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ON THE STRUCTURE OF THE IDELE GROUP
OF AN ALGEBRAIC NUMBER FIELD

KATSUYA MIYAKE

The purpose of this paper is to present the results of E. Artin and
Furtwingler, with which they proved the principal ideal theorem, as a
structure theorem of the idele group of an algebraic number field. Such
treatment may be helpful to clarify the Arithmetic nature these results
possess.

§1.

Let F be an algebraic number field (of finite degree over @), and let
K/F and L/K be both finite abelian extensions. Suppose that L is a Galois
extension of F, and that K is the maximal abelian extension of F con-
tained in L. Then G = Gal (L/F) is metabelian, and G’ = Gal(L/K) is
the commutator subgroup of G.

Let us denote the Artin maps of K/F and L/K by [-, K/F] and [-, L/K]
respectively. That is, for a prime ideal p of F' which is unramified in K/F,
[p, K/F] is the Frobenius automorphism of p in Gal (K/F).

Let a be an ideal of F. Then the extension of a to an ideal of K is
a-0O; where O, is the maximal order of K.

THEOREM (Artin-Furtwangler). Let L be a Galois extension of F, and
suppose that G = Gal (L/F) is metabelian. Let K be the maximal abelian
extension of F contained in L, and Oy the maximal order of K. Then, if
an ideal a of F is unramified in K|F, [a-Oy, L/K] is trivial.

E. Artin showed that the map of G/G’ = Gal (K/F) to G’ = Gal (L/K)
which gives

[a, K|F] ——> [a- O, L/K]
is the transfer (Verlagerung) V., of G/G’ to G’. Then Furtwingler proved
that V,_; is the trivial homomorphism of G/G’ to G’. (See [1] and [3].)
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It may be worth to point out that this theorem is proved without using
class field theory.

§2.

For an algebraic number field F, the ring of adeles of F is denoted
by F,, and the idele group of F by F;. Let F,, be the maximal abelian
extension in the algebraic closure F of F, and put ¥, = Gal (F,,/F) and
&, = Gal (F|/F). Let F; = F¥.FX be the decomposition of Fj into the
product of its non-Archimedean part F¥ and its Archimedean part FX.
Let FX, be the connected component of the unity of FX, and F* the
topological closure of F*-F%, in FY. Here and after, F' and F* are con-
sidered to be diagonally embedded in F, and F} respectively.

By class field theory, Artin map or canonical morphism

[-, F]: F} —> U,
is an open, continuous and surjective homomorphism whose kernel is F*.
Our basic reference on class field theory is Weil’s book [8] though the
notation slightly differs.

Let K be a finite Galois extension of F. Then Gal(K/F) = &,/®,
where ®, = Gal (F/K). The ring of adeles of K is naturally identified
with the tensor product K®, F, = K,. Then the natural action of &,
on K, is the one defined through the K-factor of the product.

Let ®% be the commutator subgroup of &,. Then U, = Gal (K,,/K) =
®,/®%. Since &, is a normal subgroup of &, this &, acts on &, through
inner automorphisms of &, and also on U, = ®&,/®%. More precisely,
let & be an element of &,. Then for 2 € ®,, the action of 1 on & mod &%
is defined by

(¢ mod %) = 171-£.-2 mod &% .
THEOREM 1. For xe K and 1€,
[+, K] = [x, K]}
where [-, K]: K} — U, = Gal (K,,/K) is Artin map for K.

This theorem is well known. But a proof will be given in § 6 for the
completeness.

§3.

Now our intended result is ready to be shown. Generalization will
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be done in the next section. Note that K does not have to be an abelian
extension of F in this theorem.

THEOREM 2. Let F be an algebraic number field and K a finite Galois
extension of F. If an open subgroup U of K} satisfies

(i) Uo K¢

(ii) U’ = U for any o ¢ Gal (K|F)

(i) U-Ngi(F9) = K3
then U D Fy.

Here Ny,r: K — Ff is the norm map of K over F.

Proof. First we reduce the theorem to the case that K is an abelian
extension of F. Let M be the maximal abelian extension of F contained
in K. Then

FX'NM/F(MI) = FX'NK/F(K;{() .

Put V= M*.-Ng,,(U). Then V is an open subgroup of M}, and con-
tains M*. It is obvious that V* = V for r ¢ Gal (M/F). Since

FX'NM/F(V) = FX'NK/F(U) = FX'NK/F(K}) = FX'NM/F(M})
it is easy to see that
V-Nyiw(F*) = V-Ny(F*) = M} .

It follows, moreover, from (i) and (i) that U contains V as a subgroup.
Hence it is sufficient to show that V contains F7. Therefore we may
assume that K itself is an abelian extension of F.

Now let L be the class field of K corresponding to U. Then

U= K* Ny(L3) .

By Theorem 1, condition (ii) implies that L is a Galois extension of F.
From (iii), it follows that K is the maximal abelian extension of F' con-
tained in L.

For a prime ideal § of K, let Ok be the P-adic completion of Ok,
and O}y the group of units of Oxy. Then Of 4 is canonically regarded
as a subgroup of K. Since U is open, the number of such prime ideals
B that Of ¢y & U is finite. Let S be the set of all such prime ideals of
K. For each Be S, fix an integer e(P) such that

1 + §Be(‘3).OK’$ C U
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and
Us = J] Ofs X [] (1 + B®-Oq) X KX,
pEs pes
K}, = the subgroup of K} generated by Us and all Ky for &S
K§< = K* N KI(S)
MW = [] B® X product of all infinite places of K
BeS
I,(S) = the group of ideals of L prime to N

I.(S) = the group of ideals of K prime to I
G4 (M) = the Strahl ideal class group modulo .

Here K, is the f-adic completion of K, and K is its multiplicative group.
For prime P of L, let L, be the P-adic completion, and L} the multipli-
cative group of Lp,. Put

L}, = the subgroup of L} generated by [][pnxes OFp and all Ly for
PN KgS.

For idele x of K (resp. of L, of F), denote the corresponding ideal of
K (resp. of L, of F) by #4(x) (resp. &, (x), £(x)). Then we have exact
sequences

1— Uy—> K5 25 I(S) —> 1
1—> K§-Us—> Kji5) —> Cx(S) —> 1
Lis 0 Nik(Kiis) 5 1(S) —> 1,
Furthermore, for x € L5, N N X (K5s),
I fNpx(x)) = Ny S (%))
and, for xe F5f N K},
I (%) = I (%) O .

Now apply Artin-Furtwingler theorem to this case. Then, (by Hilbert
theory), one can easily conclude that, for x € F; N K}s), there exist ae
K¥ and ye L} N N x(KXs,) such that

I (x) = fx(a)'NL/K(fL(y)) .
Therefore
x=a Ny (y)u

with some ue Us. Since U contains all of K¥, N x(L}) and U, it has

https://doi.org/10.1017/50027763000019085 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000019085

ALGEBRAIC NUMBER FIELD 121

been shown that
FyNKis, CU.

Because S is a finite set of prime ideals of K, one can easily see by Chi-
nese remainder theorem that (F; N K}s,) -F* = Ff. Since U contains F*,

Fy=F; N Kis)-F*CcUF*=1U.

The proof is done.

§4. Generalization

THEOREM 3. Let F be an algebraic number field, and K a finite Galois
extension of F. For an open subgroup U of K} satisfying

(i) UDK*

(ii) U° = U for any o e Gal (K/F)
put m = [K5: U-Nzgi(F¥)]. Then

(FO)™ = {a"lac F5} C U.

Proof. Let L be the abelian extension of K corresponding to U- NzH(F*).
Then m = [L: K], and

K*- Ny (Lf) = U-Ngje(F¥) .
Put V= N;%(U). Then
L = V-N;(F*)
since

Fx 'NL/F(L:;) = F* 'NK/F(KX 'NL/K(L:;))
= F*-Ng,o(U- Njx(F*))
= F*-Ng,(U)
= F*-N,x(V).

Obviously L is a Galois extension of F. Theorem 2, therefore, is appli-
cable to L/F and V, and implies that V O FY. Hence for any a e Fy}

a™ = Ny (a)e U.
The proof is completed.

CororLLARY. The notation and the assumptions being as in the theorem,
let n be the largest common divisor of m and the degree [K: F]. Then
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(U-Ngjpo(F*) N Ff = (U-X) N F¥

where X = {x e Nzz(F¥)|x" e U} .
Therefore especially

(U-Ngi(FH) N Ff = U N F¥
if n is prime to the index [U-Ng/(F*): Ul.

Proof. Put d = [K: F]. For ac(U-N;-(F*) N F%, choose ue U and
ve Ngw(F* so that @ = u-v. Then a® = Ng,z(a) = Ng,2(w)- Ng,x(v). Con-
dition (ii) implies that Ny,(u) e U. Since Ng,(v) € F¥, we conclude that
a?e UN F;. It follows from the theorem that a™ belongs to U N F}.
Therefore a” belongs to U N F; where n = (m,d). Since a" = u"-v", we
see that ve X. The proof is done.

§5. Remarks on F*

Let F be an algebraic number field. of finite degree d over @, and
d=r,+ 2-r, where r, is the number of real Archimedean primes of F.
Put r=r, +r,— 1. Let E, be the multiplicative group of all the totally
positive units of F. (We exclude the roots of 1 in F from E, when r, =
0.) Then E, is a free Z-module of rank r.

Let E,; be the projection of E, to the non-Archimedean part FZ of
F%, and E,, the topological closure of E,, in FX.

ProprosiTioN 1. The closure F* of F*-F%, in F} is equal to E,,-F*-
FX,. Moreover, for every positive integer n,

E.,= E . {x"|xe E—»ff}
Ft = F*.{x"|x € F*} .
(See Shimura [7], 2.2.)

PropostTioN 2. (1) F* N {x"|x e F* = {a"|ae F*}.
(2) For xeF* x* =1=>xec F*.FX,.
(See [6], 3.1.)

ProposITION 3. As topological groups, E,, is isomorphic to the direct
product of r copies of Z = [],,pume Zp Where Z, is the ring of p-adic integers.

Proof. By Chevalley [2], the topology induced on free Z-module E,,
of rank r is the one defined by taking all the subgroups of finite index
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as the basis of the neighbourhood of 0. Therefore E,, is isomorphic to
the completion Z'.

ProposITiON 4. Let K be a finite extension of F (not necessarily Galois).
Then

Nyjo(F9)/K* Nije(1) = Nyjo(KZ) N F*[Ngyn(K>)

Proof. Put N=N,,;, and d=[K: F]. First we see N '(F*)=N"1(F>)
-F* For xe N-'(F*), choose ae F* and be F* by Prop. 1 so that N(x) =
a-b?. Put y=x-b"'. Then N(y) =aecF*, and x = y-b.

Next we show N-(F*) N K* = K*-(N-'(1) N K*). Obviously the right
is contained by the left. For ze K* suppose that N(z) e F*. By Prop. 1
for K, choose ue K* and ve K* so that z=u-v?. Then N©)? = N(z)- N(u)!
e F'*. Therefore by Prop. 2, (1), we can find a € F* such that N(v)¢ = a?.
Then z = (u-a)-(a*-v?) with u-ae K* and N(a'v?) = 1. Now

N-(F¥9/K*.N-1) = N-(F*). F/K*. N-(1)
= N-(F*)[N-(F*) N (K*-N-\(1))
= N-(FX)/N-(F*) N K*)-N-X1)
= N-(FX)/K*.N-(1)
= N(K}) N F*|N(K*).

The proof is done.

§6. Proof of Theorem 1

Let K be a finite Galois extension of an algebraic number field F.
Let the notation and the situation be as in §2. We have to prove that
canonical homomorphism [-, K]: KX — %, = Gal (K,,/K) of class field theory
is compatible with the action of &, = Gal (F/F) (modulo &).

Let p be a prime divisor of F, F, the completion of F at p, and F,
the algebraic closure of F,. Fix an isomorphism : of F into a subfield «(F)
of F,, which is identical on F. Put K = «(K)-F,. This is a Galois exten-
sion of F,. Put ®, = Gal (F,/F,) and & = Gal (F,/K). The latter is a normal
subgroup of the former. Note that F, = «(F)-F,, F, ., = «(F,;)-F,, and K,
= (K,,)-K where F, ., and K,, are the maximal abelian extension of F,
and K in F, respectively. Hence the restriction of the action of ©, on
«(F) gives an isomorphic embedding of &, into ¢o®yoc". Let 3, be the
subgroup of ®, corresponding to ®,. That is, ¢0o8,0¢c™' =, We also have
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& =&, N (o®hocr)

& =6N(o®koc?)
where &) and ®& are the commutator subgroups of ®, and ® respectively.
Fix a set of representatives S = {0, - - -, 0} of the left cosets of 3,-®,

in ;. (Remember that &, acts on both of K, and U, from the right.)
For ¢ € &, the representative in S of 3,-®-¢ is denoted by [¢]. Put

(o) = ¢o[o]™? (ce®y).

Then «(¢) depends only on the coset 3,-®x-0. The family of pairs {(«(¢), K)|
ce S} is a set of all non-equivalent proper embeddings of K above F,.
That is, for any proper embedding (2, L) of K above F,, there are se S
and isomorphism p of L over F, into K such that (o) = po2. (See Weil
[8], p. 51, Cor. 2.) Fix a set of representatives R = {p,, - - -, p,} of &,/& =
Gal (IZ/F;,) where p; € ®, Then for any two elements ¢,  of &, there is
a unique element p(o, ) of R such that, restricted to K,

o) otlx = pla, 7)o elor™)|x .
For ¢ and 7 e &, define {(s, 7)€ 8, -G« by
[o]-z7! = (o, 7)-[or7T] .
Then
oo, 7) = tol(o,7) or™? modulo @ .
For each ¢ ¢S, put
G, =doc'o@oroot =t o [(toa o). B-(cogor )] oc.

Then @, is a subgroup of &, and is a conjugate of 8, N ©; in &,. It is
easy to see that the commutator subgroup ®, of @, coincides with &, N
®%. Put

QIK,v = @¢/®: .

This is considered as a subgroup of A, = &,/@%. The action of &, on
Ax maps the family {A; ,|oc € S} onto itself. Each U, , is isomorphic to
gtk = @/@’.

Let us now consider the p-part of K,. It is naturally identified with
K ®r F,. Take copies of K indexed by S. That is, put K, = K for each
o€ S. Then the map «(s): K — K, for ¢ S gives an Flinear isomorphism
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n, of K@y F, onto the direct product [],es K,.
For ¢, 7 € ®,, and for a ¢ K,

Ho)@) = (o) * @) = (ola, 7)o doz™))(0)
= (dar™) @) .

Therefore it is easy to see the following:
For xe KQyp F, let p(x) = (x,),es € ]:[ K,.
Then for 7 € &,
@) = (V)es € [1 K,
Yo = (Xpoe-)?™ .

Let y be a (linear) character of &,. It is automatically considered
as a character of ¥, = &,/ = Gal (K,,/K). For 1¢c®,, define a character
x* of &, by

X(@) = 1(Az27") (ze®y).

Since &y is normal in &, this is well defined. Note that y* depends only
on 2 modulo ®,.

For y, we can associate characters y,(c € S) of % = ®/& = Gal (K,,/K)
through the isomorphisms of %; onto U , established above. Namely for
pre®,

X() = xlooc oporoa™)
= yo™ (Mo poc)-0)
= x"_l(z'l ofpro [) .
For a character y of &, and for x e K ®y F, with 7,(x) = (x,),cs € [[K,,

the canonical pairing (y, x)x,, is defined by
(X’ x)K,h = n (Xa’ xo)K )
eES

where each (y,, x,)z is the canonical pairing of local class field theory for
K, =K.

Let 2 be an element of &;. For xe KQrF, with 5,(x) = (x,),es, We
had 7,(x") = (y,) with y, = (x,:-)*“?. On the other hand, (¢),(x) =
(¢ opoc) for pe®. Since a2 = (g, DoAY,

() = T o o)
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= ¥ Ua, D (o g0 0)- Lo, R))
= I (g, o o procol(a, )Y
= gL o pla, )7 o po pla, A o0)
= Yp1-1(p(a, A) " o pro p(a, 2))

= Ya-11(0(0, 2)- p- (o, 2)™)

= (2" (1) -

Therefore
(2, e = T1 ()0 3)e

= I;[s ((X[ax"lj)p(a’l)’ (x[zrl“l])p(a,b)l? .
g

Since o(g, 2) € ®, = Gal (F,/F,), and since K is a Galois extension of F,, we
have K¢ = K,
Therefore

(Otror-1)*? -1z = Qlpor-115 Xpor-11)z -
(See Weil [8], p 223, Cor. 5.) This shows that
s ®)xyp = (0 Xy -
Since this is true for any prime divisor of F,
(s #)x = (6 V)

for xe K}, 1e®; and a character y of &,. Here (y, x), is the canonical
pairing of K.
The canonical morphism

[-, Kl: Kf —> Ux = Gx[@f = Gal (K,,;/K)
is defined so that
O, ©)x = 2([x, K])

for any xe K and any y. For each [x, K]e%, choose [x, K]* e &, so
that [x, K]* modulo ®&% is [x, K]. Then for 2¢ &,

O ) = ([x}, K1) = xA- [+, K]*-27") .
Therefore
2([x, K] = xQ@-[x}, K]*-27Y)

for any x. This implies that
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[x, K] = 2-[x*, K]*-2"! modulo & .
Equivalent to say,
A7V [x, K1*¥2 =[x, K]* modulo &% .

This is what Theorem 1 claims. The proof is done.
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