 3

- e 1 z £ €
&' D1Sas (1 . 1) S<a+i (V) = Zbi5d+1 (1 t;)’

where a;, b; € K and (j’) , (?) are arrays satisfying
L L

&; £ by .
. (s,l) < (q) + (V) and s;1 < g + v forall i;

€; 1 2 .
. (ti) < (q— 1) +(V) for all .

This proves the proposition. O

Finally, we define operators BC. Let & € F,. We introduce
BCey: Ry — Riig

as follows: For each R € R,, as given in Equation (5.3), the image BC . , (R) is a binary relation given by
BC..q(R) = B ,(R) - Z biCe. +, (Ry).
i
Let us clarify the definition of BC 4. We know that B, ,(R) is of the form
E &; ) E € ) & €; _
ZaiSd (q 5i)+ZblSd (q ti)+ZblSd (q) Sa (tl) 0.
Moreover, Ce, 1, (R.) is of the form
£ € & € _1 £ 1 €\ _
Sa (q ti) +Sa (q) Sa (fi) +& DiSan (1) S<d+ (q N 1) S<d+ (fi) =0.
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Combining with Proposition 5.2, we have that BC . ,(R) is of the form

) E &; B & Eij _
Zazsd (q 55)+;bl']Sd+l (1 tij) 0,

4

where b;; € K and are arrays satisfying < ! for all j.
t, ; t, 7 -1 t

Proposition 5.6. 1) Let (2) = (il o 8") be an array such that Init(s) = (sy,...,Sk-1) for some

1 --- 8n

1 <k <n Thenls i can be decomposed as follows:

ol B T S

13

type 1 type 2 type 3

where a;, b;, c; € K such that for all i, the following properties are satisfied:

e For all arrays (6

t) appearing on the right-hand side,

depth(t) > depth(s) and Ty (t) < Ti(s).

e For the array (i,) of type 1 with respect to (8) we have Init(s) < Init(s’) and s; < si.

e For the array ( ) of type 2 with respect to ( ) Jorallk <{ <n,

4+, <S4+ 5.

e For the array (ﬁ) of type 3 with respect to (;:), we have Init(s) < Init(u).

&l ... &k
S1 ... Sk
decomposed as follows:

2) Let (‘: = ( ) be an array such that Init(s) = s and s = q. Then {4 (i) can be

afl)=Zoa (i) Zeali)

type 2 type 3

where b;, c; € K such that for all i, the following properties are satisfied:

e For all arrays (:) appearing on the right-hand side,
depth(t) > depth(s) and Ti(t) < Ti(s).
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e For the array ( ) of type 2 with respect to ( )

o+ 4l < S|+ + Sk

e For the array ( ) of type 3 with respect to ( ) we have Init(s) < Init(u).

Proof. The proof follows the same line as in [31, Proposition 2.12 and 2.13]. We outline the proof here
and refer the reader to [25] for more details. For Part 1, since Init(s) = (sq,...,Sk-1), we get s > ¢.

> 1 Ek+l --- En . .
Set (V) (Sk R ¢ By Proposition 5.5, Cs,v (R, ) is of the form

Sa (j]]: i:)+Za Sd( ) Zb Sul (Sk fz) =0, (5.4)

where a;, b; € K and (i') , (?) are arrays satisfying
L L
8i<sk+2_sk...sn d s <a+vi= s (5.5)
si] ~\q V] T sk os,) PG S S ATVIESE :
€; 1 )y 1 Ek+l --- En
< =
(ti)_(q—l)+(V) (sk—lsk+1 ...sn)'
For m € N, we recall that ¢ is the sequence of length m with all terms equal to ¢. Setting so = 0,
we may assume that there exists a maximal index j with 0 < j < k — 1 such that 5; < g, hence

Init(s) = (s1,...,s;,¢% /1)), Then the operator BC ., .4 © -0 BCs,_, 4 applied to the relation (5.4)
gives

s, (ej+1 . Ekel Ek ... sn) +Zaisd (8jq+1 Ek-1 81’) (5.6)

q ... g Sk ... 8 q S

i
Ej+1 € _
+Zb11 k- /Sd+l ( 1 tzll :_j) =0,

where bl-]_“l-kfj € K and

€ii | o (842 o €k I &ks1 ... €n 5.7)
iy ) "\ g oo g Sk—1 Sk oosa) '
We let ‘Z/,) = il ';;j), and we apply B3, ,, to Equation (5.6). Since s; < g, thatis, s; + 1 < g,
1 .- 85 s

we can deduce from Lemma 5.4 that

& 81...8j8j+1...8k18, Z ...81 Ej+1 €y iy
=- a; b;
ca (s) Z i¢a (s1 L8 q . - "‘JgA coosyo 1 tll~~k

i <J

= > biy il (‘2 e f"""“kf). (5.8)
i N .

. Sj-1 S+ 1 til...i —j
The first term, the second term and the third term on the right-hand side of Equation (5.8) are referred to

as type 1, type 2 and type 3, respectively. From Equations (5.5) and (5.7) and Remark 2.1, one verifies
that the arrays of type 1, type 2 and type 3 satisfy the desired conditions. We have proved Part 1.
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The proof of Part 2 is similar to that of Proposition 2.7. We first begin with the relation R, . Next,
we apply BCq),,,q © -+ 0 BCyy_,,q 0 Rg, and then apply By, |,,. We can decompose {a (‘:) in terms of

type 2 and type 3 as in Equation (5.8). One verifies that these terms satisfy the desired conditions. We
finish the proof. O

Proposition 5.7. Forall k € Nandforall arrays ( ) la ( ) can be expressed as a K-linear combination
of {a ( t) s of the same weight such that t is k-admissible.

Proof. The proof follows the same line as that of [31, Proposition 3.2]. We outline the proof here and
refer the reader to [25] for more details. We consider the following statement:

(Hy) For all arrays (: , We can express {4 ((;;) as a K-linear combination of {4 (6)’5 of the same

t
weight such that t is k-admissible.
We will show that (Hy) holds for all & € N by induction on k. For k = 1, we prove that (H;) holds

by induction on the first component s; of s. If 51 < g, then either s is 1-admissible, or (i) = (2) We
deduce from the relation R, that (H;) holds for the case (g = (Z) If s1 > g, we assume that (H;)
holds for the array (: , where s; < 5. We need to shows that (H) holds for the array 2 where 51 = s.

g\ (&1 é&n Z\ gl & - & . .
Indeed, assume that (5) = (s1 Sn). Set (V) = ( g 50 - Sn). Applying Cs v to the relation

R and using Proposition 5.5, we can deduce that

§A(§)= ZagA() ZbgA(l f‘)

13

where a;,b; € K and (s’)are arrays satisfying s;; < s for all i. From the induction hypothesis, we
i

deduce that (H;) holds for :" , and therefore for z

14

We next assume that (Hg_;) holds. We need to show that (Hy ) holds. The rest of the proof is similar
81 PEEIEY 8

- . . &
to that of Proposition 2.9. We can restrict our attention to the array =1 s
|

"), where s is not k-
n

admissible and depth(s) > k. We show that (H}, ) holds for the array by induction on sy +- - -+sy. For
the induction step, by using Proposition 5.6 and the induction hypothesis, we can give an algorithm to
decompose {4 (z)as a K-linear combination of {4 (:) ’s of the same weight such that t is k-admissible.

From Proposition 5.6 and similar arguments as in [31, Proposition 3.2], we can show that this algorithm
stops after a finite number of steps. This proves the result. O

Consequently, we obtain a weak version of Brown’s theorem for AMZV’s as follows.

Proposition 5.8. The set of all elements {4 ((Z) such that {4 ((:) € AT, forms a set of generators

for AZ,,. Here, we recall that AT, is the set of all AMZV’s {4 (E) = Li (‘:) of weight w such
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that ((:) = (‘;:1 i") with s1,...,Sy—1 < q and s, < q introduced in the paragraph preceding
L e Sy

Proposition 2.10.

Proof. 1t follows from Proposition 5.7 in the case of k = w. O

5.2. Proof of Theorem A
As a direct consequence of Proposition 2.10 and Proposition 5.8, we get

Theorem 5.9. The K-vector space AZ,, of AMZV’s of weight w and the K-vector space AL, of
ACMPL’s of weight w are the same.

By this identification, we apply Theorem 4.6 to obtain Theorem A.

5.3. Zagier-Hoffman’s conjectures in positive characteristic

5.3.1. Known results
We use freely the notation introduced in §1.2.1. We recall that for w € N, Z,,, denotes the K-vector
space spanned by the MZV’s of weight w and 7,, denotes the set of £4(s), where s = (sq,...,s,) € N"
of weight wwith1 <5; < gforl <i<r-1ands, <gq.

Recall that the main results of [31] state that

e For all w € N we always have dimg Z,, < d(w) (see [31, Theorem Al]).
e For w < 2¢g — 2, we have dimg Z,, > d(w) (see [31, Theorem B]). In particular, Conjecture 1.7
holds for w < 2qg — 2 (see [31, Theorem D]).

However, as stated in [3 1, Remark 6.3] it would be very difficult to extend the method of [31] for general
weights.

As an application of our main results, we present a proof of Theorem B which settles both Conjectures
1.6and 1.7.

5.3.2. Proof of Theorem B
As we have already known the sharp upper bound for Z,, (see [31, Theorem A]), Theorem B follows
immediately from the following proposition.

Proposition 5.10. For all w € N we have dimg Z,, > d(w).

Proof. We denote by S,, the set of CMPL’s consisting of Li(s1, . . ., s,) of weight w with g 1 s; for all i.

Then S,, can be considered as a subset of AS,, by assuming € = (1,..., 1). In fact, all algebraic
relations in §2 hold for CMPL version, that is, for Sigz(s1, ..., s,) = Sig (Sl Y Sl ) andLi(sy,...,s) =
1 «.. Sp
Li Sl o Sl . It follows that S, is contained in Z,, by Theorem 5.9. Further, by §2.4.1, |S,,| = d(w).
1 o0 Sp
By Theorem 4.4, we deduce that elements in S, are all linearly independent over K. Therefore,
dimg Z,, > |S,| = d(w). O

5.4. Sharp bounds without ACMPL’s
To end this paper, we mention that without ACMPL’s it seems very hard to obtain for arbitrary weight w

e cither the sharp upper bound dimg AZ,, < s(w),
e or the sharp lower bound dimg AZ,, > s(w).

We can only do this for small weights with ad hoc arguments. We collect the results below, sketch
some ideas for the proofs, and refer the reader to [26] for full details.
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Proposition 5.11. Let w < 2g — 2. Then dimg AZ,, < s(w).

Proof. We outline the proof and refer the reader to [25] for more details. We denote by AT‘IA, the subset
of AMZV’s /4 (;) of AT, suchthat ¢; = 1 whenever s; = g and by (AT, ) the K-vector space spanned

by the AMZV’s in AT},. We see that | AT | = s(w). Thus, it suffices to prove that (A7) = AZ,,.

LetU = (uy,...,uy)and W = (wy, ..., w,) be tuples of positive integers such that w(U)+w (W) +q =
wou, < g-—landwy,...,w, < q.Lete = (€,...,€,) € (]F;)” and 1 = (4y,...,4,) € (]F;)’.By
direct calculations, we can obtain an explicit formula for Be yyCa,w (Re). We give briefly the form of
this formula as follows:

€ el € €l A_
S (U q W) + 5 (U g+w W_) 69
s (€ A AL R s (M) =
+ D aiSa (U; g+wl, W +Z4515d UZ g+wi—1 W +ZA”S‘1 vi) ="

Here, the coefficients a;, B;,y; € K. For the third term, we have W/ = (w;,, W/_) are tuples of positive

integers such that depth(W/) < r. For the last term, since w(U) + w(W) =w — ¢ < g — 2, we have V;
are tuples of positive integers such that all components are less than or equal to g — 1.

We denote by H, the following claim: For any tuples of positive integers U and W = (w1, ..., w;)
of depth r, € € (F})*P"U) of any depth, A = (A1,...,4,) € (F})", and € € F such that
_ , €eel € el A |
w(U) +w(W) +q =w, the AMZV’s {4 UgWw and £ (U g+ Wi W_) belong to (AT ).

We will show that H, holds for all » > 0 by induction on r. For r = 0, we know that W = (. The
explicit expression for Be 7 (R ) is given by

€ € _1 €ee 1 ~1 €] ... €41 €€ 1 _
Sd(Uq)-i-E DlSd(Ulq—l)+€ Dlsd(ul...un_l un+1q—1)_0'
Since u; < w(U) =w — g < g — 2, we deduce that {4 ([6] 2) € (AT)) as required.

Suppose that H,- holds for any r’ < r. We now show that H,- holds. We proceed again by induction on
wi. For w; = 1, we apply the formula (5.9). As w(U) +w(W) =w — g < g — 2, by induction we deduce
that all the terms except the first two ones in this expression belong to (A7 ). Thus, for any € € FX,

Za (fj ; Vﬁv) +a (f, qff‘l fv) € (ATL). (5.10)

We take € = 1. As the first term lies in AT&V by definition, we deduce that

€ /l] A_ 1
éa (U g+1 W_) € AT w)-

Thus, in Equation (5.10) we now know that the second term lies in (ATL, ), which implies that

a5 g w) € AT,

We suppose that H, holds for all W’ = (wi, ..., W) such that wi < wj. We have to show that H,

holds for all W = (wq,...,w,). The proof is similar to that of the base step w; = 1. We first consider
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the formula (5.9). As w(U) +w(W) = w — g < g —2, we can deduce from the induction hypothesis that

A A
la (f] ; W) +ia (f] qiﬁv‘vl W_) e (ATL). (5.11)

From similar arguments as in the base step wi = 1, we can deduce that the first term and the second
term of Equation (5.11) belong to (A7 ). The proof is complete. O

Remark 5.12. The condition w < 2¢g — 2 is essential in the previous proof as it allows us to significantly
simplity the expression of B¢, yCa,w (Re) (see Equation (5.11)). For w = 2¢ — 1, the situation is already
complicated but we can manage to prove Proposition 5.1 1. Unfortunately, we are not able to extend it to
w =12q.

Proposition 5.13. Let either w < 3qg — 3, orw =3q — 2,q = 2. Then dimg AZ,, > s(w).

Proof. We outline a proof of this theorem and refer the reader to [26] for more details. For 1 < w < 3g-2,

we denote by Z/, the set of tuples s = (s1,...,s,) € N of weight w as follows:
e For1 <w <2¢q-2,7], consists of tuples s = (s1,...,s) € N" of weight w, where s; # ¢ for all .
e For2qg —1<w <3q-3,Z, consists of tuples s = (s1,...,s,) € N” of weight w of the form

— either s; # ¢,2q — 1,2q for all i,
— or there exists a unique integer 1 < i < r such that (s;, s;+1) = (¢ — 1, q).
e Forw =3¢ —2andq > 2,Z], consists of tuples s = (s1,...,s,) € N" of weight w of the form
— either s; # ¢,2qg — 1,2q,3¢q — 2 for all i,
— or there exists a unique integer 1 < i < r such that (s;,s:41) € {(¢ = 1,9),(2qg — 2,q)}, but
s+ (q_ 1,6]— 1,11),
—ors=(qg—-1,2g-1).
e Forg=2andw =3g -2 =4,Z, consists of the following tuples: (2, 1, 1), (1,2,1) and (1, 3).

We denote by AT, the subset of AMZV’s given by
AT, = {gA (:) :s€7Z),, and = 1 whenever s; € {g,2q — 1}}.

Thus, if either w < 3¢ — 3, or w = 3g — 2, ¢ = 2, then one shows that

AT, | = s(w).

Further, for w < 3¢g — 3 and any (s;€) = (s1,...,5-;€1,...,€6) € N X (F;)r, if £a (2) e AT,

S1 ... Sp—
then £ [ -l
€] ... €1

) belongs to AT, _ . This property allows us to apply Theorem 3.4 and show by
induction on w < 3¢ — 3 that the AMZV’s in AT, are all linearly independent over K. The proof is
similar to that of Theorem 4.4. We apply Theorem 3.4 and reduce to solve a system of o-linear equations.
By direct but complicated calculations, we show that there does not exist any nontrivial solutions and

we are done. For w = 3¢ — 2 and ¢ = 2, it can be treated separately by the same method. O

Remark 5.14. 1) We note that the MZV’s £4(1,2qg — 2) and {4(2q — 1) (resp. {a(1,3¢q — 3) and
La(3q — 2)) are linearly dependent over K by [28, Theorem 3.1]. This explains the above ad hoc
construction of A77,.

2) Despite extensive numerical experiments, we cannot find a suitable basis AT}, for the case
w=23q—1.
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