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Ranks in Families of Jacobian Varieties of
Twisted Fermat Curves

Andrzej Dąbrowski and Tomasz Jędrzejak

Abstract. In this paper, we prove that the unboundedness of ranks in families of Jacobian varieties of

twisted Fermat curves is equivalent to the divergence of certain infinite series.

1 Introduction

K. Rubin and A. Silverberg showed that the unboundedness of ranks of the quadratic

twists of an elliptic curve is equivalent to the divergence of certain infinite series [6].

In this paper we prove an analogous result for the family of Jacobian varieties of

(twisted) Fermat curves C
p
m : xp + y p

= m (p fixed odd prime), where m runs

through p-th power free integers (Theorems 1 and 6).

Fix non-zero integer m ′ so that C
p
m ′(Q) 6= ∅, and choose α ∈ Q satisfying αp

=
m

m ′
. Then we have an isomorphism (defined over Q(α)) φ : C

p
m → C

p
m ′ , φ([x, y, z]) =

[x, y, αz]. This induces an isomorphism of Jacobian varieties φ : J
p
m → J

p
m ′ .

Let D
p
m ′ ∈ Div( J

p
m ′) be a fixed symmetric, positive divisor, defined over Q. Let

ĥ
p
m : J

p
m(Q) → R be the canonical height with respect to the divisor 3φ⋆D

p
m ′ . In par-

ticular, ĥ
p
m is a positive definite quadratic form on J

p
m(Q)/torsion. For non-negative

real numbers i and j define the infinite series

Tp(i, j) =

∑

m∈N(p)

|m|−i
∑

P∈ J
p
m(Q)\ J

p
m(Q)tors

ĥp
m(P)− j ,

where N(p) denotes the set of all p-th power free integers.

Our main result is the following.

Theorem 1 Fix a positive real number j. The following conditions are equivalent:

(i) rank( J
p
m(Q)) < 2 j for every p-th power free integer m,

(ii) Tp(i, j) converges for some i ≥ 1,

(iii) Tp(i, j) converges for every i ≥ 1,

(iv) Tp(i, j) converges for i = 1.
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2 Proof of Theorem 1

We start with the following general observation. If A is an abelian variety over Q and

c ∈ Pic(A), let

hmin
A,c = min

P∈A(Q)\A(Q)tors

ĥA,c(P).

Lemma 2 Suppose A is an abelian variety over Q and j is a positive real number. Let

r = rank A(Q).

(i) If r ≥ 2 j and U is a nonempty open subset of the identity component A(R)0 of

A(R), then
∑

P∈(A(Q)\A(Q)tors)∩U

ĥA,c(P)− j

diverges.

(ii) If r < 2 j, then there exists a constant C j depending only on j (and independent of

A) such that

∑

P∈A(Q)\A(Q)tors

ĥA,c(P)− j ≤ #A(Q)tors(hmin
A,c )− jC j .

Proof The proof is analogous to the proof of [6, Proposition 2.4].

Now we prove that for fixed p the order of J
p
m(Q)tors is bounded.

Lemma 3 We have # J
p
m(Q)tors ≤ cp, for certain positive constants cp.

Proof Let Cm,s(p) : y p
= x(m−x)s; note it has genus (p−1)/2 for each m. Consider

the rational maps φs : C
p
m → Cm,s(p) defined by φs(X,Y, 1) = (X p, XY s, 1) for s =

1, . . . , p−2. We also denote by φs the induced map between the corresponding Jacobi

varieties: φs : J
p
m → Jm,s(p) . We obtain an isogeny over Q

φ =

p−2
∏

s=1

φs : Jp
m →

p−2
∏

s=1

Jm,s(p),

with Ker(φ) consisting of points of order p.

We show, using the Weil-style method, that Jm,s(p)(Q)tors ⊂ Z/2pZ. First, it is

clear that #Cm,s(p)(Fln ) = ln + 1, if p 6 |ln − 1. Now

#Cm,s(p)(Fln ) = ln + 1 − (αn
1 + · · · + αn

p−1)

(with αi algebraic integers), where the polynomial P(T) =
∏p−1

i=1 (1 − αiT) has

rational integer coefficients (and leading coefficient l(p−1)/2), and satisfies P(T) =

l(p−1)/2T p−1P( 1
lT

). Assuming l is a primitive root modulo p, we easily obtain

# Jm,s(p)(Fl) = P(1) = l(p−1)/2 + 1.

Now follow the proof of [3, Lemma 1.2].
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Now we recall the lower bound for the canonical height of non-torsion points on

J
p
m(Q).

Lemma 4 Every non-torsion point P ∈ J
p
m(Q) satisfies ĥ

p
m(P) > C p log |m|, with a

positive constant C p.

Proof Silverman [7, Theorem 5] stated that, in our situation, every point P ∈ J
p
m(Q)

satisfies either (i) P = [ζ]P for some ζ ∈ µp \ {1} or (ii) ĥ
p
m(P) > C p log |m| with a

positive constant C p. Since
∏

(1 − ζ) = p, we see that every point satisfying (i) is in

J
p
m[p], the group of p-division points of J

p
m. Hence the first case does not occur.

The last preliminary result which we prove says that for any odd prime p there

exists a positive integer m(p) such that rank( J
p
m(p)(Q)) ≥ 2.

Lemma 5 We have rank( J3
19(Q)) = 2, rank( J5

33(Q)) ≥ 2, rank( J7
129(Q)) ≥ 2, and

rank( J
p
1 (Q)) ≥ 2 for p > 7.

Proof The fact that rank( J3
19(Q)) = 2 can be checked using Cremona’s program,

mwrank, or can be found in his tables [2] ( J3
19 is the curve 9747 f 2 with the minimal

Weierstrass equation y2 + y = x3 − 2437).

Now consider J5
33. All the curves C33,r(5) (r = 1, 2, 3) are hyperelliptic of genus 2.

Indeed, by substitution (x, y) 7→ (
y

32
+ 33

2
,− x

4
) in the equation of C33,1(5) and

(x, y) 7→
(

33 −
( 132

x

) 5( y

25332
−

1

2

)

,
( 132

x

) 4( y

25332
−

1

2

))

in the equation of C33,3(5) we obtain the equations y2
= x5 +5282 and y2

= x5 +1324.

Using the Riemann–Hurwitz formula we immediately obtain 2g(C33,r(5)) − 2 = 2.

Moreover, there exists a birational equivalence C33,2(5) → C33,3(5) given by

(x, y) 7→
(

33 −
y5

(33 − x)2
,

y3

33 − x

)

.

Consider the divisor D = (−8, 496) − ∞ on the above model of C33,1(5). Using

[5, Appendix] or [1], one immediately checks that 10D is not principal. Using the

proof of Lemma 3 we conclude that J33,1(5)(Q) is infinite. Similarly, J33,3(5)(Q) is

infinite: consider the divisor D = (33, 18513) −∞.

Similarly, one checks that J129,s(7)(Q) are infinite for s = 1, 5: consider the di-

visor (−8, 8128) − ∞ on the model y2
= x7 + 82562 of C129,1(7) and the divisor

(129, 139534785) −∞ on the model y2
= x7 + 5166 of C129,5(7).

The last estimate rank( J
p
1 (Q)) ≥ 2 for p > 7 follows from [3, Theorem 2.1].

Proof of Theorem 1 Fix a positive number j. Clearly, (iii) ⇒ (ii).

Now assume that Tp(i, j) converges for some i ≥ 1. In particular, for every m ∈
N(p) the inner sum

∑

P∈ J
p
m(Q)\ J

p
m(Q)tors

ĥp
m(P)− j

converges. From Lemma 2(i) we obtain rank( J
p
m(Q)) < 2 j, which shows (ii) ⇒ (i).
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Now assume that rank( J
p
m(Q)) < 2 j for every m ∈ N(p). Put hmin

m,p = hmin
J

p
m,3φ⋆D

p
m

. By

Lemma 2(ii) and Lemma 3 we have

∑

P∈ J
p
m(Q)\ J

p
m(Q)tors

ĥm(P)− j ≤ cp(hmin
m,p)− jC j .

Therefore,

Tp(i, j) ≤ cpC j

∑

m∈N(p)

|m|−i(hmin
m,p)− j .

It follows from Lemma 4 that ĥ
p
m(P) ≫ log |m|. Therefore, there exists a positive

constant C (independent of m) such that hmin
m,p ≥ C log |m|. Thus, there exists a

positive constant C ′
j such that

Tp(i, j) ≤ C ′
j

∑

m∈N(p)

|m|−i(log |m|)− j ≤ 2C ′
j

∞
∑

m=1

m−i(log(m))− j .

It follows that Tp(i, j) converges if i > 1, or if i = 1 and j > 1. But j > 1 by Lemma

5, so Tp(i, j) converges. Hence (i) ⇒ (iii). Since Tp(i, j) is decreasing as a function

of i, conditions (iii) and (iv) are equivalent.

3 The Case of Cubic Twists of the Fermat Elliptic Curve

In this section we prove a “more explicit” result for the family Em : x3 + y3
= m of

cubic twists of the Fermat curve E1 : x3 + y3
= 1 (m ∈ Z \ {0}). Note that Em has

the Weierstrass equation y2
= x3 − 432m2 (see [4, p. 52]).

It is well known (see [4, Theorem 5.3] or [8, Exercise 10.19]) that

E1(Q) = {O, (1, 0), (0, 1)}, E2(Q) = {O, (1, 1)}, Em(Q)tors = {O}

for cube-free integers m ≥ 3. Also rank(Em(Q)) ≥ 1 if and only if there exist k, l, n ∈
Z \ {0}, k 6= ±n, satisfying n3 + k3

= ml3.

For q ∈ Q \ {0}, let c(q) denote the cubefree part: q = c(q)r3. Put

Ψ = {(n, k) ∈ N × Z : (n, k) = 1, nk 6= 0, |n| 6= |k|},

and, for cubefree m, Ψm = {(n, k) ∈ Ψ : c(n3 + k3) = m}. Then, of course,

rank(Em(Q)) ≥ 1 if and only if Ψm 6= ∅.

For non-negative real numbers i and j define the infinite sum

S(i, j) =

∑

(n,k)∈Ψ

c(n3 + k3)−i max
{

log(|nk|),
2

3
log

∣

∣

∣

n3 + k3

c(n3 + k3)

∣

∣

∣

}− j

.

https://doi.org/10.4153/CMB-2010-010-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2010-010-2
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The main result of this section is the following.

Theorem 6 Fix a positive real number j. The following conditions are equivalent:

(i) rank(Em(Q)) < 2 j for every cubefree m ∈ N,

(ii) S(i, j) converges for some i ≥ 1,

(iii) S(i, j) converges for every i ≥ 1,

(iv) S(i, j) converges for i = 1.

We start with a series of preliminary results.

Lemma 7 The map

φm(n, k) =

( n

l
,

k

l

)

,

where l3m = n3 + k3, defines a bijection φm : Ψm → Em(Q) \ Em(Q)tors.

Proof The proof is an easy calculation, and left to the reader.

Consider the rational function f ∈ Q(Em) defined by f ((x, y)) = xy. Let

hxy(P) = h( f (P)) denote the corresponding (naive) height on Em(Q). For P =

( n
l
, k

l
) ∈ Em(Q), we have

hxy(P) = max
{

log(|nk|),
2

3
log

∣

∣

∣

n3 + k3

m

∣

∣

∣

}

.

Let ĥm denote the canonical height on Em(Q). Since deg( f ) = (Q(Em) : Q( f )) = 6,

we obtain

ĥm(P) =
1

6
lim

N→∞

hxy(2N P)

4N
.

Lemma 8 Let E and E ′ be elliptic curves defined over a number field K. Assume there

is an isomorphism over K: f : E → E ′. Then for any P ∈ E(K), we have ĥE(P) =

ĥE ′( f (P)).

Proof This is well known [8].

For non-negative real numbers i and j we define an additional series (cf. §1)

T(i, j) =

∑

m∈N(3)

m−i
∑

P∈Em(Q)\Em(Q)tors

ĥm(P)− j ,

where N(3) denotes the set of all cube-free positive integers.

Lemma 9 S(i, j) is convergent if and only if T(i, j) is convergent.

Proof We have

S(i, j) =

∑

(n,k)∈Ψ

c(n3 + k3)−i max
{

log(|nk|),
2

3
log

∣

∣

∣

n3 + k3

c(n3 + k3)

∣

∣

∣

}− j

=

∑

m∈N(3)

m−i
∑

(n,k)∈Ψm

max
{

log(|nk|),
2

3
log

∣

∣

∣

n3 + k3

m

∣

∣

∣

}− j

=
1

2

∑

m∈N(3)

m−i
∑

P∈Em(Q)\Em(Q)tors

hxy(P)− j ,
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where in the last step we use Lemma 7.

Let P = (a, b) ∈ Em(Q). Then P ′
= ( a

m1/3 ,
b

m1/3 ) ∈ E1(Q), and using Lemma

8, we obtain ĥm(P) = ĥ1(P ′). It follows from the known properties of heights that

|ĥ1(P) − 1
6
hxy(P)| is bounded independent of P ∈ E1(Q). Therefore there exists a

constant C > 0 (independent of P and m) such that for any P ∈ Em(Q) we have

|ĥm(P) − 1
6
hxy(P)| ≤ C .

There are only finitely many P ∈ Em(Q) satisfying 1
12

hxy(P) ≤ C . Hence for

almost all P we have 1
12

hxy(P) ≤ ĥm(P) ≤ 1
4
hxy(P), and the assertion follows.

Proof of Theorem 6 Combine Theorem 1 with Lemma 9.
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