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MAXIMAL STRICTLY PARTIAL SPREADS
GARY L. EBERT

1. Introduction. Let £ = PG(3, ¢) denote 3-dimensional projective space
over GF(g). A partial spread of Z is a collection W of pairwise skew lines in X.
W is said to be maximal if it is not properly contained in any other partial
spread. If every point of 2 is contained in some line of W, then W is called
a spread. Since every spread of PG (3, q) consists of ¢*> 4 1 lines, the deficiency
of a partial spread W is defined to be the number d = ¢* +1 — |[W[. A
maximal partial spread of Z which is not a spread is called a maximal strictly
partial spread (msp spread) of Z.

In [3] Bruen showed that if W is an msp spread of PG(3, ¢), then ¢ +
Vg+1 =2 W £ ¢ —+/¢ In the same paper Bruen also showed that if
q > 2, there exist msp spreads W of PG (3, ¢) with |[W| = ¢* — ¢ + 1 and
hence deficiency d = ¢. This shows that the upper bound for [I¥] is reasonably
good for large ¢, but very little is known about the existence of msp spreads
with relatively ‘“‘large’” deficiency. The purpose of this paper is to construct
such examples. In doing this a rather interesting connection between geometry
and number theory is pointed out.

When ¢ = 1(4), msp spreads in PG(3, g) are constructed with deficiency
d = (2/3)(q + D[1/2/1 + 4 log2(q) — 1)]. Moreover, if ¢ is an odd prime
raised to an even power, it is shown that Bruen's lower bound for |W| is also
reasonably good. Thanks are given to Marshall Hall, Jr. for bringing reference
[8] to the author’s attention. The author would also like to thank the referec
for his many helpful suggestions.

2. The construction technique. The reader is referred to [2] for a com-
plete explanation of spreads and reguli. In [3] Bruen constructed an msp
spread W of PG (3, q) with deficiency d = ¢ in the following way. Letting &,
and R, denote two reguli of a regular spread S, that have precisely one line m
in common, the set of lines

can easily be shown to be a spread. Here R, denotes the opposite regulus to R..
If [ is the unique line of R’ through any chosen point of #, then the set of lines
A of S meeting / have exactly one transversal. It can then be shown that the
set of lines W = (S\4) U [ is an msp spread of deficiency g.

We now generalize the above construction. Let ¢ > 2 be a prime power and
let ¢ be a positive integer such that ¢ < (g + 1)/3. If Sy is a regular spread of
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= = PG(3, q), choose mutually disjoint reguli Ry, ..., R, and distinct reguli
Ty, ..., T, of Sysuch that

Rim'fi:{li} fOri=1,.-.,t
Rlﬂ ]‘]‘z d) fori#]

The question of existence for such reguli when ¢ > 1 will be discussed in the
remaining sections. Letting B denote the set of lines in

SANR,VU...URVUT/U...UT),
the set of lines
S=BYUT\NL)UR/U...U((TN,) YR/

is easily seen to be a spread of =. Next choose lines/;/ € 7'/ fori =1,...,ts0
thatly, ...,/ are pairwise disjoint. Let A ; denote the set of lines in .S meeting
I/ for1=1,...,( Then the set of lines

!
W = l:b\( U Ai):| ...Vl
i1
can be shown to be an msp spread of £ with deficiency

(1) dztlg+1—1)z= (2/3)(q+ 1).

The restriction 3t < (¢ + 1) is used in several places, primarily to insure that
any line extending W must meet at least three lines of 7°\/; for some 1.

The above bound is obtained as follows. For each 7 the lines of A, are the ¢
lines of 7°\/; plus one line of R/. Since 7°; and 1°; have at most two lines in
common for 7 # j,

t |
UIU‘i\li)l 2g+@G—24+...F@=2+2)=t@+1-1).

i=

Hence

=t+tlg+1—1)=tlg+2—1)

g

1
and
Wlsg¢g4+1—1tg+2—1t)+t=q*—tqg+ (2 —1t+1).

[t should be noted that if the reguli 77, ..., 1, are also chosen to be pairwise
disjoint, then

(2) d = qt
3. Inversive planes. We are now faced with the problem of finding the

maximum ¢ for a given prime power ¢ (subject to the restriction { < (¢ + 1)/3)
for which there exist reguli Ry, ..., R, and 14,..., 7, in S, satisfying the
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above stated conditions. In [2, Theorem 4.5] R. Il. Bruck showed that the
search for reguli in a regular spread of PG(3, ¢) can be transformed into the
search for circles in a miquelian inversive plane of order ¢, which we will
denote by IP(g). Thus we are concerned with the existence of certain con-
figurations of circles in IP(q).

The interested reader is referred to [6, Chapter 6] for a detailed discussion
of IP(g). As a point of notation, for any two distinct points P and Q of 1P (q),
the set of all circles which pass through both P and Q will be called the bundle
with carriers P and Q. A maximal set of mutually tangent circles at a point I’
will be called a pencil with carrier P. A flock K will be a set of pairwise disjoint
circles such that, with the exception of precisely two points (called the carriers
of K), every point of 1P (q) lies on precisely one circle of K.

Our problem is to find pairwise disjoint circles Cy, ..., C,and distinct circles
Dy, ..., D,in IP(g) such that C; and D; are tangent forz = 1,...,f but C;
and D; are disjoint for ¢ # j. Of course we are trying to maximize { subject to
these restrictions and the additional constraint ¢t < (¢ 4+ 1)/3. We first take
a combinatorial approach and then an algebraic approach.

4. The combinatorial approach. Slightly different arguments must be
used for the cases ¢ even and ¢ odd. Since the technique is essentially the same
in both cases, we will assume throughout that ¢ is an even prime power. Choose
C1, D to be two tangent circles of IP(gq), and we first answer the question of
how many circles there are in [P (q) that miss both C; and D,. To this end,
let s(¢, j) denote the number of circles that meet C; in 7 points and meet D, in
j points, where ¢ and j are integers satisfying 0 < 7, j < 2. We would like to
compute s(0, 0).

Lemma 1. (1) s(1, 0) = glg — 2)/2 = 5(0, 1).
(i) s(1, 1) = ¢ — 2.
(i) s(1, 2) = ¢*/2 = s(2, 1).

Proof. Let P denote the point of intersection for the circles C; and D,.
Choose Q to be any point of Cyother than P, and let L(Q; C1) denote the pencil
of ¢ circles with carrier Q containing the circle (. Since ¢ is even, it can be
shown (see [6, page 265]) that a circle not incident with the carrier of a pencil
is tangent to precisely one circle of the pencil. Thus the ¢ — 1 circles of
L(Q; C)\|Cy} are either disjoint or secant to D;. Since the ¢ + 1 points of
D, are covered by the circles of L(Q; Cy), D, is disjoint from (¢ — 2)/2 circles
of L(Q; C1). Allowing Q to vary and using symmetry, (i) now follows,

Since the only circles tangent to both C; and D, are those of the common
pencil L(P; Cy), (ii) follows immediately. Using the fact that the total number
of circles tangent to D; is ¢> — 1, a little arithmetic and symmetry together
give us (iii).

Lemma 2. (i) s(2,0) = ¢2(qg — 2)/4 = 5(0, 2).
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(i1) s(2, 2

(ii) (0, 0)

i

¢*(q + 2)/4.
qlg — 2)(q — 4)/4.

Proof. Once again let P denote the point of intersection for C; and D,.
Choose R, S to be two points of C; other than P such that R, S are not con-
jugate with respect to D;. Let J(R, .S) denote the bundle of ¢ 4+ 1 circles with
carriers R and S. Then every circle of J(R, S)\{C,} is either secant to or dis-
joint from D; since ¢ is even. The ¢ 4+ 1 points of D, are covered by the
bundle J (R, S) and therefore ¢/2 circles in J(R, S)\{C:} are disjoint from D;.
Allowing R, S to vary, we obtain ¢*(¢ — 2)/4 distinct circles secant to €y and
disjoint from D;. All such circles are counted in this fashion, yielding (i) by
symmetry. The rest of the lemma now follows from lemma (1) by simple
counting arguments.

Next we would like to find tangent circles (> and D» that are disjoint from
both € and D;. This would yield a desirable configuration as discussed in
sections 2 and 3 with / = 2 and having the additional property that D; is dis-
joint from D..

TuroreM 1. Let g be an even prime power such that g = 16. Then there exist

circles Cy, Cs, Dy, Do an IP(q) such that Cy is tangent to Dy; Cy 1s tungent to Dy
and each of Cy, Dy 1s disjoint from boih Cs, Do.

Proof. Choose Cy, D; to be tangent circles in 71 (q). Let © denote the collec-
tion of circles in 1P (¢) that are disjoint from both ; and D; and assume that
no two circles in Q are tangent by way of contradiction. Then there are at most
¢ + 1 circles in @ that are tangent to any circle not in €. Lemma (2) (iii) now
gives us at least ¢(¢g — 1)(qg — 2) (¢ — 4)/4 distinct circles that are tangent to
at least one circle in © and hence are not in Q. This is in contradiction to the
total number of circles in 17 (¢) when ¢ = 16, proving the theorem.

Remarks. A slight modification of the above counting techniques yields the
odd order analogue of Theorem 1 when ¢ = 11. Direct computation shows that
the theorem is also true for ¢ = 5, 7, 8, 9. Such a configuration is impossible in
1P (4) since there are not enough points.

COROLLARY. Let g be uny prime power sich that ¢ = 7. Then there exist msp
spreads W of PG(3, q) with deficiency d = 2q and |W| = ¢* — 2¢ + 1.
Proof. Since t < (¢ + 1)/3 when t = 2 and ¢ = 7, the result follows im-

mediately from the construction and equation (2) given in Section 2.

Unfortunately, this combinatorial approach cannot be easily (if at all)
extended to yield msp spreads of deficiency greater than 2¢. Ilence we take a
new approach.

5. The algebraic approach. We now give a model for IP(g) that was
discussed by W. F. Orr in [7]. Most of the tools we will be using are only valid
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when ¢ is odd, and hence we assume throughout this section that q is an odd prime
power. The elements of GF(¢*) U {00} will be regarded as the points of 1P (g),
and a circle of 1P (q) will be represented as a one-dimensional vector space over
GF(q) with basis element a 2 by 2 matrix of the form

[x « }
b —x"1’

where x € GI'(¢*);«, b € GI'(q); and x™*' 4 «b # 0. Such a circle will have as
its inversion the mapping
vg' 4+«

= tor all 2 1n GF(g*) U {0},

FFor the remainder of this paper we will represent circles by matrices of the
above form with the understanding that the circle is really a one-dimensional
vector space over GF(q).

Letting C, D be matrices representing circles of IP(g) and letting ||C]]|
denote the determinant of C, we define

h(C, D) = [[C + D|| — [[C[| = |ID]]

C-D = hn(C,D)/2

C X D= (C-D)*—|Cl[[D]l.
Orr has shown (see [7, Lemma 2.1]) that C and D are disjoint, tangent, or
secant accordingly as C X D is a non-zero square, zero, or non-square in

GF(q).
Choose P = 0 and Q = o as two distinct points of 1P (g), and let K(0, o)
denote the linear flock of ¢ — 1 circles with carriers 0 and . Pick Cy, ..., C,

to be circles represented by matrices of the form

0 «a;
Ci—[l O]v

where «1, . . ., a, are distinct non-zero elements of G/(g). These circles are all
in K(0, o) and hence are pairwise disjoint. Choose Dy, ..., D, to be circles
represented by matrices of the form

X 0
Di - |:1 _xiqily

where x1, . . ., x, are elements of GF(g?) such that x,*t*!' = «,/4. Since C; X D;
= 0, D;is tangent to C, for each 7. It should be also noted that each D, passes
through the point 0 and

Ci X D]' = ari(ai - (Ij)/4.

According to the msp spread construction given in sections 2 and 3, we
would like C; and D; to be disjoint for ¢ # j and therefore want C; X D; to be
a non-zero square in GF(q) for ¢ # j. Hence we would like to find a collection
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of distinct non-zero squares «y, . . . , «,in GF(g) such that the difference of any
two is a square. The problem of finding the largest possible collection of this
type is old and difficult. Of course (¢1 — «2)/(¢s — 1) = —1is required to be
a non-zero square in G1(¢), and hence we must assume that ¢ = 1 (4). Some
partial results and their consequences are now given.

THEOREM 2. Let p be an odd prime and let ¢ = p** for some positive integer n.
Then there exist msp spreads W of PG (3, p**) with deficiency d = (2/3)(p" — 1)
(™ + 1).

Proof. Every element of GF(p") is a square in GF(p*"). Thus we can choose
{ = p" — 1 non-zero squares in GF(p*") such that the difference of any two is a
square in GI'(p*); namely, choose the non-zero elements of GF(p"). The
reader should note that ¢ = 1 (4) since ¢ = p** where p is odd. Clearly
t < (¢ + 1)/3. The result now follows from the construction and equation
(1) given in Section 2.

It should be noted that the deficiency guaranteed by Theorem 2 is of the
order ¢*/* while the maximum possible deficiency from Bruen'’s result is of the
order ¢%. Ilence, in this case, Bruen's lower bound for |I¥] is reasonably good
for large g.

TarEOREM 3. Let p = 29 be « prime such that p = 1 (4). Then there exist msp
spreads Wof PG(3, p) with deficiency d = 2(p + 1).

Proof. As shown in [1, Theorem 10-4], GF(p) has at least one triple of con-
secutive non-zero squares so long as p = 29. Let « — 1, «, « + 1 denote non-
zero squares of GI'(p). Clearly « # 1. Since —1 is a square in GF(p), it is
easy to see that 1, «, «! denote three distinct non-zero squares such that the
difference of any two is a square. With { = 3 and p = 29, clearly { < (p +1)/3.
The result now follows as in Theorem 2.

TuroreM 4. Let pbe a prime such that p = 1 (4). Then there exist msp spreads
W of PG(3, p) with deficiency d = | (1/3) In (p)1(p + 1), where |r] denotes the

greatest integer less than or equal to r.

Proof. As shown in [5], for any prime p = 1 (4), the largest collection of
non-zero squares in GF(p) such that the difference of any two is a square
always has cardinality at least (1/2) In (p). The result now follows as in
Theorem 2.

THEOREM 5. Let g be « prime power such that ¢ = 1 (4). Then there exist msp
spreads W of PG (3, g) with deficiency
d =z (2/3)(qg + DI1/2(\/1 + 4log: (q) — 1)].
Proof. As shown in [8, Theorem 3], so long as ¢ = 1 (2) and ¢ > 270+,
there exists an (r 4+ 1)-tuple ay, ..., a,41 of elements in GF(q) such that

a; — a;is a non-zero square for1 =1 < j <7 + 1. Setting

t = [1/2(vTF 4log. (g) — 1)),
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it is easy to see that ¢ > 2/("*1 Hence we can choose elements ay, . . ., ¢,y
in GF(q) satisfying the above condition. Settingb; = «;;1 — «yforz = 1,...,t
and using the fact that —1 is a square in GF(q), we obtain a set of { non-zero
squares in GF(q) such that the difference of any two is a square. The result
now follows as in Theorem 2.

Among other things, Theorem 35 shows that for any constant ¢, msp spreads
of deficiency d = ¢q exist whenever ¢ is a sufhciently large prime power such
that ¢ = 1 (4). Thus our construction technique does produce msp spreads of
PG (3, ¢) with reasonably large deficiency; in fact, with deficiency of the order

7/ 1og:(q).

6. Concluding remarks. To obtain maximum mileage from our construc-
tion technique for msp spreads of large deficiency, a complete solution to the
non-zero squares problem should first be found. This has not yet been accom-

plished.

In the search for circles (', ..., C,and Dy, ..., D, of IP(qg) satisfying the
conditions stated at the end of Section 3, the case when (', . .., C,do not form
a linear set has not yet been studied. On the other hand, if Cy, ..., C,do form

a linear set, it might be profitable to consider circles D ; that do not pass through
one of the carriers for this linear set. In any case, when ¢ is even, it seems
apparent that some new approach must be found to produce msp spreads of
deficiency greater than 2q.

It should also be pointed out that in a recent paper [4], Bruen and Ilirschfeld
use a twisted cubic to construct a msp spread of size §(¢> + ¢ + 2) whenever
3 does not divide ¢ + 1.
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