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( r e c e i v e d S e p t e m b e r 26, 1960) 

On an o r i e n t a b l e su r face of genus p , a se t of 2p fundamen­
ta l c i r c u i t s can be s e l ec t ed which a l l p a s s th rough a s ingle point 
A. Af ter cut t ing a long the 2p c i r c u i t s , the su r f ace can be 
unfolded into a flat reg ion bounded by a 4p-gon so that : the se t 
of v e r t i c e s c o r r e s p o n d s to the one point A; and the 2p p a i r s of 
edges to the 2p fundamenta l c i r c u i t s ; and the i n t e r i o r of the 
polygon' to , the r e m a i n d e r of the s u r f a c e . If the edges of the 
polygon a r e d i r e c t e d , the 2 edges which c o r r e s p o n d to one 
fundamenta l c i r c u i t wil l be d i r e c t e d in oppos i te s e n s e , s ince the 
su r f ace i s o r i en t ab l e [ l ] . The sequence and d i r e c t i o n of the 
edges i s the s a m e a s the sequence of the fundamenta l c i r c u i t s . 

C o n v e r s e l y , if a 4p-gon i s given with a p r e s c r i b e d sequence 
of i t s d i r e c t e d e d g e s , it m a y b e r e q u i r e d to c o n s t r u c t a s y s t e m 
of 2p fundamenta l c i r c u i t s on a su r face of genus p , so tha t 
(a f te r cut t ing) the c i r c u i t s can be identif ied with the edges of the 
4p-gon in t h e i r p r e s c r i b e d s equence . Of c o u r s e , such a 
c o n s t r u c t i o n wi l l only be p o s s i b l e if the given 4p-gon does 
c o r r e s p o n d to a su r face of genus p ; for th i s the following two 
condi t ions m u s t be fulfilled by the 4p-gon: 

1) E a c h fundamenta l c i r c u i t c o r r e s p o n d s to two edges of the 
polygon, and t h e s e two edges m u s t be d i r e c t e d in oppos i t e 
s e n s e . T h i s i s of c o u r s e , the condi t ion of o r i en t ab i l i t y of 
the s u r f a c e . 

2) The 4p v e r t i c e s of the polygon fo rm one and only one 
conjugate set [ l ] . Consequen t ly a l l v e r t i c e s c o r r e s p o n d 
to one point of the m a p p e d s u r f a c e , and by one cont inuous 
con tou r which c r o s s e s a l l e d g e s i t i s p o s s i b l e to e n c l o s e 
a l l 4p v e r t i c e s . 
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This is the condition that the surface be of genus p, 
because the fundamental c i rcui ts in tersect in a single point,only 
if there is no more than one conjugate set of ve r t i ces ; and 
counting 1 face, 2p pa i rs of edges, and 1 conjugate set of 
ve r t i ces , the Euler charac ter i s t ic becomes [2] x = NQ - N, + N£ 
= 2 - 2p which is the charac ter i s t ic of a surface of genus p. 
But, if the ver t ices form more than one conjugate set, N > 1, 
then % > 2 - 2p and the 4p-gon represents a surface of genus 
less than p. 

The number of conjugate sets of ver t ices can be obtained 
by drawing closed contours around the ver t ices of the 4p-gon, 
and counting the conjugate sets (each of which is enclosed by 
a different contour). In order to draw a contour around a 
conjugate set of ve r t i ces , corresponding edges should be easily 
identified on the sketch. For this it is of advantage to map the 
surface not on the inside but on the outside of the 4p-gon. 
Topologically there is of course no difference, provided the 
4p-gon is regarded as having been drawn on a sphere or in the 
inversive plane, but it is convenient to have the inside available 
to draw a continuation of the contour between corresponding 
edges. F ig s . l a and lb show 2 polygonal normal forms of the 
surface of genus 2, with all 8 ver t ices arranged in one conjugate 
set, so that one circui t encloses all ve r t i ces . The correspond­
ing surface would be a sphere with 2 handles or a solid figure 
of eight [3]. F i g s . l c and Id show two octagons, which 
correspond to a surface of genus 1 only, since in both cases the 
ver t i ces divide into 3 conjugate se ts , as shown by the 3 distinct 
contours. Sketches s imi lar to figs, l a - d can easily be 
constructed to tes t whether a given polygon with 2p pa i r s of 
directed edges does or does not form a map of an orientable 
surface of genus p. 

In par t icu lar , when the polygon is in the second canonical 
form [4], 

-1 -1 -1 
a a_ s . s . a a a _ »».» a_ a 1 2 2p 1 2 2p 

a sketch s imi lar to fig. lb shows that a contour around the 
ve r t i ces consis ts of a r c s around the ver t ices (as identified by 
thei r adjacent edges) in the following sequence: 
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-1 -1 -1 -1 -1 
a a ; a a ; a a ; • . . . ; a a ; a a ; a a etc. 

1 2 2 3 3 4 2p-l 2p 2p 1 1 2 
This contour therefore encloses all 4p ver t ices so that the 
ver t ices form one conjugate set, and the polygon forms a 
surface of genus p. 

Consider now the surface to be mapped on the inter ior of 
a polygon which has 2p pai rs of directed edges and fulfils 
conditions 1 and 2. Take a point B in the inter ior of the polygon 
in which intersect 2p undirected l ines, connecting correspond­
ing edges. Taken on the original surface, these lines cut the 
inter ior of the 4p-gon into 4p sec tors , and each such sector 
connects to one ver tex of the 4p-gon. If all ver t ices form one 
conjugate set, so that one contour encloses them all, the 
vicinities of the ver t ices must be connected. Since each sector 
connects to one vertex, the region resulting from cutting the 
original surface along the new system of circuits must be still 
a connected region. But since the region is obtained by cutting 
2p t imes a surface of genus p, it follows that the region resul t ­
ing from the new cuts, if connected, is simply connected [5] ; 
therefore the new circuits a re a new set of 2p fundamental 
c i rcui ts . (Incidentally this shows again that this surface cannot 
be of a genus less than p. ) Consequently, as i l lustrated in 
fig. 2, if a polygonal normal form representing a surface of 
genus p is given, a set of fundamental circuits can be obtained 
as a system of 2p circui ts on the surface which intersect in one 
point B only and their sequence of intersection (sequence in 
which they c ross a contour around their point of intersection) is 
the same sequence in which the directed edges of the 4p-gon 
follow each other. The resulting region can be unfolded into a 
flat region bounded by a second 4p-gon, the 4p ver t ices of 
which form one conjugate set corresponding to point B ; while 
point A is now in the inter ior , as well as all fundamental circui ts 
of the first set (which intersect in A). The two 4p-gons and the 
two sets of 2p fundamental circui ts stand in dual relation to 
each other [6], and the circui ts of one set follow in the same 
sequence in which the circuits of the other set in tersect . In 
other words, we have, on the surface of genus p, two dual 
maps , each having one ver tex and one face. 

Therefore, 2p ci rcui ts , which intersect only in one point, 
and in the same sequence in which the contour around the single 
conjugate set of ver t ices of the given 4p-gon crosses its edges, 
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will be the fundamental set with the sequence prescribed by the 
edges of this 4p-gon. 

It will usually be possible to find such circuits by 
inspection, routing them so that they do not cross each other a 
second time. Fig. 3 illustrates a set of fundamental circuits 

-1 -1 
which follow in the sequence a. a . . a,, a . . . a^ and intersect 

M 1 2 2p 1 2p 
-1 - i - i - i . i 

m the sequence a a^ a â , . . . a^ a, a a^ . . . a^ « 
1 2 3 4 2 p l 2 3 2p 

It remains to show that for any orientable surface of genus 
p, as represented by a sphere with p handles, such a system 
of cuts can be constructed in a systematic way. Consider two 
adjacent edges x, y in the polygon, with edges arranged 
xyPx~*Qy~*R (where P, Q, R stand for blocks of otherwise 
unspecified edges). Then the 2 circuits which cross edges x 
and y intersect. Such a pair of edges x,y must always exist, 
{otherwise there must be a circuit which encloses only one 
vertex, so that the polygon cannot represent a surface of genus 
p). These two circuits can be arranged in such a way as to cut 
open one handle in a manner which is illustrated in fig. 4. All 
other circuits are brought out and into the vicinity of the next 
handle along the ducts shaded in fig. 4. At this point another 
pair of circuits is selected which intersect. Such a pair must 
exist, or the surface remaining after removal of the first 
handle could not be of genus p-1, and this would lead to a 
contradiction. These 2 circuits will cut the next handle open. 

The process can be continued until all p handles are cut 
along the system of circuits thus obtained. The fundamental 
circuits can then be drawn by p times repeating fig. 4. The 
"routing" of the circuits around the handles which they do not 
remove,corresponds closely to the substitutions made to move 
the blocks of edges [7] to bring edges x and y into the sequence 
xyx~*y~*Q during the construction of the first canonical form. 
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FIG. I 

POLYGONS AND CONTOURS AROUND THE CONJUGATE SETS 
OF VERTICES. 

(o) (b) 

(d) 

o, b ONE CONTOUR; GENUS p = 2 

c, d 3 CONTOURS; GENUS p « I 
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FIG. 2 

SEQUENCE OF INTERSECTION OF FUNDAMENTAL CIRCUITS. 

(a) 
ab"lcd"lo",bc"'d 

(b) 

aba~lb~'cdc~ld~l 
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FIG. 3 
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FIG. 4 
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REMOVAL OF THE n ,h HANDLE BY CIRCUITS Xn AND Yn 

THE OTHER CIRCUITS ARE ROUTED ALONG THE CHANNELS 
SHOWN SHADED. 
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