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Abstract

We investigate the large deviation properties of the maximum likelihood estimators for
the Ornstein—Uhlenbeck process with shift. We propose a new approach to establish
large deviation principles which allows us, via a suitable transformation, to circumvent
the classical nonsteepness problem. We estimate simultaneously the drift and shift
parameters. On the one hand, we prove a large deviation principle for the maximum
likelihood estimates of the drift and shift parameters. Surprisingly, we find that the drift
estimator shares the same large deviation principle as the estimator previously established
for the Ornstein—Uhlenbeck process without shift. Sharp large deviation principles are
also provided. On the other hand, we show that the maximum likelihood estimator of
the shift parameter satisfies a large deviation principle with a very unusual implicit rate
function.
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1. Introduction

Consider the Ornstein—Uhlenbeck process with linear shift y € R, observed over the time
interval [0, T,

dX; = 60X, dt +y dt + dB,, (1.1)

where the drift parameter 0 < 0, the initial state Xo = 0, and the driven noise (B;) is a standard
Brownian motion. This process is widely used in financial mathematics and it is known as
the Vasicek model; see, e.g. [10], [13]. The maximum likelihood estimates of the unknown
parameters 6 and y are given by

T [ X, dX, — X7 [, X, dt

or =
T[] X2dt — (f) X, dr)?

(1.2)

and
_ Xr J x2de — [ x,dx, [ X, de

yr = (1.3)
T [ X2dr — () X,dr)?
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Large deviations for the Ornstein—Uhlenbeck process with shift 881

A wide range of literatEre is available on the asymptotic behavior of (57) and (yr). Itis well
known (see [12]) that 87 and p7 are both strongly consistent estimators of 6 and y, and their
joint asymptotic normality is given by

ﬁ(ﬁT - 9) £ NO. L),
vr—vy

L=2<9 7’)
y K

with k = (2y2 +6)/26. Moreover, concentration inequalities for (/G\T) and (y7) and moderate
deviations were established by Gao and Jiang [8], while Jiang [11] recently obtained the joint
law of an iterated logarithm as well as Berry—Esseen bounds. In the particular case y = 0,
Florens-Landais and Pham [7] proved the large deviation principle (LDP) for (67), while sharp
large deviation principles (SLDPs) were established in [1]. We also refer the reader to [3] for
the sharp large deviations in the nonstationary case & > 0 and y = 0.

Our goal is to extend these investigations by establishing the large deviations properties of
the maximum likelihood estimators of the drift and shift parameters & < 0 and y in the situation
where 6 and y are estimated simultaneously. We shall propose a new approach to prove the
LDP which allows us, via a suitable transformation, to circumvent the classical nonsteepness
problem. In particular, it could be possible to apply the same approach for Jacobi or Cox—
Ingersoll-Ross processes [5], [14].

The paper is organized as follows. In Section 2 we establish an LDP for the couple (9}, Yr).
Via the contraction principle, we realize that (@T) shares the same LDP as the one previously
established for the Ornstein—Uhlenbeck process without shift. We also observe that (y7)
satisfies an LDP with a very unusual implicit rate function. An SLDP for the sequence (57) is
also provided. Section 3 is devoted to three key lemmas which are at the core of our analysis.
All the technical proofs of Sections 2 and 3 are postponed to Appendices A, B, and C.

where the limiting matrix is

2. The results for large deviations
Our large deviations results are as follows.

Theorem 2.1. The couple (57, yr) satisfies an LDP with good rate function

@—-0? 1 o\’ 0
- — - < —
4c +2(y c> fe=3
1 do\? 0
Iy, (c,d) = (2c—9)+§<y——> ifczgandc;éo, (2.1)
C
—0 if (c,d) = (0,0),
400 ifc=0andd # 0.

A direct application of the contraction principle [4] immediately leads to the two following
corollaries.

Corollary 2.1. The sequence (é\r) satisfies an LDP with good rate function
(c—0)?

Io(c) = 4e
2¢ — 0 ifc

<
o
IA

(2.2)

A%

WD WD
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FIGURE 1: Rate functions for the drift parameter in the special cases (6, y) = (=2, 2) (left) and (9, y) =
—(2, 1) (right).

Corollary 2.2. The sequence (yr) satisfies an LDP with good rate function
I,(d) =inf{lp ,(c,d) | c € R}.
Proof. The proofs are given in Section 4.

Remark 2.1. On the one hand, we observe that (@\T) shares exactly the same LDP as the one
previously established by Florens-Landais and Pham [7] for the Ornstein—Uhlenbeck without
shift y = 0. On the other hand, (37) satisfies an LDP with a very unusual rate function.
Unfortunately, an explicit expression for this rate function is quite complicated. Its very
particular form in the special cases (6, y) = (—2,2) and (9, y) = —(2, 1) is shown in Figure 1.

Our goal now is to improve Corollary 2.1 by a first-order SLDP for (79}). It is of course
possible to establish an SLDP of any order for the sequence (f7). However, for clarity, we have
chosen to restrict ourself to a first-order expansion.

Theorem 2.2. Consider the Ornstein—Uhlenbeck process with shift given by (1.1) where the
drift parameter 6 < Q.

(1) Forall 0 < c < 0/3, we have, for large enough T,

. elee(c)+J(c)
P{Or > ¢} = ————(1 + 0o(1)), 2.3)
{0r = ¢} acaC\/Zn_T( (1) (

while, for c < 6,
eleg(c)+J(c)

Plor <cl=—————(140(1)), 2.4)
{0r < c} accrc«/Zyr_T( (1) (
where
c?—0? 5 1

= , e —— 2.5
de 2¢ e 2¢ 2:5)

1 0%(c +0)(Bc — 0) ,(c—0)?

J()=—=1 -

©==3 Og( 4ch ) 4002
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(i1) Forall c > 6/3 with ¢ # 0, we have, for large enough T,

R e—TIo(©+K(©)
P{or > ¢} = ——————=(1+0(1)),
{67 } aco. 21T

where
2
2 C

aC=2(c—9), o, Im,

1 (92(c —0)(3c — 9)) y?

K(c)=—=1 _r
© = =3 loe\ 350 —an 92

(iii) For ¢ = 0/3, we have, for large enough T,

PO > o) = SO DUy,
T = Cy = o ,
6w T4 ﬁa3/409
where 48 | 3

= -, b = —, 2 = ——.
=773 T3 T o
@iv) For ¢ = 0, we have, for large enough T,
. ﬁe—TIg(c)+y2/9+2
P{or > c} = (1 + o(1)).

27T/ —6

3. Three key lemmas

2c —0).

883

(2.6)

2.7)

(2.8)

2.9

Firstly, let us recall some elementary properties of the Ornstein—Uhlenbeck process with
linear shift [10], [12]. We observe that the process (X7) can be rewritten as X = Yr + mr,

where y
mr =B{Xr}=—5(1 - e’T)

and (Y7) is the Ornstein—Uhlenbeck process without shift
T
Yr = eeT/ e 4B,
0

By the same token, if

o 1 T o 1 T
X7 == X; dt, Yr=—= Y ds,
YT

we clearly have X7 = Y7 + ur, where

_ 1
ur =E{Xr} = —%(1 ol - e”))

Therefore, the random vector
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where the covariance matrix I'7 () is given by

_ (ar®) br®)
“w*KM@ w@) G-
with
1
ar@®) =55 =1, brO) = @ =17,
1 1 2
cr(0) = i3 (%(CZGT —1)— 5(e"T -+ T).

Denote by A7 the normalized cumulant generating function of the triplet

\/T ' 1 0 ! ’ 1 0 '
deﬁned, fOr all ((l, b, C) (S R N by

1 T T
Ar(a, b, c) = 7logE{exp<aﬁxT +b/ Xlzdt+c/ X, dt)}.
0 0

Our first lemma deals with the extended real function A defined as the pointwise limit of A7.

Lemma 3.1. Let Dy be the effective domain of A,

02
Dy = {(a,b,c) eR|b< ?},

and set p(b) = ~/6% — 2b. Then, for all (a, b, c) € Dp, we have

A = 0+ om 1yt (L 1/c—6y)\2
(a, ,c)——z( +<P()+V)+§<¢(b)_9>+§< @(b) >

Proof. The proof in given in Appendix A.

A direct calculation shows that the function A is steep, which means that the norm of its
gradient goes to oo for any sequence in the interior of D4, converging to a boundary point of
Dy . This is the reason why we are able to deduce an LDP for the couple (’Q\T, yr). In order
to establish the SLDP for the drift parameter @\T, it is necessary to modify our strategy. To be
more precise, we shall now focus our attention on the normalized cumulant generating function

L T of the couple
T o t T Iz T T

T
&=/(&—Eﬁm
0

where

which is given, for all (a, b) € R2, by

1 T _
Lr(a,b) = FlogE{exp(a/ (X; — Xr)dX; +bST)}.
0
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AThe reason for this is twofold. On the one hand, it is not possible to deduce an SLDP for
(67) via A7. On the other hand, it immediately follows from (1.2) that

~ =X ax,
or = .
St

However, we observe that, for all ¢ € R, IP’{/O\T > ¢} = P{Zr (1, —c) > 0}, where, for all
(a,b) € R%, Zr(a, b) stands for the random variable

T
Zr(a,b) :a/ (X, — X7)dX, + bSr. (3.2)
0
Our second lemma provides the full asymptotic expansion for L£L7. Denote by £ the extended
real function defined as the pointwise limit of L.

Lemma 3.2. Let D, be the effective domain of L,

De={ab)eR*|6>=2b>0anda+6 < 6> —2b},

and set p(b) = /62 —2b, t(a,b) = ¢(b) — (a + 6). Then, for all (a,b) € Dy and large
enough T, we have

1 1
Lr(a,b) = L(a,b) + 7.%’(61, b) + ﬁﬁr(a, b),

where

Lla,b) = —%@+6+ 02 —2b),

(t(a, b)92> _7Ma+0+ V62 -2b)

1
H(a,b) = —=log 20°0) 202

2

Moreover, the remainder Rt (a, b) may be explicitly calculated as a rational function of a, b,
T and exp(—@(b)T). In addition, R can be extended to the two-dimensional complex plane,
and it is a bounded analytic function as soon as the real parts of its arguments belong to the
interior of Ds.

Proof. The proof is given in Appendix B.

Our third lemma relies on the Karhunen—Loeve expansion of the process (X7). Denote
by ¥ the class of all real-valued continuous functions f such that f(x) = x>h(x), where h
is continuous. Moreover, let g be the spectral density of the stationary Ornstein—Uhlenbeck
process without shift y = 0 given, for all x € R, by

1

21 (3.3)

gx) =

Lemma 3.3. We can find two sequences of real numbers (oekT ) and (,BkT ) both in £*>(N) such
that

Zr(a,b) = E{Zr(a, b} + Y o &f = 1) + B .
k=1
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where (gr) are independent standard N (0, 1) random variables. Moreover; forall (a, b) € D,
there exist two constants A > 0 and B > 0 that do not depend on T such that, for large enough
T, ol €[—A, Al forallk > 1 and

+00
> B < B. (3.4)

k=1

Consequently, for all (a, b) € Dy and x € R such that |x| < %A, and for large enough T, we

have
1 I T T I o @B
Lr(xa, xb) = ZE(Z7 (xa, xb)} — l;(log(l = o) + 2xer) + 5 ; W
Finally, if b # 0, the empirical spectral measure
1 o0
vr =728
k=1

satisfies, for any continuous f € ¥ with compact support,

lim (o7 £) = Jim + 3 el = (o, ) = - | e (3.5)

im = lim — = = — . .

T—o0 VT T—oo T P %k v 27 Jr S o

Proof. The proof is given in Appendix C.
4. Proofs of the large deviations results
Firstly, R _
= 97" 7 QT
V=X ], Vr=|~ ).
! (VT) ! <Vr>
where .
~ X, dX ~—
Or = M, vr = —0rXr. (4.1)

St
In the following lemma we show that the sequences ( V\T) and (‘77) share the same LDP. We
refer the reader to [4] for the classical notion of exponential approximation.

Lemma 4.1. The sequences of random vectors (VT) and (GT) are exponentially equivalent,
that is to say, for all ¢ > 0,

1 o

lim —logP{||Vr — V7| > ¢} = —o0.

T—+4oo T
In particular, if (\77) satisfies an LDP with good rate function I, then the same LDP holds for
(V7).
Proof. Tt is easy to see from the definition of our estimates given in (1.2), (1.3), and (4.1)

that _ —
G g, Xr(Xr s o _Xr( (1)
T T = T \%, s Yr —VYr = T 7 s
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where X7 = S7/T. On the event {|77| <& Xr > 5_1} with & > 1, we have
oy |X7]
1V = Vrll = V38—

Hence, for all € > 0,

X -3 _
% > Sf/g } PRl = 4 P(Er <E7). @42)

P{|IVr — Vrll > ¢} < IP{
On the one hand, it is not hard to see that for all ¢ > 0,

1 X
lim FlogIED{l—TT| > c} = —00. 4.3)

T—o00

We recall that X7 is a Gaussian N (mr, ar (6)) random variable. Consequently, for all ¢ > 0,
. 1 2
Tlimm 72 logP{|Xr| > cT} =06c",

which immediately leads to (4.3), as ¢ < 0. By the same token, from the beginning of Section 3,
since we know that X7 is a Gaussian N (7, c7(0)) random variable. It implies that for all
¢ > O such thatc > |y|/|0],

) 1 _ 92 % 2
limsup — logP{|X7| > c} < ——(c+|=]|]) - 4.4)
T—too 1 2 0

On the other hand, we immediately deduce from Lemma 3.2 together with Gértner—Ellis’s
theorem that the sequence (X7) satisfies an LDP with speed T and good rate function

(0c + 1) .
I(c) = T ifc >0,
+00 ifc <0.

Therefore, for all ¢ > 0 such that —20c¢ < 1,

(20c + 1)2

» (4.5)

1
lim —logP{¥7 <c} =
im, 7 log P(Zr <)

Finally, it follows from the conjunction of (4.2)—(4.5) that, for all ¢ > 0 and for & > 1 large

enough,
1 ~ ~
limsup — logP{||Vr — V7| > &} < =My, (s, §),
T—+o00 T
where
(0% v\ & /26 2
My, (¢, §) =m1n<7(§ + ’5 > , g(? + 1) )

We observe that if £ goes to oo, My, (¢, &) tend to co, which is exactly what we wanted to
prove.
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We are now in the position to prove our LDP results. Our strategy is to establish an LDP for

the triplet
Xr 1 (T _, 1 (7
T X7dt, — X, dt
(ﬁ:TA ’ TA ’

and then to make use of the contraction principle [4] in order to prove Theorem 2.1 via
Lemma 4.1. The limiting cumulant generating function A of the above triplet was calculated
in Lemma 3.1. It is not difficult to check that the function A is steep on its effective domain
D, . Consequently, we deduce from Girtner—Ellis’s theorem that the above triplet satisfies an
LDP with good rate function / given by the Fenchel-Legendre transform of A,

I(A,u,6)= sup {ra+ub+3dc— Ala,b,c)}.
(a,b,c)eDp

After some straightforward calculations, we shall prove that

02— 02> O+y>+20ys  (1+2H?
+ if 6« < u,
+00 if 82 > pu.
Hereafter, it follows from the well-known Itd formula that
T 1
/ X, dX, = E(X% -1, (4.6)
0

which implies that

A I/Tdez I/Tth
T — \/T’TO t 3T0 t )

where f is the continuous function given, for all (A, u, §) € R3 such that w > 82, by

P
2(n —82)
5) =
J, e, 8) 502 — 1)
S 2u—82)

Therefore, we infer from the contraction principle, see, e.g. [4, Iheorem 4.2.1], together with
Lemma 4.1, that the sequences of random vectors (Vr) and (Vr) share the same LDP with
good rate function

I, (c,d) = inf{l(x, 1, 8) ‘ (Mo 8) € R, > 8% f(h, . 8) = (2)},

where the infimum over the empty set is equal to +oc. Finally, we obtain the rate function (2.1)
thanks to elementary calculations, which completes the proof of Theorem 2.1.
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5. Proofs of the sharp large deviations results

5.1. Proof of Theorem 2.2 (first part)

Firstly, it follows from straightforward calculations that the effective domain £, given in
Lemma 3.2 can be rewritten as

(—OO,—> iff <c<—,
2c 0 2
Dp =1 (=00, 20c=0) ifZ<c=0,
—p2
(2—C,2(C—9)> ifc > 0.
In addition, for all a € D, let p(a) = v6? + 2ac and denote
L(@) = L(a, —ac) = —3(a+ 0 + V6 + 2ac). (5.1
! (pla) —a—0)0*\  y*(a+0+¢)
H(a) = #(a —ac) = =31 - : 5.2
@ =t may = g loe < 20 @ ) 267 (5.2

The function L is not steep as the derivative of L is finite at the boundary of £ . Moreover,
L'(a) = 0if and only if a = a, with a, given by (2.5). Finally, we observe that a, € D, only
if ¢ < 6/3. We shall focus our attention on the SLDP in the easy case 6 < ¢ < 6/3. Denote by
L7 the normalized cumulant generating furlgtion of the random variable Z7 (a) = Z7(a, —ca).
We can split IP’{’G\T > ¢} into two terms, P{67 > ¢} = Ar By with

Ar = exp(T L7 (a.)), Br = Er{exp(—Zr(ac)) 1{z;(a)=01}

where 1 is the indicator function and E7 denotes the expectation after the usual change of
probability

P _ exp(z TL 53
5 exp(Zr(ac) — TLr(ac)). (6.3)

On the one hand, from Lemma 3.2, it follows that
A1 =exp(T L(ac) + H(ac))(1 + o(1)) = exp(=TIg(c) + J(c))(1 + o(1)). 54
It remains to establish an asymptotic expansion for By, which can be rewritten as
Br = Er{exp(—a.ocvTUT) Ly, =0}, (5.5)
where Ur = Z7(1)/ocN/T.

Lemma 5.1. Forall® < ¢ < 0/3, we have

1
Br = ——=(1 1)). .
T acom/m( +o(D) (5.6)

Proof. Denote by &7 the characteristic function of U7 under P7. As § < ¢ < 6/3, from
(2.5) it follows that a. > 0 and o, > 0. Moreover, (5.3) immediately implies that

Or(u) = exp(TLT (ac + %) - TLT(aC)>. (5.7)
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Firstly, from Lemma 3.3 we deduce that for large enough 7', ®7 belongs to L>(R). As soon as
1-— 2acakT > (O for all k > 1 and large enough 7', we obtain, from Lemma 3.3 and (5.7),

o] 2¢,TH2 —1/2 Ty\2
@rwp =T](1+ i) ew( -2

i 02T (1 — 2aca])? 1 —2acaf

00 20, T2 —1/2
< 1‘[(1 L e ) . 5.8)
k=1

02T (1 —2aca]l)?

For all ¢ > 0 small enough such that 1 — 2a.¢ > 0, we denote

o0
IO TRy
k=1

From Lemma 3.3, it follows that there exist some constants ¢ > 0 and > 0, depending only
on &, such that

lim inf qTT(E) > 2. (5.9)

T—o00

Hence, we infer from (5.8) and (5.9) that, for large enough T,

2.2\ —nT
7w < (1+ST“) ,

where &€ = 2¢/0.(1 + 2a.¢), which clearly ensures, whenever nT > 1, that

|D7 (u)|* < (5.10)

1+ nE2u?’

Consequently, from (5.10) it follows that, for large enough 7', ®7 belongs to L>(R). Therefore,
from Parseval’s formula, it follows that Br, given by (5.5), can be rewritten as

1 iu -1
Bp= —— 1+—> @7 ) du. (5.11)
"™ 2macoc T A%( wovt) T

However, from Lemma 3.2 we obtain, for all u € R,

. . iu u?
Tli)moo Or(u) = Th_)moo exp(TLT<aC + JC«/T> — TLT(aC)) = exp(—;) (5.12)

as L"(a;) = crf, which means that the distribution of Ur under Py converges to the standard
N (0, 1) distribution. Finally, (5.6) follows from (5.11), (5.12), and the Lebesgue dominated
convergence theorem.

Finally, (2.3) immediately follows from the conjunction of (5.4) and (5.6). The proof of
(2.4) follows exactly the same lines, the only notable point to mention being a change of sign
in Parseval’s formula.
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5.2. Proof of Theorem 2.2 (second part)

We shall now proceed to the proof of the SLDP in the more complex case ¢ > 6/3 with
¢ # 0. We can easily check that the function L, given by (5.1), is decreasing and reaches its
minimum at the right boundary point a, = 2(c — 0) of the domain D_,. Therefore, as in [1]
and [3], it is necessary to make use of a slight modification of the usual strategy of changing
the probability given in (5.3). There exists a unique ar, which belongs to the interior of D
and converges to its border a., solution of the implicit equation

1
L'(ar) + ?H/(aT) =0. (5.13)
It leads to the decomposition IE’)(@\T > ¢) = Ar By with
Ar =exp(T L7(ar)), Br = Er{exp(—=Z71(ar)) 1{z; (@r)=01}
where E7 stands for the expectation after the time-varying change of probability

dPr
P exp(Zr(ar) — T Lr(ar)). (5.14)

From (5.1), (5.2), and (5.13), we obtain
0%(c(2p(ar) — ar) + 0(6 — 3¢))
@lar)(plar) + )

where ¢(a) = /62 + 2ac and 1(a) = ¢(a) — a — 6. Consequently, from straightforward
calculations, it follows that

O*T + yHr(ar) =

’

C
lim T 2e—f)=——" 5.15
lim T(plar) +2¢ = 6) = - (5.15)
2c—6
lim T(ap —a,) = — 2= (5.16)
T—o0 3C—9
lim Tr(ar) = <=0 (5.17)
m T = . .
T—o0 ar 3¢c—0

Moreover, we can show that Ry (ar) = Rr(ar, —car) remains bounded when T goes to oo.
Hence, Lemma 3.2 together with (5.15), (5.16), and (5.17) imply that

Ar = exp(T L(ar) + H(ar))(1 + o(1)),
2¢T (2¢ — 0)3(Bc — 0)
0%(c — 0)

2 1/2
=exp(—T1ly(c) — %(26 — 9))< ) (I +o(1)). (5.18)

Moreover, the second term B7 can be rewritten as

By = Er{exp(—arTUr) Liy; >0}, (5.19)
where Ur = Z7(1)/T.
Lemma 5.2. Forc > 60/3 with ¢ # 0, we have

1
Br=———(+o(l), 5.20
T acbcT\/%( (1) (5.20)
where
b= —L'(a) = —£=0 (5.21)
‘T T 202c-0) ’
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Proof. Denote by @7 the characteristic function of Ur under P7. We infer from (5.14) that
forall u € R,

Or(u) = exp(TLT<aT + 1%) — TLT(aT)).

Moreover, from (5.15) and (5.16) we obtain for large enough 7 and for all # € R such that
lul = o(T),

iu . 03u2 u|?
exp| TL aT—i—? —TL(ar) ) = exp| —ibou — T 1+ 0 77 ) )

where acz and b, are given by (2.7) and (5.21). Consequently, as soon as |u| = o(T 2/3y,

iu . Uczuz
exp| TL| ar + 7))~ TL(ar) | = exp| —ibcu — T (1 +o0(1)) (5.22)
and the remainder o(1) is uniform. By the same token,
im exp( H(ar+ ) = Har) ! (5.23)
i X a — ) —H(a = .
700 P rTr )= JT= b

Therefore, from Lemma 3.2 together with (5.22), (5.23), and the boundedness of Ry (ar), we
obtain for all u € R such that [u| = o(T?/3),

2,2

r(u) = CD(u)exp(—UE; )(1 +o(1)), (5.24)

where ®(u) = 1//1 — 2ib.u exp(—ib.u). It means that the distribution of Uz under Py
converges to b.(£2 — 1), where £ stands for an . (0, 1) random variable. It also implies that,
for large enough T, ®7 belongs to L(R). Hereafter, we deduce from Parseval’s formula that
Br, given by (5.19), can be rewritten as

By = 1 /1+i“ 71<I>()d
' = onTar R arT T

We split Br into two terms, By = Ct + Dr, where

c ! / (1+ iu )_14> ) d
= u) du,
r 2xTar lu|<st Tar T

1 i \ 7!
Dr = / (1 + —) O7(u) du (5.25)
2nTar [ul>s7 Tar

with st = T2/3. On the one hand, from (5.25), it follows that D7 is negligible, since

Dy = _oest 5.26
r=olexp(-—=- ) )- (5.26)

On the other hand, from (5.24), it follows that for large enough 7,

o2u?
27rTaTCT=/ @(u)exp(— < )(1+0(1))du,
Jul<st 2T
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which leads, thanks to [1, Lemma 7.3], to
Tli_)moo 2nTarCr = b\c/i .
Hence, (5.26) together with (5.27) clearly imply (5.20).
Finally, we immediately deduce (2.6) from (5.18) and (5.20).
5.3. Proof of Theorem 2.2 (third part)

Now assume that ¢ = 6/3, which means that a. = ag with a9 = —46/3. There exists a
unique ar, which belongs to the interior of D and converges to its border ag, solution of the
implicit equation

(5.27)

1
L'(ar) + TH,(aT) = 0. (5.28)
From (5.1), (5.2), and (5.28), we obtain
6°c¢(ar) —ar)
p(ar)(gplar) +c)’
where ¢(a) = +/02 + 2ac and 1(a) = ¢(a) — a — 0. We obviously have

_(p(a) +c)(p(a) — 6)
2c ’

O>T +yHr(ar) =

T(a) =

which leads to
20%c*(ar — 2¢(ar))

@lar)(plar) —6)

0*T + y*)(plar) +¢)* =

After some elementary calculations, it implies that

0
lim T(p(ar) +¢)* = —=, (5.29)
T—o00 3
. 2 0
lim T(ar —ag)" = ——, (5.30)
T—o00 3
. 0
lim vTt(ar) =2,/—=. (5.31)
T— 00 3
Hereafter, we shall make use of the decomposition P{é} > ¢} = Ar B given by
Ar =exp(T Lr(ar)), Br = Er{exp(—Zr(ar)) Yz, @r)=01},
dPr
P exp(Zr(ar) — T Lr(ar)).

We shall show that Rr(ar) = Rr(ar, —car) remains bounded when T goes to co. Hence,
from Lemma 3.2 together with (5.29), (5.30), and (5.31), it follows that

2 _ 1/4
Ay = */Tiexp<_m(c> i g—g)( 93‘”) (1 4+ o(1)). (5.32)

On the other hand, Br can be rewritten as
Br = Er{exp(—ar~'TUr) Ly >0}
where Ur = Z7(1)/+/T.
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Lemma 5.3. For c = 6/3, we have

1 1 1
1 = g (-3 (3)a o 39

Proof. Via the same lines as in the proof of Lemma 5.1, we find that the characteristic
function ®7 of Ur, under Pr, belongs to L?(R). Hence, from Parseval’s formula, it follows

that
S S (S _1q> d 5.34
Br—zmﬁ/R< +arﬁ> () du (5.34)
However, from (5.29) and (5.30), we obtain
lim T<L <ar n l)—L(aﬂ) — —idgu — 092”2, (5.35)
T—o0 ﬁ 2

where 092 is given by (2.9) and dy = 0y /+/2. By the same token,

. iu 1

Therefore, from Lemma 3.2 together with (5.35), (5.36), and the boundedness of Ry (ar), we
obtain the pointwise convergence

02u2
exp(—idgu— 0 ) (5.37)

Iim ®&7(u) = o) =
T—o00 2

1
VT = 2idpu

We see that the distribution of Uz under P7 converges to oy + dg (82 — 1), where ¢ and £ are
two independent random variables sharing the same N (0, 1) distribution. Finally, from (5.34)
together with (5.37) and the Lebesgue dominated convergence theorem, we obtain

1 1 1 1
Br = m /R @ (u)du(l+o(l)) = W CXP<—Z>F<Z>(1 +o(1)),

which completes the proof of Lemma 5.3.
The proof of (2.8) immediately follows from the conjunction of (5.32) and (5.33).

5.4. Proof of Theorem 2.2 (fourth part)

Assume now that ¢ = 0. We shall obtain the leading asymptotic behavior of IP’{_@\T >0} =
IP’{X% —2Xr X7 > T}. For all « > 0, we have the decomposition ]P’{X% —2X7Xr >T} =
Ar + Br, where

Ar =P{X: —2X7Xr > T,|Xr| <a},  Br =P{X2 —2X7Xr > T, |Xr| > a}.
Firstly, if
% 2
a=|=+—=
Bl Rver

it is not hard to see that Br is negligible. We deduce from the simple upper bound Br =<
P{|X 7| > «} together with (4.4), we obtain

_ 1 30T
lim sup — log Br < 20, Br = 0<CXP<—))-
T—~+o0 T 2
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Next, we recall that the sequence (57) satisfies an LDP with good rate function Iy given by
(2.2). Consequently,

1 ~ 1 —
lim —logP{r >0} = lim — logP{X? —2X7rXr > T} =0,
Plim g logP@r 2 0) = lim 7 logPIX} —2XrXr 2 T)
which clearly implies that ]P’{XZT —2Xr X7 > T} = Ar(1 + o(1)). From now on, it remains
to establish only the leading asymptotic behavior of A7. We already saw at the beginning of
Section 3 that the random vector

CAR(IDE

Ar =/ hr () fr (x) dx.,

-

Therefore,

where hr(x) = IP’{X2 —2X7X7 > T | X7 =x}and fr is the Gaussian probability density
function of X7. Moreover, as ¢y > 0, the conditional distribution of X7 given X7 =xis
N(vr, s%) with v = m7 + by (x — ur)/cT and s% =ar — b%/cT. Furthermore, for all
x € R, hr(x) can be rewritten as

XT —Vr

YT:X}'FP{— >zr

X _
hr(x) = IP{T—”T < —yr
ST Ay

XT :x},

where y7 = (—x +/x2+ T +vr)/st and z7 = (x +~/c2 + T — vy)/s7. We can easily
check that

—a+T —mp —b el —
lim inf{y, zr} > lim inf VT —mr = brep! (@ = pr) — oo
T—+00 T

—+00 ST

From standard asymptotic analysis of Gaussian distribution tails, it follows that

: ex(yT)(1+o(1))+ 1 ex (—é)(l—i—o(l))
vz P arvam P\ 2 ’

where o(1) is uniform with respect to x. We split A7 into two terms, Ar = Ct + Dr,

_ [ )7 ! G MT)2>
r= /ﬂx o p( 2 >m eXp( ey ) ¥ o).

_ /[ ! Z% 1 (x — pr)?
br= /_a 2rN2m exP( 2 )m eXp<_ er )dx(l +o(1)).

From a careful asymptotic expansion inside the integral Ct together with the change of variables
y = —0(x +y/6)/T and Lebesgue’s dominated convergence theorem, we obtain

oT 1 +o0 )/2 y2 )/2
li V2 =20Te " Cr = — 2 — — = )dy = —+2).
o VT ¢ er m/w e""( Y+ 2) Y e"p(e + )

hr(x) =

By the same token, we also obtain

lim ~2m+/—-20Te” GTDT—exp< o +2>

T—+00

which completes the proof.
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Appendix A. Proof of Lemma 3.1.
For all (a, b, ¢) € R3, let

T T
Zr(a, b, c) =avTXr ~|—bf det+c/ X, dt.
0 0

We shall calculate the limit A of the normalized cumulant generating function A 7 of the random
variable Zr (a, b, c). Firstly, as in [6], from Girsanov’s formula associated with (1.1), it follows
that

1
Ar(a,b,c) = T log E{exp(Zr(a, b, c))},

1 T 1 T
?long,g{exp<(0—¢)/ X,dX,~|—§(2b—92+g02)/ X,zdt—ET)},
0 0

where E, 5 stands for the expectation after the change of probability

dPy s ! 1 5 2 r 2
= exp ((p—@)/ X, dX; — = (g _9)/ X;dr+¢r
dPy 0 2 0

with ér = ¢ — aﬁXT - CTYT and
ir =0y —e)TXr — (v —8)Xr + 5(y> = 8H)T.

Consequently, if we assume that > — 2b > 0 and if we choose ¢ = +/#2 —2b and § = 0,
A7 (a, b, c) reduces to

-6 —y?

1 1
Ar(a.be)="2 5 +Flong,o{exp(—EVTTJVT+U7TVT>},

where the vectors Ur and Vr are given by

UT=<aﬁ+y), VTZ(ET)’

T(c—0y)

and J is the diagonal matrix of order 2,

_(¢—0 0
(")

Under the new probability P, o, Vr is a Gaussian random vector with 0 mean and covariance
matrix I'7 (¢) given by (3.1). Denote by M7 (a, b, c) the square matrix of order 2

Mr(a.b.c) = I + JTr(g) = (1 +( —Oé’)aT(w) (@ —91)br(¢)>’

where I, stands for the identity matrix of order 2. Clearly, we have

-y
det Mr(a,b,c) =1+ (¢ — Oar(p) = 1 + ¢2_(6sz — .
¢
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which leads to
det My(a,b,c) ¢ —0

T—00 e2eT 2

(A1)

Hence, as 8 < 0 < ¢, from (A.1), it follows that for large enough T, the matrix Mt (a, b, c) is
positive definite. It is also not hard to see that, from (3.1),

TdetI'r(p) 1

Therefore, from standard Gaussian calculations, we obtain
¢ —0—y? 1 1
AT(a7 bv C) = T - ﬁ log(det MT(a’ ba C)) + ?HT(CI, b’ C), (A3)

where Hr(a, b, c) = 2_1U;'—FT((,0)MT_1 (a, b, c)Ur. On the one hand, from (A.1), we imme-
diately obtain

1
i | — 0 A4
dim —— log(det My (a, b, 0)) = ¢ (A.4)

On the other hand, we clearly have

1
Hr(a,b,c) = m(mﬁ + v)2ar(9) + 2Tdr (@) + T (c — 0y) er(9)),

where dr(¢) = (av/T + y)(c — 0y)br () and e7(¢) = c7(9) + (¢ — 0) det I'7 (¢). Conse-
quently, from (A.1) and (A.2), we obtain

lm LHr@ b o= L5 =) (AS)
im — a,b,c) = - ) .
T—oo T T 2\p—0 @2

Finally, from (A.3) together with (A.4) and (A.5), it follows that

lim Ar(a,b,¢) = —=©0+¢+77) + - @ ) L(e=0r 2
im boo)=—2 = = .
Tooo T4 eI o\e—e) 2Ty

which completes the proof.

Appendix B. Proof of Lemma 3.2.

Our goal is to establish the full asymptotic expansion for the normalized camulant generating
function L7 of the random variable Zr (a, b). Firstly, as in the proof of Lemma 3.1, from
Girsanov’s formula associated with (1.1), it follows that

1
Lr(a,b) = T log E{exp(Z7(a, b))},
1 g 1 2 2 r 2
= 71ogﬂ<:w,,;{exp((a+9—<p)/ XidX; + 52062+ )/ X dt—$T>},
0 0

where &7 = aX7 X1 + ¢7 +bT (X7)? and {7 = Oy —p8)T X7 —(y =) X7+ (y* —86)T /2.
Consequently, if we assume that > — 2b > 0 and if we choose ¢ = +/#2 —2b and § = 0,
L7 (a, b) reduces to

'L'—]/2

Lr(a,b) = 5

1 1
+ Flong,o{exp(—zVTTJTVT + yU7TVT>}
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with T = ¢ — (a + 6), where the vectors Ur and V7 are given by

1 X
o=(h) ()

and Jr is the diagonal matrix of order 2,

T a
Ir = <a 2bT> ’

In Appendix A, we saw that under the new probability P, o, V7 is Gaussian random vector
with 0 mean and covariance matrix I'7(¢) given by (3.1). Let M7 (a, b) be the square matrix
of order 2,

Mr(a.b) = I+ JrTr(o) = <l+mr(<p)+abr(¢) tbr(p) + acr () >

2bTbr(¢) +aar(p) 14+2bTcr(p) + abr(ep)

It is not hard to see that
det(M7(a, b)) =1+ 2abr(¢) + 2bTcr(¢) 4+ tar () + 2tTb — az) detI'7 ().
Hence, from (A.2), it follows that

. detMr(a,b) 62
lim =

_— = — B.1
T—o0 e2eT 2¢3 (B.1

Consequently, as soon as T > 0, from (B.1), we find that for large enough 7, the matrix
M (a, b) is positive definite. Therefore, from standard Gaussian calculations, it follows that

2 2

T — 1 _
Y _ o7 log(det Mr(a, b)) + ;/—TUTTI‘T(@MT Ya, b)Ur. (B.2)

2

It remains for us to establish asymptotic expansions for the last two terms in (B.2), which can
be achieved by straightforward but tedious calculations; see [3] for a detailed proof.

Lr(a,b) =

Appendix C. Proof of Lemma 3.3.
From (3.2) together with Itd’s formula (4.6), it follows that

ay, al  — T 7.2
zT(a’b)ZEXT_T_aXTXT+b/O X;dt —bT(X7)". (C.1)

In addition, from the beginning of Section 3, we can split X7 = Y7 +mr and Xr=Yr+ Ur.
Consequently, we have the decomposition

Zr(a,b) = Z3(a, b) + Z}(a, b) + Z3(a, b),
where Z.(a, b) = E{Z7(a, b)},

T
Za.b) = atmr - ur)¥r —amrVr+2b [ n = ¥,
0

Z%(a,b) = %(Y% —E{Y}) —a(¥rYr —E{Y7Yr) — bT((Y7)* —E{(X1)*})

+b</OT Y2 de —E{fOT Y,zdt}>.
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By using the same notations as in [9, Chapters 2 and 6], we clearly have
Z(}(a, b) e HZO:’ ZIT(a, b) € H:I:, Z%(d, b) € H:2:’

where H™" stands for the homogeneous chaos of order n. Hence, from [9, Theorem 6.2], we
obtain

Zr(a.b) =E{Zr(@. b)) + Y o (e — 1) + B e,
k=1

where () are independent standard N (0, 1) random variables. We also obtain, from [9,
Theorem 6.2],

+00
Y (BD? = E{(Z}(a. b))*). (C2)
k=1

In addition, some rough estimates tell us that the right-hand side of (C.2) is uniformly bounded
by some constant B > 0, depending only on a and b. There exists some constant ¢ (a, b) > 0
such that

E{(Z}(a, b)?} < ¢(a, b)(E(YF} + E{(Y7)*} + E(AZ)), (C3)

where

T 1 _ 1 T 1
E(¥2) =/0 PN < BT < 7/0 E(77)ds <~

T 2
E{A%}=E{(/ <mt—m>Ytdr> }
0
2 T 0T 2
14 l—e ot
==K Y, dt
FE| () (e |
2 21 T 2 2 T T
gl—/ E{Y,2}dz+L/ ee’dt/ ME(Y2) dr
0 6% Jo 0

and

04 T

-

Therefore, from (C.2) and (C.3), we obtain (3.4). It now remains for us to show that there exists
some constant A > 0 that does not depend on 7', such that |akT | < A forall Kk > 1. Since
D, is an open set and the origin belongs to the interior of D, there exists ¢ > 0 such that
{(xa,xb) € Dg/|x| < e} C Dp. For all (a, b) € Dy and for large enough T, we deduce
from Lemma 3.2 that exp(T L1 (xa, xb)) = E{exp(xZr(a, b))} is finite. It means that the
Laplace transform of Z7(a, b) is well defined on [—e¢, €]. Hence, [9, Theorem 6.2] ensures
that the characteristic function of Zr (a, b) is analytic in the strip

e C | mzl < - (max o] 1)
mz| < —{\max |« .
¢ 43 k=1 K

So for large enough 7', we obtain max |akT | < A with A = 1/2¢. Hereafter, the decomposition
of L1(xa, xb), given in Lemma 3.3, directly follows from [9, Equation (6.7), Theorem 6.2].
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Our goal is now to pass through the limit in £L7(xa, xb). If we choose x € R such that
|x] < 1/4A, we have

1 & (xl)?
lim — ﬂ < [ (C.4)
T—o0 2T P 1— 2xo¢l{ T—oo 16A2T
Moreover, from Lemma 3.2, we obtain
Tlim Lr(xa, xb) = L(xa, xb) = —%(xa + 0 4+ 6% —2xb). (C.5)
—00

Furthermore, from the properties of (X7) and (X7) given at the beginning of Section 3, it
follows that

5 )/2 1 - V2
lim E{X7} ="~ — — lim E{(X ==
Timm { T} 92 209’ Tlamoo {( T) } 92’
which clearly implies that
li IE{XZ}—O li 1/TE{X2}dr—V2 ! lim E{Xr X7} =0
Toeo T ATT =0 T T Jy e 2p” T ATATI =T
Then, from (C.1), it follows that
lim ~E(Zr(a, xb)) = — (a+ 2 (C.6)
Timw T 7(xa, xb)} = A ) .

Finally, from the decomposition of L7 (xa, xb), (C.4), (C.5), and (C.6), we obtain

I o1
TETOO 3T ;(log(l — 2xag) + 2xo ) = T /R fx(bg(y))dy, (C.7)

where the spectral density g is given by (3.3) and for all x € R such that [x| < 1/4A,

fx () = $(log(1 — 2xy) + 2xy).

Hence, from (C.7) together with the elementary Taylor expansion of the logarithm and classical
complex analysis results, it follows that, for any integer p > 2,

1 & 1
lim — = — [ (bg(y)” dy.
lim ;;(ak )= fR (bg(y))" dy
Therefore, we obtain the weak convergence (3.5) on the class of functions ¥ from the Stone—
Weierstrass theorem, which completes the proof of Lemma 3.3.
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