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Abstract

A stationary Poisson cylinder process in the d-dimensional Euclidean space is composed
of a stationary Poisson process of k-flats (0 < k < d—1) which are dilated by independent
and identically distributed random compact cylinder bases taken from the corresponding
(d —k)-dimensional orthogonal complement. If the second moment of the (d —k)-volume
of the typical cylinder base exists, we prove asymptotic normality of the d-volume of
the union set of Poisson cylinders that covers an expanding star-shaped domain oW
as o grows unboundedly. Due to the long-range dependencies within the union set of
cylinders, the variance of its d-volume in oW increases asymptotically proportional to
the (d + k)th power of o. To obtain the exact asymptotic behaviour of this variance, we
need a distinction between discrete and continuous directional distributions of the typical
k-flat. A corresponding central limit theorem for the surface content is stated at the end.
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1. Introduction and preliminaries

The notion of (infinitely long) cylinders is well known in integral and stochastic geometry.
They can be introduced as follows. For a space L € G(d, k) (the Grassmannian of
k-dimensional subspaces of R?), k =0, ...,d — 1, and a set B in the orthogonal complement
L1t we define a cylinder as the Minkowski sum L @ B, where L is called the direction space
and B the base of the cylinder. In the literature, convex bases B are mostly considered [11],
[14], [18], but also polyconvex bases are taken into account [19], [20], [22]. The first general
definition of cylinder processes (CPs) with polyconvex bases can be found in [22].

In this paper, the orientation of the direction space L is suppressed and the restriction on the
polyconvexity of B will be dropped, thus allowing the base to be compact. Since it is a natural
choice for the modelling of material, we consider CPs which are driven by a Poisson process,
so-called Poisson cylinder processes (PCPs).

Under the condition that the exponential moment of the (d —k)-volume of the typical cylinder
base exists, in [9] the authors derived a central limited theorem (CLT) with Berry—Esseen bounds
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and Cramér-type large deviations results implying the distributional convergence

[ENoWls —ElENoW]|s o
Jvar [EN oWl

where E is the union set of the PCP, W is star shaped (with respect to the origin o4) such
that W contains a centred ball of positive radius, and |E N oW |, denotes the volume of the
intersection of E and pW. As the first main result of this paper, we show the CLT in (1) under
minimal conditions on the typical cylinder base. Here we only require that the second moment
of the (d — k)-volume of the typical cylinder base exists. As our second main result, we derive
formulae for the asymptotic variance in formula (1) by distinguishing between discrete and
continuous directional distributions. Finally, we also present a CLT for the surface content of
the boundary 9 & of the union set of the PCP and sketch its proof.

To be precise in describing our problem, we first introduce some notation and give a
rigorous definition of a stationary PCP (which slightly differs from that in [20]). For this, let
{e1, ..., eq} denote the usual orthonormal basis of R defining the orthogonal subspaces E; =
span{eq—i+1, - .., ed} (Eo = {0}) and EkL = spanf{ey, ..., ek}, Wwhere k € {0,...,d — 1}
is fixed in what follows. It is well known that, for any given L € G(d, k), there exists
an equivalence class O € S0;/S(Qg—r x Ox) of orthogonal matrices O € R4*4 with
det(0) = 1 such that OEx = L. In other words, two matrices O, 0 e SOy, belong to Or,
if and only if OE; = OEk = L and the product 070 belongs to the set of orthogonal block
matrices S(Qy_x x Q) defined by

— N(0,1) aso — oo, (1

{(g g) : A e RUTOXUE=R g cRkxk AT = oA=1 BT = B! det(A) = det(B)}.

We identify each class O with a single representative Oy € Op which can be chosen in a
canonical (unique) way, e.g. as the lexicographically smallest element of the (compact) set O..
On the other hand, due to the fact from differential geometry that dim G(d, k) = (d —k)k, there
always exists a parametric representation of the matrices Oy over some subset of R0k In
the special cases d = 2,k = 1 and d = 3, k = 1, suitable parameterizations are

cosf  —sind sin 0y cos 6 cosfy cosbsinby
or@) =\ _. 01(01,6,) = | —cosf; sinfjcoshr, sinfysinb; |,
sinf - cosf 0 —sin 6, cos 0,

for 0 € [0, ) and (01, 62) € [0, 27) x [0, /2], respectively. In the dual case d = 3,k = 2,
the first column of Oy (61, ) must be multiplied by —1 and then interchanged with the third
column.

Once we have chosen such a canonical one-to-one correspondence between L € G(d, k) and
O € SO, such that L = OpE, we denote by S@g the family of all Oy . For the rest of this
paper, we define

SO,
S@Z: U {OLZ OLEkzL, OL:]exmin{—}}’
LeG(d.k) S(Og—r x Ox)

where lexmin denotes the lexicographically smallest element. In this way, to each random

subspace L € G(d, k) corresponds a (unique) random matrix @ (L) € S@Z. It should be
mentioned that instead of ® (L), we can take ©® (L) = O(L)S for any fixed S € S(Qy_r x Oy).
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Throughout this paper, all random elements are defined on a common probability space
[©2, F,P], and E and var (cov) respectively denote the expectation and variance (covariance)
with respect to P. In particular, let (®9, Eg) be a measurable mapping from [2, ¥, P] into the
mark space My = S@Z x Kq—k, where K4_i denotes the space of compact subsets of RA—k
equipped with the Hausdorff metric. The image measure Q4 4 := P o(®, Eo) ! acting on the
corresponding Borel product o-field 8(My x) determines the joint distribution of the (not
necessarily independent) random elements ®¢ and Ey.

Now we are in a position to introduce a stationary, independently marked Poisson process
I, 0,k = D_i>19[P.(©;,E) With intensity A and mark distribution Qg (-), i.e. IT; g, () is
a random locally finite counting measure (shift-invariant in the first component) on the Borel
subsets of R?™* x M such that the numbers IT, ¢, (B x M) are Poisson distributed with
mean A|B|g—xQa (M) for any bounded B € !B(]Rd k) (with Lebesgue measure | - |4—_z)
and M € B(My x); see [1, Chapters 2 and 6] for a standard reference on general (Poisson)
point processes. This definition implies that the numbers of atoms of the unmarked Poisson
process I, =) ;. 8p, located in disjoint subsets of R4~* are independent, and the marks
(®;, E;) associated with the atoms P; are independent and identically distributed copies of
(®9, Eo) ~ Qg and independent of ITj.

Furthermore, we need two important formulae for IT, ¢, ., with each characterising the
distribution of IT;, o, ,. The probability generating functional of I, ¢, , takes the form

(Hv(Pl,&, ul)) —eXP{ /Rd k/M (I —v(x,0,8)Qaxr(dO, S))dX} @)
d .k

i>1

for any measurable function v: R~k My« — [0, 1] such that 1 — v(-, 8, &) has bounded
support for (0, §) € My . The nth-order Campbell formula, for any n € N, reads

(Z Hf,( ,,,u,,)—x”]'[/ / £, 0,6)Qak(d6,8)dx  (3)
i Rd7 Md,k

Jin>1j=1
for nonnegative measurable functions fi, ..., f;: R~k My R!, where the sum Z* on
the left-hand side of (3) runs over all n-tuples of pairwise distinct indices iy, ..., i, > 1; see

[2, Chapters 9 and 13] or [19], [21].

Definition. For the independently marked Poisson process I1; ¢, , = ;=1 0[p,.(0;.5))] satis-
fying the above assumptions, by a stationary PCP we understand a countable family of cylinders

{i((B; + P ®E), i =1} ={0;((E + P) xR", i > 1} 4)
with  + P/ = {(x + P;,00) " : x € E;} C Ejf fori > 1, where ‘®’ denotes the Minkowski
addition in R and oy, is the null vector in R¥.

In this paper we are interested in the d-volume measure |E g, , N (-)|a of the stationary
random set

Ex.00x = JOi((Ei + P) x RY) 5)

i>1
derived from (4) and, in particular, in the asymptotic behaviour of | g, , NeWls as ¢ — oo,
where the set W € K is chosen star shaped (with respect to the origin o,4) such that B; (§w) <
W C By(1) for some Sy > 0 and the (d — k)-volume |Ep|s—i of the typical cylinder base
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FIGURE 1: Planar isotropic and spatial anisotropic PCP with one-dimensional direction space.

possesses a second moment. Here B;(r) is a closed ball in R4 with radius » > 0 centred at the
origin.

Remark 1. Inthe degenerate case k = 0 (where Eg = {04} and ® is the unit matrix) the union
set (5) coincides with the well-studied Boolean (or Poisson grain, Poisson blob, Swiss cheese)
model in RY with typical grain Eg; see, e.g. [4], [15], [16], and [21] for more information.

Remark 2. Provided that E|E¢|s—x < 00, the random union set (5) is (P-amost surely) closed
if and only if E|Eg @ Bg—k(¢)|a—k < oo for some ¢ > 0. This can be shown similarly as in the
case of Boolean models; see [6]. The necessary changes and extensions are left to the reader.
In this case we may derive from (2) with suitable v the hitting functional of E; o, ,:

P(E,0,, NC # @) = | — exp{—AE|Eo ® (—74— (O] C))la—r}

forany C € Kg; see [9], [14], [16], and [20]. Here 74— (y) denotes the projection of the vector
y€E R9 on its first d — k components. Note that even P(|Eg|s—r < 1) = 1 does in general not
imply the (P-almost surely) closedness of (5); see also [9] for a counterexample. Realisations
ford =2,k =1andd = 3, k = 1 are shown in Figure 1.

In the next section we state the announced CLT for the d-volume |E) ¢,, N oW|q and give
the exact asymptotic behaviour of its variance as ¢ — co.

2. Main results

For notational ease, we will mostly use the abbreviation E instead of &, g,,. We first
recall the fact that the probability space [2, F, P] on which the marked Poisson process
.0, = D_i=10[P.(®;,5) is defined can be chosen in such a way that the mapping
R x Q 5 (x,0) — 1z(w)(x) € {0, 1} is measurable with respect to the product o-field
B(R?Y) ® F ; see the appendix of [6]. This enables us to apply Fubini’s theorem to the stationary
random field of indicator variables 1z(x), x € R?, and implies among other things that its

https://doi.org/10.1239/aap/1370870120 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1370870120

316 e SGSA L. HEINRICH AND M. SPIESS

nth-order mixed moments (also called n-point probabilities of E)
n
pa(X1, ...y Xn) 1= E(ng(xi)) =P(x| €E,...,x, € B)
i=1

are B(R")-measurable functions of (xi, ..., x,) for any n € N and the void probabilities
pee(x1, ..., x,) =P(E N{xy,...,x,} = 9) take the explicit form

o —nd_k(®8xi>)‘ }
d—k

i=1

pEe(X1, ..., X)) = E<l_[(1 - IE(xi))) = eXP{—)\E

i=1

which follows from (2) with v(-,6,&) = 1if 0( + () x RO N {xy,...,x,} = @, and
v(-, 0, &) = 0 otherwise. Since the random fields 1z(-) and 1 — 1z (-) have the same covariance
function, it follows from (2) for n = 1, 2 together with the shift invariance and additivity of the
Lebesgue measure | - |7 that, for any xq, xp € R4,

cov(lg(x1), 15(x2)) = exp{—AE|Eo U (B — ma—k (O] (x2 — x1)))|a—k} — e~
= e M1 (exp{AE|E0 N (B — 7a—k(Og (x2 — x)))|a—k} — 1).

Here and below, let My = E] Eo|f1_ « denote the moment of order s > 0 of the (d — k)-volume
of Z¢. By multiple use of Fubini’s theorem we obtain, for any bounded B € B(RY),

var(|E N Bly)
=//COV(la(x1),ls(xz))dx1 dxz
BJB

=7 /R 1B NV(B = 0)la(exp{AEIEo N (8o — 7a—+(Og )la—4} = Ddx.  (6)

We are now in a position to formulate our main results, where we use the fact that
P(og € Ex 0,.) = El&5, 04, N IO, 11914 = 1 — exp{—AM} is just the volume fraction of the
stationary random set (5) which coincides with the intensity of the random volume measure
120 la-

Theorem 1. Let E; ¢, , be the union set (5) of a stationary PCP I, o, , with compact typical
cylinder base Eg C R4K satisfying 0 < My < oo. Furthermore, let W C R? be compact and
star shaped with respect to 04 satisfying Ba(8w) € W C B4(1) for some Sy € (0, 1]. Then

o NoWlg — 0% W|s(1 —e M
1Ex.04, N0 'j " IWla( )iw(o, 1) asg— oc. @)
VVvar([8x, 0, NeWla)

Lemma 1 of [9] shows that the variance of |E N ¢ W|; increases to oo proportional to the
(d + k)th power of o (in the sense of Hardy—Littlewood); see relation (18) below. More
precisely, there exist positive constants ¢1 and ¢, not depending on ¢ > 1 such that

d+k

c10”™ < var(18; 0, N0Wla) < c20”™*

forall o > 1. 8)

As our second main result, the following theorem provides the exact asymptotic growth rate
of the variances of the d-volume |E N oW |, in dependence of k, d, and W in the cases of purely

https://doi.org/10.1239/aap/1370870120 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1370870120

CLTs for volume and surface content of stationary Poisson cylinder processes SGSA e 317

discrete and continuous directional distributions Po(-) = Qg x((-) x Kg—k). By the (unique)
decomposition of Py(-) into a discrete and continuous part and by combining both relations
(10) and (11) below, we are able to guarantee the existence and positivity of the asymptotic

variance _
var (| S, Qd ik N QW|d)

for any distribution Q4 x (of (®g, Ep)) on B(My ) such that 0 < M, < oo.
Here, we call a distribution Py(-) discrete if it is concentrated on {§; € SO%, i € I} for some
at most countable index set / and continuous if Py({0}) = 0 for all 6 € S@Z”.

Theorem 2. Let the assumptions of Theorem 1 hold. If the marginal distribution Py(-) is
concentrated on the at most countable family {0; € SO, i € I} then

Ua%,k(W) _ e—ZAMl Zld,k(QiTW) '/Rd_k (ekf(yﬁi) —1)dy, (10)

iel

where f(y,0;) = E(|Eo N (Eo — Y)|a—«1{Oo = 6;}) fori € I and
L (0TW) = f 0TWN@OTW = (041, x) Dladx foro e SO,
Rk

On the other hand, if Py(-) is continuous, we have
07 (W) = re M E(I4 (@5 W)|EolJ_)

= Ao~ » M>(0) 141 (67 W) Po(dh), (11)
k

where M5 (0) = E(|50|§_k|®0 =0)forf e S@z.

Remark 3. Both of the different expressions (10) and (11) for the asymptotic variance 03’ W)
depend on the shape of the sampling window oW (not only on its volume) due to the long-
range dependencies of (5). The latter results from the fact (see Chapter 12.3 of [2]) that the
(nontrivial) events {Ex, g, , N Ba(e) = I}, € > 0, belong to the tail o -algebra generated by (5).
If Py is discrete then Ej ¢, , consists of unions of parallel Poisson cylinders which prevents
the stationary random set (5) from being mixing (the proof is left to the reader). This might be
the main reason for larger variances in the discrete case; see also Corollary 1 below.

We mention further that the above theorems can be extended to analogous results for
estimators of the covariance Cze(x) of the random set E¢ defined by the two-point probability
pzc(0g4, x) for any x € R?; see, e.g. [4], [20], and [21]. This is seen from the obvious relation
Czc(x) =1 —P(og € EU (E — x)) and the fact that the union E U (E — x) takes the form (5)
with typical base Zog U (Eg — nd,k(®g x)). In the same way one can treat the corresponding
estimator for the n-point probability pgc(o4, X1, ..., Xn—1).

The rest of this paper is organised as follows. In Section 3 we prove the CLT by using
the moment convergence theorems formulated in terms of cumulants, see [17], combined with
a truncation technique which allows us to approximate the union set (5) by a union set 2
of cylinders with truncated cylinder bases. In this way we make use of the estimates of the
nth-order cumulants of |E N oWy derived in [9] if M; < oo for j = 1,...,n. In Section 4
we prove formulae (10) and (11) for the asymptotic variances of |E N oW|;. Furthermore,
we show that the limit (9) always exists. In Section 5 we discuss formulae (10) and (11) for
W = B,4(1) and the isotropic case in (11). In Section 6 we formulate a bivariate CLT (with a

https://doi.org/10.1239/aap/1370870120 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1370870120

318 ¢ SGSA L. HEINRICH AND M. SPIESS

rough outline of its proof) for the joint distribution of the d-volume of E and surface content
of 08 in o(W \ W) as o — oo.
3. A CLT for a truncated Poisson cylinder process
We now introduce a truncated version (%) of the PCP (5). Let
20 = Jei(E" + P) x RY, (12)
i>1

where the second component of the typical mark (®g, Ep) in (5) is replaced by the truncated
typical grain

=) _ Bo if|Bolg—k =7, d—k)/2

N with 7 =¢p (13)

g if [Eolg—k > T,
for arbitrarily small ¢ > 0 and large enough o > 0 such that ¢ > 1 just for convenience.
Obviously, by (4) and (5), we have (M C E as well as the inclusion
g\E™ c | JOil(Ei \ " + P) x RF = B®,
i>1
where £ can be regarded as a PCP with typical mark (Zq \ E(()T), ®g). The latter relation
yields

EI(E\ E™)NoW[3 <EIE® NnoW[3 = var(E® NnoWla) + (EIE® NoW|s)>.

Next replace in (6) the bounded Borel set B by the star-shaped set o W which increases when
o does. In view of the relation {x € R?: oW N (oW — x) # @} = o(W & (—W)) C B;(20)
and the inequality ¥ — 1 < ye” for y > 0, we may write

var(|2 NoW|4) < re *Mijow|, / E|Z0 N (Eo + 74—k (O x))|4—k dx
o(We(=W))

< MW|se M1 olE / |20 N (Eo + a1 (X)) |a—k dx
B4(20)

< A[W|qe™*MiolE / / 120 N (o + y1)la—k dy1 dy2
[—20,20]% JRA—k
= A|W|qe *Mi4kE 803, 0%t forany o > 0. (14)
Replacing Eo in (14) by B \ (", we obtain
var(|E® N oW |a) < AW g exp{—AE|Eo \ B |4k }4 |0 \ EV 2 0%

< MW |44 E|E013_, 1{| Bola—k > T},

and, by E|EN By = (1 — exp{—AM1})|Blas < AM1|B]4 for any bounded B € B(R?), we
obtain the inequality

EIED NoW|a)? < W20* E|Eo \ E la—1)?

< MW 30 e (Bl Bo12_ M Bola—k > TH?.
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For
2= 2 -
M (e, t) = e “E|Bolj_ HIEola—k > T},

we have M>(e, 7) — 0 as o — oo since T = t(9) — 00 as ¢ — 00. Thus, together with
Chebyshev’s inequality, we arrive at

P(o R 1B\ EM)NoWly = &) < e %0 “TIE|(B\ ED) noW [}
< MW g@ + AW g M (e, ) Ma(e, T)
—0 asp—> o0
for any ¢ > 0. By the same arguments,
o UIEE\ ED)NoWl4 < (T TVEIE® noW)H)? > 0 asg — oo,
and, together with 2(F) C E and Minkowski’s inequality, we obtain
oI var(|E2 N gWlg) — var((|E™ NoWly)|
<o HEIED NoWH' A (var(IET noWa)'? + (var(|E N oWla)'/?)
— 0 aso — oo.

In summary, by applying Slutzky’s theorem, to prove the limit (7) in Theorem 1, it suffices
to verify the CLT

E@ NoWl|; —EIE® NoW
| oWla — EI eWla o 0.1 as 0 — 00 (15)
Vvar(JE® N oWlg)

for the truncated model () instead of 2. Note that, by standard arguments from analysis, ¢ > 0
can be chosen as the null sequence £(0) — 0 as ¢ — oo such that (o) = £(0)0?™P/? - oo
as o — oo and M»>(e(p), t(0)) — 0 as o — .

To verify (15), it remains to prove the limits cum, (|E©@) N oW)|4) — 0 as ¢ — oo for
n > 3. The nth-order cumulants cum,, (| EN B|y) can be expressed analogously to the nth-order
moment of the volume |E N Bl :

cumn(|EﬂB|d)=/ ce(xt,...,xy)d(xy,...,x,) forn=>2.
Bn

Here the nth-order mixed cumulant cg(xq, ..., x,) of the {0, 1}-valued random field {1z (x),
x € R9} is defined by

n

8 n
ce(xy, ..., xp) = mlogEexp{Zsjlg(xj)}

j:1 s1=m=s,,=0
=Y =Dk=Dr Y pa(X) - pa(Xp), (16)
k=1

X1U--UXp=X

where the inner sum runs over all partitions of X = {xi,...,x,} into pairwise disjoint,
nonempty subsets X1, ..., Xx; see [13] or [17]. The latter formula gives a representation of
the (mixed) cumulant ¢z (X) in terms of the (mixed) moment functions pz(Y), @ # Y C X,
of 1z(-). If we replace the union set E by its complement E, then cge(x1, . .., x,) turns out to
be the nth-order mixed cumulant of the random field 1 — 1z (-). By applying the very definition
of mixed cumulants, (16), we get the relationship

ce(x1, ..., x0) = (—=D"cge(x1, ..., xn),
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which in turn yields a representation of cg(x1, ..., X,) in terms of the mixed moment function
pze(Y) for nonempty subsets Y of {x1, ..., x,} given in (2).

By the invariance of cg(xy, x2, ..., x,4+1) against diagonal shifts as consequence of the
stationarity of E respectively 1z(-), we may rewrite cum, 11 (|E N Bly) as

cum,41(|E N Blg)

— (_l)n-l-l /
(Be(—B)"

generalising the variance formula (6). Since W & (—W) C By;(2) by our assumptions, it
follows that, for n > 2,

Bﬂﬁ(B —x,-)

i=1

CEC(oda-xl’ "'a-xn)d('xla "~7-xn)7
d

|cum, 1 (J1E N oWla)l SQd|W|d/ lege(oa, x1, ..o, xp)[d(xr, .oy X)) (17)
(B4(20))"
Lemma 1. Provided that My < oo, the truncated PCP (12) with T = e0@=0/2 gives the
estimates

o 2 cum, (1E NoW(g)| < & 2ca(WIWla forn =3,
where the constants c, (L) depend only on A, n, and the moments M| and M.

The proof of Lemma 1 relies essentially on the following recursive estimate shown in [9]
for a general stationary PCP (5).

Lemma 2. If M1 < oo for fixed n > 2 then
[ lezonxi G < G
(Ba(2o)"

where Cy, depends only on A,n, and the moments My, ..., M,41, and can be calculated
successively by means of the double-indexed sequence C,, , defined by Co, = 0 forn > 1
and, form > 1 andn > 1,

n—1

Cm,,_An+Z< >A Co—t4jn—j with Cpyy =4 mie™ M p,.

Here Ag = 1, Ay = 4kae*Mipp,, and, forn > 2,

n—2
n—1
An:A,,_lAlJreMM'Z( . )AjBn—j,
A J
/_
n— l M 2 J M. 1
o | A ni+ ni+
B, =4"(n — I)Z _ Z n! H n!
j=1"" ni+-+nj=n—1 i=2
ny,..nj>1

Proof of Lemma 1. We replace in Lemma 2 the typical cylinder base E¢ by the truncated
cylinder base (13) of the PCP E 2(). Hence, in B, the moments M j are replaced by the truncated
moments M - E|’"(t |d forj=2,...,n+1. Since M(t) < t/72M>, we are led to

oMy -1
B, <4 UMy 5 B2 D e ),

! nyl---n;!
J ny+-+nj=n—1 1 J
Nyeeny anI

j=1
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where |
e .
ik (AM>)/ (n—1)!
ba(h) =4y == 2
j=1 nytetnj=n—1 J

np,e.,nj>1

A simple inductive argument shows that
A, < r”fla,,()») forn > 1,

where a; (L) = A and

n—2
—1
an(A) = ap_1(Mar (1) 4 M (bn SRS (n i )aj (A)bnjm)

Jj=1

for n > 2. Finally, we put ¢y, 1(A) = Cp,p form > 1. In view of Cpy2 — Cp—12 =
Az +2A1Cp 1, it is easy to see that Cy, 0 = mAy +2A1(Cpy1 + -+ + C1,1) < et With
cm2 = max(X) +2a1 (M) (cpm,1(A) 4 - - 4+ c1,1(A)) for any m > 1. In this way we may proceed
forn =3,4,... andarriveat C, , < Ci.n ()L)r"_l foralln > 3 and m > 1, where the numbers

¢m,n (1) are defined recursively by

n—1

Cm,n()V) = Cm—l,n()\) +an(X) + Z <}J1>a/ ()‘)Cm—l-&-j,n—j ).

j=1
Thus, after inserting T = eg(d_k)/z, we find that
Cr.p0" < " ep (M) dTUTRUFD2 for p > 2,

This estimate combined with (17) and the choice of €(9) — 0 as ¢ — oo completes the proof
of Lemma 1.

4. The asymptotic variance for discrete and continuous directional distributions

We first recall the Hardy-Littlewood equivalence var(|E g, , NeWls) < 04t*as o — oo,
which means that

var(| & NoW var(|E NoW
0 < liminf “UEx 00 VW) o var(E2, 00, N QW)

0500 od+k 0 no od+k

(18)

The asymptotic relation (18) is an obvious consequence of (8) and holds under the assump-
tions of Theorem 1.
Remark 4. Equation (18) reveals that the variance of |Ey g, , N @W|4 grows with the power
loW |011+k/ 4 of the window volume which expresses long-range dependencies within the random
set (5). The same effect is observed when studying the asymptotic behaviour of the total
(d—k)-volume of all (d —k)-flats arising from the intersection of k pairwise distinct hyperplanes
of a stationary Poisson hyperplane process in B, (o) (see [10]) and oW for convex W (see [5])
as g —> 0.

The aim of this section is to prove that both of the limits in (18) coincide. For this, we
consider the cases of discrete and continuous (marginal) distributions of ®¢ separately.
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4.1. Continuous directional distribution

We first prove the second result of Theorem 2 with a continuous distribution Py of ®g,
ie.P(®g=0)=0forallg e S@Z. The inequality 0 < e* — 1 — x < x%e*/2 for x > 0 leads
to

var(|8 N gWla) — re™20 / oW N (@W = x)la E|E0 N (8o — 74—k (Og x))la—k dx
R

A

A -
= e oWl / (B |80 N (B0 — a1 (Og x))|a—r)* dx
o(Wa(—W))

IA

A2
TG Wl [ (B1200 (B0 - man(©F 0)lae d.
d(2Q)
We divide both sides of this inequality by 0?** and show in the next step that
Jo = Q_k/ (E|EoN(Eg — nd,k(®gx))|d,k)2 dx - 0 asg— oo. (19)
d(Q)

Taking an independent copy (@o, éo) of the mark (®¢, Eo) ~ Qq.k, applying Fubini’s
theorem, and substituting x = ®¢y, we may rewrite J, with the total expectation formula as

Jo=07F E( f 120 N (B — 7a—k (O X))|a—k B0 N (Eo — a1 (Of X)) |a—k dx)
Ba(0)

=0 * E(f 180N (Eo — Ta—k ) la—k| Eo N (Bo — 7a—k (Of Ooy))la—k dy)
Ba(o)

_ Q—k/ / E(/ |E0 N (Eo — a—k(Y)]a—k
sof Jsof Ba(e)

X |Z0 N (Bo — 4k (0 6y))|a—x dy

By =20, (:)0=§>

x Po(df) Py(dh).

Since Py ,is continuous and ®q and @0 are stochastically independent, it follows that
P(®9 = ©¢) = 0. Thus, it suffices to show that the inner integral disappears as ¢ — 00
for any pair (0, 0) € S@d X S(O)d with 6 # 6. For this purpose we consider the subspace

= (BTGEk) NIE; with d1men51on d1m E=:1€{0,. — 1} depending on the choice of the
dlstlnct orthogonal matrices ¢ and 6. We note that d1m E = k would imply that GTGEk Ex
and this gives 6 = ] by the very definition of S@d Furthermore, let 9 € SO, be chosen
such that £ = ¢E; and 9E; = E; (such & always exists). Now, setting y = (y1, yz) with
Y1 € R4~ and Y € R!, we can continue to estimate the above inner integral over By (o) as

ot f 120 N (B0 — Ta—t O)a—k|Eo N (Bo — ma—k @ 0y))la—i dy (20)
By (o)

<o7* f f 120 N (8o — gt O (¥1, ¥2) "N la—k
Bi(0) Y By-i(0)

X |Z0 N (Bo — gk (@600 (1, y2) " )la—k dy1 dys

* / / 120 N (B — wa—k (F (y1, 0 "))k
Bi(0) Y Ba-1(0)

x |Bo N (Eo — 141009 (y1,0) " )la—k dy1 dya,
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where we have used the facts that 6 ' 0UE; and vE; are subspaces of [E; with dimension
less than k. This means that er,k(g—r@ﬁy) =nd,k(9~T919(y1,01)) and my_x(Vy) =
wa—k (0 (y1,07)), i.e. the integrand does not depend on y,, and we can take y, = o0; and
evaluate the integral over y, € Bj (o).

Furthermore, by setting y; = (z1, z2) | with z; € R4 % and z, € R¥, we obtain the
following upper bound of (20):

0~ * Dy / / |80 N (Bo — ma—k (9 (21, 22, 01) "N a—k
Bi—i(0) JRIK
X |0 N (o — ma—x (009 (z1, 22, 00) " )a—k dz1 dza
=K / / 120 N (Bo — wa—k (¥ (21, 06) " )a—k
Bir_1(1) JRIK

x |Z0 N (Bo — 4k (000 (21, 022, 01) )|k dz1 dz2

— 0 aso — oo.

Here we have used the relations

Ta—k (B (21, 22,00) ") = a1 (@ (z1,00) ") and ||7mg_ (0709 (21, 022, 0) )| = o0

as ¢ — oo for 7o # 0—; and any z; € Rk, and k; denotes the volume of the /-dimensional
unit ball. Finally, applying the dominated convergence theorem completes the proof of (19).

Taking into account the inequality at the very beginning of this subsection we see that in the
case of continuous Py the limit (9) is obtained as follows:

)Lefz)\Ml -
d—Jrk/ loW N (W —x)la E|E0 N (Eo — 7a—1 (O X)) |d—k dx
o o(We(=W))

A‘e_z)\.Ml -
= Tdtk E(/d . /k loW N (oW — Oo(x1, x2) )lalEo N (Eo — x1)]a—k dx2 dX1)
R~ JR

-
=Ae2W1E(/ / Wn(W—G)o(ﬂ,Xz) )
Rd—k JRk Q

N Ae—”MI/ E(|B|3_; | ©® =6)
sod

k

x / 0TWN@OTW = (04—i, x) )]adx Py(dd) as o — oo.
Rk

[Eo N (Ep — x1)|a—k dx2 dX1)
d

This completes the proof of (11).

4.2. Discrete directional distribution

Let Py be a discrete distribution, i.e. its support is some finite or countably infinite set
{6; € S04, iel } of distinct matrices in SO?: for convenience, let I = N. With the notation
of Theorem 2 we have f(y,0;) = E(|Ep N (Bo — Y)la—k | ®o = 6;) Po({6;}) fori € N and
y € Rk,

To begin with, we state the elementary inequality

n n—1 n
1T N - =) Y (e = eV — De" T forxy, ..., x, > 0,
iz i=1 j=it+1

which can be verified by induction on n € N and also remains valid in the limit as n — o0.
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Applying the above inequality to the points x; = Af (nd,k(eiTx), 6;) fori € Nand x € R?,
we are led to the estimate

var(I8 N Wla) — e~ fR oW 0 @W =)l 3 (explif (a6 ), 6} — D dx

i=1

< 2% |Wlao" /B \ )Z D F a0 %), 0) f (ra—i(®] x). 0)) dx,
d (20

i=1 j=i+1
where the simple relations x; + x; + Z,fil Xp < 2AM;j foralli < jande® — 1 < x;e* have

been used.
In analogy to (19) we divide both sides of the above inequality by o4 +* and prove that

o0 o0
lp=0" /B o2 2 k@ 0. 6) [ (Tak(6]20).6) dx > 0 asg — oo
dl@) =1 j=i+1

For any ¢ > 0, there exists an integer n = n(¢) > 1 such that Z;’inH f(04—k,0;) < e and
this yields the estimate

Ba(o

o0
L=eotY [ Sl 0.0) dx
i=1

n—1 n
+oF Y > /B fra—10 %), 0) f (ra1(0] x),0;) dx. Q1)

i=1 j=i+1"Ba@

By setting x = (xq, xz)T withx; € R4 % and x, € R¥,itis easily seen that the first summand
in (21) is equal to

o0
0" / E(180 N (B — ma—k(6; (x1,x2) "Nla—1{O0 = 6;}) d(x1, x2)
i=1 B
=e0 " / E |80 N (B — Ta—k ((x1, ¥2) ")la—k d(x1, x2)
B (o)

seg*"/ / E|Z0 N (B — x1)|a—k dx1 dxa
By (o) JRI—k

= ek M>.

In order to treat the finite double sum in (21), it suffices to consider the integral
o™ f S @ai 0 x),0) f (rai(0] x), 6;) dx
Ba(o)
= Q_k/ Fa—i 6 0;9),6:) f (ra—i(y), ;) dy
Bq(0)

_ Q—k/ E(|80 N (Eo — ma—k 0, 0;y)la—k | o = 6;) Po(16;})
Bd(Q)

x E(Eo N (B — ma—kDla—k | Og = 0;) Po({0;}) dy
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for a single pair i < j. This integral can be shown to converge to 0 as ¢ — oo by repeating
the same steps carried out to show that integral (20) disappears as o — oo. Thus, the total sum
in (21) can be made arbitrarily small. This means that the existence and the explicit form of
the limit (9) in case of discrete Py is proved by finding the limit (as o — 00) of

e—ZAMl / 00
— oW N (W —x)|a Y (expirf (ma—i(6; x),6;)} — 1) dx.
o Jowew)) ; S

Making use of the monotone convergence theorem we first interchange integration and
summation and then we pass to the limit for each term of the above sums:

1
— / loW N (@W — x)la(exp{rf (ma—k (6, x), 6:)} — 1) dx
Q o(We(=W))

Lo (reaz2))
Rd—k JRK e 0
:/ / wnN <W —Qi(ﬁ,)«z) ) dXQ(eAf(x]’ei) — 1)dx;
RA—k JRK o d

—>/ |9,.Twm(9,TW—(od,k,xz)T)udxz/ () _1ydx; as o — oco.
RK RA—k

dop (e 10 — 1) dx,
d

The last step is justified by the dominated convergence theorem. This completes the proof of
(10) and thus of Theorem 2.

In general, each directional distribution P allows a unique decomposition Py = « Pdls +
(1 — )P (implying a decomposition of the mark distribution Q4 x = « les + (1 — o) QC"n
on My x) in a discrete distribution Pdls and a continuous distribution Pg°" on S(O)k Then the
limit (9) exists and admits the decomposmon

03 (W) = ot (W) + (1 — o & (W), (22)
where aj ,ih;(W) and adz,’,fon(W) are as defined in (10) and (11) with Py respectively replaced
by a P3S (in f(y, 6;)) and P,

We only sketch the crucial idea leading to (22). We split the exponential term in the
representation formula of the variance, (6), as

exp{AE|Eo N (Eg — 74—k (Og X)la—} — 1
= exp(AT ()} — 1+ exp{AT" (1)} — 1 + (exp{ATH* (1)} — D(exp{AT*"(x)} — 1),
where T95(x) and T°"(x) respectively denote the discrete and continuous parts of the
expectation term T(x) =E|Eg N (Eg — mg— k(@ x))|la—k. Now, we have to repeat the
procedures of Subsections 4.1 and 4.2 with T (x) replaced by 795 (x) and T°°"(x), respectively.
In view of the inequality

(exp{AT % (x)} — 1) (expfAT (x)} — 1) < A2e*M1 TS (x) TN (x),

the additional third term can be shown to disappear as ¢ — oo using (20).
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Corollary 1. Both cases in Theorem 2 and (22) can be combined as
o1 (W) = re M E(1y1(0g W)|Eol_p)

+e MY L0k @I W) f (@H0D 1 = Oy, 6)) dy

iel

for0 <o < 1with
£y, 0:) = BB N (Eo — Yla—k | © = 0)PF({6:)),

where Pgis(~) is concentrated on {6;, i € I}.

5. Some special cases and concluding remarks

5.1. Spherical sampling window
For W = B,4(1), (10) and (11) can be substantially simplified. This relies on the formula

2 2 K
/|Bd<1>m(Bd<1>+se1)|dsk”ds=2Kd_1// (/1 =y dyst=" ds
0 0 0

2kiegy !
_ de 1/ LKFD/2-1 () _ y@+Dh/2-1 g,
0

Mg
wkie_1’

which, together with 2w k;_1 = (k + 1)kg+1, yields

2 Yerkcta

T _ _ T _ LA
Ly (0 W)_/Rkwd(l)ﬂ(Bd(l) 04—k, x) )adx = ot Dierr’

Thus, we obtain in the discrete case

— KkKk d
03 (Ba(l)) = e~ 2 o 1)/(1:_1 Z/Rd (@ 1y dy,

and analogously in the continuous case

1
2K kekita

Oa(Ba(1) = 2eH (k + Dicpe1

5.2. The case of motion-invariant union sets £, o, ,

Another important special case arises when the stationary random set (5) is additionally
isotropic, i.e. Pp is the uniform distribution on S@i induced by the normalised Haar measure
on the Grassmannian G(d, k). If the conditional second moment M;(6) does not depend on
0 e S@Z (e.g. ®¢ and E are independent), we obtain

/ M) 18T W) Po(d6)
so?

o
= M2/ / f (W N (W = r8(04—k, ) )|a Po(d)r* 1 dr 751 (du)
Br(1) sod
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k
2 m / / WO (W = ro)|ar*=" dr 3@ (dv)
de 3By (1)

kky, / W W —x)a

= —M B ——
dkg RY flx||4—k

= Mrlr+1(W),

where J¢* (+) denotes the k-dimensional Hausdorff measure in R4 and the functional

kKk dydx
L1 (W) = / /
- dicg Jw Jw Iy — x|l9=F

is known as the (d — k)-energy of W see, e.g. [3] for a physical interpretation. If W is a convex
body, this is also called the (k + 1)th-order chord power integral of W (up to occasionally other
multiplicative constants).

5.3. Other expressions for the asymptotic variance in the case of isotropy

Applying Blaschke—Petkantschin-type formulae for convex bodies W in R? leads to the
identities (see [19, pp. 362-364])

Kk

I 1 (W) = 1

f Vi(W N ENudE) = / (Ve(W N E))? i (dE),
A, 1) A(d,k)

where Vi () denotes the kth intrinsic volume and A (d, k) is the space of affine k-flats in R4 which
carries the motion-invariant k-flat measure g satisfying uy ({E € A(d, k): ENBy(1) # @}) =
kq—k; see [19] for precise definitions and more details. By virtue of Carleman’s inequality (see
[19, Theorem 8.6.6]), we get the estimate

2 ek <|W|d)<‘”">/d

I W) < , k=1,...,d -1,
W) = e D \

for convex W in R? with equality if and only if W = B, (r). Hence, for a given volume of W,
the variance of the volume of the motion-invariant set (5) is maximal in the case of a spherical
window.

5.4. A CLT for stationary Poisson k-flat processes

If we choose Eg = By_¢(8) in (5) with small § > 0 then the approximative equation
€5, 041 NOWla = ka—k8 3 (B py N W) + 0 ass |0

can be derived for fixed ¢ > 1, where Ej p, = Ul>1 O, ({P;} x R¥) is the union set of the
Poisson k-flats given by (4) with Eg = {0o4—k}. On the other hand, since M| = k4_ 897 % and
M5(0) = (kq—r897%)? for any 6, it is immediately seen that

2
(W)
= 204 1W d i _Cait)
o“|Wlg an agl})(xd 502

regardless of whether the directional distribution Py is discrete or continuous. These arguments
can be made rigorous by the fact that J(k(E;hpO NoW) = Ziz] Fk O;({P} x RN oW)is
a stationary Poisson shot noise process on R¢~* which allows us to deduce the CLT

E|E NoWla
lim |K»Qd,k oW|

lim — T = AE(lax(©g W),

0~ O (365 (8, by NOW) — 10 W a) = N (0, AE(I41(®f W))) asg — oo (23)

fork =1,...,d — 1; see, e.g. [8]. Note that the special case k = d — 1 of (23) is a byproduct
of Theorem 4.1 of [5].
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6. A CLT for the surface content of the boundary dE) ¢, ,

It is quite natural to ask for a correspondence to Theorem 1 providing the asymptotic
normality of the total (d — 1)-dimensional Hausdorff measure of the boundary dE; g,
contained in the interior Wém Wy \0W, as ¢ — oo. In what follows we formulate a
bivariate CLT for the Jomt behaviour of the d-volume Vy  (W,) = | E;, Qax N W, |4 and surface
content Sy k(WQ) = HI"1(9E,, 0ux N W‘m) of the union set (5) in Wlnt as o — 00. We only
sketch the main idea of the proof which rehes on bounds of the mlxed cumulants (in terms
of powers of o) of Vg 1 (W,) and the d-volume Vd(‘S,z(W ) of the parallel set E; ¢,, ® Bq(5)
(at distance § > 0) in W,. Using these estimates and the truncation technique of Section 3
combined with Slutzky s theorem, we are able to approximate Sy x (W, ) by the scaled volume
difference 6~ 1(Vd  (Wo) — Va i (Wp)); see below for more precise arguments. To realise this
approach, we assume that W € X is convex with o € W™. Furthermore, we require
that the typical cylinder base Eg € K4—i is additionally convex (P-almost surely) such that
M; > 0 and E(H? % (8¢ @ By—i(8)))? < oo for some 8§ > 0. These conditions ensure that
1,04, N W, belongs (P-almost surely) to the convex ring of R?, see Remark 2, as well as
M; < c0and 0 < § < oo, where S, denotes the moment of order p > 0 of the surface
content F¢4—k=1 (0E80) of the boundary d Eg. Furthermore, we define a nonnegative definite,
symmetric matrix

ol (W) Tax(W)
Sax(W) = &k ’ 24
d.k (W) <Td,k(W) w;,k(W)> (24)
by (9) and the limits
’ _ var(Sq k(Wy)) e cov(Sq k(Wo), de(Wg))
wd,k(W)—g_)wT and Td,k(W)—Qll)oo s

which always exist.

Theorem 3. Under the conditions imposed on W and E at the beginning of Section 6, the joint
distribution of Vq x(W,) and Sy x(W,) is asymptotically normal as ¢ — 00. More precisely,
the CLT

1 (1 _ a—AM

a7 <V§de¥Vv§)) e, ;QW'VVT"’) % Na(02, Zax(W)) ase o0 (29)
holds, where N2(02, 24.1(W)) denotes a two-dimensional mean zero Gaussian vector with
covariance matrix (24). If the directional distribution Po(-) = P(®¢ € () is either discrete
with atoms {6;, i € I} or continuous, then o g k(W) coincides with (10) and (11), respectively.
With the additional notation g(y, 0) = E(#**~1(380) N (Eg + y)1{Og = 6)}), the other two
entries of (24) can be expressed by

ta k(W) = xe M E[1; (O] W)|Eola—i (H 13 E0) — AS11Eola—)],
wg (W) = re M E[1; (O W)(H* 1 (380) — 1811 Bola—r)’],
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if Po(+) is continuous, i.e. Po({0}) = 0 forall 0 € S04, and

T4 k(W) = re” MM Zldk(eTW)/ [ % (g(z,6;) — S1) + Si]dz,

iel
a)é’k(W) = re M

x Zld,kw?vv)(E(l{@o o) [ [ et piiian)
Eo JOEg

iel

x Jed—k=1 (dz1)>

+ A / ) k[e*f @00 (81 — g(z,0))(S1 — g(—z,6) — ST dz)
i

for a discrete directional distribution Po(-) concentrated on {6;, i € I}.

Remark 5. It seems that the above conditions needed just for our proving technique can be
relaxed. In particular, our variance formulae apparently reveal that the polyconvexity of Eg
(P-almost surely in RY%) and 0 < M>, S» < oo are sufficient for (25) to hold. According to
Remark 1, Theorem 3 includes the stationary Boolean model in R? with typical compact and
convex grain Eg as a special case k = 0 with discrete Py(-) concentrated on the unit matrix E.
Since Id,o(ETW) = |W|y4, it is easy to see that the scaled matrix |W|;12d,o(W) does not
depend on W and coincides with the corresponding asymptotic covariance matrix obtained in
Theorem 4.3 of [15] and Corollary 7.1 of [7].

Sketch of the proof of Theorem 3. The first step to prove (25) makes use of the fact that
Eir.04r ® Ba(8) = Ui~ ©:i((E; ® By—x(8) + P;) x R¥). This identity is rapidly seen from
(5), see also [12], and it enables us to regard E 2,04 ® Ba(e) as aunion set of Poisson cylinders
(4) with typical cylinder base Eg ® By—i (8) instead of Eg. This places us in a position to extend
the recursive estimation method developed in [9] for higher-order cumulants of Vy x (W,) to the
mixed higher-order cumulants of the vector (Vflz (W), Vak (WQ))T, which leads—in analogy
to (17) and Lemma 2—to the estimate

|cum,,+1(a1Vd(6,2(WQ) +arVa (W)l < |W|d9d+k”C* for any a;, as € R!,

where CT, depends on the integer n > 1, A, a1, a2, and the moments M; = E | u0| 4 and
M( = E|u() @ By— k(5)|d for j =1,...,n+ 1. In the second step we again apply the
truncatlon technique of Section 3 (with a truncated version of the cylinder base E¢ & Bg—x(5)),
yleldmg a counterpart of Lemma 1 (provided that M, 0 - oo) for the linear combination
a1Vd (Wg) + a2 Va k(Wy), where both E; ¢,, and E; ¢,, ® Ba(8) are replaced by the
correspondmg unions of the truncated Poisson cylinders. Thus, for any fixed § > 0 such
that M2 < 00, we may state the univariate CLT

1 s oy ® _
Q(d+k)/2(a1<v(£<wg)—<1 — e MM Wola) + ax(Va e (Wo) — (1 — e M)W, 14)

2 N, lim o~ var(a; V) (W,) + azsVax (W,))) as o — o0
0—00 ’

forall (aj, az) T # 0y, where the asymptotic variance in the last line can be calculated explicitly.
In the third step we put a = by — aj and a; = by /$§ for any (b, b)) # 03, and show that

lim lim o=@ var(6~' (V) (Wo) — Vax(Wg)) — Sar (W) = 0. (26)

§—>00—>00
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This requires determining the limits (as ¢ — o00) of the ratios Q_(d+k) var(Vd(fS,z(WQ))
and 0~“t0 var(S, 1 (W,)), as well as of the ratios o~“+k) COV(Vd(?]z(WQ), Sa,k(Wy)) and

Q’(‘”k) cov(Vf,z(WQ), Vak(Wp)). These calculations are rather lengthy and repeatedly use
the Campbell—Mecke formula combined with Slivnyak’s theorem; see [2, Chapter 13]. Finally,
we apply Steiner’s formula, see [19], to the parallel set E¢ & By—x(8) in order to get the second
limit as § — 0. From (26) and the above CL]T, it follows with Slutzky’s theorem that

! - -
g 0151k (Wo) = 1Sie MMWola) + ba(Va e (Wo) — (1 — ™M) W)

> N (0, B3a? (W) + 2b1b2tg k(W) + b30] (W) as o — 00

forall (b, 172)T # 03. Due to the Cramér—Wold theorem, the latter univariate CLT is equivalent
to Theorem 3.

Remark 6. It seems to be possible to shorten the proof of (25) by using some estimates of the
ratio 81 (V) (W,) — Va.x(W,)) obtained in [12] for grain-germ models.
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