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Approximation via Hausdorff operators

Alberto Debernardi and Elijah Liflyand

Abstract. Truncating the Fourier transform averaged by means of a generalized Hausdorff operator,
we approximate functions and the adjoint to that Hausdorff operator of the given function. We find
estimates for the rate of approximation in various metrics in terms of the parameter of truncation
and the components of the Hausdorff operator. Explicit rates of approximation of functions and
comparison with approximate identities are given in the case of continuous functions from the class
Lip a.

1 Introduction

The classical Hausdorff operator is defined, by means of a kernel ¢, as

o(t) (x
(L 0= [0 7(5) ae
and, as is shown first in [11] (see also [17] or [13]), such an operator is bounded in
L'(R) whenever ¢ € L'(R).

In the last two decades, various problems related to Hausdorff operators have
attracted a lot of attention. The number of publications is growing considerably; to
add some of the most notable, we mention [, 8, 12, 15, 16, 18]. There are two survey
papers: [6] and [13]. In the latter, as well as in [14], numerous open problems are given.

The Hausdorff operator (1.1) is expected to have better Fourier analytic properties
than f. For example, in general, the inversion formula

&) =5 [ Fe ay

does not hold for f € L'(R); in order to “repair” this, one can consider some trans-
formation of the function f or of its Fourier transform. In relation to the Hausdorff
operator, we will consider integrals of the form

12) LoGDHme ay.
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Approximation via Hausdor(f operators 513

Here we analyze not this Hausdorff operator but a more general one, apparently
first considered in [9] (see also [10]). Given an odd function a such that |a(t)] is
decreasing, positive, and bijective on (0, 00) (so that both |a| and 1/|a| possess inverse
functions in such an interval), we define

(1.3) (FH)(x) = (Hyaf)(x) = fR<P(t)|a(t)|f(a(t)x)dt-

It is clear that (1.1) corresponds to (1.3) with a(t) = t™!, and one can easily derive
the corresponding results from the general ones. Moreover, we consider some such
particular cases as examples.

There is one more reason for considering general Hausdorft operators: they pro-
vide a proper basis for future multidimensional extensions (see, for instance, [3] and
[12], where those operators were introduced independently). Such multidimensional
operators have been extensively studied in Lebesgue and Hardy spaces. We refer the
reader to [12, 15, 16] for further details.

The consideration of these “alternative” transformations such as (1.2) requires the
development of a parallel theory to Fourier integrals. In this paper, we address three
basic issues of approximation theory applied to (generalized) Hausdorff operators.

(i)  To find the operator T such that the integrals of the type

0.4 [ GtaD e dy

approximate T f as N — oo (in the L? norm), for reasonable choices of ¢ (here
some assumptions on f and ¢ are needed in order for (ﬂ{¢,af)( ¥) to be well
defined; see the discussion at the beginning of Section 2). As we will see, the
operator T is by no means the identity operator, but the dual operator of 3,
denoted by H{*, and formally defined by the relation

[ 3trg)dx= [ f(x)30g(x) dx.

(ii)  To study the rate of convergence to J{* f of the partial integrals

N —~ .
15) | D)™ dy,

as N — oo in the L? norm, where 1 < p < oo.
(iif) To modify (1.5) in a way that allows us to to derive a method for approximating
f in the L? norm (rather than approximating J{* f, as in (i) and (ii)).

In particular, the problem of exploiting Hausdorff operators in approximation is
raised. Indeed, application of analytic results in approximation seems to be the most
convincing proof of their usefulness. This work is the first attempt to understand what
kind of approximation problems may appear in the theory of Hausdorff operators and
to solve some of them. The results obtained will open new lines in both the theory
of Hausdorft operators itself and approximation theory. The difference between
Hausdorff means and more typical multiplier (convolution) means, which comes
from the difference between dilation invariance for the former and shift invariance
for the latter, leads not only to new results but also to novelties in the methods.
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The structure of the paper is as follows. In the next section, we being with
certain preliminaries, we formulate the main results. In Section 3, we prove the main
results. Section 4 is devoted to presenting some examples of operators and their
approximation estimates. After several works on the boundedness of the Hausdorff
operators on various function spaces, this paper is the first application of Hausdorff
operators to the problems of constructive approximation. In particular, we compare
the obtained results with their traditional counterparts (approximate identities given
by convolution type operators). Finally, in Section 5, we give concluding remarks, and
in particular, we show that some regularity of the kernel ¢ is needed in order to obtain
good approximation estimates.

We denote by

w(f;8)p = sup IfC+h) = FOlerm)

the modulus of continuity in the L? norm, where 1< p<oo. If p= oo, then
w(f;0)e = w(f;0) is the usual modulus of continuity.

We will also write A< B to denote A< C-B for some constant C that does
not depend on essential quantities. The symbol A < B means that A S Band BS A
simultaneously.

2 Main Results

First of all, let us discuss some boundedness properties of the Hausdorft operator
in Lebesgue spaces, in order for H*(f) (and also the Hausdorff operator in (1.5))
to be well defined. We will always assume that f € L'(R), so that f is well defined,
and f € L=(R). On the other hand, a sufficient condition for the operator H* to be
bounded on L? (R) is

2.1) fR|(p(t)||a(t)|l/P dt < oo,

(moreover, if ¢ > 0 almost everywhere, then such a condition is also necessary; see
the recent paper [4] and also [2]). Similarly, a sufficient condition (and necessary
whenever ¢ > 0 a.e.) for the Hausdorff operator to be bounded on L? (R) is that

e 1 1
(2.2) fR|<p(t)||a(t)\/P diceo, o=l

Summarizing, for f € L'(R) n L?(R) (1< p < o0), we have f ¢ L=(R) n L™*x{2¢"}
(R) (by the usual mapping properties of the Fourier transform), and, moreover, if
condition (2.1) holds, then we have 3{* f € L?(R). Finally, by (2.2), if

(2.3) leco(t)lmaX{la(t)ll/",Ia(t)ll/z}dt< oo,

then J'C(p,afis well defined as a function from Lmax{z’P,}(R). Thus, we will always
assume that f € L'(R) n L?(R) and that (2.3) holds. For further results on bound-
edness (and also Pitt-type inequalities) of Hausdorft operators, we refer the reader
to [7].
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We give some more observations before stating our main results. It is easy to check
by substitution that

2.4 3£ = [ o )f( (t))

Moreover, since

(2.5) fR sin } ds =, te R\{0}

N

we have

26) 30 F(x) = © f(p )ff( t)s)smz’(t) ds dt.

Let us now define the partial integrals

O =2 [ 3w du

=%/:;Vngo(t)|a(t)|/Rf(s)e’i“(t)sudsdte"“xdu

-+ Lol [ =g dear

By substitution, it is easy to see that

Q7 (HaF)(x f‘/’( ff(a(t) ﬁ)sin(i(t)S) dedt,

These observations make clear that (3 Nf) is a good candidate to approximate J{* f
(informally, letting N — oo in (2.7) we obtain (2.6)). We will prove that this is actually
the case, at least in the L? setting.

Our main results concerning approximation of adjoint Hausdorff operators read
as follows.

Theorem 2.1 For1< p < oo, if f € LY(R) n L?(R) and (2.3) holds, we have
1/
15 - G0 ey < & [ lo(Ola( 7 (t)N)
Is|
Y G w(f; )p

(28) W

t)||la(t)[? dt ds,
J A O 0]

where we take the convention 1/p = 0 if p = oo, and furthermore,

2 ifp=l
Cp=14, ifl<p< oo,
2/m, ifp=oco.
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The fact that the adjoint Hausdorft operator of a function is approximated may
be unsatisfactory in principle, as one would rather approximate the function itself.
However, approximating a function instead of its adjoint Hausdorff operator is also
possible as a consequence of the following observation. For ¢ € L'(R) and a(t) asin
the introduction, one has

0
a(t)

If we denote by 7, f(x) = f(x + y) the translation of f by y € R and assume that
[z @(t)dt =1, then

130 = [Lo0)1 (505) a1=50) [ oo

Ho,alyf1(0) = f(3).

This gives a natural way of approximating f through Hausdorff operators by using
the approximant Fy (y) = (Hn7,f ) (0) = (Hn[e”*f(x)] )'(0). More precisely, we
have the following theorem.

Theorem 2.2 Assume ¢ € L'(R) and [, ¢(t)dt =1. For 1< p<oo, if f e L'(R) N
L?(R) and (2.3) holds, we have

|f—FN|u<R>st/;"P“)""(f ; N|al<t>|) “
p

Cp w(ﬁ M)P
29) T2 /R ISIN /\a-l<1/s)|s|t| lp(D]dtds,
where
(2.10) Fy(y) = (Hnt,f)(0) = (Hy[e?* f(x)])(0),  yeR,
and

c _{2/71, ifp=1,o00,

P lafn, ifl<p<oo.
Remark 2.3 In order for the right-hand sides of (2.8) and (2.9) to be finite, one
should assume that ¢ vanishes at a fast enough rate as |¢| — oo, or even more, that it

has compact support. The latter is the case for the Cesaro operator (where ¢ = y(o,1))
which we discuss in more detail in Section 4, along with other examples.

3 Proofs

First of all, we give pointwise estimates for

9 f () = (FnfY ()] and |f(x) - En(x)l,

which will be the starting points for all subsequent estimates.
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Lemma 3.1 Forany x € R,

nIC f(x) = (Hnf ) ()]

< Llowatol f ‘f(%—%)—f(ﬁ)wsdt
G fls flul(l/s>|<|t| ot )”f(m_ﬁ) f(ﬁ)vtds'

Proof  To prove (3.1), we apply rather straightforward estimates. Indeed,

nHf(x) = (HNF ) (x)]

f o0 [z -%) o (g s e
¥ )/lﬂ/u(t)( ( _) f(a(t)))sm(as(t)S) et
! [\slzl/lu(f)l (f(m ) %) _f(azct))) Sin(as(t)S) ot
< Lowaor [ (- 5) o)
+fRI?llfa-l<1/s>|<|r||(p(t)|f(ﬁ_ﬁ) f( (t))

as desired. In the last inequality we use that 1/|a| possesses an inverse on (0, oo) (and
therefore also on (-0, 0), since it is an odd function), and moreover, (1/|a|)~!(¢) =
la(1/t)]™ on (0, o).

dsdt

dtds,

Note that by (2.7),

(32)  Fn(x) = (HnTaf )(0) = f(p(t)/f( )%dsdt.

Also, by (2.5), we can write, for any ¢ € L'(R) with [ ¢(¢)dt =1,
(3.3) f& == [ [ s )S‘n"(t)s ds dt.

Lemma 3.2 Foranyx e R,

) - Pl < [loaol [ (x-5) - )

L o 0O (s ) - 0

Proof By (3.2) and (3.3), we have the equality

F) - Ex() = = [0 [ (r(x-5)-500) AU asar

dsdt

dtds.
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The proof now follows the same lines as that of Lemma 3.1, with the only difference
being that in the above integral the term, (f(x - —) f(x)) is replaced by the term

((z55-%)-(5))
in Lemma 3.1. n

We now proceed to the proofs of the main theorems.

Proof of Theorem 2.1 ~ We treat the cases 1 < p < oo and p = oo separately. For the
case p = oo, it suffices to estimate the two terms on the right-hand side of (3.1) in the
L*° norm. For the first one, we have

Llowal [ V(o= )1 (0 ) asar
< Llowaol [ o) dsa

and since w( f; 8) is nondecreasing in §, we obtain

sl 1
(3.4) fR|g0(t)a(t)A<l/la(t)lw( fi )dsdt<2f|(p 1)l ( N|a(t)|)dt

As for the second term on the right-hand side of (3.1), we have

1 X S .
J A o R P IR
i
R O ) R

ek
_[R s /|;—1(1/S)|£“‘|§0(t)|dtds,

Collecting all the estimates, we get

a3 f(x) = (Hnf Y (x)| <2 fR lp()]w (f; N|al(t)|) at

Is
w(ﬂﬁ)
+ [ 22 N7 t)| dt ds,
fR Is] |u—1(1/5>\gm|¢( )

where the right-hand side is uniform in x.
Let us now prove the case 1 < p < oo. Using (3.1), we get

1/p
(o0 - Ty o ax)

g(A([R|¢(t)a(t)|ﬁ|<l/la(t)|

p 1/p
ds dt) dx)

f(ﬁﬁ) f( <t>)
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x s Po\Up
+(/R(/Rﬁﬁ'(l/s)s|t|¢(t)|’f(m_ﬁ) f( (t)) dtds) dx) '

Note that if p =1, the factor 1 on the left-hand side can be taken to be I (in fact, such

a factor appears due to the inequality (a + b)? < 2?(af + b?), for a,b > 0 and p > 1).
On one hand, applying Minkowski’s inequality twice, we get

p 1/p
(fR(fRW)a(t)%sl/lum f(ﬁ_%) f( (t)) Mt) dx)
<[ I(p(t)a(t)l( Ji ( Lo f(%—%)— f(%) ds)pdx)l/pdt
< [ lowao) |51/|a(t)|( [ f(ﬁﬁ) f(ﬁ) de)l“’dsdt
:leq)(t)lla(t)P“/P /ssmu(m( i (x_%)_f(x)pdx)l/pdsdt

< Ola( ) [+Ve w( ,M) dsdt.
Jelolawr [ eliy)

Since w(f; &), is nondecreasing in J, we have

Llo@la@r [ a5 b) asa
p

<2 [ o(0la()0 1

)
[a(OIN ),

On the other hand, applying Minkowski’s inequality again, we obtain

([(/ R |s| ﬁz 1(1/s)s ot ”‘f(ﬁ_ﬁ)_f(a(t)) dtdS)de)l/P
1
Sfﬂ{ﬁ(/ﬂ%(fl g P Nf(ﬂ_%)_f(azct)) dt)pdx) 2
s x \|P 1/p
/|s L—l(usmq'?( )|( ( (1) N)—f(m) dx) dtds

L S le@la( [ ‘f(x—%)—f(x)de)l/pdtds

lsl
< [T e s 0Ol dt s

s
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Collecting all the estimates, we derive

%nw o (T ey < 2 fR |¢<t>||a(t>|1“’w(f; —|a(:)|N)P dt

Is|
w(f;—)pf y
+ [ — =L Hlla()]? dtds,
I O]

s

where the factor 1/2 on the left-hand side is omitted in the case where p = 1. The proof
is complete. u

Proof of Theorem 2.2  First of all, note that the case p = co follows trivially from
Theorem 2.1 and the fact that w(f; §) = w(7,f; ) for every y e R.
We now show the case 1 < p < co. By Lemma 3.2,

1/p
2 Lyor-mor )

: ”(fR( flewaol [ f(y-5)-50) dsdt)pdy)l/p
1/
+ﬂ([R(fRﬁfa1(1/s)|s|t|W)(t)"f(y_%)_f(y) dtds)pdy) p.

If p = 1, the factor 5 on the left-hand side can be omitted, similarly as in the proof
of Theorem 2.1. Now, applying Minkowski’s inequality twice, we estimate

( fR( Llewar [ Jr(v-+)- f(y)‘dsdt)pdy)l/p
< wa(t)a(tn( /R( [ \f(y—%)—f(y)\ds)de)l/pdt
< Lowaor [ (Ll(-5) -0l ) s

), (e
< [lotato) | lq/'um'w(f,N)Pd ar<2 [ Jo(e) (f,|a(t)|N)p at,

where the last inequality follows from the fact that w( f; §) , is increasing in §. On the
other hand, applying Minkowski’s inequality again, we obtain

s poo\Up
(fm(/ﬂ%léﬁl(l/wﬂ |¢(t)|‘f(y_ﬁ)_f(y)|dtds) dy)
<Je ﬁ(/ﬂ-*(fla"(l/skltl (07 (y_ %) _f(y)‘dt)pdy)l/pds
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: []R ﬁ L"(l/s)\s\t\ |¢(t)|( /]R ‘f (y— %) _f()’)|P dy)l/pdtds

s
o(fs5)
gf—Pf t)| dt ds.
I L0

Putting all the estimates together, we finally obtain (2.9). [ ]

4 Examples

We now obtain approximations of functions by means of certain specific Haus-
dorff operators. We shall give bounds for the approximation error explicitly in L?,
1 < p < o0, in each case, which will follow from Theorem 2.2.

In the first place, we consider a general Hausdorff operator under some assump-
tions on the kernel ¢ (besides the assumptions from Theorem 2.2). We suppose
without loss of generality that a(¢) > 0 for ¢ € (0, o), that ¢ is compactly supported,
say on [T, T], and ¢ € L (R) (note that the Cesaro operator, given by a(t) =1/t
and ¢ = x(o,1), satisfies these conditions). Then, on one hand,

R ) Ry A R

On the other hand,

|

Is|
o(f: %) o(f; %)
—Pf dtds—f—pf £)| dt ds
/R Is| la=1(1/s) |<\t||(P( ) R Is| \a‘l(l/s)|s|t|sT|(P( )

w(fi %)
P
<2T[ @[ 1= (r) 0sa1(fs)sT s .

=]

Now, the substitution s — 1/a(t) yields

o(fs T o(f5 -y
[ ), e
0<a~1(1/s)<T s 0 a(t)

so we conclude that for any 1 < p < oo,

|f = Enllree)

o(fs zthw
SZTlfple(R)(foTw(f;ﬁ) dt + f(f%hﬂ(tﬂdt)
4

o(fs s
§4T|<p|Lw(R)max{fOTw(f; a(tl)N) dt’foT%W(mdt},
P
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by Theorem 2.2 (recall that w(f; ) oo = w(f;9)). If, furthermore, a(t) = 1/¢, then for
1<p<oo,

If = Exlreey = Hf(x)—/R(P(f)/Rf(x—%) sir:i dsdt

(41) <47 fT w(f—tﬁ)” dt,
0

Lr(R)

(recall also that in the case p = 1, the estimate on the right-hand side can be multiplied
by the factor 1/2). To the best of our knowledge, no approach through Hausdorff
operators has been considered in approximation problems so far, and therefore even
the basic estimate (4.1) is new in this respect.

4.1 Approximation via the Cesaro Operator

The Cesaro operator C givenby a(t) = 1/tand ¢(t) = x(o,1)(t) [13,17] is the prototype
Hausdorff operator J{,, ,. In this case, its adjoint operator is

e fo)= [ fxydi= [Ty

also referred to as the Hardy operator. We have
. . 1 1 sin N(x —s/t
(Y ()= 0T = - [13 [ oSN gy

—s/t
:%folfkf(tx—%) UE gs e,

It readily follows from (4.1) that

)
)

2I~

If - Fnllor) <2f 2PN gy

ZI~

B

If = Fxlieqey <4 [

and in the case p = co, we obtain a Dini-type estimate

1w f;i
||f_FNHL°°(R) §4—/0\ gdt

Note also that for p = 1, condition (2.3) does not hold, so we have to restrict ourselves
to the case 1 < p < oco. In particular, we can conclude the following corollary.

Corollary 4.1 Let feL'(R)nLP(R) (I<p<oo) Let a(t)=1/t and ¢(t) =
Xio.11(1).
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(i) Ifl<p<ocoand ]01 @ dt < oo, then Fy converges to fin LP(R) as N — oo.
In particular,

|f—FN||LP(JR)=Hf(X)—folfRf(x—%) Sirsl%dsdt

. L
S4f1Mdt.
0 t

L (R)

(ii) Iffis continuous and fol @ dt < oo, then Fy converges uniformly to fon R as
N — oco. In particular,

If = Fnllze(r) = Hf(x)—foljﬂ;f(x—%) sir:% dsdt
£4f01@dt.

L?(R)

Remark 4.2 For(0 < g<o0,1<p<oo,and 0 <s <1, the Besov seminorm (defined
via the modulus of continuity) is

1 1/q
B;,.,OR):(fO (f_sw(f;f)p)q#) -

We refer the reader to [19, §5.2.3, Theorem 2] for the description of Besov seminorms
in terms of moduli of continuity. Note that in Corollary 4.1, the assumption that

1 ot
[w(f—t)pdt<oo, 1<p<oo,
0

is equivalent to saying that the Besov seminorm 32,1 of f is finite.

If

We shall now compare the approximation estimates from Corollary 4.1 with those
for approximate identities.

4.2 Comparison: Cesaro Operators and Approximate Identities

Since the Cesaro operator is the prototype example of Hausdorff operator, it is
instructive to compare the obtained approximations with the classical ones given by
approximate identities for convolutions. A family of functions {C, } ¢ defined on R
is called an approximate identity if

(1) sup, |Cf pi(r) < o0, and
(2) foreveryd >0,
[ |Cr(x)]dx — 0 asr — oo.
|x[>6

The following is well known [5, Theorem 3.1.6].
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Theorem A Let g € LP(R), with 1< p < oo. If {C,},0 is an approximate identity
satisfying

(4.2) f Cr(x)dx =1, r>0,
R
then

ICr * g = gllLo(r) — 0, asr —s oo,

As an example of an approximate identity satisfying (4.2), we have the family of
functions

Cr(x) =rC(rx), r>0,

where C(x) is the Fejér kernel on the real line,

1 (sin(x/2) ?
@(x) = E(—x/z ) .

From now on, we assume that the approximate identities we consider satisfy condition
(4.2).

Comparing Theorem A and Corollary 4.1, we readily see that the latter requires
further assumptions in order to guarantee L? convergence (p < c0), namely that the
seminorm | f| BY (R) 1S finite (¢f. Remark 4.2). However, when restricted to certain
classes of functions, the approximation rates become the same, or even better.

As classes of functions, we consider Lip,,a = Lip,a(R) with0 <a <1,and1< p <
oo, which consists of the functions f satisfying

W(f;8),506%  8>0.

Note that Lip « = Lip__ « is the class of usual Lipschitz- a continuous functions on R,
i.e., those satisfying

If(x) = f(y) < Clx = y|% x,yeR.

For f e Lip,a, 0 <a <1, and 1< p < oo, it is known that any approximate identity
{€,} yields the approximation rate

1
(43) He, *f—f”LP(R) S r—a, r— 00
(see [5, Corollary 3.4.4]), while for a = 1, an additional logarithm appears:
logr
(4.4) 1€ % f = fllircey S Tg F—s oo,

cf. [5, Problem 3.4.2]. Moreover, both estimates are sharp (see [5, Corollary 3.5.4] and
[5, Problem 3.4.2], respectively).

In the case of the Cesaro operator, Corollary 4.1 yields, for any 1< p < co and f €
Lip, «,

4

1w ;i 1
Hf—FNHu(mS/O @dtsN‘“[o t“'dtxN%,  N-— oo,
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while for f € Lip a,

Lt 1
w(ft’N)dtsN’“f 7 ldr < N79, N —s oo,
0

1
If = Fnllze(r) S fo

with all the estimates valid for the range 0 < & < 1. Note that these approximation
rates are the same as those for approximate identities when restricted to functions
f €Lip,awith0 < & <1(compare with (4.3)), and are actually better than their coun-
terparts in the case a = 1 (compare with (4.4)), in the sense that the extra logarithm
from (4.4) does not appear. Thus, in the case « =1, the “Hausdorff"approximation
improves the classical convolution approximations in the sense of rate of convergence.

4.3 Approximation via the Riemann-Liouville Integral

For « > 0, the Riemann-Liouville integral is defined as

Ff(x) = ﬁfoxf(t)(x— £ dt = %/Oxf(t) (1— ﬁ) dt.

A rescaled version of this operator can be easily obtained as an adjoint Haus-
dorff operator. Indeed, for a(t) =1/t and ¢, (t) = (e +1)(1—-1)*x(0,1)(t) (so that
Jr 9a(t) dt =1), we have
« * 1 « 1 1 t o
() =90 f) = [ fea-nde= [T (1) ar
=T(a)x "I f ().

Note that if we formally consider « = 0 in the definition of J%, we recover the Cesaro
operator.
Using Theorem 2.2, we approximate f(x) b

Fx(x) = (937 f )(0) = (Hn7 f ) (0)
—(1+oc)/ (1= )" ff( )Sm(“(t)s)d d;

cf. (3.2). Note that by the observation made in (4.1), we will obtain the same con-
vergence rates via the Riemann-Liouville integral as those we obtain via the Cesaro
operator. So, for continuous f, we have

lw( ;
— Fxll sf N7 gy
If = Fxllz=(m) ; ;

while for f € LP(R) with 1 < p < co (note that for p = 1 condition (2.3) does not hold,
so we have to exclude such a case), we have

ro(fiw)
If =Pl s [ ——Ldt

by Corollary 4.1 and (4.1).
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5 Final Remarks

We conclude with a couple of remarks: first, we show that one can use the same
approach to approximate the Hausdorft operator (instead of its adjoint) applied to
a function. Secondly, we show that we cannot expect any good approximations of
Hausdorft operators if the kernel ¢ does not decay fast enough at infinity.

5.1 Approximation of Non-adjoint Hausdorff Operators

One can also approximate the Hausdorff operator instead of its adjoint, if one
considers the adjoint Hausdorft averages in the approximant. More precisely, it is also
possible to approximate H f(x) by

(GG = 5= [ 3 Twe™ du

N , .
:if f(p(t)ff(s)e_”“/“(t)dsdte’”"du

sin N(x —s/a(t))
== Lot [ 5(9™2 Sy s

which, by substitution, is easily seen to equal

L [ p(ola(o) [ f(atos-=) 8 g

Since for any t # 0, one has

then
Hf(x) - (FN()
sin ﬁ
=2 [owlaeo [ (f(at0x- <)~ satrn)) =2 asar
s
A similar estimate to that of Lemma 3.2 can now be proved.

Lemma 5.1 Foranyx € R,
A f (x) = () ()]

S‘/R(p(t) f\flﬁlu(t)l ‘f(a(t)x—%)—f(a(t)x)|dsdt
" fR%ﬁblu‘l(s)\ f(a(t)x_ %) - fla())[p(e)la(r)ldeds.
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Proof  The proof is essentially the same as that of Lemma 3.2,

AEF(x) - (GG |
- foan [ (7(awx- %) Alaox) =2 dsa

sin

+fR<p(t)|a(t)|Azla(t)l (f(a(t)x—%)—f(a(t)x)) S"%')dsdt
S/D;(p(t) Alila(f)l ‘f(a(t)x—%)—f(a(t)x)‘dsdt

fla(t)x-5) - fla(t)x
+/R(P(t)|a(t)|f5|zla(t)l‘ ( : ) ( : )‘dsdt

s

< A(p(t) Aléla(f)l ‘f(a(t)x— %]) —f(a(t)x)‘dsdt
" fR % ﬁ\zm—'(sn f(a(t)x - I\il) _f(a(t)x)‘¢(t)|a(t)|dtds’

as desired. [}

By means of the pointwise estimate from Lemma 5.1, it is possible to obtain
approximation results analogous to Theorem 2.1, where the Hausdorff operator, rather
than its adjoint, is approximated. The details are essentially the same and are thus
omitted.

5.2 A Hausdorff Operator with Slowly Decaying ¢: the Bellman Operator

Let us see what happens if we try to approximate an adjoint Hausdorff operator with
slowly decaying ¢. We consider the particular example of the Bellman operator B
(which is nothing more than the adjoint Cesaro operator C*). Its adjoint B* is defined
by letting a(t) =1/t and ¢(t) = t7' y(1,00) (£) in (2.4):

It is clear that we cannot use the methods from Section 4 in order to approximate
functions, since the hypothesis ¢ € L'(R) is not satisfied in this example. What is
more, not even the basic assumption (2.3) from Theorem 2.1 is satisfied for any 1 <
p < oo. Nevertheless, we now try to use the approximation estimates from Theorem
2.1 (heuristically, since the hypotheses of Theorem 2.1 are not met) just to illustrate
their bad behaviour for functions ¢ that do not decay fast enough. As the approximant
for B*, we take

O S N (O P
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For 1< p < oo, the estimate from Theorem 2.1 yields

1B*f = (BnS o)
~ w(f;5)p o(f; 5D 1
S/l il dt+A K AISIII t1+1/pX(1,oo)(t)dtdS

o L Isl
(5.1) xfo Mds,

s

while in the case p = oo,

| B* f = (B =)
= w(f; ) o(fik) 1 .
5/1 de/H;TA ~X(1,00)(£) dt ds = o0

<t ¢

i.e., in this case we cannot guarantee any convergence on the L? norm by using our
estimates, even for well-behaved functions f. As was pointed out in Remark 2.3, this
is because in order to obtain useful estimates from Theorem 2.1, one should assume
that ¢ is of compact support, or that it decays fast enough as |{| - oo. For the adjoint
Cesaro operator, the functions ¢ has some decay, but it is not fast enough. Also note
that the estimate (5.1) is not good, as the right-hand side is infinite for nonconstant
functions.
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