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RESTRICTED WEAK UPPER SEMICONTINUOUS DIFFERENTIALS
OF CONVEX FUNCTIONS

JULIO BENITEZ AND VICENTE MONTESINOS

We characterise restricted weak upper semicontinuity of the subdifferential of convex
functions in terms of the Fenchel biconjugate mapping.

1. INTRODUCTION.

Given a convex lower semicontinuous function / defined on a real Banach space X,
the subdifferential of / at i € X is defined by

df(x) := {*' € X' : (y - x,x') ^ f(y) - /(i), Vy € X},

if x e dom(/), while df{x) = 0 if x € X \ dom(/).

A set-valued mapping $ from a topological space {X,^) into subsets of another
topological space (Y, r) is said to be [r/-r]-upper semicontinuous at x € X if given a
r-open subset W of Y such that $( i ) C W, there exists a r'-neighbourhood U of x such
that $(£/) C W. In this paper we shall always consider X a real Banach space endowed
with the norm topology and Y = X* endowed with a topology r. We shall write r-upper
semicontinuous instead of [|| • ||-r]-upper semicontinuous.

Given a convex function / on an open subset D of a Banach space X and a point
of continuity i 0 € D of / , it can be proved that df(xo) is a nonempty, to'-compact and
convex subset of X*, and the mapping x »-> df{x) is u>*-upper semicontinuous at xo-

Gateaux differentiability and Frechet differentiability can be characterised in terms
of the continuity of the subdifferential mapping: Given a continuous convex function /
on an open subset D of a Banach space X and a point x0 & D, f is Gateaux differentiate
at x0 e A if and only if df{x) is a singleton, and / is Frechet differentiate at x0 if and
only if df(x) is a singleton and the subdifferential mapping x i-» df{x) is || • ||-upper
semicontinuous at io (for these and related concepts see, for example, [11]).

If the one sided limit in the definition of the derivative of / at a point x0 is uniform
in every direction, we get a weaker concept than Frechet differentiability. More precisely,
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given a continuous function / defined on an open subset D of a Banach space X, we say
(following [5, 8]) that / is strongly subdifferentiable at io G D if

t") := ,!iSi(/(*o + tu) - f(xo))/t

is uniform in ||u|| = 1. This non-smooth extension of Frechet differentiability has found
several applications (see for example, [1, 5, 6, 9, 10]).

The following definition was introduced in [6]: A set-valued mapping $ from a
Banach space X into the subsets of X* endowed with the topology T is said to be
restricted r-upper semicontinuous at x € X if given a r-neighbourhood W of 0 in X*
there exists an open neighbourhood U of i in X such that $(U) C $(z) + W.

In [9] it was proved that given a continuous convex function / defined on an open
subset D of a Banach space X, f is strongly subdifferentiable at z0 G D if and only if
df is restricted || • ||-upper semicontinuous at z<).

In this note we provide, in the spirit of [6], a characterisation of restricted to-upper
semicontinuity of the subdifferential mapping of a convex function by using the Fenchel
biconjugate mapping. Notice that a partial characterisation was obtained in [6] for the
duality mapping (that is, z •-> 9|| • | |(z)). For the use of the concept of restricted w-upper
semicontinuity of the subdifferential mapping in questions related to the Asplundness
and reflexivity of a Banach space we refer to [2, 4, 6, 7] and references therein.

Given a continuous convex function / on an open convex subset D of a Banach space
X, we can extend / to a lower semicontinuous convex function on X, denoted again by
/ , by defining

f liminf/(y) for x G D,
/ ( i ) := I v**{ limii

+c» otherwise.

Given a convex, proper, lower semicontinuous function / : X —> R u {+00}, the
Fenchel conjugate of / is defined by

/•(**) := sup{(x,x') - /(z) :x€X}.

Now /* is again convex, proper and lower semicontinuous (in fact, lower iu*-semicontinu-
ous). Obviously (x,xm) ^ /(z) + /*(z*) for all z G X, x* G X* (and the inequality
becomes equality if and only if z* G df(x)). Moreover, if e ^ 0, then z* € dsf(x) if
and only if /(z) + /*(z*) < (x,xm) + e (where d£f denotes the e-subdifferential). Also,
7"IX = / (see [3, 11]).

2. PRELIMINARY RESULTS.

We shall need the following results:

https://doi.org/10.1017/S0004972700019146 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700019146


[3] Convex functions 95

THEOREM 2 . 1 . (Brondsted-Rockafellar) Suppose that f is a convex proper lower
semicontinuous function on the Banach space X. Then given any point x0 € dom(/),
e > 0 and any x% € def(xo), there exists x£ € dom(/) and x* € X* such that

x'cedf(xt), \\xe-xo\\%y/Z, K-xiW^y/i.

The Br0ndsted-Rockafellar Theorem, together with the local boundedness of the
subdifferential mapping at a point of continuity x0, allows us to interweave the e-
subdifferential at xo and the subdifferential at a neighbourhood of x0. The precise rela-
tionship is formulated in the next result:

LEMMA 2 . 2 . Let / : X - > R U {+00} be a proper lower semicontinuous convex
function. Let x0 be a point of continuity off. Then for all e > 0 there exists 5 > 0 such
that

df[B(xo;S)] C dJ(xQ) C df[B(xo;y/e)] + ^lBx..

PROOF: df is locally bounded at xo, that is, there exists M > 0 and N(x0), a
neighbourhood of x0, such that

||x'|| ^ M, Vx* € df(x), Vx €

Given e > 0, choose 8 > 0 such that

B(x0;«5)ciV(xo), MS < | , | /(x) - / (xo) | < | , Vx € B(xo;5).

Let x* G df [B(x0; 6)], say x* e df(x) for some x € S(x0; <J). Then

(y - x0, x*) = (y - x, x') + (x - x0, x*)

< f(y) - fix) + ||x*||||x - xo|| < f(y) - /(xo) + |/(x0) - / (x) | + MS

< f(y) ~ /(so) + \ + I = /(j/) - /(xo) + e,

hence x* € def(x0).

The second inclusion is the Brondsted-Rockafellar Theorem, and does not need the
continuity of / at x0. D

The following proposition can be found in [11]:

PROPOSITION 2 . 3 . Let f : D -> R be a convex function on D (a non-empty
open and convex subset ofX), continuous at x0 € D. Then, for ally £ X,

= sup{<y,x*) : x' e a/(x0)}

and this supremum is attained at some point x* € df(x0).

PROPOSITION 2 . 4 . Let f : X -> R u { + o o } be a convex, proper and lower
semicontinuous function. Then epi(/**) = epi(/) " .
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P R O O F : First, assume / > 0. The inclusion epi(/) C epi(/**) follows from
epi(/) C epi( /") and the lower io*-semicontinuity of /**. Let (x",Ao) € epi(/**).
Suppose that (x^, Ao) g epi(/) " . By the Hahn-Banach Theorem, there are xj € X',
k, a, /? € R such that:

(1)

From (1) we get k ^ 0 (if k < 0, it is enough to take x € dom(/) and A -> +oo in order
to obtain a contradiction). In particular, from (1), we get (x,x|5) + k / ( x ) > P> f°r all
x € dom(/). Take e > 0. Since / ^ 0, we get

hence f(-*o/(k + e)) < -0/(k + e). Then

If k = 0, then / " ( x ^ ) > (P - a)/e. As e > 0 was arbitrary, we get xjj* £ dom(/") , a
contradiction. If k ^ 0, since e > 0 was arbitrary, we get /**(x") ^ (/3—a+k\o)/k > Ao.
This contradicts (xS*,A0) € epi( /") .

Now, if / : X —¥ R U {+00} is an arbitrary proper semicontinuous convex function,
choose x*0 € dom(/"). Consider g : X ->• Ru{+oo} given by p(x) = /(x)+/*(x5)-(x,x5).
This function, obviously, is proper, lower semicontinuous and convex. Moreover dom(/) =
donate) and 5 ^ 0. Now, a simple calculation shows g'*(x") = / " ( x " ) + / * ( x ; ) - ( x " , x 5 )
for all x " € X". By the first part of the proof, the proposition holds for g, and hence
for / . D

REMARKS.

1. Note that Goldstine's Theorem is a particular case of the former propo-
sition: It is enough to take as / the indicator function 5BX of the closed
unit ball of X (that is, 6Bx(x) = 0 if ||x|| ^ 1, 6Bx(x) = +00 if ||x|| > 1),
a proper lower semicontinuous convex function. Obviously, / " is the dual
norm. Let x " € Bx~- As

f"{x") = sup{(x",x'> - ||x'|| : x' e JT} ^ 0 < +00,

we get x " e dom(f"). By Proposition 2.4, dom(/") = dom(/) =

2. This proposition gives a description of /**, sometimes simpler than the
original one.
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COROLLARY 2 . 5 . Let f : X —• R U {+00} be a proper lower semicontinuous
convex function. Then, given x0 € X,

1. df(xo)=df"(xo)nX\

2. If f is continuous at x0, /** is also continuous at io-

PROOF: (1) is a consequence of two well-known facts (see [11]): /** induces / on
X, and x'o € d/(x0) if and only if <xo,x5) = /(x0) + /*(x5).

To prove (2), assume / (but not / '*) is continuous at x0. Let M be a basis of w*-
open neighbourhoods of 0 in X". Then there exists e > 0 and x# € x0 + TV, N e N,
such that |/"(xJJ) — /(xo) | ^ e. As epi(/) = epi(/**) and /** is lower semicontinuous,
it is possible to choose xN £{xo + N)nX such that f"{x%) < /(xjv) < / " ( x ^ ) + e/2,
N eJ\f. It follows that xpr %• x0 and |/(xjv) - f(xo)\ ^ e/2, a contradiction. D

COROLLARY 2 . 6 . Let / : X -»• R U {+00} be a proper iower semicontinuous
convex function. Tien, given xj* € dom(/**),

/**(xo*) = inflliminf/(xj) : Xj C dom(/),Xj ^> x

PROOF: By Proposition 2.4 it is obvious that dom(/**) = dom(/)"' . Now, given a
net (xj)i6/ C dom(/), Xj ^4 x" , by the wMower semicontinuity of /** we get fix") <
liminf/(XJ). On the other hand, again by Proposition 2.4, given e > 0 we can find a net

to"
(Xi)i6/ C dom(/) and Aj G R such that x4 ->• xj*, (xj.Ai) 6 epi(/) and A* < /"(xj*) + e .
As /(ij) ^ Aj, i € / , we get the conclusion. D

COROLLARY 2 . 7 . Let / : X -> R U {+00} be a proper iower semicontinuous
convex function. Then, given XQ 6 dom(/) and e > 0,

c a£+Jt/(x0)x"'tu' '1, vfe > 0.

PROOF: Let x'" € dj'm{xo). Then / " (x 0 ) + /*-(x—) ^ (xo,x*") + e. It follows
that

r»(x"') ^ (xo,x*") - / " (x 0 ) + e < <xo,x'"> - / " (x 0 ) + e + k/2.

By the previous corollary, there exists a net (xj)ie/ in X* such that x* -» x"* in X*"[u;*],
/ • ( i j ) < (xo,x"*) - /**(x0) + e + k/2, Vi € / and |(xo,a:,r - x w ) | < fc/2. We get

/(io) + r (x?) < (x0, x-> + e + I < <x0, x'> + e + *.

Then, x\ € d£+kf{x0), Vi G 7. The conclusion follows. D

3 . A CHARACTERISATION OF THE RESTRICTED IU-UPPER SEMICONTINUITY.

If x € X and 6 > 0, we shall denote by £"(xo;<5) the open ball in X** of radius 6
and centred at xo.

Now we are ready to prove the main result in this note:
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THEOREM 3 . 1 . Let f : X -» R U {+00} be a proper lower semicontinuous
convex function. Let i 0 be a point of continuity of f. Then the following assertions are
equivalent:

1. df is restricted w-upper semicontinuous at x0-

2. For allN, a w-neighbourhood ofO in X*, there ise> 0 such that def(xo) C
df(x0) + N,

3. df(x0) is dense in df{x0) in X""[w*].

4. ^ • ( • ) = sup{<- ) s ->:z-€0/ (so)} .

PROOF: (1) => (2): Let N be a convex ^-neighbourhood of 0 in X*. By hypothesis
there is 6 > 0 such that 3/[-B(xo;(5)] C df(x0) + AT/2, 5BX- C N/2. Now, by Lemma
2.2,

ds*f(x0) C d/ [B(x0; 5)] + 5BX. C a/(x0) + ±N + ijV c a/(x0) + N.

It is enough to choose e = S2.

(2) =*• (3): Given a closed neighbourhood N" of 0 in X***[wm], let e > 0 be as in

(2). Then, using Corollary 2.5, Corollary 2.7 and the fact that df(x0) is compact
and N := N" U X* is closed in A"—[«•],

C

C df(x0) + N*^ C S T ^ ) ^ ^ 1 + A T .

This proves (3).

(3) =» (1): Let Â  a ty-neighbourhood of 0 in X*. Take a convex tu'-neighbourhood
of 0 in X'", N', such that J V ' f l P c iV. By Corollary 2.5, / " is continuous at x, so
9 / " is upper w*-semicontinuous at x. Hence there exists 6 > 0 such that

By hypothesis, df"{x) C d/(x) + N*/2. It follows that

9 / " (B"(x; 8)) C 9 / " ( x ) + AT/2 C 3/(x) + JV/2 + N'/2 C 9/(x) + N*.

It is now enough to use Corollary 2.5 to get df(B(x; 6)) C df(x) + N.

(3) «• (4): By Proposition 2.3 and Corollary 2.5,

d+/:;{•) = sup{(•,*•"> : X'" € 0/~*(*o)}.

Now, using the Hahn-Banach Theorem, the equivalence is obvious. D

Note that the equivalence (1) <=> (2) is valid not only for restricted to-upper semi-
continuity, but also for r-upper semicontinuity, r a Hausdorff topology weaker than the
norm-topology. More precisely:
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THEOREM 3 . 2 . Let f : X —• Ru{+oo} be a proper Jower semicontinuous convex

function. Let XQ e X be a point of continuity off. Ifr is a topology on X* weaker than

the norm topology, then the following assertions are equivalent:

1. df is restricted r-upper semicontinuous at xo-

2. For every r-neighbourhood N ofO in X*, there is e > 0 such that def(x0) C

df(xo) + N.

P R O O F : For (1) =*• (2) the same proof used in the previous theorem, (1) =>• (2),

works. To prove (2) => (1), use Lemma 2.2. D

This characterisation can be considered as the analogue of the Smulyan Test.

It is well known that if the dual norm of X* is locally uniformly rotund, then the

norm of X is Frechet differentiable. The next proposition, that uses the previous theorem,

extends this result. Note that the Fenchel conjugate of the norm of a Banach space X is

the indicator function of Bx- •

PROPOSITION 3 . 3 . Let f : D -> R be a convex, continuous function defined
on D, a non-empty open subset of X. Let Xo € D. If r is a Hausdorff topology on X*
weaker than the norm topology, then the following assertions are equivalent:

1. f is Gateaux differentiable at x0 and df is restricted r-upper semicontin-
uous at XQ.

2. For every r-neighbourhood N of 0 in X* and x* e df(xo), there exists
6 = 5(x',N)such that

/(so) + \ (A**) + rtf)) ~ & < \(xo, x' + y') => y« € x" + N.

PROOF: (1) => (2). Let N be a r-neighbourhood of 0 in X' and {x*} = df{xQ). By
the previous theorem there exists e > 0 such that 9e/(io) C x* + N. Take y* € X* such
that

/(̂ o) + \{r(x') + /•(»')) - I < \(xo,x' + y*).

A simple calculation shows that /(xo) + f*(v*) < (xo,y*) + £• It follows that y' €
dj{xo) Cx' + N.

(2) =*• (1). First, we shall prove that / is Gateaux differentiable at x0. If not,
there would exist x\ ^ x-i in df(xo). Choose a r-neighbourhood N of 0 in X' such that
{x\ + N) D (x5 + N) = 0. Let Si = 4(xJ, AT) be as in (2) (* = 1,2) and let 6 := min{Ji, 62}.
Take y* € dsf{x0). A simple calculation shows that

for i = 1,2. By hypothesis, y' e (xj + N) l~l (xj + iV), a contradiction.

Now, let N be a r-neighbourhood of 0 in X*. Since / is Gateaux differentiable
at x0, df(x0) = {xj}. Given iV and xJJ, we get J = 6(XQ,N) as in (2). It is easy to
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prove that dsf(x0) C xj 4- JV = df(x0) 4- N. By Theorem 3.2, df is restricted r-upper
semicontinuous at Xo- D
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