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USING ROLLE'S THEOREM IN EXPONENTIAL 
FUNCTION-DERIVATIVE APPROXIMATION 

BY 

L. KEENER(1> 

1. Introduction. For a continuously differentiable function g defined on an 
interval [a, /?], define ||g|| to be the uniform norm of g, i.e. ||gll=supxe[a.0]|g(*)|. 
Define \\g\\l9 by ||'g||i=max{||g||, \\g'\\}. We call the norm ||-||x the function-derivative 
norm. Using the notation of Werner [3], we define for n > 1 : 

K = ly(x) | y(x) = 2 ci exp(A^), Xs real, cs > OJ 

K = \y(x) | y(x) = 2 c ; exp(A^x), A,- real, c, reall 

£*» = \y(x) | X*) = 2 PiWexp(A^), A, real, 

p ; = a polynomial of degree dpj with real coefficients and k = 

2li(^+i)<«} 
k is called the degree of the function y. Since E^En, and E„<^En, this definition 
also applies to elements of these sets. 

In the succeeding sections, we will find, by a simple application of Rolle's 
theorem, a sufficient condition for y e E„ or EQ

n or En to be a best approximation to 
a given continuously differentiable / , using the function-derivative norm. The 
following lemma is useful [2]. 

LEMMA. Every y e En, E°n or E% has at most n—1 zeros or else vanishes identically, 

2. L e t / a n d F b e continuously differentiable functions on [a, /?] and let s(x)= 
f(x)—F(x). Let Zbe a finite set of points {xj£L0 such that a < x 0 < x x < . . . <xm< /?, 

K**)l = IIJF—/Id for /=0 , 1, . . . , m and such that s(xi)= —e(xi+1) for j = 0 , 1 , . . . , 
m—1. Similarly, let Fbe a set of points {7JL0 such that a<jp 0 <j 1 < . . . <ys<p, 
\s'(yù\ = WF-fWJfoT i = 0 , 1 , . . . , J and such that «'(y<)= -«'(jVu) for i = 0 , 1 , . . . , 
5:—1. Let J? be a subset of X U {a, /3} that contains at least two elements, where 
JT={Jc,}L0 and x0<xx< . . . <xv. Define i^(F, X, JP, Y) by 

*<(F, X, Jf, Y) = max{card{y e 7 : j e [xi9 xi+1]}-l 

--max{card{x e X : x G [xi9 xi+1]}—Vi—ui9 0}, 0} 

(*) The author is thankful to the referee for his helpful suggestions. 
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where 
(0 if 3* e X such that x > xM 

(1 otherwise 

[0 if 3* e X such that x < xf 

[1 otherwise. 

Define T(F, X, X, Y)=%ZÎ Ri(F, X, X, 7 ) + m a x { m - l , 0}. With these defini­
tions we may state : 

THEOREM. Let F e E°n, En or E„ with degree k. If there are X, X, Y such that 
T(F, X, X, Y)>k+n, then F is a best approximation to fin norm \\'\\v 

Proof. Fix X, X and Y so that T(F, X, X, Y)>k+n, assuming card X>2. 
Suppose F is not a best approximation. Since X contains ra+1 points, then 
standard arguments show that the graph of a better approximation F* would have 
to intersect the graph of F a t at least m points. That is F— F * = 0 at least m times 
on [a, j8]. By Rolle's Theorem, there are m — 1 points in [a, /?] where F'—(F*)'=0. 
Call this set of points Z. Now i^CF, X, X, Y) represents a lower bound for the 
number of zeros of F'—(F*)' on [xi9 xi+1] that are not in Z (via the intermediate 
value theorem.) Thus T(F, X, X, Y) represents a lower bound on the number of 
zeros of F'—(F*Y on [a, /?]. But F'—{F*)' clearly has degree less than or equal to 
n+k, so F ' - ( F * ) ' = 0 at at most k+n-l points by the Lemma. But T(F, X, 2, Y) 
>k+n—1, a contradiction, so F i s a best function-derivative approximation t o / . 
If card X<2, the proof is similar. 

This theorem is useful in constructing an example of a function and a best 
function-derivative approximation to it. 

3. EXAMPLE. Consider the following function defined on [0,7T+12]. 

((1/2) sin 2x for 0 < x < TT 
h{x) = " ~~ 

(g(x)forTr < x < 7 r + 1 2 

where g(x) is any function defined on [TT, TT+ 12] with the following properties. 

1. g is differentiable on [IT, 7T+12]. 
2. \g'(x)\<\ for x e (*,*•+12], g'(if)=l. 
3. ?(7T + 2)=l,g(7r + 6)=- l ,^ (7r+10)=l ,^ (77) = 0. 
4. \g(x)\<l if JC^TT+2, 7T+6 or TT+10. 

Let m(x)=h(x)+exp(x). Then F(x)=exp(x) is the best approximation to m(x) 
from El, in norm ||-||j.. This can be shown as follows: First note that e(x)=m(x)— 
F(x)=h(x). Take X={n+2, TT+6, TT+10}. Then m=2. Note that ||e(*)lli=l. 
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Take X={0, TT+2} and take 7={0, TT/2, TT}. Then 

T(F9 X92, 7)=2~l+max{card{j e 7 : J G [0, TT+2]} 

- l -max{card{xGX:xG [0, T T + 2 ] } - 1 , 0}, 0} 

= l+max{2-max{0, 0}, 0} = 3. 

Since n=2 and k=l, T(F, X, X, Y)>n+k, so by the theorem exp(jc) is a best 
approximation to m(x) from E\. 

4. The example given above is not a degenerate example. That is, exp(x) is not 
a best uniform approximation to m(x) from E°n and d(exp(x))/rfx=exp(x) is not a 
best uniform approximation to m'(x) from (E^y = {y':y EE^)}. This is shown in 

The theorem, while stated for approximation by exponential sums can obviously 
be generalized. Exponential sums offer a convenient example of the application 
of the idea of the theorem to non-linear approximation. It is also possible (but 
notationally discouraging) to extend the theorem to the norm ||-||r, defined by 

||g||r = max{||g!|, 11/11,..., Hg^ll}. 
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