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The Geometry of d*y'/dt* = f(y,y,t) and
d*y*/dt* = g(y, y,t), and Euclidean Spaces

Richard Atkins

Abstract. This paper investigates the relationship between a system of differential equations and the
underlying geometry associated with it. The geometry of a surface determines shortest paths, or
geodesics connecting nearby points, which are defined as the solutions to a pair of second-order differ-
ential equations: the Euler-Lagrange equations of the metric. We ask when the converse holds, that is,
when solutions to a system of differential equations reveals an underlying geometry. Specifically, when
may the solutions to a given pair of second order ordinary differential equations d*y' /dt*> = f(y, y,t)
and d?y?/dt*> = g(y, y,t) be reparameterized by t — T(y,t) so as to give locally the geodesics of a
Euclidean space? Our approach is based upon Cartan’s method of equivalence. In the second part of
the paper, the equivalence problem is solved for a generic pair of second order ordinary differential
equations of the above form revealing the existence of 24 invariant functions.

1 Introduction

The geometry of a manifold is given by a metric, which defines a notion of distance
between points. Paths of shortest length connecting points are obtained as the crit-
ical curves of the functional variation of the integral defining arclength. Functional
variation of this integral yields Euler—Lagrange equations which are a system of ordi-
nary differential equations of second order, whose solutions are the geodesics. Thus
associated with geometry is a system of ODEs. This paper seeks to answer the inverse
problem: when does a system of ODEs represent the paths of shortest length of a
metric? That is, we wish to establish when ordinary differential equations exhibit an
underlying geometry. We shall not be so ambitious as to attempt a solution on man-
ifolds of arbitrary dimension and endowed with a general metric but shall restrict
ourselves to the case of a pair of second order ODEs on a (two-dimensional) surface
and ask when the underlying geometry is flat, that is a Euclidean space. We are con-
cerned only with the solutions of the ODEs up to reparameterization since they serve
merely to describe paths of shortest length on the surface. Geodesics however, are
not invariant with respect to general changes of parameter, so it shall be necessary
to incorporate reparmeterization in the precise definition of the problem. The for-
mulation of the equivalence problem is the contents of sections 1 and 2. In section 3
Cartan’s method of equivalence is employed up to the level of the first normaliza-
tion for generic ODEs. In section 4 we obtain the solution in the Euclidean case.
The equivalence method is carried through in section 5, for generic pairs of second
order ODEs with the result that the symmetry of the system produces 24 invariant
functions.
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Before proceeding, it is instructive to consider the simpler problem without con-
siderations of parameterization: when are the solutions to a pair of second order
ordinary differential equations,

(1) dyt/dt* = f(y,y,t) and d*y*/dt* =g(y, 7,t),

locally the geodesics of some Euclidean metric on the plane? The geodesics of a Eu-
clidean metric are the straight lines with respect to some coordinate system. Thus
the problem may be formulated as follows: when does there exist a coordinate sys-
tem Y = Y(y) such that the solutions y = y(¢) of (1) correspond to straight lines
Y =Y(y(t)) = at + b, a,b € R? We therefore seek to determine the existence of a
transformation W: R? x R — R? x R of the form

Uy, 1) = (Y(y),1)
such that U transforms the equations
(2) AY'/d* =0 and d*Y*/dt* =0

into the equations (1). Any transformation of the form ¥ above transforms (2) into
equations of the form ‘ ‘ ‘
&y’ Jde* + Tix(y)yly* = 0.

Consequently, (1) must necessarily be of this form. The terms I':\ (y) define a con-
nection V on the surface, hence the solutions to (1) are locally the geodesics of a
Euclidean space if and only if V is flat.

The problem above requires that the solutions to (1) already be parameterized
in such a fashion that only a change in the coordinates of the surface is sufficient
to straighten them out into lines. This paper is interested in whether the solutions
to (1) may be reparameterized so as to be straight lines in some coordinate system.
Specifically, do there exist coordinates Y = Y(y) and a reparameterization of time
T = T(y,t) such that the solutions y = y(¢) of (1) correspond to straight lines
Y =Y(T) = aT + b, a,b € R? We therefore seek to determine the existence of a
transformation ®: R?> x R — R? x R of the form

(y,t) = (Y(y), T(y, 1))
such that ® transforms the equations
d*Y'/dT* =0 and d°Y*/dT* =0

into the equations (1).

Conceivably, other reparameterization criteria could be considered as well. For
instance, one might investigate the more restricted transformations T = T(t) where
time is reparameterized in a manner independent of the point on the surface or the
more general T = T(y, y,t). Here, we shall content ourselves with spacetime repa-
rameterizations only and defer the other cases to another time and place.
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It is convenient to place the problem in a more general setting: we consider the
equivalence of two pairs of ordinary differential equations

dzyl ) dzyz )
3) g =Tt =gkt
and
a*y! . a*y? )

under transformations of the form

(y,1) = (Y(y), T(y,1)).

The case F = G = 0 is solved in section 4. We obtain an e-structure on a 12-
dimensional space with constant torsion. The solutions to a pair of ODE’s belonging
to this equivalence class have symmetries given by the group of fractal-linear trans-
formations on the plane. In section 5 we make no restrictions on F, G, f and g and
carry the equivalence through for the generic case.

A similar problem was studied by S. S. Chern [2]. He has considered the geometry
of a system of second order ODEs

2
“;;; — filpt) i=1,...,m,

under transformations of the form

Y =Y(y,1),
T=t.

Prior to Chern, the local behaviour of systems of second order ODEs has been studied
by M. D. D. Kosambi [4] and by E. Cartan [1].

2 The Equivalence Problem Formulated

The equations (3) may be represented by the Pfaffian system

dy! — pldt =0,
[ dy* — p*dt =0,

dp' — fdt =0,

dp? — gdt = 0.

on U C R°. Similarly the equations (4) may be represented by the Pfaffian system

dy! — PldT =0,

J— dy? — P2dT = 0,
~ )dpP' — FAT =0,
dpP? — GdT = 0.
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onV C R,
Form the coframes

w! =dy, Q! =dy!,

w? =dy' + pdy?, 02 =dy! + Pdy?,
w=1< W =dy>+qdt, and Q=<0 =dY?+QdT,

Wt = dp + hdt, Q' — dP + HdT,

w® =dq + gdt, 0 =dQ+ GdT,

where

p=-p'()", P=—P\(P*)7",
h=(p>)"2(p*f — p'g), and H = (P*)72(P*F — P'G),
q= _P27 Q = _P2_

Observe that I (resp., J) is spanned by w?, ..., w> (resp., 02, ..., Q).
Consider those transformations

P:U -V
such that
) (1) @*(J)) =1,and
(2) ®(y,p,t) =X (y),P(y,p,t), T(y,1)).

This is an overdetermined equivalence problem (cf. [3]). Nevertheless the approach
given in the above reference shall not be followed in that all the information con-
tained in (x) may be encoded by an appropriately chosen coframe and group, as
follows.

Let G be the subgroup of GL(5, R) whose elements are represented by

0

o o |T

0
0
f 0

oo Ol

M N
It is easily shown that a diffeomorphism ®: U — V satisfies () if and only if
P () = yw

for some v: U — G. In order to avoid the awkward presence of the map v form the
lifted coframe 7 (resp., H) on the the G-bundle G x U (resp., G x V):

n:=Sw, (resp., H:= SQ),
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where S: G — GL(5, R) is the natural injection. It can be shown that
D" () = yw

if and only if

for some ®(g,u): G x U — G x V. ® is related to ® and v by ®(g,u) =
(gy(w)~t, ®(u)), for all (g,u) € G x U. We arrive at the following formulation
of the equivalence problem:

The two systems of ordinary differential equations (3) and (4) are equivalent with
respect to a diffeomorphism ®: U — V of the form ®(y,t) = (Y(y), T(y,1)) if
and only if there exists a diffeomorphism ®(g,u): G x U — G x V satisfying
O*(H) = 1.
With this characterization of equivalence we now proceed to reduce the group G.

3 The First Normalization

The structure equations, after making the obvious absorptions are

al|lpB 0 0 0
dy = 0|~ O 0 N+ Jn'n® + An'nt + An'n®
0| e o Bin'n* + Bon'n®
0 " v 0
The equations
(5) 0= dn’n’
0 = diPntn

give the following infinitesimal group action on the torsion tensor:

Adj+(a—vy+@)J+Au, =0
dA+(a—v)A+Av =0 mod base.
dB+ (a— ¢)B+Bv — Ae =0

Therefore the group action on the torsion tensor is:

J=(Jo—AN""My)a'cf,
A=a'cAN"!,
B=a '(fBy+eA))N"!,
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where Jj, Ag, and By denote the tensors J, A and B, respectively, at the group identity.
A parametric calculation shows that

]0 = _(pq)_lhﬂ AO = (p_lao)a BO = (0, —(PQ)_I)
We may therefore normalize

J=0, A=(0,1), and B=(1,0).

Then
1 =0
v =0
e—vy =0 mod base.
a—y+1v3 =
p—y—vi+v3 =0
Write

w=Am', =B, e=v,+C,
a=v-v+Da, ¢=v+vi—v+En.
Substituting these values into (5) results in
Bs =A4, D3 =As, Dy=DBs, Es=C4+Ds.

The structure equations after absorbing the torsion become

y=vi| B 0 0 0
0 v 0 0 0 n'n’
dn = 0 V% ’y+v% —1/% 0 0 n+ 771174+A771772+B771773
0 | m I Vi 0
0 ,u% 0 0 1/% Cn'n® + Dn'n*

The equations

0 = &Py,

0 = &P n'n® + &ty

0 = &P + Eptntnd + dutiriyd + &yt
give the following infinitesimal group action on the torsion tensor:

dA+A(y—vl)+Bvi+2ul =0

dB+ (y —v3)B+2viD +2u} — 2p? =
dC + 2y +v} —=3v3)C+ D =0
dD+ (y+vi—2v3)D =0

mod base.
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4 Geodesics of Flat, Symmetric Connections

In this section the equivalence problem is carried through for the case F = G = 0.
This will lead to an e-structure with constant torsion on a 12-dimensional space.
The only invariants therefore are constant invariants and thus we obtain a complete
solution to the problem of equivalence.

4.1 The Second Normalization

A parametric calculation will show that at the identity, Ay = By = Cy = Dy = 0,
hence D = C = 0. This leaves the following two equations:

dA+A(y—v})+Bvi+2u} =0

dB+ (v — V%)B + Z,u% — ZILL% =0 } mod base.

Normalize A = B = 0. We then have

1 —
o= 02 } mod base.
My = [

This produces new torsion by
p = A
p = i3 + B

After absorbing torsion the structure equations are

y—=v| B 0 0 0 0
0 v 0 0 0 n'n
dn = 0 i oy+vi—2 0 0 [n+ n'n*
0 |0 I Vv An'n* + Bn'n’
0 w 0 0 v 0

The equations
0= &'ty 0= dntnintn® + &'y

give
dA+ 2y —vi —v)A+Bv) =0
dB+(2y—2v3))B =0

Now at the identity Ag = By = 0. Thus A = B = 0, and hence

} mod base.

y—=v| B 0 0 0 0
0 v 0 0 0 n'n
dn = 0 i oy+vi—vil 0 0 [n+]| nint
0 0 w il 0
0 | m 0 0 v 0

Only constant torsion remains so the system must be prolonged.
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4.2 Prolongation

Now, dim GV = 2. The first prolongation corresponds to the following arbitrariness
in the tableau:

o' = v

0 := vy +an’

0° := v3 + an?

0* ==~ + 2an?

6> =B +an' + by’
0° := p} +an’

where a, b € R are arbitrary. The structure equations for 1 may be written,

0t —6° | 0 0 0 0 0

0 0* 0 0 0 nin’

dn = 0 |6 0+ —*|0 o |[n+]| 'yt
0 0 0° ot 6! 0
0 0° 0 0o & 0

Taking d” of the above structure equations we obtain the following
0= —d@’n' +do*n' +do°n* + 6°0°1* — 0°n'n°,
0 = do*n* + 0’0’ + 0°n'n?,
0 =do'n’ +do*n* — Aoy’ + do*n® — 0'6*n* + 0°0* 1 + 0>’ n* + 650"’
0= do'n* + d6*n + d6SrP — 620311 + 050%1 + 04650° — 951yt — 019%7,
0 = d&’n’ + do°n* — 0°6%n* + 0*6°n* — 6%y n°.

It follows from a somewhat lengthy but straightforward calculation that the structure
equations for @ are given by

0" = AvPn? + Aai? + Asiti? + Agti + AsiPp + 077 + 60,
de* = '’ + A\n*n? + B’ + Asn*n® + 0107 — 6°0% + 6°n*,

dg* = d'n* + C’n? +20°0° + 6",

do* = 20'n* + Dy’n® + Don*n? + (C — Ap’n’ + 070 — 0%,
d6° = ®'p' + O + Dy’n' + Doy — AyPn' — 6°6°,

46 = ®'n° + FiPn? + Ayn*n® + 6°0° — 646°,
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where ®! and ®? are 1-forms in the new tableau. The equations
0 = d*6',
0= d292 3
0= d2927']2+d293 3,
0 = 24°0° — d*6*,
0 = d*6%p
give the following infinitesimal action on the torsion tensor

dA, — ®?
dA2
dAs
dA4

dAs mod base.

L
o8]

O OO OO O OO OO

dc — 292
dD,
dD,

.
N
Il

At the group identity,
Ay=A3=Ay=As=B=D,=D,=F=0,

therefore these terms are identically zero. Thus,

(dA; + Ay (07 + 6*) — D)0’ + 24, — O’ n’n’ =
Consequently,
C == 2A1
We also have
dA1+A1(03+94)—q)2 =0 mod 772,775.
Therefore,

dA + AP +0H — P>+ I =0
for some function /. We obtain the following structure equations
do' = An’n* + 0% + 6%,
do* = ®'n’ + An'n* + 0'0> — 0°0% + 0°n*,
dg® = ' + 2A0°n* + 260°n° + 6%,
40t = 20" + ArPif + 05 — 6%,
465 = o'y + B2 — APyl — 0305,
do® = d'n’ + 0°0° — *¢°,

where A has been written for A;.
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4.3 The Third Normalization
The infinitesimal group action on the torsion is given by
dA; + A1(0° +0%) — ®* =0 mod base.
Normalize A = 0. Then ® = In? and hence
do' = 057 + 0%,
46> = B + 6102 — 6°67 + 651",
d6? = D +20% + 0%,
dg* =28 + %> — 0!,
46° = d'n' — 6°0°,
465 — ' + 0°6° — 046°.

We have constant torsion and an e-structure. Thus (n',...,7n°,0',...,0° ®) is an
invariant coframe (here ® is written for ®'.) The equations

(dD — BO* — 050%))' =0

fori =1,2,3 and 5 give
Ad = $6* + 6°1°.

Thus the structure equations are
(6) dn' = (0" =)' + 6%,
it = 0'n* + 'y,
A = 020 + (0% + 6" — 0¥ + ',
dn* = 6% + 0'n* + 0%,
dn’ = 6% + 6%,
dot = 6>y’ + 0",
do* = o’ + (0" — 6°)0% + 0°n*,
do®> = on* +20°n° + 6°',
dg* =200 + 0% — 6",
dg> = dn' — 0°6°,
do® = o’ + (0° — 6*)6°,
AP = 0" +0°0°.

We have shown the following:
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Theorem 1  The solutions y(t) of
(7) dyt/dt* = f(y,y,t) and d*y*/dt* =g(y,y,t)

are the geodesics of a Euclidean space with respect to a transformation of the form
(Y, T) = (Y(y), T(y,t)) if and only if equations (7) yield the structure equations (6).

The structure equations (6) are the Maurer—Cartan equations for a Lie-group: the
group of fractal-linear transformations & on the plane. Recall that the fractal-linear
transformations of the plane are those transformations A of the form

A= (3,1) = (7(y),t(y,1))
where

1311 o 31,2
by+biy +byy”
ap+ a1y + ayy?

Bty by
T a + a1y + ayy?

7' (y) = ()

_ t+c+ay +ay?
t(y,t) =

ap+aryl +ayy?

where a;, a?-, b? € R are constants. Let G denote the subgroup of GL(4, R) consisting
of those invertible matrices M whose first column is *(1, 0, 0, 0). We may identify the
transformation A with the element ¢(A) in G by

1 Co C1 (%)

0 dg | A1 dy
P(A) ==

o6l 6 bl

o8| B

The map ¢: F — Gisa group isomorphism and so the fractal-linear transformations
may be identified with G.

5 The Generic Case

In this section we continue the equivalence problem from the end of the first nor-
malization (§3).

5.1 Thye Second Normalization

Recall that after the first normalization we have the structure equations

y—=v| B 0 0 0 0
0 v 0 0 0 n'n’
dn = 0 vi o y+vi—=vi| 0 0 [n+]| n'n*+An'n*+Bnply?
0 | ui I von 0
o |u 0 0 v Cn'ap® + D'’
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with infinitesimal group action on the torsion tensor given by

dA+ A(y —v}) + Bv +2ul

dB+ (y —v3)B+2viD +2u) — 242
dcC + 2y +vi —3v3)C + uiD

dD + (v +vi — 2v3)D

mod base.

O O OO

In the generic case, D # 0. We thus normalize

This gives us

,u% =0
M% - 01 mod base.
HY =V

Let

p=Am, =B, w=vy+Cil, v=2v;—v+Dn.

It follows that

B4 - D3.

The new structure equations are:

Vi — vl B 0|0 0

0 2v5—vi 0 0 n'n’

dn = 0 vl vilo o |n+]| nint | +T,
0 0 vi vl 0
0 v 00 n'n*

where

Byn’n' + Dyn*n' + Dsn’n' + Dyn’n!

Dlnlnl +B4n3n2 +D4’I74’I72 +D5775’I72

T Din'n’ + Dy’ + Dan'n’ + Dy’
An'n? + Asp’n” + A + AsPn? + Bin'n® + By
+Byn*n’ + Bsn®n?

C1771772 + C3’I73’I72 + C4’I74’I72 + C5775772
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After absorbing the torsion the structure equations are

vi— vl Jé] 00 0
0 2vi—vi 010 0
dn = 0 v vi| 0 0 |7
0 0 0|vi v
0 vl 0|0 v
An’n!

,'71,'75 +B’I’]17’]2 +A775772
+ 771774+B’I717’]3 +C7’]47’]3 +A’I75’I73

Dnlnz +E773’I72 +F7’}17’]3 + Gn5n3
771774 +H?’]1’I72 +I’I’]4’I’]2 + ]775772

5.2 The Third Normalization

The equations

(8) 0 = &'t + En'n® + B,
0 = &Py + &,
0 = d*n'nin’,
0 = dintnt — duintip,
0 = &Py — EinPip,
0= —dn’n'y’ —

5,34

cn'nt + &ntnnt + dn’nt,

give us the following infinitesimal group action on the torsion tensor:

dA+Avs+Cvi+28 =0
dB+B(v3 —vi) =0

dC+Cv} =0
dD+3D(vs —v1)+ Fvl —Hv) =0
dE+E(3vs —2vi) —F3—Gvi =0

dF+2F(v; —v}) =0
dG+G2v —vl) =0

dH+2H(v5 —vi) —Bvi =0
dl+Ivi —Cv) =0
dJ+J2v3 —vi)+BB+1Ivi =0
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At this point, the group is the subgroup of GL(5, R) whose elenents are of the form

ca”! e 0/0 0
0 |cfa! 0|0 O
0 |atbc c|0 0
0 0 O|la b
0 |a'bc 0|0 ¢

The group action on the torsion is then given by

A=A —Coatbc™! — 2ac e,

B = Byac™!,

C=Cpa!,

D = Dya’c™> + (1/2)Byab*c > + (Hy — Fo)a*bc™>
E = Eya*c > + Fya’c e + Goabc ™,

F = Fya*c™2,

G = Gpac™2,
H = Hya*c™? + Byabc 2,

I=1Iyc +Coa b,

J = Joac™* — Bya’c e — (1/2)Coa 'b*c™? — Ipbc 2.

We may then normalize

It follows that

vi=v¥,=vi=8=0 mod base.

We write

vi=Am', v;=Bu, v,=Cw, B=Dn.
Substituting these values back into the equations (8) we obtain

A5 = 2D4 +C4 and B4 = A1 +A4.
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The group has been reduced to the identity and so we have an e-structure. The struc-
ture equations are

dn' = (D + Ay — B))n'n* + (A5 — Bs)n'n® — Am'n* + (As — Bs)n'n® — Dsnn®
+(1/2)(Cy — As)n’n* — Dsinp,

dn* = (1+2B; — ADn'n* +n'n’ + (A3 — 2B3)n’’ — (A; + Bon’n*
+ (A5 — 2Bs)n*n’,

d’ = Cin'n® + (1+B)n'n’ +0'n* + (B, — C)n’n’ — Can’n* — Csnp®
— (1+B)n’n* — Bsn’np’,

dn' = Lin'n® + ILn'n’ + Am'n* + Cin'n’ — L'y’ + Ag’n* + ConPn + Ay’
+(Cs — L)W’ + (Cy — As)n*n’,

dp’ = (Cy +Is)n'n* +n'n* + Bin'n® — Can’n* + (B, — Is — Cs)n*n’ + Bs'n®
+Byy'n® — Csnfp.

We obtain 24 local invariants.
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