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Abstract

We study a Dirichlet problem involving the weak Laplacian on the Sierpinski gasket, and we prove the
existence of at least two distinct nontrivial weak solutions using Ekeland’s Variational Principle and
standard tools in critical point theory combined with corresponding variational techniques.
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1. Introduction

The word ‘fractal’ is derived from the Latin fractus, meaning broken, and is due to
Mandelbrot in 1975. A fractal often has the following properties: it has a simple
recursive definition, it has a fine structure at arbitrary small scales, it is self-similar,
and it has a Hausdorff dimension which is greater than its topological dimension. A
simple example of a fractal is the Sierpinski gasket (triangle). It was introduced in
1915 in an influential paper [12] by the Polish mathematician Waclaw Sierpiriski and
it plays an important role in the theory of curves. It is one of the basic examples of
post critically finite fractals (see [9]). The complement of it is a union of triangles.

The basic differential operator in the theory of fractals is the Laplacian. Therefore,
when speaking of differential equations on fractals or fractal differential equations, one
means equations involving the Laplacian.

The pioneering works in analysis on fractal sets are the probabilistic approaches of
Kusuoka [11] and Barlow and Perkins [1]. They have constructed and investigated
Brownian motion on the Sierpifiski gasket. In their standpoint, the Laplace operator
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has been formulated as the infinitesimal generator of the diffusion process. On the
other hand, a direct and natural construction of a Laplacian on the Sierpiriski gasket as
a limit of difference quotients was given by Kigami [7], who later extended the method
to the class of post critically finite fractals; for details see [8, 9]. Kigami gives a general
construction of self-similar energies and Laplacians on a family of self-similar fractals
that includes the familiar Sierpiniski gasket.

Many problems on fractal domains lead to nonlinear models, such as reaction—
diffusion equations and problems on elastic fractal media or fluid flow through fractal
regions.

Let V be the Sierpifiski gasket in R¥~! (N >2) and V, be the boundary of the
Sierpifiski gasket V. In this paper we are concerned with the problem

—Au(x) = fFOlP2u(x) + (1 = g0l u(x), for x e V\ Vy,
u(x) =0, for x € Vy,

(1.1)

where A is the Laplacian on V, 1 < p <2 < g are real numbers, f, g € C(V) satisfy
SfT=max{f,0} #0and 0 < g(x) < 1 forall xe V.

2. Preliminary results

We start by recalling the definition of the Sierpinski gasket in R¥~! for N > 2. Let
q1,q2s - - - qy € RV satisfy |g; — ¢;l = 1 fori # j. Foreveryi € {l,..., N}, define the
map S; : RV-! — RN by

Si(x) = 3(x - q;) + gi.
It is clear that S, is a similarity with ratio % LetS:={Sy,..., Sy} and define the map
F: PRV - PRN1) by

N
FA) = U S(A) for every subset A of RN
i=1
Theorem 9.1 in [5] shows that there exists a unique nonempty compact subset V of
RN=! such that F(V) = V, that is, the set V is a fixed point of the map F. The set V is
called the Sierpiriski gasket in RV~

The Sierpiniski gasket V can be constructed inductively. Put Vo ={qi,...,gn},
Vin=FVy_1)form>1and V, =50 Vin- The points in V,, \ V, are called junction
points. We note ¢; = S;(g;) for every i € {1, ..., N} and thus we have V; C V|, hence
V., = F(V,). Since the maps §; are homeomorphisms for i € {1, ..., N}, we deduce
that V, is a fixed point of the map F. On the other hand, taking H to be the convex
hull of the set V) we notice that S;(H) € H forie{1,..., N}. Thus, V,, C H for every
natural number m > 0 and it follows that V_,, C H. Thus, we conclude that V_* 1s a
nonempty and compact set, hence V = V.

By [5, Theorem 9.3], the Hausdorff dimension d of V satisfies the equality
¥, ($)¥=1. Hence d=InN/In2 and 0<HU (V)< +co, where H? is the d-
dimensional Hausdorff measure on R¥~!. Let u be the normalised restriction of H to
the subsets of V, so (V) = 1.
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The measure u has the following property: w(B) >0, for every nonempty open
subset B of V. In other words, the support of u coincides with V.
We recall from [6] the following notation:

C(V)={u:V — R | uis continuous}

and
Co(V)={ue CV)|uly, =0}

The spaces C(V) and Cy(V) are endowed with the sup-norm denoted by || - ||sup-
For each function v : V — R and each nonnegative integer m let

N +2\"

W) = > 6 ).

x,yEVm,
le—yl=2""
Since for each nonnegative integer m we have W, (v) < W,,,1(v), so we can define

W) = lim W,,(v),

(possibly W(v) = +00).
We also recall the following lemma that plays an important role in our analysis
below.

Lemma 2.1 (The Sobolev type inequality). For all v e C(V),

sup DTV on 3 W, 2.1)
x,yqetv* |X - y|“
x#y

where a = (1/(2 log 2)) log((N + 2)/N).
Next, we define
H}(V) = {u]ue Cy(V)and W(u) < +c0}.

The space Hé(V) appears as a dense linear subspace of L*(V, u) endowed with the
usual norm || - ||,. The space Hé(V) is endowed with the norm

llull = VW ().

Actually, there is an inner product defining this norm. For u,v e Hé(V) and each
nonnegative integer m we set

N +2\"
W) = (=) D @) = u) ) = v,
X,YEVp,
[x—y|=2""
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It is easy to see using Cauchy’s inequality that the following limit

W, v) = lim W,,(u, v),

exists and is finite if u, v € Hé(V). The space H(l)(V) endowed with the inner product
W(-, -) is a real Hilbert space. Following [4] we know that W(-, -) is a densely defined
closed, nonnegative and symmetric bilinear form. Further, W(-, -) is a Dirichlet form
on L*(V, ).
By (2.1), for all v € H)(V), we have
V(x) = vl < 2N + 3)lx = yI*|Ivll,

and, taking y = g, we readily get

[v(x)| < 2N + 3|l (2.2)

Furthermore, from Lemma 2.1 and the Ascoli—Arzéla Theorem, the embedding

(Hy(W), 11+ 1) = (Co(V), Il - llsup) (2.3)

is compact.
Now we define the Laplacian on the Sierpifiski gasket V. Let H~! (V) be the closure
of L2(V) with respect to the pre-norm

wll-1 = sup Kw, &),
geH (V).
llgli=1

where (w, g) = fv wg du, forw € L*(V) and g € Hy(V). Then H~'(V) is a Hilbert space.
Now we have three Hilbert spaces Hé(V), L*(V, 1) and H~'(V) and the embeddings
Hy(V)c LA(V,u) c H'(V).

The relation
~W(u,v) = (Au,v), forallve H\(V),

uniquely defines a function Au € H™'(V) for all u € H)(V) and we call A the weak
Laplacian on V; see [10]. This operator is linear, self-adjoint and defined on a linear
subset of H}(V) which is dense in L*(V, ) and also in (Hj(V), |- I). A complete
presentation of this operator in the general setting can be found in the books of
Kigami [9] and Strichartz [13].

3. Main results

A function u € H(l)(V) is called a weak solution for Problem (1.1) if it satisfies the
equality

Wu,v) - f SO uv dy — f(l — gQO)lul"uv d =0
Vv Vv

for all v e Hy(V).
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TueoreM 3.1. Problem (1.1) has at least two distinct nontrivial weak solutions, for
feCV)with f*#0and || f*|lsup small enough.

We consider the following problem

{—Au(x) = Au()P2u(x) + [u(x)|2u(x), forxeV\V,, 3.1)

u(x) =0, for x € Vj,

where p, ¢, A are real numbers such that 1 < p <2 <gand 1> 0.

COROLLARY 3.2. There exists 1> 0 such that for every A € (0, 1), Problem (3.1) has at
least two nontrivial weak solutions.

4. Proofs

We consider the energy functional corresponding to Problem (1.1) defined as
1:H)(V) >R,

1 1 1
I(u) = EIIMII2 5 fvf(X)Iul" du - P j‘:(l — 8C)ul? dp

for all u € H)(V).
Proposition 2.19 in [6] shows that the functional / € Cl(Hé(V), R) and the Fréchet
derivative is given by

(I'(w), vy = W(u, V)—ff(x)lul”zuvdﬂ—f(l—g(x))lulqzuvdu
1% \%4

for all u, v e H} (V).

Thus, the weak solutions of Problem (1.1) are exactly the critical points of 1. We
shall prove that the functional I possesses nontrivial critical points.

Since the energy functional 7 is not bounded on Hé(V), it is useful to consider the
functional on the so called Nehari manifold, defined by

N = {u € Hy(V) \ {0} [I'(w), u) = 0}.
Thus u € N if and only if

lud* fvf(x)lul” du — fv(l = 8()lul” dp = 0. (4.1)

Furthermore, we have the following results.

Lemwma 4.1. The energy functional I is coercive and bounded below on N.

https://doi.org/10.1017/5S000497271100298X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271100298X

400 D. Stancu-Dumitru [6]

Proor. Foreveryue N,

I(u) = —|| II* -

-
—|| P -(= -
(-

f FOOlul? dy

\%

f FHou? du
1%

2
—II l

—|| P —(——é

where the latter inequality follows by (2.2). Thus, [ is coercive and bounded below

QI'—‘QI'—‘QU—‘

~— — S ——

“UI—"'BI'—"'EIH

“f ”bup”u“%up

1" lsup 2N + 3)P|[udll”,

on N. The proof of Lemma 4.1 is complete. O
For every u € Hé(V) we define the function 4, : (0, c0) — R by h,(¢) = I(tu) for all
t > 0, that is,

£ P 14
h(t) = =lull* = — ff(X)luI” du — — f(l — g(x)lul? du, forall > 0.
2 P Jv q Jv
‘We have
h(0) = flul® = 77 f SOl dyp = 177! f (1 — g(x)lul! dy, forall >0
\%4 |4
and

Hy (1) = ull® = (p = D" fvf(X)Iul” du—(q— 1™

X f (1 - g(O))ul? dy, forall t>0.
\%4

It is easy to see that
th (1) = lleul* - f FOltul? du - f(l —g()|tul? du, forallt>0
v v

and so, for u € H}(V) \ {0} and t > 0,
h:l(t) =0 ifandonlyifrue N, “4.2)

that is, the positive critical points of &, correspond to points on the Nehari manifold.
In particular, A, (1) =0 if and only if u € N. Thus, it is natural to divide N into
three subsets corresponding to the local minima, the local maxima and the points of
inflection. Accordingly, we define

N ={ue N H/1)>0},
N°={ue N|R!/(1)=0}
N ={ueN|h/(1)<O0}.
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Levma 4.2. Suppose that u is a local minimiser for I on N and u ¢ N°. Then I' () = 0

in H\(V).
Proor. If u is a local minimiser for / on N, then u is a solution of the optimisation
problem
minimise /() subject to y(u) =0, wue Hé(V),
where
y() = |ul’ - fv f@lul” dyu ~ fv (1 = g()ul? dp.
Sinceu e N,
|fl* = fvf(X)lﬁI" du + f;(l = g()ul? dy;
thus

o' @), w) = 2@l - p f JOlul” dp - q f(l — g(x)ul? dp
Vv Vv

=l - (p-1) f FElal du—(g-1) f (1 - gC))lul? du,
\% \%4
SO
' @), uy = h(1). (4.3)

We notice that y’(u) # 0. Otherwise, if y’(u) = 0, we have (y’(«), u) = 0 and taking into
account (4.3) we deduce that it is a contradiction with ¢ N°.
Hence, by the theory of Lagrange multipliers, there exists a € R such that

I'(w) = ay' (). (4.4)

Accordingly,
' @), uy = aly’(w), u). (4.5)

Since u € N it follows that (I’(u), u) = 0, and since (y’(u), u) # 0 by (4.5) we deduce
that a = 0; therefore by (4.4) we conclude that I’(%) = 0 in H~'(V). Thus, Lemma 4.2
is proved. O

Lemma 4.3. (i)  For any u € N* we have fv FOOlul? du > 0.

(i) Forany ue N° we have fv SFOOlul? du >0 and J;/(l — g()|ul? du > 0.
(iii) For any u e N~ we have fV(l — g(xX)ul? du > 0.

Proor. We get

H (1) = ||l = (p - l)fvf(x)lul” du—(q— l)j;(l — g()lul? du

for every u € Hé(V). If u € N, by condition (4.1), we deduce that

(1) =2 =@llull’ - (p - ) fv JFOlul” du (4.6)
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and
(1) =2 = p)llull* = (g = p) f(l = g()lul* du. 4.7
v
If ue N*, by (4.6),
-2
f FON? dye > L= jul? (4.8)
1% q—-p
so (i) holds.
If u e N°, by (4.6),
ff(X)Iul” dp = - IluII 4.9)
and, by (4.7),
q 2-p
(1 = gOul” dp = ——Ilull". (4.10)
14 q-p
Therefore (ii) is true.
Ifue N7, by (4.7),
72—
f(l — gl du > =L jup? (4.11)
1% q-p
so we find (iii). The proof of Lemma 4.3 is complete. m|

Let

2-p)/(g-2
_4- 2 (2 - p)( UG )(2N . 3)_2(q_p)/(q_2) o

q-p\q—-p
LemMa 4.4. The set N is empty for all f € C(V) with f* #0 and 1f *llsup < M.

Proor. We assume by contradiction that there exists fe C(V) with f*#0 and
I/ *llsup < M such that A is not empty. For u € N°, using (4.9),

lulf? = Z‘—’z’ f F@lul? du < % f £ dy < Z_ LU hap 2N + 37l
= J, = J, =

or
)2/ 2-p)

llP < (L= N+ 3Y1f

Similarly, by (4.10),

||u||2:% f (1-¢ (x))lul"du<2 P an + 3y

2

> 2/(g-2)

2 - q-

llull* > (—p(ZN + 3)—‘1) .

q-p

Thus,
—2/2 — p\@P/g-2)
”f ”sup ( p) (2N + 3)_2(‘1—17)/(4—2) =M,
q-p\q—p

which is a contradiction. This completes the proof of Lemma 4.4. O
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We consider, for any u € Hé(V), the function ¢, : (0, c0) — R defined by

Gu(t) = 7P ||ul* — 197F f (1 - g(x)ul? du, forall > 0.
14
Clearly,
tue N if and only if ¢,(¢) = f FOul? du. (4.12)
v
Moreover,
(1) = 2 = p)t' Pllull? = (g — py? P! f(l = 8C)lul? dy, (4.13)
14
and so it is easy to see that if fu € N then
7Ll (1) = B (D). (4.14)
Thus, tu € N*, respectively tu € N7, if and only if ¢/ (r) > 0, respectively ¢/,(r) < 0.

We assume that u € Hé(V) \ {0}. By (4.13), ¢, has a unique critical point at # = 1,
where

fo = ( 2- P)||l/t||2 )1/(q72)
"“Na=p [0 = gColul du

and ¢, is strictly increasing on (0, #p) and strictly decreasing on (fy, c0). Moreover,
lim,_, ¢,(¢) = 0 and lim;_,, ¢,(¢) = —co. Furthermore,

¢u (IO)

2(2 P)(Z P)/(g=2) |p( ||u||’1 )(2—17)/(4—2)
q=-p\q-p J,(1 = gQo)lul du

L q- 2(2 p)(2 P)/(g=2)
Pg-p\g-p

>ff(X)|u|" du,
14

> 115 (2N + 3)~ 22 f FOul” du
\%4

since

2— 2
2(2 p)< UG )(2N+3)_2(q_p)/(q_2).

p\q—p

Lemma 4.5. For each f € C(V) with f+#0, ||f*]l <M and each u € Hy(V) \ {0}, we
have the following results.

1 llsup < M =
q-

@) Iffv JOlul? du <0, then there exists a unique t; = t\(u) > to such that tyju € N~
and hy, is increasing on (0, t)) and decreasing on (t, ). Moreover,

I(tu) = sup I(tu). (4.15)

>0
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@) If fv JFOuP du> 0, then there exist unique 0 <ty =t,(u) <ty <t; such that
thue N, thue N~ and h, is decreasing on (0, 1,), increasing on (t2,t;) and
decreasing on (t;, o). Moreover,

I(tu) = Oi<rtl<ft I(tu), I(tiu) = sup I(tu). (4.16)
==l

21}

(iii) ty(u) is a continuous function for u € Hé(V) \ {0}

(v) N~ ={ueHy(V)\ {0} : (1/lleell)ts Gu/uell) = 1},

Proor. We fix an arbitrary u € Hé(V) \ {0} and we have J;/(l — g()|ul? du > 0.
(i) We assume that j;/ F)lul? du < 0. Since ¢, is strictly increasing on (0, #y) and

lim,_,o ¢,(¢) = 0 it follows that ¢,,(¢) > 0 > fv F()lul? du on (0, tp), so the equation with
respect to ¢,

¢u(t) = f fOlul” du, 4.17)
\%4

has no solution on (0, #y).

Since ¢,(ty) > fv S|P du, ¢, is strictly decreasing on (%, c0) and lim;—,c ¢,(¢) =
—oo, (4.17) with respect to ¢ has a unique solution #; on (fy, o) and ¢, (¢;) < 0, which
depends on u. Taking into account the above facts we get #; as the unique solution on
(0, o) of (4.17).

Thus, by (4.12), we have tju € N which is equivalent, by (4.2), to h,(t;) = 0.
Therefore, A, has a unique critical point at # = #; on (0, c0). Using (4.14) and ¢;,(t;) <0
it follows that i, (t;) < 0, so t;u € N~ and ¢, is a maximum point of £, on (0, c0). Given
that, we deduce that 4, is increasing on (0, ¢;) and decreasing on (¢;, o), and

hu(tl) = sup hu(t)-
>0

This means that (4.15) holds.

(i) We assume that [, f(x)lul” du>0. Since ¢,(to) > [, flul” du, ¢, is strictly
increasing on (0, #p) and lim,—o ¢,(f) = 0, (4.17) with respect to ¢ has a unique solution
tp on (0, tp). Also, since ¢,(ty) > fv fOlul? du, ¢, is strictly decreasing on (#g, o0)
and lim,_,, ¢,(f) = —oo, Equation (4.17) with respect to ¢ has a unique solution #; on
(9, 00). Thus, the equation with respect to ¢,

6u(1) = fv FOOl? d,

has exactly two solutions #;, t, depending on u with 0 < 1, < #y < ¢; such that ¢/,(,) > 0
and ¢/ (t;) <0. Therefore, there exist two multiples of u such that r,u € N* and
tiu € N~. Hence, h, has two critical points at f = #, and ¢ = ¢; such that &) (z) > 0 and
h;/(t;) < 0. It follows that #, is a minimum point of 4, and # is a maximum point of #,.
This yields that A, is decreasing on (0, #;), increasing on (t, t;), decreasing on (t;, )
and h,(t) = info<r<ry M (1), hy(f1) = sup,s,, h,(f). The above facts imply that (4.16)
holds.
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(iii) By the uniqueness of #;(z) and the extremal property of #,(u«), we deduce that
t1(u) is a continuous function for u € H(])(V) \ {0}.

(iv) For u e N—, we consider w = u/||u||]. We claim that w € Hé(V) \ {0}. Taking
h:R — R, h(t) =t/||u|| (that is a Lipschitz function with constant L > 0 and 4(0) = 0)
it follows by [2, Lemma 3.1] that w =h o u = u/||ul| € H(l)(V). Also w # 0 since u # 0.
Our claim is proved.

By (i) and (ii) there exists a unique f;(w)>0 such that #y(w)we N~ or
(u/||ulDty(u/||ul)) e N~. Since u € N~ it follows that (1/|lu|))t;(u/||lu]l) =1 and this
implies that

N-c {u e H\(V)\ (0} izl(i) - 1}.
llual |\l

Conversely, we assume that u € H(l)(V) \ {0} is such that (1/||ul])t;(u/||u|]) = 1. Then

u u
- (_) eN.
TETRANTET

soue N~.
We conclude that

N ={ueHg(V)\{0}:”17Ht,( “ ): 1}.

Tl
Lemma 4.5 is proved. O

For all f € C(V) with f*#0 and ||f*|lsyp < M, by Lemma 4.5 we deduce that the
sets N* and N~ are nonempty, and combining this result with Lemma 4.4 we conclude
that

N=NTUN".
We define
I = u1€1)1\1/“+ I(u) and I, = ulel}\f_ 1(u)
and we try to see if they are attained.

LemMma 4.6. The following assertions hold.

(i) I <Oforall feC(V)with f*+#0and || f*|lsup < M.

i) I swp < M= (p/2)M, then I, > C > 0 for some constant C. In particular,
I = infyen I(u) for all f € C(V) with f* # 0 and || f*|lsup < M.

Proor. (i) We consider u € N* and taking into account (4.8) we obtain

P < 4=2 f Pl d
q—2 1%

Thus, using the above inequality and Lemma 4.3(i),

-2 1 1 - 2 —
10 = L= - (— - —) f FONuP du < -4=PE=P) f FOW dp <0
q p qlJv 2pq v

so I; <O.
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(i) Letu e N~—. By (4.11), we get

lull? < ‘21"—” f (1 = g()lul? du <
— p v 2 _

and this yields that

=P N + 3)7|Jul
P
2 2/(q-2)
2 > (—p(ZN + 3)“1) .
q—p
Therefore
-2 1 1
I(u) = ’Jz—uun2 - (— - —) f FEOll? dy
q P q 1%
-2 _ 1 1
> ||u||”(q2—||u||2 r—(=-=
q P q
)P/(Q—Z)

JUr @V +377)

> (ﬂ(zsz)*q
qa-p

—2/2— (2-p)/q-2) 1 1
x (L= Lan +37) = (5 = 22N+ 377).
29 \q—p P q
If | fllsup < (p/2)M = M, then I, > C > 0 for some constant C. This completes the
proof of Lemma 4.6. O

Lemma 4.7. We assume that f € C(V) with f* # 0 and || f*|lqp < M.

(i) For each ue N, there exist T>0 and a differentiable function w : B(0, 1) C
H(l)(V) — [0, +00) such that w(0) = 1, w(w)(u —w) € N for all w € B(0, 7) and

2W(w,v) = p f, FOOI2uv du = g f,(1 = g0plul?>uv dy
@ =Pl = (g = p) J(1 = g(o)lult du

(@'(0), v) =

(4.18)
forallve Hé(V).
(i) For each ue N~, there exist T >0 and a differentiable function w : B(0, 1) C
H&(V) — [0, +00) such that w(0) = 1, w(w)(u —w) € N~ for all w € B(0, ) and

2W(u, v) = p [, fQlul”uv dpe = q f,(1 = gQO)uluv dy

(W (0), v) =
e @ = pllulP = (g - p) J,(1 - gOlul dy

4.19)
forallve Hé(V).

Proor. (i) For u € N, we define a function that depends on u, i, : [0, +0c0) X H(l)(V) -
R by

Yu(t, w) = (I (t(u = w)), t(u — w))
= Pllu—wlf* -1 f SOl = wl” du — 11 f(l = g(x)lu — wl? dp.
Vv Vv

Then ¢, (1, 0) = (I"(u), uy =0 since u € N.
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Using the fact that u € N’ and N° is empty, we have
0
AL 0) = 2llul’* - p f JOlul” du - q f(l — g(x)|ul? dp
t v v

=Q2-plull-(qg-p) fv(l = gQ))ul? du = h;/ (1) # 0.

According to the implicit function theorem, there exist 7> 0 and a differentiable
function w : B(0, 1) € HL(V) — [0, +c0) such that w(0) = 1 and

Y (ww),w)=0, forallwe B(0, 1),
which is equivalent to
I (ww)(u —w)), owW)(u —w)) =0, forall we B0, 7);
that means w(w)(u —w) € N for all w € B(0, 7). We also have

2W(u, v) = p [, fQlul"uv dp— g f,(1 = gCO)uluv dy
Q@ = plul? = (g = p) f,(1 = g(xX)lul? du

(W'(0),v) =

for all ve Hy(V).
(i1) Similarly, there exist 7 > 0 and a differentiable function w : B(0, ) C H(l)(V) -
[0, +00) such that w(0) = 1, w(w)(u —w) € N for all w € B(0, ) and

2W(u, v) = p [, FOOlPuv dy — q f,(1 = gCe)|uluv du
Q2 = pllul? = (g = p) [,(1 = gOe)lul? dpe

(w'(0),v) =

for all v € H)(V). Since u € N~ we have

K1) =@ - PP - (- p) fv (1 - gColul dja <0
and thus, by the continuity of the function w, we obtain
1y (1) = 2 = Pllww)@ = w)I? = (g = p) fv (1 = g(xDlww)(u — w)l? dyu <0,
for 7 small enough, and this implies that w(w)(u — w) € N~ for all w € B(0, 7). O

Remark 4.8. Since w(0)=1 it follows that w(w)# 0 for all we B(0,7) with 7
sufficiently small.

Lemma 4.9. We assume that f € C(V) with f* # 0 and || f*|lswp < M.

(i)  There exists a minimising sequence (u,) C N such that

Iuy) —» 1, and I'(uy) >0 in HY(V).
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(1) There exists a minimising sequence (v,) C N~ such that
Iv)—=L and I'(v))—0 inH (V).

Proor. Since [ is bounded from below on N (by Lemma 4.1) and by Ekeland’s
variational principle (see [3]), there exists a minimising sequence (u,,) C N such that

1 1
Iuy) <infI+==11 + -, (4.20)
N n n
1
I(uy) < I(w) + =|w —uyll,  foreachwe N. @.21)
n

Since I is coercive on N, (u,,) is bounded in Hé(V).

We will show that I’(u,) — 0 in H'(V). Applying Lemma 4.7(i), for u,,
we obtain for every 7,>0 functions w,: B(0,1,)C Hé(V)—)[O, +00) satisfying
w,(W)(u, —w)e N. For a fixed n, we choose 0<d <71, and for u e H&(V) \ {0}
arbitrarily fixed we set

e = 5ﬁ € B(0,5) C H\(V)

and ws # 0. We denote
Qs := wp(ws)(un — ws) €N.

By (4.21),
1
Q) = 1(un) 2 = 11€5 = unll,

and by the mean value theorem we obtain
I (un), Qs = ) + 0l — upll) = —%Ilﬂa = Unll,
which is equivalent to
(' (Un), =ws) + (Wn(Ws) = DX (), Uy — wo) > —%HQ& = unll + 0(|I€2s — unlD).

Taking into account that Q5 € N and w,(ws) # 0 for 6 small enough (by Remark 4.8),
the above inequality implies

—6<I’<un), i)  (@aw5) = DX () — I' (D).t — w)
il

1
2 =118 = unll + o(lI€2 = unlD).

Thus,

(I (un) = I'(Qs), ttn = W5)-
(4.22)

(P, L) < 10l o0 Zl) |, )=
! = m 5 :
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Since Qs — u, = (W(ws) — Duy — wu(ws)ws, we have [|Qs — u,l| < |w(ws) — llugll +
Olw,(ws)| and, taking into account the facts that

" -1
tim = < 0

6—0

and (u,) is bounded, passing to the limit in (4.22) as 6 — 0 we deduce that there exists
a constant C; = C(6) > 0 such that

< W), o ”> —<1+||w o).

Our aim is to show that ||w;,(0)|| is uniformly bounded in n. By (4.18) and using the
fact that the sequence (u,) is bounded, we have

GCalvll

for some C, > 0.
Q= P> = (g = p) fv(l = 8()|uy|? du

(wy(0), v) <

Thus, we must show that (2 — p)llul* — (g — p) fv(l —g))|uy?du > Cs for a
constant C3 > 0 and n sufficiently large. Arguing by contradiction we assume that
there exists a subsequence of (u,), still denoted by (i), such that

Q2 = plluall* = (g - p) fv(l — 8())|u,|? dp = o(1). (4.23)

Since u, € N, by (4.23), we have

-2
ff(X)lunl" dpt = l|uy|* - f(l = g(x)Nu,|? du = g— f(l = g())|u,|? du + o(1)
v v —pP Jv
4.24)
and

liall < (q_ 17 (2N + 3)1’) + (D). (4.25)

Let K : N — R be defined by

22— p\aDIa2) (2D 1/<q 2)
k=350 |
q-p S, (1= gCeplule d/t

5 f Ol dp.
p
We have K(u,) = o(1). Indeed, from (4.23) and (4.24) we obtain

2/2 — p (g-1)/(g-2) q P (g-1)/(q-2)
Kuy) = ﬂ(q p) (2 . f (1 - gDl dp
o f (1 = glual? de + o(1)
— P Jv
= o(1).
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We show that (u,,) does not converge to 0. Assuming the contrary, the facts that (u,,)
converges to 0 and I € C! (H(l)(V), R) imply that I(u,) converges to 1(0) = 0, which is a
contradiction with (4.20) and /; < 0. On the other hand, by (4.25) we deduce that

—2/2 — p\@-D/(g-2) ||| |2~ D 1/(q=2) ~
Kuy) > ||un||P(§ (—”) ( ) a7
—p\g-p Jo (1 = go)lule dpe
1 llp N + 3>P)
_ _ (g-1)/(g-2) 2(g-1) 1/(g-2)
> (2 2(2—”) (L) il
2-p\g-p (2N + 3)4||u,ll

— I lsup 2N + 3>")
q- 2(2 _ p)(Q*l)/(lI*z)

= Ilunll”( QN +3) D, 77 = || f*sup(2N + 3)”)

2-p\g-p
— 22 — p\la-D/(g-2)
>l (3=(222) vy
2-p\q-p

)(l—p)/(Z—p)

q-p, . .
x (q_—2||f lsap2N + 3)7 1 * llaup 2N + 3>")

> (Cy,

where Cy is a positive constant, since || f*|lsup < M < M and (u,) does not converge to
0. This inequality contradicts the fact that K(u,) = o(1). Thus, our supposition is false
and consequently we have proved that

(e, )<<
luel| n
for every n and every u € H(l)(V) \ {0}, and this implies that I’(u,) — 0 in H~'(V).

(i) The proof is similar to (i), but in this case we use Lemma 4.7(ii) instead of
Lemma 4.7(i). m]

Lemma 4.10. For each f € C(V) with f* # 0 and || f*|lsup < M, there exists i € N* that
is a minimiser of 1. Moreover, U is a nontrivial weak solution of Problem (1.1) and
satisfies

I(u)—=0 as|f llwp = O.

Proor. By Lemma 4.9(i), there exists a sequence (u,) C N such that

lim I(u,) =1, <0 (4.26)
and
I'(uy) >0 in HY(V). 4.27)

Since [ is coercive on N, (u,) is bounded in H)(V). As H}(V) is a Hilbert space,
there exist a subsequence of (u,), still denoted by (u,), and u € Hé(V) such that (u,)

https://doi.org/10.1017/5S000497271100298X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271100298X

[17] Two nontrivial weak solutions 411

weakly converges to u in Hé(V), and by the compact embedding (2.3) we infer that

(up) strongly converges to u in (Co(V), || - llsup)-
Taking into account that (u,) strongly converges to u in (Co(V), || - [lsup) it follows
that

lim fv FONnl? da = fv FONT I du
and
lim fv (1 = g0yl dp = fv (1 = 0| T du.

Using (4.26),
I(u) <liminf I(u,) =1, <0=1(0)

and we deduce that u # 0. Moreover, by (4.27),

0= lim (/" (u,), wy =(I'(w), w), forallwe Hé(V).

Henceue N.

Now we prove that (u,) strongly converges to u in Hé(V). Assuming by
contradiction that the sequence (u,) does not strongly converge to u in Hy(V) we infer
that

HEH2<H£lngmM?

Since u, € N for every natural n, we have
Il - fvf(x)l'ﬁl” dy — fv(l — ()| u | du
<tim inf{ e - fv Ol dya fv (1 = gl du) =0,
which contradicts the fact that w € N. Thus, (u,) strongly converges to u in Hé(V). We

have || % ||> = lim inf,,_c ||1t,]|>. Therefore,

I(w) = lim I(u,) =1, <0,

which means u is a minimiser of I. Since w € N and I(u) < 0,

plg—2)
2(g-p)

Now we show that uw € N*. Otherwise, if ue N~, we have I, <0< L, <I(uw) =1,
which is a contradiction. Thus, uw € N*.

By Lemma 4.2, we infer that u is a nontrivial weak solution of Problem (1.1).
By (4.8), we obtain

tff@ﬂﬁwwu> % |? > 0.
\%

IR < 1=2 f FONTIP du < L2 #llp@N + 37117 |1
q9-2Jy q-2
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or
q-p

u <
1717 <23

1" lsup (2N + 3)7,

and this yields that ||%|| — 0 as ||f*|lqp = 0 so I(u) — 0 as [|f*|lsep — 0. Hence,
Lemma 4.10 is proved. O

Lemma 4.11. For each f € C(V) with f*# 0 and || f*|lsup < M, there exists W that is a
minimiser of I on N~. Moreover, u is a nontrivial weak solution of Problem (1.1).

Proor. By Lemma 4.9(ii), there exists a sequence (v,) C N~ such that
lim I(v,) = 11/1\’5~ Iw)y=5L>0 (4.28)
n—0oo UeN~-
and
I'vy)—0 in HY(V). (4.29)

Since [ is coercive, (v,) is bounded in Hé(V). As Hé(V) is a Hilbert space, there exist
a subsequence of (v,), again denoted by (v,), and u € H&(V) such that (v,) weakly
converges to u in Hé(V), and by the compact embedding (2.3) we deduce that (v,)

strongly converges to u in (Co(V), || - llsup)-
Taking into account that (v,) strongly converges to u in (Co(V), || - |lsup) it follows
that
tim [ gl du= [ s du (4:30)
n—-oo V V
and
lim f(l — gyl du = f(l = g(x)ul? du. (4.31)

We claim that % # 0. We first notice that
1, 1 1 » 1 1 p
) = 5T G v = (5= ) | ol du+ (5= ) [ 1 = gl du.
2 2 pllv 2 qldy
Using (4.28), (4.29), (4.30) and (4.31),

h=(5- %) fv FOom dy+ (5 - é) fv (1 - gC) dy.

If w=0, it follows that I, =0, which is a contradiction since I, > 0. Our claim is
proved.
Moreover by (4.29), we have

0= lim(I'(v,), wy =(I'@), w), forall we Hy(V).

https://doi.org/10.1017/5S000497271100298X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271100298X

[19] Two nontrivial weak solutions 413

Hence uw € N. Since v, € N7, it follows that
HZ(1) = 2 - pll® - (g - p) f(l — g(x)ul? du
v

< lim inf((2 = p)vl® = (g = p) fv (1= gl du)

= lim inf A/ (1) <0;

thuswe N~
Now we prove that (v,) strongly converges to % in Hé(V). Otherwise,

[l* < lim inf [[v,|/*.
Since v, € N for every natural n, we have
Imls —ff(X)ITﬂ” du - f(l — gDl du
14 14

<lim inf(llvnll2 - f FOWal? du — f(l = g(x))v,l? d#) =0,
=00 % 1%

which contradicts the fact thatw € N. Therefore, (v,) strongly converges to u in Hé(V).
This implies that
Iw) = lim I(v,) =1, >0,
n—oo

which means % is a minimiser of / on N~. By Lemma 4.2, we deduce that u is a
nontrivial weak solution of Problem (1.1). This concludes the proof of Lemma 4.11. O

Proor oF THEOREM 3.1 By Lemmas 4.10 and 4.11 we conclude that there exist u € N°*
and u € N~ such that
I(‘)le <0<12:I@.

Thus % and u are distinct. Therefore w € N+ and w € N~ are two distinct nontrivial
weak solutions of Problem (1.1). This completes the proof of Theorem 3.1. O

Proor oF cororLary 3.2 If we take f(x) = 1> 0 and g(x) = O for every x € V, Problem
(1.1) becomes Problem (3.1). Thus, by Theorem 3.1, we deduce that the conclusion of
Corollary 3.2 is valid. O

References

[1] M. T. Barlow and E. A. Perkins, ‘Brownian motion on the Sierpinski gasket’, Probab. Theory
Related Fields 79 (1988), 543-624.

[2] B. Breckner, V. Radulescu and C. Varga, ‘Infinitely many solutions for the Dirichlet problem on
the Sierpinski gasket’, Anal. Appl. 9 (2011), 235-248.

[3] 1. Ekeland, ‘On the variational principle’, J. Math. Anal. Appl. 17 (1974), 324-353.

[4] K. Falconer, ‘Semilinear PDEs on self-similar fractals’, Comm. Math. Phys. 206 (1999), 235-245.

https://doi.org/10.1017/5S000497271100298X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271100298X

414

(5]
(6]
(71
(8]

[9]
[10]

(11]
[12]

[13]

D. Stancu-Dumitru [20]

K. Falconer, Fractal Geometry: Mathematical Foundations and Applications, 2nd edn (John Wiley
and Sons, Chichester, 2003).

K. Falconer and J. Hu, ‘Nonlinear elliptical equations on the Sierpinski gasket’, J. Math. Anal.
Appl. 240 (1999), 552-573.

J. Kigami, ‘A harmonic calculus on the Sierpifiski spaces’, Japan J. Appl. Math. 6 (1989),
259-290.

J. Kigami, ‘Harmonic calculus on p.c.f. self-similar sets’, Trans. Amer. Math. Soc. 335 (1993),
721-755.

J. Kigami, Analysis on Fractals (Cambridge University Press, Cambridge, 2001).

S. M. Kozlov, ‘Harmonization and homogenization on fractals’, Comm. Math. Phys. 153 (1993),
339-357.

S. Kusuoka, ‘A Diffusion Process on a Fractal’, Probabilistic Methods in Mathematical Physics
(Katata/Kyoto, 1985) (Academic Press, Boston, MA, 1987), pp. 251-274.

W. Sierpiniski, ‘Sur une courbe dont tout point est un point de ramification’, Comptes Rendus
(Paris) 160 (1915), 302-305.

R. S. Strichartz, Differential Equations on Factals: A Tutorial (Princeton University Press,
Princeton, NJ, 2006).

DENISA STANCU-DUMITRU, Department of Mathematics, University of Craiova,
200585 Craiova, Romania
e-mail: denisa.stancu@yahoo.com

https://doi.org/10.1017/5S000497271100298X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271100298X

