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1. The d e n s e s t l a t t i ce pack ings of s p h e r e s in Euc l i dean 
s p a c e s E of n d i m e n s i o n s a r e known for n < 8 (for full 

n — 
r e f e r e n c e s see [6]). However , i t i s not known for any n >̂  3 
w h e t h e r t h e r e can be any n o n - l a t t i c e s p h e r e packing with dens i ty 
exceed ing tha t of the c o r r e s p o n d i n g d e n s e s t l a t t i ce p a c k i n g . 
B a r l o w 1 s d e s c r i p t i o n [ l ] of a n o n - l a t t i c e packing in E with the 

s a m e dens i ty as the d e n s e s t l a t t i ce packing s e r v e s to show tha t 
the p o s s i b i l i t y of a d e n s e r n o n - l a t t i c e packing i s not absu rd 
p r i m a f a c i e . In th is note I show that in E , a s in E , non-
l a t t i c e p a c k i n g s a r e p o s s i b l e with the s a m e dens i ty a s the d e n s e s t 
l a t t i ce p a c k i n g s . The c o n s t r u c t i o n g ives t h r e e d i s t i n c t non-
l a t t i c e a r r a n g e m e n t s , with qui te d i f fe ren t s y m m e t r y g r o u p s , the 
s y m m e t r i e s being t r a n s i t i v e on the s p h e r e s in each c a s e . A 
r e m a r k a b l e f e a t u r e is that the conf igura t ion of 40 s p h e r e s touching 
any one i s the s a m e in a l l t he se a r r a n g e m e n t s , a l though they a r e 
d i f fe ren t ove r l a r g e r r e g i o n s . 

My e a r l i e r announcemen t s [3 , p . 60; 4, p . 658] of the e x i s ­
t ence of n o n - l a t t i c e pack ings in E a r e s o m e w h a t i n a c c u r a t e , 

5 
and a r e s u p e r s e d e d and c o r r e c t e d by the p r e s e n t accoun t . 

2 . The c e n t r e s of the s p h e r e s in the d e n s e s t l a t t i ce pack ings 
in E , for n = 3, 4, 5, a r e v e r t i c e s of the honeycomb hÔ t , 

n n+1 
whose v e r t i c e s a r e a l t e r n a t e v e r t i c e s of the r e g u l a r cubic honey­
comb 6 (for nota t ion see [2]). The c e l l s of the honeycomb 

n+1 
hô a r e of two k i n d s . E a c h omi t ted v e r t e x of the cubic honey-

n+1 
comb 6 , i s the c e n t r e of a c r o s s poly tope (3 whose v e r t i c e s 

n+1 n 
a r e t hose of the cubic honeycomb ad jacen t to the omi t ted v e r t e x . 
A l t e r n a t e v e r t i c e s of each cube v of the cubic honeycomb f o r m 

*n 
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a ce l l hv c o n c e n t r i c wi th the c u b e . As t h e r e i s a c e l l hv 
' n n 

c o n c e n t r i c with e v e r y cube of the h o n e y c o m b , but the c e l l s (3 

a r e c o n c e n t r i c with the a l t e r n a t e v e r t i c e s of the h o n e y c o m b , we 
s e e tha t the c e l l s hv a r e on the a v e r a g e twice a s n u m e r o u s 

' n 
a s the c e l l s 6 

n 

F o r n = 3 we have hv = a0 , and the honeycomb i s the 
3 3 

f a m i l i a r one of t e t r a h e d r a and o c t a h e d r a . F o r n = 4 we have 
hy = (3 , and in th i s c a s e e v e r y ce l l is a (3 and the honeycomb 

i s the r e g u l a r honeycomb {3 , 3, 4 , 3} . F o r n > 4 hy i s 

only s e m i r e g u l a r . 

3 . We r e m a r k in p a s s i n g on c o o r d i n a t e s for the r e g u l a r 
honeycomb { 3 , 3, 4, 3} in E . We c o n s i d e r the following four 

s e t s of p o i n t s , n a m e l y those whose c o o r d i n a t e s a r e e i t h e r a l l 
even or a l l odd, and which have t he i r s u m e i t h e r a m u l t i p l e of 4 
or twice an odd n u m b e r , in a l l four c o m b i n a t i o n s . Then any one 
of t h e s e s e t s f o r m v e r t i c e s of a honeycomb {3 , 3, 4 , 3} , and 
the po in t s of the o the r t h r e e s e t s a r e a l l c e n t r e s of the c e l l s of 
the h o n e y c o m b . Also if a l l four s e t s of po in t s a r e t aken t o g e t h e r , 
they f o r m v e r t i c e s of ano the r honeycomb {3 , 3, 4, 3} , d i f fer -

- 1 / 2 
ently o r i en t ed and of s i z e 2 t i m e s tha t of the f o r m e r honey­
c o m b s . F r o m th is we see tha t the four s e t s of po in t s a r e a l l 
exac t ly equ iva len t and a r e c o m p l e t e l y s y m m e t r i c a l l y r e l a t e d to 
each o t h e r . T h u s , for e x a m p l e , a l l s ix p a i r s of s e t s f r o m the 
four a r e a l s o exac t ly equ iva len t , be ing m u t u a l l y t r a n s f o r m a b l e by 
s y m m e t r y o p e r a t i o n s on the s m a l l e r h o n e y c o m b . 

4 . In E I take the c o o r d i n a t e s of the v e r t i c e s of the 
5 

honeycomb h o , to be p e n t a d s (x , x , x , x , x ) of even in­

t e g e r s whose sum is a m u l t i p l e of 4; th is avo ids the s u b s e q u e n t 
i n t r o d u c t i o n of f r a c t i o n s . Then the c e n t r e s of the p c e l l s have 

5 
t he i r c o o r d i n a t e s a l l even wi th t he i r s u m twice an odd n u m b e r , 
and the c e n t r e s of the hy c e l l s have the i r c o o r d i n a t e s a l l odd 

5 
with no r e s t r i c t i o n on t h e i r s u m . 

We m a y divide the honeycomb h ô . into l a y e r s s e p a r a t e d 
6 

by f la ts x = 2m for i n t e g e r m . E a c h such f lat cu t s the 
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honeycomb h ô , in a r e g u l a r honeycomb h6 = {3 , 3 , 4 , 3} whose 
6 5 

ce l l s a r e a l l c r o s s po ly topes (3 . Any ce l l hy is contained 

exac t ly b e t w e e n two adjacent f la t s , each of which conta ins a face 
(3 of the c e l l . E a c h ce l l p i s exac t ly b i sec t ed by a f lat into 

two p - p y r a m i d s whose c o m m o n b a s e is a p of the f la t . One 

th i rd of the ce l l s p of the flat, t hose whose c e n t r e s have the i r 

c o o r d i n a t e s a l l even with the i r sum twice an odd n u m b e r , a r e 
b a s e s of p a i r s of p y r a m i d s , while two t h i r d s , those whose c e n t r e s 
have the i r l a s t four c o o r d i n a t e s al l odd, a r e f a c e s of con tac t of 
p a i r s of hy c e l l s . 

5 

5 . To f o r m n o n - l a t t i c e a r r a n g e m e n t s , we take l a y e r s as 
obtained in § 4 and fit t hem toge the r so that the p c e l l s in 

the i r bounding f la ts c o r r e s p o n d but the p ce l l s of the d i f ferent 

types identif ied in § 4 do not . Thus one th i rd of the p ce l l s in 

the f lat bounding a l a y e r , those which a r e b a s e s of p y r a m i d s in 
tha t l a y e r , a r e fi t ted on to f aces of hv ce l l s of the ad jacent 

5 
l a y e r , whi le , of the two t h i r d s which a r e f aces of hy ce l l s of 

5 
the l a y e r , half a r e fitted on to p y r a m i d s of the ad jacent l aye r and 
half on to hy c e l l s . T h e r e is a choice at e ach s t age of bui lding 

5 
up a s p a c e f i l l ing, n a m e l y to which half of the hy ce l l s of each 

5 
l aye r we fit the p y r a m i d s of the next l aye r , but the p a i r s of l a y e r s 
which m a y be so fo rmed a r e congruen t (this follows f r o m the 
equ iva lence of s e t s of c e n t r e s of p ce l l s in the packing in the 
f la t as g iven in § 3). 

T h e r e a r e , however , two different ways of fit t ing any 
t h r e e l a y e r s t o g e t h e r . At any flat, half of the hy ce l l s on one 

5 
s ide fit on to hy ce l l s on the o the r and half fit on to p y r a m i d s . 

5 
The m i d d l e of t h r e e l a y e r s m a y be of two t y p e s . E i t h e r the hy 

5 
ce l l s which fit on to p y r a m i d s on one s ide fit on to p y r a m i d s on 
the o the r , and those which fit on to hy ce l l s on one s ide fit on 

5 
to hy ce l l s on the o ther ; ca l l such a l aye r type S (Same or 

5 
S i m i l a r ) . Or each hy ce l l of the m i d d l e l aye r f i ts on to a 

5 
p y r a m i d on one s ide and a hy ce l l on the o the r ; ca l l such a 
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l a y e r type D (Different o r D i s s i m i l a r ) . Note tha t the l a y e r s 
t h e m s e l v e s a r e i den t i c a l , as a r e p a i r s of l a y e r s ; i t is not unt i l 
we c o n s i d e r a l aye r and both those ad jacen t to i t tha t any d i f f e rence 
e m e r g e s . 

T h e r e a r e t h r e e p o s s i b l e ways of s t ack ing the l a y e r s so 
tha t u n i f o r m p a c k i n g s of s p h e r e s r e s u l t . The c e n t r e s of the 
s p h e r e s l ie in the f l a t s , and the two l a y e r s m e e t i n g in e a c h f la t 
m u s t be equ iva len t to the two l a y e r s m e e t i n g in any o t h e r f l a t . 
Thus the l a y e r s m u s t be a l l of type S , or a l l of type D , or of 
types S and D a l t e r n a t e l y . We c o n s i d e r t h e s e c a s e s in t u r n . 

6. E a c h c e n t r e i s at the apex of a p a i r of p y r a m i d s , one 
in each l a y e r m e e t i n g in the f la t conta in ing the c e n t r e . If e v e r y 
l aye r i s of type S , then e a c h p y r a m i d f i ts on to a hv c e l l whose 

5 
oppos i te f ace fi ts on to ano the r p y r a m i d whose apex i s ano the r 
c e n t r e . Thus the p o s i t i o n s of the c e n t r e s r e p e a t exac t ly in e v e r y 
th i rd f la t . To a s s i g n c o o r d i n a t e s , we take the f i r s t two f la t s 
(x = 0, 2) and the l a y e r b e t w e e n f r o m the l a t t i ce pack ing ; thus 

in t h e s e two f la ts the c o o r d i n a t e s of the c e n t r e s a r e a l l even with 
t he i r s u m (including x ) a m u l t i p l e of 4 . In the th i rd flat the 

c e n t r e s have t h e i r l a s t four c o o r d i n a t e s odd. We m a y choose 
w h e t h e r t he i r s u m i s to be twice an odd or even n u m b e r ; le t us 
choose a r b i t r a r i l y to m a k e the s u m d i v i s i b l e by 4 . F r o m the 
four th f lat o n w a r d s , the l a s t four c o o r d i n a t e s r e p e a t those of the 
th i rd p r e v i o u s flat , and we have the following c o o r d i n a t e s . 

If x = 0 2 4 (mod 6) 

then x E X , = X , = X = 0 0 1 (mod 2) 
1 2 3 4 * 

and x , + x^ + x 0 + x„ = 0 2 0 (mod 4) . 
1 2 3 4 ~ 

7. If e v e r y l a y e r i s of type D , then each p y r a m i d fi ts 
on to a hv ce l l whose oppos i t e face f i ts on to a hv ce l l whose 

5 5 
oppos i t e face f i ts on to a p y r a m i d . Thus the p o s i t i o n s of the 
c e n t r e s r e p e a t exac t ly in e v e r y four th f la t . To a s s i g n c o o r d i n a t e s , 
we take the f i r s t t h r e e f la t s a s in § 6. The c e n t r e s in the four th 
f la t (x = 6) do not m a t c h t h o s e in any of thé f i r s t t h r e e f l a t s , so 

they have t h e i r l a s t four c o o r d i n a t e s odd wi th t h e i r s u m ( including 
x = 6) d iv i s ib l e by 4 . F r o m the fifth f lat o n w a r d s , the l a s t 

four c o o r d i n a t e s r e p e a t t h o s e of the fou r th p r e v i o u s f lat , and we 
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have the following c o o r d i n a t e s . 

If x = 0 2 4 6 (mod 8) 

then x , = x^ = x_ = x^ = 0 0 1 1 (mod 2) 
1 Z 3 4 

and x + x + x + x = 0 2 0 2 (mod 4) . 
1 2 3 4 " 

8. The s i tua t ion i s m o r e c o m p l e x in the th i rd c a s e . Con­
s i d e r f i r s t a p y r a m i d in a l aye r of type D . Th i s f i ts on to a 
hv in a l a y e r of type S which f i ts on to ano the r p y r a m i d . Thus 

5 
the c e n t r e s in each f lat r e p e a t exac t ly in the f la t t h r e e away on 
the s ide of the f la t on which i s the l aye r of type D bounded by i t . 
Now c o n s i d e r a p y r a m i d in a l aye r of type S . Th is f i ts on to a 
hv in a l a y e r of type D which f i ts on to a hv in a l a y e r of 

5 5 
type S which f i ts on to a hv in a l aye r of type D which f i ts 

5 
on to a p y r a m i d . Thus the c e n t r e s in each f la t r e p e a t exac t ly in 
the f lat five away on the s ide of the f la t on which i s the l aye r of 
type S bounded by i t . Since each c e n t r e i s in a f lat which i s the 
b o u n d a r y of l a y e r s one of each type, this m e a n s that , in any l ine 
of c e n t r e s p e r p e n d i c u l a r to the f l a t s , the c e n t r e s have a l t e r n a t e 
i n t e r v a l s of t h r e e and five l a y e r s . Thus if we take the f i r s t 
layer, between x = 0 and 

the following coordinates. 

If xQ 5 0 

x = 2 , to be of type D , we obtain 

2 4 6 8 10 12 14 (mod 16) 

then x s x = x = x = 0 0 1 0 1 1 0 1 (mod 2) 
1 2 3 4 

and x + x + x + x = 0 2 0 0 2 0 2 2 (mod 4) . 

9 . In each of t h e s e a r r a n g e m e n t s , as in the l a t t i ce pack ing , 
each s p h e r e touches 40 o t h e r s . Of t h e s e , 24 have t h e i r c e n t r e s 
in the s a m e flat , t he se c e n t r e s being the v e r t i c e s of a r e g u l a r 
2 4 - c e l l {3 , 4, 3} , and e ight have the i r c e n t r e s in e a c h of the 
ad jacen t f l a t s , t h e s e c e n t r e s being v e r t i c e s of the p y r a m i d s 
whose c o m m o n apex i s the c e n t r e of the c h o s e n s p h e r e . In the 
n o n - l a t t i c e a r r a n g e m e n t s , t h e s e l a s t 16 s p h e r e s a r e not r e f l e c t i o n s 
of each o ther in the c e n t r a l f lat , a s the l a y e r s w e r e fitted in § 5 to 
avoid t h i s . As a l l p a i r s of l a y e r s so fitted a r e equiva lent , the 
conf igura t ion of 40 s p h e r e s touching e a c h one i s the s a m e which­
e v e r of the t h r e e a r r a n g e m e n t s we c o n s i d e r , d e s p i t e t he i r non-
ident i ty over l a r g e r r e g i o n s . 

391 

https://doi.org/10.4153/CMB-1967-037-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-037-5


The D i r i c h l e t r e g i o n for e a c h s p h e r e , which i s the s e t of 
po in t s which a r e not c l o s e r to ano the r c e n t r e than to the c e n t r e 
of the c h o s e n s p h e r e , i s a poly tope which has one v e r t e x in e a c h 
ad jacen t flat , at the c e n t r e of the b a s e of each p y r a m i d with a p e x 
at the c h o s e n c e n t r e . As th is does not extend beyond the ad jacen t 
f l a t s , i t is the s a m e w h i c h e v e r of the t h r e e a r r a n g e m e n t s we con­
s i d e r . We thus have the r e m a r k a b l e c a s e of a convex s p a c e ­
fi l l ing po ly tope which can be used to fi l l s p a c e in d i s t i n c t d i s c r e t e 
a r r a n g e m e n t s (unl ike, say, l a y e r s of cubes which can be slid one 
on a n o t h e r ) , which have g r o u p s of s y m m e t r i e s which a r e t r a n s i t i v e 
on the po ly topes but which a r e qui te d i f fe ren t f r o m e a c h o t h e r . 

10 . A d e s c r i p t i o n of the l a t t i c e and n o n - l a t t i c e p a c k i n g s 
in E m a k e s an i n s t r u c t i v e c o m p a r i s o n . In the d e n s e s t l a t t i c e 

pack ing in E the c e n t r e s of the s p h e r e s a r e v e r t i c e s of the 

honeycomb hô of t e t r a h e d r a and o c t a h e d r a . Th i s h o n e y c o m b 

m a y be divided into l a y e r s by p l a n e s which cut it in the r e g u l a r 
t r i a n g u l a r t e s s e l l a t i o n {3 , 6} . E a c h o c t a h e d r o n i s exac t ly 
conta ined b e t w e e n two of the p l a n e s , e a c h of which con ta in s a 
face of it , and each t e t r a h e d r o n is a l so conta ined b e t w e e n two 
p l a n e s , wi th a face in one and the oppos i t e v e r t e x in the o t h e r . 
E a c h t r i a n g l e of the t e s s e l l a t i o n i s the face of c o n t a c t of a t e t r a ­
h e d r o n and an o c t a h e d r o n . 

We can m o v e the l a y e r s so tha t e ach t r i a n g l e of the t e s s e l ­
la t ion i s the face of con tac t e i t h e r of two t e t r a h e d r a or of two 
o c t a h e d r a . T h e r e i s no choice h e r e , as half of the t r i a n g l e s in the 
the p l ane bounding a l aye r a r e f a c e s of t e t r a h e d r a of the l a y e r 
and half a r e f a c e s of o c t a h e d r a of the l a y e r . In o r d e r tha t a l l 
s p h e r e s should be s u r r o u n d e d equ iva len t ly , e v e r y p l ane h a s to 
be the b o u n d a r y of two l a y e r s f i t ted t o g e t h e r in the s a m e way; 
th is spec i f i e s the n o n - l a t t i c e packing uniquely , and we s e e tha t 
i t s s y m m e t r i e s a r e t r a n s i t i v e on the s p h e r e s . 

In the l a t t i c e packing each o c t a h e d r o n f i ts on to t e t r a h e d r a 
in both ad jacen t l a y e r s , and in the un i fo rm n o n - l a t t i c e pack ing , 
each o c t a h e d r o n fi ts on to o c t a h e d r a in both ad jacen t l a y e r s . It 
is p o s s i b l e to a s s e m b l e the l a y e r s in s u c h a way tha t e a c h oc t a ­
h e d r o n f i ts on to an o c t a h e d r o n in one ad jacen t l a y e r and a t e t r a ­
h e d r o n in the o the r , in an a t t e m p t e d ana logy with the p a c k i n g s in 
E . When th i s i s done , i t i s found tha t the p a i r s of l a y e r s a r e 

not equ iva len t , a l t e r n a t e p l a n e s s e p a r a t i n g l a y e r s fi t ted as in the 
l a t t i c e and u n i f o r m n o n - l a t t i c e a r r a n g e m e n t s , and the s y m m e t r i e s 
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a r e no longer t r a n s i t i v e on a l l the s p h e r e s . This a r r a n g e m e n t 
i s one of those c o n s i d e r e d by M e l m o r e [5], in which the s p h e r e s 
a r e divided into two s e t s , whose D i r i c h l e t r e g i o n s a r e r h o m b i c 
or t r a p e z o - r h o m b i c d o d e c a h e d r a , with s y m m e t r i e s t r a n s i t i v e on 
the s p h e r e s of each s e t . T h e r e a r e s e v e r a l c o m p a r a b l e a r r a n g e ­
m e n t s in E (about 12, depending on the p r e c i s e condi t ions i m -

5 
posed ) , but t h e s e do not s e e m suff icient ly i n t e r e s t i n g to be wor th 
d i s c u s s i n g in d e t a i l . 
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