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Atomic Decomposition and Boundedness
of Operators on Weighted Hardy Spaces

Yongsheng Han, Ming-Yi Lee, and Chin-Cheng Lin

Abstract. In this article, we establish a new atomic decomposition for f € L2 N HE, where the de-
composition converges in L2,-norm rather than in the distribution sense. As applications of this de-
composition, assuming that T is a linear operator bounded on L2 and 0 < p < 1, we obtain (i) if
T is uniformly bounded in Lf,-norm for all w-p-atoms, then T can be extended to be bounded from
HE to L2; (i) if T is uniformly bounded in HP -norm for all w-p-atoms, then T can be extended to be
bounded on HE; (iii) if T is bounded on HY, then T can be extended to be bounded from H, to Lf,.

1 Introduction

The study of H? spaces has been going on for a long time. The classical H? spaces on
the unit circle or upper half-plane are defined by the aid of complex function theory.
Stein and Weiss [[13] extended the definitions of these spaces to higher dimensional
cases by a system of conjugate harmonic functions. Fefferman and Stein [2]] gave real
characterizations of H? spaces by several maximal functions, the Littlewood—Paley
function, and the Lusin function. Coifman [1I] and Latter [9]] gave explicit represen-
tation theorems for elements in H?, that is, atomic decomposition theorems. Using
Muckenhoupt’s weights w, Garcia-Cuerva [4] characterized weighted Hardy spaces
H? by several maximal functions; moreover, he used the auxiliary maximal function
S%; to get the atomic decomposition of Hf. Gundy and Wheeden [7] gave a char-
acterization of H} in terms of the Lusin area integral. Recently Garcia-Cuerva and
Martell [5] gave another equivalent expression of elements in HY via a wavelet char-
acterization. It is important to emphasize that to prove the boundedness of many
classes of operators defined on H? spaces, it suffices to verify the boundedness of
operators acting on all atoms. The best known class of operators with this prop-
erty is the class of Calder6n—Zygmund operators. A complete argument for verifying
Calderén—Zygmund operators bounded from H? to L? and bounded on H? can be
found in [6, Chapter III, §7] or [11} §7.3].

Garcia-Cuerva and Rubio de Francia 6, pp. 322-325] used smoothly truncated
kernels to deal with the boundedness of convolution operators on H? (R"). Here we
are trying to generalize their results, not only to more universal linear operators, but
also to weighted cases.
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The main purpose of this article is to give a criterion of the boundedness of op-
erators on H. We first establish a new atomic decomposition for LZ(RM) N HE(R™M),
where the decomposition converges in L2 -norm instead of in the distribution sense.

Theorem 1.1 Let0 < p < landw € A,. Set N = [n(2/p — 1)] the integer part
of n(2/p — 1). For f € L%(R") N HL(R™), there exist a sequence {a;} of w-(p,2, N)-

atoms and a sequence {\;} of real numbers satisfying > | \;|P < C||f||fb]Hp such that
f = > \iai, where the series converges in L2(R") and hence a subsequence converges

almost everywhere.
As a consequence of Theorem [T} we obtain the following.

Corollary 1.2 Let0 < p < 1landw € A,. For a linear operator T bounded on
LL(R"), if Tf € HY(R") and |Tf||ge < C||fllye for f € L2 N HY, then T can be
extended to a bounded operator from HE(R™) to LE(R™).

Corollary 1.3 Let0 < p < landw € A,. For a linear operator T bounded on
L2 (R"), T can be extended to a bounded operator from HE(R™) 1o LY (R™) if and only if
there exists an absolute constant C such that || Tal|;, < C for any w-(p,2, N)-atom a.

Corollary 1.4 Let0 < p < landw € A,. For a linear operator T bounded on
L2 (R"), T can be extended to a bounded operator on HE(R™) if and only if there exists
an absolute constant C such that ||Ta||» < C for any w-(p, 2, N)-atom a.

Remark 1t follows from Corollary 2 that, for 0 < p < 1 and w € A,, the identity
operator on H(R") extends to a bounded operator from H5(R") to L5 (R"). One
could be curious to know if such an extension concludes a fallacious result HY, = L2,
The answer is negative. We start with the identity operator 1 on LZ(R") N HE(R™).
By Corollary [L2]it has an extension 1; however, 1 is different from 1 outside the
L2 (R™) N HL(R™).

Throughout this paper the letter C will denote a positive constant that may vary

from line to line but will remain independent of the main variables.

2 Preliminaries

By a weight we always mean the Muckenhoupt A, weight. Let us recall the definition
and properties of A, weight. We say that w € A, 1 < p < oo, if

p—1
(/w(x) dx) </w(x)_1/("_l) dx) < C|I|f  for every cube I C R",
I

I

where C is a positive constant independent of I. By the definition of A;, we know
w € A ifand only if w™! € A,. For p = 1, we say that w € A if

1
— [ w(x)dx < C-essinfw(x) foreverycubel C R".
1/, el Y
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A function w satisfies the condition A, if w € A, for some p > 1. It is well known
thatif w € A, with 1 < p < oo, thenw € A, forallr > p and w € A, for some
1 < g < p. We thus use g,, = inf{q > 1 : w € A;} to denote the critical index of w
and set weighted measure w(E) = f  W(x) dx. For any cube I and A > 0, we denote
by AI the cube concentric with I whose each edge is A times as long. It is known that
for w € Ap, p > 1, wsatisfies the doubling condition.

Given a weight function w on R", as usual we use L{,(R"),0 < g < oo, to express
the space of all functions satisfying

1, = / Fltw(x) dx < oo,
Rn

when g = oo, Ly will be taken to mean L and || f||zc = || f||ze. Similarly to the
classical Hardy spaces, the weighted Hardy space H,(R"),0 < p < 1 can be defined
by the area function.

For 0 < p < 1, let ¢(x) be a radial Schwartz function supported on the unit ball
and satisfying

/ \@(tfﬂz% =1 forall¢ e R\ {0},

0

/ Y(x)x“dx =0 for given multi-index o with || < N.
R

Set Y (x) = t"p(x/t). For f € /(R"), the space of tempered distributions, the
Lusin area function is defined by

SH) = / /| e « FoP )

and the Littlewood—Paley g function is defined by

g0 =( [ ropd) "

It follows from [12, p. 89] that g(f)(x) < CS(f)(x), and it is well known that
ISz < Cliflli for w € Ay The weighted Hardy space Hi,(R") consists of
those tempered distributions f € ./(R") for which S(f) € L5(R") with quasi-
norm ||f||g,, = ||S(f)H§p. The space can also be defined in terms of non-tangential

maximal function, radial maximal function, and wavelet characterization [4}[5,[7].
We can characterize the element in HY in terms of atoms as well.

Definition OnR",let0 < p <1< g<o00,p < gandw € A;. Forsc Z
satisfying s > [n(g,,/p — 1)], a real-valued function a € L, is called a w-(p, g, s)-
atom if the following hold:

(i) aissupported on a cube I,
(i) allpg < w(Dia-/e,
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(iii) ﬁxg a(x)x* dx = 0 for every multi-index a with || <'s.
It is known that the atomic decomposition of HY, can be expressed as follows.

Theorem A ([4[10]) Let0 < p <1< g <00, p < q,andw € A, For each
f € HL(R"), there exist a sequence {a;} of w-(p, q, s)-atoms, s > [n(q,/p — 1)], and
a sequence {\;} of real numbers with > |\;|P < C||f||;p such that f = > \ja; both

in the sense of distributions and in H?. norm. Moreover,

I = in{ (2 i) " = 37 v

is a decomposition of f into w-(p, q, s)-atoms} .

3 Proofs of Main Results

Let 1) be the function given in Section 2 and

S (R") = {f e S (R"): f(x)x® dx = 0 for any multi-index a}

R»

with the same topology as .’(R"). It is known that .%,, (R") is dense in L? (see [14}
Chapter 7, Theorem 1]). To prove Theorem [[.T} we need the Calderén reproducing
formula for weighted L%,

Lemma 3.1 Letw € Ay. If f € L2. Then
< dt
fo = [ birus 0 5
0

where the integral converges in LZ,.

Proof First we would like to point out that the Fourier transform was the main tool
to get the classical Calderén reproducing formula on L?. Obviously, this method
cannot be applied to get this lemma. One may imagine L2, as a space of homogeneous
type and hence, Lemma [3.1] would follow directly from the Calderén reproducing
formula on spaces of homogeneous type as given in [8]. This, however, does not work
because convolutions given in Lemma[3.]]are taken in the Lebesgue measure without
weight w. The proof of Lemma [3.1] is based on the classical Calderén reproducing
formula in which, for f € .7 (R"), the integral converges in .’ (R") (see [3} p. 122,
Theorem 3]). That shows Lemma Bl for f € .7, (R") because the L2, norm is
dominated by a certain seminorm of .7 (R").

For general f € L2 and given n > 0, since .%,(R") is dense in L?, there exists
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g € S (R") such that f = g+ b with [|b]|;2 < 7. Then

<

L

o= [ e vmato]

= [ e s

K
/wt*wt*b(»%

+ lellz + |
L

L

Since w™! € A,, by a duality argument and the Littlewood—Paley theory on L?, there
exists a constant C independent of € and K such that

H/fwwt*wit .

K At 1/2
< sup (/ / |¢t*b()/)|2*W(J’)dJ’)
il <1 re Je !

K dt 1/2
2 —1
([ [ RS ay)

K d 1/2
< s ([ [ lweroruwedy) gl
R Je v

il <
K
dt 1/2
<c( [ [ 1wesrfuna)
R Je ¢
< Clig®zz < Clbll1.-
Hence
K
dt
|£= [wsvnrng],
K dt
<|g— | wrwrg)T|  +arom
<Cnp ase—0and K — oc.
Since 7 is arbitrary, the proof of Lemma[3lis complete. [ |

Proof of Theorem[I.1] For k € 7, let
O = {x € R": S(f)(x) > 2},

B = {dyadic cube Q : w(Q N Q) > %W(Q) and w(Q N Qpyp) < %W(Q)} .
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It is clear that if a cube Q € By, then Q & B; for j # k. For each dyadic cube Q, we
denote its tent by

Q = {(x,1) : x € Qand v/n|Q|"/" < t < 2¢/n|Q|"/"}.

For f € L2, by Lemma[3Il we claim

W= / U=+ fn 2L,

k€Z Qe QcQ
QEBy

where (5 € By are maximal dyadic cubes in By and the series converges in L2, and
hence a subsequence converges almost every x € R”.
Assume the claim for the moment. Let aa(x) and )\6 be defined by

~ (11 dyd
a@(x)zC_lw(S\/ﬁQ)(z_P){Z / wQl * F(y) fj}
QcQ
QEBy
< [t v o) S
QcQ Q
QEBx
~ D) dr)
Ag = Cw(5y/nQ)"+* {Z/w(Q)th « O tfﬂt} ;
3R

where the constant C is the same as the one in (3.I).
We first verify that aa(x) is a w-(p, 2, N)-atom. It is easy to see that aé(x) is sup-

ported on 5\/56 and the vanishing moment conditions follow from the assumption
of . To verify the size condition of atom, by the duality between L2 and L? _,,

d ydt

/ Bl — s fin 2L

QcQ
QEBx

2
LW

dydt >
= L — t E— h
SUP<1< 26/61/}( V) x f(y)

Il <
" QEBy

dydt

<c 3 / QU Bl = F) T
HhHLZ 1<IQCQ
QEBx
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The last inequality is due to the definition of (5 and hence, if (y,t) € 6, |Q| ~ t".
It is clear that

Ql = / w(x)"w(x) " dx < w(Q)'?[w T (Q]'?,
Q

SO

dydt
Sl = e () =—
Qcé/Q !
QEBx

L,

dvd 1/2
<c s (X [wapwo s
1

h < ~
e <1 X ocg

QEBy
dydt\ '/
x (Z/Awl(@wt*h(mz t{H) .
acg’?
QEBy

For any Q € By and (y,t) € Q, we have Q C {x € R": |x — y| < t}, and hence

dyd
3 [ W QU P
~JQ

QCQ
QEB

o dydt
< / / wl{x e R |x — y| < t})|¢ * h(y)|? ti/“
o Jw

:/ // e % R (o) de 22
0 R JS|x—y|<t t

:/ S(h*(x)w™ ' (x)dx < C||h|l7. .
R w=!

Therefore,
dydt
60 |3 [ut e fin 2
Qca Q L2
QeBy

1/2
gc( 5 /Q w<Q>|wt*f<y>|2‘Zﬁt> ,

which proves the size condition.
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To show {5} € ¢, doubling condition of w and Hélder’s inequality yield

(3.2) YD Pl <cd > wmt

kEZ GeB, keZ Qeny
d p/2

x (Z PR s tfj)
QCQ
QEBx

<cYy ( 3 w(Q))
keZ * QeB,
dyd

(2 [ )"
QEBx

To estimate the last term in (3.2)), we define the weighted Hardy-Littlewood max-
imal function by

M, f(x) = sup

1
dx.

Let §~2k = {x € R": M,,(xq,)(x) > %} Then Q; C §~2k. Since M,, is of weak type
(1, 1) with respect to w(x)dx, w(ﬁk) < Cw(€2) which yields

C2* () > 25 w() > / [SCF) () w(x)dx

U\ Qi
dydt
dydt
= Z / [ 5 FOIPX ey e WO A5 prtl "
GeB, R
For any Q € B and (y,1) € Q, wehave Q C O and Q C {xeR": |x—y| <t}
That yields
/ X{xeﬁk\ﬂkﬂﬂx—y\q}w(x) dx > w(QnN (ﬁk\QkH))
R
= w(Q) — w(Q N Q1)
> w(Q)/2,
and hence
(3.3) 3 / Q= )P DL < Co i)

QEB;
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Note that ZéeBk w(é) < w(ﬁk) < Cw(8), since é’s are disjoint and contained
in Q. Plugging (33) into (3.2), we get

30D gl €Yo w2 Wt < ClIS(IIE, = ClIfIE,.

kez 6€Bk kez

We return to the proof of the claim. This is equivalent to showing

> Z/@w- = fn 22|

— 0 asM — oo.

LZ
|k|>M QEBy v
By the same proof as in (3] and (3.3)), we obtain
dydt
| 5 [t = son @t
Q t L2
|k|>M QEBx
dydi\ 1/2
2
(LY /aw«:))wt « FP 2
|k|>M QEB;
1/2
<c(Y 2wew)
|k|>M

The last term tends to zero as M goes to infinity because

> 2w < CIfll7, < oc. .
kez

Proof of Corollary[L.2] For each w-(p, g, N)-atom a supported on I, by Holder’s in-
equality,
lallf, < lla?[l,yew(D)' 2/ = [lalfy w(D)' P/ < 1.

Applying Theorem [} for f € L2, N H} we have f = > \;a; almost everywhere,
where the a;’s are w-(p, 2, N)-atoms and > |\;|F < C||f||;;p. Thus,

1A, < 3" NP lall, < 7 INP < ClAIE,

Given f € [2NH}, the L2 boundedness and H), boundedness of T give Tf € L2 NH,
and, by the above estimate, || Tf]|;» < C||Tfl|» < C||fl|g. Since L}, N HY, is dense

in HY, T can be extended to a bounded operator from HY to L. [ ]

Proof of Corollary[[.3] Suppose that T is bounded from H% to L. Foraw-(p, 2, N)-
atom a, then a € Hy,. It follows from Theorem A that || Tal|;» < Cl|al|» < C.
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Conversely, Theorem [TIshows that for f € Hf, N L2 we have f = >_:°, \;a; in
L%, where a;’s are w-(p,2, N)-atoms and Y |\;|? < CHngp Since T is linear and

bounded on L2,

M M
Jrr-Soamal = r(r-350a)]

M
S CH f — Z)\,'a,‘
i=1

L

—0 asM — oo.

12

w

Hence, there exists a subsequence (we also write the same indices) such that Tf =
[e%) 5 .
> io; AiTa; almost everywhere. Fatou’s lemma yields

M

p
|TfPw(x)dx < lim inf/ AiTa;| w(x)dx
M—o00 ;

R?

R i—

< Z [Ail? /Rn | Ta;|Pw(x) dx
i=1

<clfl?,.

Since HY N Lfv is dense in HY, T can be extended to a bounded operator from H?
to Lﬁ,. |

Proof of Corollary[I.4] If T is bounded on H? . then by Theorem A,

1Ta|[gy < Cllaflpy < C.

For f € Hf, N L2, we have the atomic decomposition f = Y >°, A;a; in L2. Let )
be the function given in Section 2. Then

Y x Tf = Z)‘iwt * Ta; in Lfv.

i=1

Hence, there is a subsequence (we also write the same indices) such that

Yk Tf = Z Aityy * Ta;  almost everywhere.

i=1
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Fatou’s lemma and Minkowski’s inequality imply that

o) dvdi\ 1/2
senw = ([ [ s rropPdE)
0 |[x—y|<t t
M 2
> . dydt 12
(/o /Ixy|<t Mo 12:1: At (Y)‘ £l )
S M 2dydin 1/2
- yat
< _ .
- 1ﬁgglf(/o /Ix—y<t ; A Tal(y)‘ gl )

0 oo 1/2
SZ\AiI(// = Tay () P22
i1 0 [x—y|<t t
= XilS(Ta;) (x).
i=1
Hence

M
/ ISTHE W) de = A lim iogf(; |)\,'|S(Tai)(x)> " () dx

M
< 1Ai4rgio%f4n (2_1: |)\,~|S(Tai)(x)) * W) dx

<Y OINP [ IS(Ta) ()P w(x) dx
i=1

Rn
o0
= S nPI T, < ClfIE,.
i=1
Since H. N Lfv is dense in HY, T can be extended to a bounded operator on HY., m
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