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1. Introduction

In the paper [1], the technical Lemmas 4.5 and 4.6 are incorrect. This cascaded into the
proofs of Proposition 5.2 and Theorems 2.2, 2.3 and 2.4. Although some of the main
theorems of the original paper were impacted, the ideas in [1] are robust enough to correct
the original proof. In this corrigendum, we provide the necessary modifications to the
statements and proofs.

Furthermore, Lemma 3.1(i) has a typo, which propagated to Proposition 4.2(i) and
Theorem 2.2(ii). We give the corrected statements below and note that the proof of these
results remains correct.

Finally, Theorem 2.4 lacks a condition, which we provide below. Its proof remains
essentially the same.

2. Lemma 3.1(i) and Proposition 4.2(i)
Lemma 3.1(i) was incorrectly quoted from [2, Theorem 3.3.5] and [3, Corollary V.8.1].
The correct statement is as follows.

Check f
https://doi.org/10.1017/etds.2024.50 Published online by Cambridge University Press Updates.


http://dx.doi.org/10.1017/etds.2024.50
https://orcid.org/0000-0002-2513-2830
mailto:m.de-castro20@imperial.ac.uk
mailto:vincent.goverse21@imperial.ac.uk
mailto:jsw.lamb@imperial.ac.uk
mailto:m.rasmussen@imperial.ac.uk
https://doi.org/10.1017/etds.2023.69
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/etds.2024.50&domain=pdf
https://doi.org/10.1017/etds.2024.50

On the quasi-ergodicity of absorbing Markov chains 957

LEMMA 3.1.
(i) Forevery f € L'(M, p),
— R VAECY))

lim — T f =np=2 P2y almost surely (a.s.).
oo Xg "B 0 1 Z(T. )]

This affected the statements of Proposition 4.2(i), which are corrected as follows.

PROPOSITION 4.2.
(i) Forevery f € Ll(M, nm,

-Z A,P‘ —_ / FOuy) in L' (M, p) and p-a.s.

3. Lemmas 4.5 and 4.6
By labelling {g; }m_ and {C; }:”:_01 in Lemma 4.4, we assume that the permutation o
satisfies o (i) =i — 1 (mod m). We write g; = g; (mod m) and Cj = C; (mod m) for every
jeN.

With this convention, Lemmas 4.5 and 4.6, should be combined in a single lemma and
corrected as follows.

LEMMA 4.5. Suppose the absorbing Markov chain X,, satisfies Hypothesis H1. Then for

every bounded and measurable functionh : M — Rand £ € {0, 1,...,m — 1},

prntly 122, / hdpu, 3.1
pmn+e Ll(M 0 ar 8s Cone 2
and
1 mn+£—1 1

— P h——P" 1y | == c / hndu. (32
nm+£!§w <M, )L‘(M)SZgM(Z—H)gSMnM (3.2
Proof. Due to Proposition 4.2, there exists «g, ..., a,—1 € C and v € E,ys such that

h=Y"o acgs +v.

Step 1. We show that v € Eyy if and only if fCi vdu=0foreveryi €{0,1,...,
m — 1}. Suppose first that v € E,ws. We claim that 1c,v € Eqas for all i € {0, 1, ...,
m — 1}. Indeed, if 1c,v € Eaws, then v =g +w + Zj#l- Ic,v with o; #0 and
W € Eaws. Since w(C; N C;) =0 for all j # i, we obtain that v ¢ E,ys. It follows that
e, vdul =1y Tev dul = | f,,(1/3"YP"(1¢,v) dp| === 0.

Reciprocally, assume that fC,' vdu =0 for every i € {0, 1,...,k—1}. Write v =
Zfﬁ(} algi + w, with w € E,ys. Since [ g du =1, we have that o; = fC,- aigidu =
fC,(Z] Oa]gj +w)dp = fC; vdu=0. We obtain that o; =0 for every ie
{0, 1, , k — 1}, which implies v € Eyys.

Step 2. We show that equation (3.1) holds. Integﬁating h = Zi":_ol o 8s + v with respect
to u on C;, from Step 1, we obtain that h = Y\ g sz hdu+v.
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Therefore,

m—1

m—1
1 n—oo
P"th g —Z/ l’ld/,l,—f- an+l /
)an+€ g(:) § c, anm+e Z Cort

L' M) T

Step 3. We show that equation (3.2) holds and conclude the proof of the lemma.
From Step 1, we have that 1) = Zg":_ol w(Cs)gs +w for some w € E,ys. Given

£e{0,1,...,m— 1}, define ny := mn + £. A direct computation implies that
ng—1 ng—1 i ng—1
pre= i P 1 pi pre—i
—Z (A ) ZM(C)ZN(hgst)-I-ng(hkwlw>.
::I;"q ::J;e

On the one hand, we have that

i ng
E(‘h L wD
Al e

From Step 2, we obtain that J™* ~—>> 0in L' (M, p).
On the other hand, Step 2 yields that

pre— i
)\’ng—i w

15 N2 g gy < .
LY(M )

n—1

m—1 ) mj ,m—1 mn—1 i
I;:[ = Z MG Z 7)311,/' (Z P —(hgs- Z-H)) + Z (s )fmn 1 (Z L - (hgs— K+z>)

ne ng

s=0 j=0
m—1 m—1
n—00 w(Cs) /
(hg e+i)dp =)  n(Cy k)gk/ hndpu.
LM § m Z k lX(; )J s—L+i % + w

ne 71*)00

Hence, I;l” +J, Zk o M(Coti)gk fM hndup in LY, ), which concludes
the proof of Step 3. O

4. Proposition 5.2
As a consequence of the corrected Lemma 4.5, Proposition 5.2 reads as follows.

PROPOSITION 5.2. Let X, be an absorbing Markov chain satisfying Hypothesis H]I.
Suppose that one of the following items holds:

(a) there exists K > 0 such that u({K < n}) = 1 almost surely;

(b)  there exists g € L' (M, ) such that (1/\)P™(x, M) < g for everyn € N;

(c) the absorbing Markov chain X,, fulfils Hypothesis H].

Then for every h € L*°(M, n)and € € {0, 1, ..., m — 1},
. 1 mn+{—1 ,Pl ,Pmn+g 1( M) . m—1
Jim =y ( T ) 5 u(Corogs fM h()n()p(dy) p-as.
i=0 s=0

@.1)
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In addition,

m—1

P 2 Y u(Coge [ B eas (42)
s=0

Amn—i—[

Proof. The proof of the theorem assuming that either item (a) or item (b) holds remains
mostly the same. The only correction to be made is on page 16 line 5, where the term
(1/X)"*P(x, M) should be replaced by (1/1)"P"(x, M).

Now, we prove item (c). For every j € N, define the set K; :={x € M; k(x,-) €
L (M, 1)} and the bounded operator G; : L'(M, p) — L>¥(Kj, ), G f =1k,(1/M)Pf.
By composing G; to equations (3.1) and (3.2) considering £ — 1 instead of ¢, from
Lemma 4.5 and the fact that G; is a bounded operator, we obtain that equations (4.1)
and (4.2) converge for p-almost every x € K ;. Finally, since Hypothesis H1 implies that
,u(sz1 K ;) = 1, we obtain the result. O

5. Theorem 2.2
The corrections of Lemma 4.5 also affect Theorem 2.2.

THEOREM 2.2. Let X, be an absorbing Markov chain fulfilling Hypothesis HI. Then the
following assertions hold:
(1) there exist a natural number m € N and sets Cy, Cy,...,Cpu_1 =: C_1 € B(M)
such that {Plc, > 0} C C;_y foreveryi € {0,1,...,m —1};

n—00

(i) for every feL'(M,p), (1/n) Z?;(}(l/?»i)p’f —— 1 [y FOu@y) in
LY(M, ) and p-a.s.;
(iii)  there exist non-negative functions go, g1, . . . » gm—1 =: g—1 € LY (M, ), satisfying
Pg/ :)\,gj_l and ||gl||L1(M,M) =1

for every j€{0,1,...,n— 1}, such that given £ € {0,1,...,m — 1} and h €
L*°(M, ), the following limit holds:

1 prmty "0 ng/ h(x)u(dx);

pnm—+L 1
LY(M,1) =0

(iv)  ifin addition, we assume that M is a Polish space, then for every h € L (M, ),

n—1
1 n—oo
(x > ]Ex|:; E hoX;i|t> n]) —> /M h()n(y)u(dy) (5.1)
i=0

in the L°° (M, n)-weak* topology. In particular, we obtain that equation (5.1) also
converges weakly in L'(M, v).

Proof. The proof of assertions (i), (ii) and (iii) remains unchanged. To prove assertion
@iv), fix £ € {0, 1, ..., m — 1}, repeating the proof of [1, Lemma 2.2] but changing g,
by gmn+¢, we obtain that g,,+¢ converges to the right-hand side of equation (5.1) in
L (M, w)-weak™*. Since £ € {0, 1, ..., m — 1} is arbitrary, we obtain that assertion (iv)
follows. O
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6. Theorem 2.3
The same proof as before holds using the corrected Lemma 4.5 and Proposition 5.2.

7. Theorem 2.4
Theorem 2.4 requires an extra assumption.

THEOREM 2.4. Let X, be an absorbing Markov chain fulfilling Hypothesis H2, and
suppose that P f |k, € CO(Ki)for every f € LY\(M, v) and i € N, where {K;}ien is the
nested sequence of compact sets given by the second part of Hypothesis H2. Then, given
h € L>®(M, ), equation (2.3) holds for every x € (U, Ki) N {n > 0}.

In the case where m = 1 in Theorem 2.2(i), equation (2.4) holds for every x €
(Uien Ki) N {n > 0}.

Proof. Observe thatG; : LY(M, ) — C%(K;), G, f = 1g;(1/0\)Pf is a bounded linear
operator since it is a positive operator between two Banach lattices [3, Theorem 5.3]. Then
the proof follows from the same arguments as given in the new proof of Proposition 5.2(c)
and equation (5.3). O]
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