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A S U M M A B I L I T Y P R O B L E M 

BY 

M. S. MACPHAIL 

In a paper by Wilansky and the writer [4] there were five questions left open, 
four of which have been answered by Beekman and the writer, [1], [3]. We 
shall consider the fifth one, namely, "If AA = IA, must A£= ID for every matrix 
D with cD = cA?" Here A is a conservative summability matrix with column 
limits al9 a 2 , . . . , cA = {x = (xk) : Ax e c}, IA = {X e cA : £ akxk converges}, AA = 
{ x e I A : l i m A x = £ a k x k } . 

A method A such that A£ = ID for every method D with cD = cA will be said 
to have property E. There are simple examples of methods having the 
property, for instance, Bennett [2, Proposition 4] has shown that AA is 
invariant if IA is, so if AA = IA and IA is invariant, then A has property E. We 
shall give an example of a method A which has AA = IA but which does not 
have property E, so the broad answer to the question is negative. To show 
what is possible, however, we shall also give an example of a method where IA 

is not invariant, so the Bennett proposition does not apply, nevertheless 
property E holds. As D varies (with cu- cA), ID and A^ vary while remaining 
equal to each other. So invariance of the equation AA = IA is a property 
possessed by some matrices but not by all. 

Before giving our first example, we recall a few facts about the method 

J = 1 0 0 0 ••• 
tx 1 0 0 ••• 
h h 1 0 ••• 

h h h i ••• 

where (tn) is any sequence in £. We have Cj = c, and for any conservative 
method A, if D = J A we have cD = cA. Moreover, for all x e cA, we have 
limDx = l im n y n +I t n y n , where y n = I k a n k x k . In particular, dk=\imDek = 
ak + £ n tnank, where ek = (0, 0 , . . . , 0 , 1 , 0 , . . . ) (1 in the kth place). 
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EXAMPLE 1. Let A = 1 
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Evidently AA = IA = cA. Define J and D as above, with 

<0 = <i,o,io,io,. . .>. 

Then dk = 0 for each k. If we choose a sequence (yu 0, y3, 0 , . . . ) with limn yn = 
0» Z^yn^O» anc* determine x from the system of equations yn=Zkank*k 
(n = 1, 2 , . . .)> we have xecA- c0 , X <4*k = 0? lim^ JC^ 0, so E does not hold 
for A. 

LEMMA. Let the method A be such that limA x = 0 for all x e cA. Then A has 
property E if and only if the following condition holds: 

(Ef) For every (tn)e€, (xk)ecA such that £ k £ n tnankxk converges, we have 

La Lt tnankXk = Lt Lt ^nankXk-
k n n k 

Proof. The general continuous linear functional on cA under the FK topol­
ogy is given by [5, equation (4)] 

f(x) = fx limA x + X tn Z ankxk + Z <*k*k 
n k k 

= fi limA x + X k Z ankxk 4-£ I / ( e k ) - ^ak -Z l,A»k)*k 
n k k \ n / 

where <a k )ecA , <fn>e£ 

Under our hypothesis this reduces to 

fix) = Z '« Z ank*k + Z ( / V ) ~ Z ^nkW, 
n k k \ n ' 

or, with / = lim^, 

H m D X = Z *n Z «nk^k + Z ( 4 - Z tnUnkjXk-
n k k \ n ' 

It is now easily seen that E'^>E\ to obtain E^E' we observe that every 
sequence (tn)e € is the sequence of coefficients in a representation of limD for a 
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matrix D with cD - cA, namely, T)-JA where 

J= 1 0 0 0 ••• 
t, 1 0 0 ••• 
tx t2 1 0 • • • 
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Then 

Z Z tnûnkXk = * 1*1 + t3(x2 ~ *l) + '5(*3 ~ X2) + * ' ' 
n k 

and 

Z Z tnankxk = (fi - f3)jc1 + (r3 - t5)x2 + • • • 
k n 

= lim ((*! - r3)xx + (t3 - t5)x2 + • • * + (r2p_! - r2p+1)xp) 
P—>00 

= lim (t1x1 + t3(x2 - xx) + • • • 4- f2p-i(xP - *P-i) - *2p+iXp) 
p—>oo 

Since fiXi + t3(x2~*i) + ' • ' + t2p_1(xp-xp_1) converges for (tn)e€, (xk)ecA, the 
convergence of £ k £ n Ui^nkxk for some <xk) implies the existence of L = 
limp t2p+1xp, as a finite number. But if L^O we get a contradiction of (tk)e€, 
since xp = o(p). Hence L = 0, and by the lemma A has property E. 

To show that IA is not invariant for A, we note first that IA = cA, and again 
define D with cD = cA by D = JA where 

J = 1 0 0 0 ••• 
tx 1 0 0 ••• 
rx l2 1 0 ••• 

Now dk = t2k-\~ t2k+1, and as in the foregoing work, for £ dkxk to converge we 
require that limpt2p+1xp exists finitely. We take tq = 2~k when q~2-9k-\-l 
(fc = 1, 2 , . . . ) , tq = 0 otherwise, and we take xp - p1 / 2 (p = 1, 2 , . . . ) . Then for 
p = 9k we have r2pf lxp = 2~fc3k —»oo? so (xp)ecD\ID, and IA is not invariant. 
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