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Abstract. Let {x;}32, be an arbitrary strictly increasing infinite sequence of
positive integers. For an 1nteger n>1,let S = {x1,...,x,}. Let ¢ be a real number
and ¢ > 1 a given integer. Let A, M <o <A be the elgenvalues of the power GCD
matrix ((x;, x;)°) having the power (x,, x;)° of the greatest common divisor of Xx; and
X; as its 7, j-entry. We give a nontrivial lower bound depending on x; and » for A
if ¢ > 0. Especially for ¢ > 1, this lower bound is given by using the Riemann zeta
function. Let x > 1 be an integer. For a sequence {x;}2, satisfying that (x;, x;) = x for
any i #j and } 2| + = oo, we show that if 0 < & < 1, then lim,, L sohl) = X6 — X7
Let a>0,b>1 and ¢ >0 be any given integers. For the arithmetic progression
{Xi—et+1 = a+ bi}2,, we show that if 0 < ¢ < 1 then lim,,_, oo Axr @ _ Finally, we show
that for any sequence {x;}7°, and any & > 0, A, (n=q+1) approaches infinity when n goes to
infinity.

2000 Mathematics Subject Classification. 11C20, 11A05, 15A36.

1. Introduction. In 1876, H. Smith [25] published his celebrated theorem showing
that the determinant of the n x n matrix [(i, j)], which has the greatest common divisor
(i,j) of i and j as its (i, j)-entry, is the product [];_, ¢(k), where ¢ is Euler’s totient
function. Smith also proved that if f is an arithmetical function and [f(i, /)] is the
n x n matrix having f evaluated at the greatest common divisor (i, j) of i and j as
its (i, j)-entry, then det[ /(i, /)] = [Ti—,(f * w)(k), where w is the Mobius function and
f = is the Dirichlet convolution of f and w. In 1972, Apostol [2] extended Smith’s
result. In 1988, McCarthy [21] generalized Smith’s and Apostol’s results to the class of
even functions of m (mod r), where m and r are positive integers. A complex-valued
function B(m, r) is said to be an even function of m (mod r) if B(m, r) = B((m, r), r)
for all values of m. The functions considered by Smith and Apostol are even
functions of m (mod r). In 1993, Bourque and Ligh [5] extended the results of Smith,
Apostol, and McCarthy. In 2002, Hong [12] generalized the results of Smith, Apostol,
McCarthy and Bourque and Ligh to certain classes of arithmetical functions. In 2003,
Korkee and Haukkanen [18] considered a certain abstract generalization of Smith’s
determinant.
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Let 1 <x;<---<Xx,<--- be a given arbitrary strictly increasing infinite
sequence of positive integers. For any integer n > 1, let

Snz{x17~--axn}-

Denote by (f(x;, x;)) the n x n matrix having f/* evaluated at the greatest common
divisor (x;, x;) of x; and x; as its i, j-entry and by (f[x;, x;]) denote the n x n matrix
having /" evaluated at the least common multiple [x;, x;] of x; and x; as its i, j-entry.
The set S, is said to be factor closed if it contains every divisor of x for any x € S,.
From Bourque and Ligh’s result [6, Theorem 4], we can see that if S, is a factor-closed
set and f is a multiplicative function such that /" € Lg , where L, is a certain class of
arithmetical functions defined by

Ls, = {f : (f * u)(d) € Z\{0} whenever d|lcm(S,)},

where Icm(S,,) means the least common multiple of all elements in S,,, then the matrix
(f(x;, x;)) divides the matrix (fTx;, x;]) in the ring M,(Z) of n x n matrices over the
integers. Hong [13] showed that for any multiple-closed set S, (i.e. y € S, whenever
x|yllem(S,) for any x € S,) and for any divisor chain S, (i.e. x|---|x,), if f is a
completely multiplicative function such that / € Lg,, then the matrix (f(x;, x;)) divides
the matrix ( fx;, x;]) in the ring M,(Z). But such a factorization is no longer true if
is multiplicative.

Now let & be a real number. The n x n matrix having the power (x;, x;)° of the
greatest common divisor of x; and x; as its i, j-entry is called the power greatest common
divisor (GCD) matrix defined on S, denoted by ((x;, x;)°), or abbreviated by ((S,)*). The
matrix having the power [x;, x;]° of the least common multiple of x; and x; as its i, j-
entry is called the power least common multiple (LCM) matrix, denoted by ([x;, x;1°), or
abbreviated by [(S,,)?]. If we let ¢ = 1, then the power GCD matrix and the power LCM
matrix are said to be the GCD matrix defined on S,, and the LCM matrix defined on
S, respectively, and denoted by (S,) and [S,,], respectively. In 1989, Beslin and Ligh [3]
initiated the study of the GCD matrix (S,) on any set S, in the direction of structure,
determinant and inverse. In particular, they proved that the GCD matrix (S,) on any
set S, of n distinct positive integers is positive definite. However, the LCM matrix
[S,] on any set S, is not positive definite in general. It may even not be nonsingular.
In fact, Hong [11] showed that for any integer n > 8, there exists a GCD-closed set
Sy ={x1,...,x,} (i.e. one has (x;, x;) € S, for all 1 <i,j <n) such that the LCM
matrix [S,] on S, is singular. Note also that recently, Hong [14] proved that for any
positive integer ¢ and for any GCD-closed set S, satisfying max s, {v(x)} < 2, where
v(x) denotes the number of distinct prime factors of the positive integer x, the power
LCM matrix [(S,)?] on S, is nonsingular.

For a different form of a power GCD matrix

. '28
l’

N, = ((@;)@) ,
UJ Jisijzn

Wintner [26] proved in 1944 that lim sup,_, . A,(¢) < oo if and only if ¢ > 1, where
A,(e) denotes the largest eigenvalue of the matrix N,. Let A,(¢) denote the smallest
eigenvalue of the matrix »,,. Lindqvist and Seip [19] in 1998 use the work of [9] about
Riesz bases to investigate the asymptotic behavior of A,(¢) and A,(g) as n — oo. In
particular, they got a sharp bound for A,(¢) and A,(g). However, for the power GCD
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matrix ((S,)?) on S, the eigenvalues do not seem to be known. In 1993, Bourque and
Ligh [5] extended Beslin and Ligh’s result by showing that for any ¢ > 0, the power
GCD matrix ((S,)°) on S, is positive definite. From this, one can only conclude that
its eigenvalues are positive, but no further information is provided.

In the present paper, our main goal is to consider the asymptotlc behavior of
the eigenvalues of the power GCD matrix ((S,)¢) on S,. Let x cee <A ™ be the
eigenvalues of the power GCD matrix ((x;, x;)°) defined on the set {x1,...,x,}. Let
1 < ¢ < nbe afixed integer and ¢ > 0. Then it follows from Bourque and Ligh’s result
[4] that

) > (.
On the other hand, by Cauchy’s interlacing inequalities (see [15]) we have

()
)‘n+1 = )‘1(1(1) .

Thus the sequence {kf?)};',iq is a non-increasing infinite sequence of positive real
numbers and so it is convergent. Namely, we have the following result.

PROPOSITION 1.1. Let g > 1 be agiven arbitrary integer, ¢ > Oand {x,} 2, an arbltrary
given strictly increasing infinite sequence of positive integers. Let A < <A be the
eigenvalues of the n x n power GCD matrix ((x;, x;)°) defined on the set {xi, ..., Xu}.
Then the sequence {A,, il <, converges and

lim A9 > 0.

n—oo

Let x > 1 be an integer. For an arbitrary strictly increasing infinite sequence
{x;:}32, of positive integers satisfying that (x;, x;) = x for any i # j and ) °, % = 00,
we show, in section 2, that if 0 < ¢ < 1, then lim,Hoo)»nl) =x]—x°. Leta> U, b>1
and e > 0 be any given integers. In section 3, we show that for the arithmetic progression
{Xicer1 = a+ bi}2,, if 0 < & < 1, then lim,,, 0oy @ _ .

We give in Section 4 a lower bound for the smallest eigenvalue A of the power
GCD matrix ((S,)?) on any set S,. This improves the lower bound due to Beslin,
Bourque and Ligh. Then we use it to obtain a lower bound for the g-th largest eigenvalue
A=) of the power GCD matrix ((S,)?) on any set S, for any ¢ > 0 and any given
integer ¢ > 1. This lower bound then implies that for any ¢ > 0 and any given integer
q > 1, the g-th largest eigenvalue of the power GCD matrix ((S,)°) on any set S, tends
to infinity as # tends to infinity. The final section contains some remarks and questions.

For a comprehensive review of papers relating to greatest common divisor matrices
not presented here, we refer the readers to [8]. Throughout this paper, we let E,, denote
the n x n matrix with all entries equal to 1.

2. Some preliminary results. In this section we shall study the asymptotic
behavior of the smallest eigenvalue of the power GCD matrix defined on the ordered
finite subsequence of an infinite sequence of pairwise relatively prime positive integers.
First we state some results on certain symmetric matrices. The following lemma is
known.
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LEMMA 2.1. Let n > 1 be an integer and let ay, .. ., a, € F such that a; # 1 for all
1 <i < n, where F is an arbitrary field. Then

n 1 1 1 1
| 1 + Zizl ai—1 a1 T o1 T T a1
1 1 - 1\ 1 1
— 2 o 0 0
U oa - 1 1 ,
| - 0 o0
(lz*l agfl
1 1 a
1 1
—a 0 0 )

Assume now that {u;}7°, is any given strictly increasing infinite sequence of real
numbers such that u; > 1. Let U, := E, + diag(0, u; — 1, ..., u,_; — 1). It is easy to
see that the n x n matrix U, is positive definite. Let A(,,l) <... < X,(f) be the eigenvalues
of the n x n matrix U,. Then )\5,1) > 0. Now let ,ufql) <. .. < u,g") be the eigenvalues of

the inverse matrix U, !. Then
AD ) = 1 <i<n 2.1

LEMMA 2.2. Suppose that {u;}2, is any given strictly increasing infinite sequence of

real numbers such that u; > 1. Let U, = E, + diag(0, u; — 1, ..., u,_1 — 1) and ug,") the
largest eigenvalue of the inverse matrix U, '. Then

n—1
1
(n)
! >1+E 1

i=1

Proof. Define an n x n matrix V, as follows:

n 1 1 1
1 + Zi:l u,»fl _Lllfl e _M,l,171
-5 0 0
V, =
- 0 0
u,,,]fl

Then the characteristic polynomial of V), is given by

n—1 n—1
1 1
My, — V=22 22— (1 A=y ——|.
== (2= (108 ) )
So the largest eigenvalue Amax (V) of V, satisfies

1
Z/l,'—l.

n—1
max(Va) > 14 (2.2)
i=1
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By Lemma 2.1 one gets

no 1 1 1 1
1+Zi:1 wu—1 u—1 -1 T |
1
_u1—1 ul—l 0 0
Ul = — 0 ! 0
n uy—1 u—1
1 1
_”11—171 0 0 T 1 —1
Replacing all negative terms —.— (1 < i < n) by ;—; in the matrices V), and U, I we

get the corresponding nonne gatlve (element wise) matrlces |V, and | U1, respectlvely
Clearly V,, |V,| are similar, and U, !, |U,!| likewise. Thus the spectral radii satisfy

PUVul) = p(Vi) = Amax(V)

and

p(|U]) = p(U; ") = .

Since 0 < |V,| < |U;!|, one deduces immediately from the Perron-Frobenius
theorem for nonnegative matrices (see, for example, [15]) that p(|V,|) < p(U; ). So
we have

)"max( Vn) < Mg,n)- (23)

The result follows from (2.2) and (2.3). ]

COROLLARY 2.3. Suppose that {u;}2, is any given strictly increasing infinite sequence
of real numbers such that uy, > 1 and

Sa-

i=1

2.4)

;|~

Let M) be the smallest eigenvalue of the n x n matrix U, = E, + diag(0, u; —
1,...,uy_1 —1). Then

lim A" = 0.

n—oo

Proof. Let u(") be the largest eigenvalue of the inverse matrix U, . By (2.1)

)‘izl) — L)
'

It then follows from Lemma 2.2 that for n > 2,

1 1
A < . (2.5)
1 + Zl 1 u— 1 1 + Zl 1 u,
Since A" > 0 it follows from (2.4) and (2.5) that lim,_, oA} = 0. O
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COROLLARY 2.4. Let {r;}2, be a strictly increasing infinite sequence of real numbers
satisfying ry > 1 and

1
— = 0OQ.
im1 i
Let A denote the smallest eigenvalue of then x nmatrix E, 4+ diag(r; — 1, ..., 1, — 1).
Then
lim A" =r — L
n— oo
Proof. Let
R, = E,+diag(ri — 1,...,r,— 1).
Then

Ry = (r1 — DI, + E, + diag(0, (s —ri + 1) = 1, ..., (ra —r1 + 1) = 1).

Sincer, —r;+ 1> 1and

= 1
)

i=2
the result follows immediately from Corollary 2.3. O
The following is the main result of this section.

THEOREM 2.5. Let 0 <& <1 and x a positive integer. Let {x;}2, be a strictly
increasing infinite sequence of positive integers satisfying the following conditions.

(i) Foreveryi#j, (xi, xj) = x;

(if) 2%, § = oo
If )\511) is the smallest eigenvalue of the n x n power GCD matrix ((x;, X;)°) defined on the
set {x1, ..., Xy}, then

lim A(D = x¢ — x°.
n—oo

Proof. Fori > 1,let x; = x - X;. Note that x > 0. Then from (i) and (ii) we can easily
deduce that for any i # j, (¥;, ¥;) = 1 and

—_—

- = Q. (2.6)

Obviously we have

(X1, X)) = E, + diag(¥§ — 1,..., X — 1).

n
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Forl <i<mn,letr; = x{. Thenr; = X; > 1 and forevery 1 <i <n, r; < X;. Hence we
have by (2.6)

DL

i=1 !

=~

Let 7»5,1) be the smallest eigenvalue of the n x n power GCD rlnatrix ((x;, X;)°) defined on
theset {Xy, ..., X,}. Thus by Corollary 2.4 we have llnl’ln_>oo)n( = X{ — 1. Theresult then
follows 1mmed1ately from the fact that A} = x* -, (0 ]

3. Arithmetic progressions and the g¢-th smallest eigenvalue. In this section, we
turn our attention to arithmetic progressions. First we introduce the following concept.

DEFINITION. Let e and r be positive integers. Let X = {x;,...,x.} and Y =
{y1,...,yr} be two sets of distinct positive integers. Then we define the tensor product
(set) of X and Y, denoted by X © Y, by

XOY = {X1V1, s X1Vr X2V oo s X2Vrs e vy XeV1s v vy Xer)

REMARK. It must be pointed out that the elements in the tensor product set are
not necessarily arranged in increasing order. For example, let X = {1,2,3} and Y =
{3,5}. Then X © Y = {3, 5, 6,10, 9, 15}. We note also that the elements in the tensor
product set are not necessarily distinct. For example, let X = {2, 3} and Y = {4, 6}.
Then X © Y = {8, 12,12, 18}.

LEMMA 3.1. Let ¢ be any real number. Let e and r be positive integers. Let

= {x1, ..., X.} be a set of e distinct positive integers such that for any 1 <i+#j <e,

(xi,xp) = 1. Let Y = {y1, ..., y+} be a set of r distinct positive integers such that for any

1 <i#j<r (yi,y) =1 Assume that for all 1 <i<e,1<j<vr (x;,y)=1. Then
the following equality holds:

(X 0 Y)) = (X)) ® ((Y)").

Proof. First we have

X1 o1 LT SRR |
1 x ... 1 ys 1
@H= 7 | ad = ?
1 1 x5 1 1 Ve

Since

X,y if it = i and ji = s,
vy if i # i and ji =,
x; if iy =i and ji # j»,

1 if iy # i and ji # o,

(Xij» Xiyp) =
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letting Y, = ((Y)?) we get

x1Y, Y, Y,
ovn=| " =" "
Y, Y, XY,
X1 1
_ 1 x5 1 ®7
11 Xt
= (X)) ((Y))
as desired. O

LEMMA 3.2. Let b>1 be an integer and 0 <& < 1. Let )»E,l) <...< AS,") be
the eigenvalues of the n x n power GCD matrix ((1 4 bi, 1 + bj)®) defined on the set
{1+ bi};:ol. Then for any given integer ¢ > 1 we have

lim A9 = 0.
n—0oo
Proof. By Dirichlet’s theorem (see [1], or [17]) there are infinitely many primes in
the arithmetic progression {1 + bi}°,. Let py < --- < p, < --- denote the primes in
this arithmetic progression. By Mertens’ theorem (see [22])

IR
im1 Pi
and since 0 < ¢ < 1, it follows that
=1
Y — =00 (3.1)
i—1 Pi
Fori > 1,let m; = py—i4i. Then p,_| < m < m, < ---. Since ¢ is a fixed number, it
follows from (3.1) that
1
— =o0. (3.2
e

=11
Now let r > 2 be an arbitrary integer and let
P, ={l,pi,....pg—1}, Tr={l,m,...,m—1}.

Consider the tensor product set P, © T,. Note that the entries in the set P, © T, are
not arranged in increasing order, but the eigenvalues of the corresponding power GCD
matrix do not depend on rearranging those entries. By Lemma 3.1

((Py © T))°) = (Py)°) ® ((T))").
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Let /LE,I) <...< ,uslq) and 5»51) <...< Xi") be the eigenvalues of the power GCD
matrix ((P,)°) defined on the set P, and the power GCD matrix ((7})°) defined on the
set T, respectively. Then it is known (see [16]) that the eigenvalues of the tensor product
matrix ((P,)°) ® ((T)°) are given by the set

) T 1<i<q
{/LS;) Ay }15j§r'

Notice that
(1) ()
Mg{l) Ay << ngq) A 3.3)
Since for any iy, i, € Z,

(14 biy)(1 + bir) = 1 + biy + biy + b*iji =1 (mod b),

the arithmetic progression {1 + bi}3°, is closed under the usual multiplication. So the

tensor product set P, © T, C {1 + bi},. For any integer r > 2, define an integer n, by

_ Pg—-1-Tr—1 — 1

1.
b +

n
Then P,O T, C {1+ bi}?’:'gl. Thus the power GCD matrix ((P; © T;)°) defined on
P, © T, is a principal submatrix of the n, x n, power GCD matrix ((1 + bi, 1 + b))
defined ontheset{1,1+b,...,1+ b(n, — 1)}. Let Aflr) <...< )»E;f) be the eigenvalues
of (P; ® T})*). Then by Cauchy’s interlacing inequalities we have

@ - 3@
M) < Ry (G4
But by (3.3)
A < o5, (3.5)

So it follows from (3.4) and (3.5) that

A9 < o 30 (3.6)

r

On the other hand, in Theorem 2.5, if we choose x = x; = 1 and x; = m;_; for
i > 2, then by (3.2) the two conditions of Theorem 2.5 are satisfied. It then follows
immediately from Theorem 2.5 that

lim 3" = 0. (3.7)

r—>00

It follows from Proposition 1.1 that the subsequence {1\ }°2, of the sequence {Aﬁ{”}i‘;l

converges and

lim A > 0. (3.8)

r—>0o0

Hence by (3.6)—(3.8), lim,.ﬁoo)»ﬁf,’_) = 0. Finally, again by Proposition 1.1, the desired
result limn%oo)n,(f’) = 0 follows immediately. O

We are now in a position to give the main result of this section.

https://doi.org/10.1017/S0017089504001995 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089504001995

560 SHAOFANG HONG AND RAPHAEL LOEWY

THEOREM 3.3. Leta, b > 1 ande > 0 beintegersand0 < ¢ < 1. Let)»(l) e < )LS,")
be the eigenvalues of the n x n power GCD matrix ((a + bi, a + by)*) deﬁned on the set
{a+be,a+ble+1),...,a+ ble+n—1)}. Then for any given integer ¢ > 1

lim A(q) =0.

n—oo

Proof. For the arithmetic progression {a + bi}$°,, consider its subsequence

i=e>

{a+ ble + (a+ be)i)}Z, = {(a+ be)(1 + b)),

For any integer m > 1, let ) < --- < "

GCD matrix ((W,,)¢) defined on the set

be the eigenvalues of the m x m power

W, :i=1{a+be,(a+be)(1+b), ..., (a+ be)l+ b(m— 1))}

and let ﬁﬁ,‘,) <-... < ,tlf,’f) be the eigenvalues of the m x m power GCD matrix ((W,,)°)
defined on the set

Vi :={1,14b,...,14b(m—1)}.
Thus for 1 <i <m, uly = (a+ be)* - 4. In particular,
1 = (a+ be)* il?. 3.9)

Now let

T
my = s
a+ be

where | x| denotes the largest integer < x. Choose n so that m, > ¢.
By Cauchy’s interlacing inequalities

D < @ (3.10)
and by (3.9) and (3.10),
MO < (a+be) iff). 3.11)
By Lemma 3.2
lim 39 =0,
m—00
SO
lim /L@ =0.
n—o0o

By Proposition 1.1 and (3.11) we get

lim 29 = 0. =

n—oo

Furthermore, applying again Cauchy’s interlacing inequalities, it follows from
Proposition 1.1 and Theorem 3.3 that the following result holds.
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THEOREM 3.4. Leta, b > 1 and e > 0 be integers and 0 < ¢ < 1. Let {x;}2, be any
given strictly increasing infinite sequence of positive integers which contains the arithmetic
progression {a + bi}, as its subsequence. Let Ay, ) <... < )\i,") be the eigenvalues of the
n x n power GCD matrix ((x;, x;)°) defined on the set S, = {x1, ..., x,}. Then for any
given integer q > 1

lim A9 = 0.
n— 00

Finally we give the following immediate consequence as the conclusion of this
section.

COROLLARY 3.5. Let 0 < ¢ < 1. Let )\i,l) <...< )\i,n) be the eigenvalues of the n x n
power GCD matrix ((i, j)°) defined on the set S,, = {1, ..., n}. Then for any given integer
g=1

lim A9 = 0.

n— 00

4. Lower bound for the smallest eigenvalue and limit behavior of the g-th largest
eigenvalue. In this section, we assume always that 1 <x; <--- <x, <---is an
arbitrary given infinite sequence of positive integers. Let ¢ > 0 be any given real
number. Let S, = {x1,..., x,}. Let qul) <...< Aff) be the eigenvalues of the n x n
power GCD matrix ((S,)?) defined on the set S,. By Bourque and Ligh’s result [4] the
matrix ((S,)?) is positive definite and so A S 0foralll <i<n Wewill improve this
result by giving a lower bound for the smallest eigenvalue qul). We need the following
structure theorem.

LEMMA 4.1. Let ¢ > 0. Let S = {d, ..., d,)} be a factor closed set (i.e. S contains
every positive divisor of d for all d € S) containing S, and let A = (ay)nxm be the n x m
matrix defined by:

VIed), if dilx;
ajj =
/ 0, otherwise,

where J, := &, * u is the generalized Jordan’s totient function and &, is defined by &.(x) =
x¢ for any x € . Then

(Sp)) =4 A"

Proof. It follows immediately from [10, Lemma 2]. ]

REMARK. If ¢ is a positive integer, then J, becomes the Jordan’s totient function
(see, for example, [1], [20] or [23]). In particular, J; is just Euler’s totient function ¢.

Now let K, be the set of all n x n lower triangular matrices that satisfy: Every main
diagonal entry is 1, and every off-diagonal entry is 0 or 1. Obviously K, is a finite set of
nonsingular matrices and so the set L, := {Y - Y’ : Y € K,,} is also a finite set of n x n
positive definite matrices. Then we can define a positive constant ¢, depending only on
n as follows.

€y = MiNgey, {,u,ﬂ”(Z) : 1!D(Z) is the smallest eigenvalue of Z }. 4.1
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We can now give a lower bound for the smallest eigenvalue in terms of the constant
¢, defined in (4.1) and the generalized Jordan’s totient function.

THEOREM 4.2. Let ¢ > 0 and {x,} | be an arbitrary given strictly increasing infinite
sequence of positive integers. Let k( ) be lhe smallest eigenvalue of the n x n power GCD
matrix ((x;, x;)°) defined on the set {xy, ..., x,}. Then

M) = ¢ - min {J(x))).
1<i<n

Proof. Let A be the n x m matrix defined in Lemma 4.1. Let S, = {xy, ..., x,}.
Then Lemma 4.1 gives

(S ) =4 4" 4.2)
Note that given any m x m permutation matrix P we have
((S))=A-A'=A-PP'- A' = (4P)- (4P).

Thus we can permute the columns of 4. So we can assume without loss of any generality
that

d;:xl, I:l,...,n

We now partition 4 as follows:

A=(B |

Therefore

Bt
A- B|C
=B ( > 4.3)
=B-B+C.C.

We introduce the following notation:

NoTATION. For real symmetric matrices Gy, G, of the same order, we write G| >
G, < G| — G, is positive semi-definite.

Therefore it follows from (4.2) and (4.3) that
((S))) = B- B".
Let 8,(,1) < ... < 58" be the eigenvalues of B - B'. Then it is known (see [15]) that

AD > 5D for 1 < i< n.
Consider now the n x n matrix B = (b;). We have

B VI(xp), if Xl
Y 0, otherwise.
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In particular, B is lower triangular, and the main diagonal entries are /J.(x;), i =

1,...,n. Wecan factor now
B=5-D,
where D = diag(\/Jo(x1), . . ., v/J:(x,)) and B = (b;) is defined by
. I, if xjlx;

= 0, otherwise.
Therefore B € K,. So we have
B-B'=BD-DB'=B-D*. B
and
G=B-B)Y'=®B)"'"-D?. B

We now use the spectral norm which is denoted by |-||, and is well known to be
the largest singular value of the matrix (see [15]). Let p(-) denote the spectral radius.
Since G is positive definite, we have

p(G)= Gl =(B)"-D2-B | <a- I(BY |- 1B,

where

1 1
o= ||D2||=max{ }: : .
l<i<n | Je(x;) ming<j<,{Je(x;)}
It is also known that for any matrix 7,
IT- T =TI IT =TI
So we have
p(G) = |Gl <a- [(BY "B Dl=a-I(B-B) . (4.4)

Since B - B' is positive definite, we have
1

BBy N=p(B-B)y )= —
IGB- B =p(B- BY) = —5 o

where ufql)(ﬁ - B") denotes the smallest eigenvalue of B - B'. Therefore it follows from
(4.4) that

o 1

E%S = - .
uD@B- By T - minigie{Je(x)

p(G)

Since p(G) = (1 and Aﬁll) > 8,(11), we conclude that

s

1 .
AV > —— > ¢, ming<o,{Je(x2))

" p(G)

as required. ]
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COROLLARY 4.3. Let {x,} | be an arbitrary given strictly increasing infinite sequence
of positive integers. Let Ay D be be the smallest eigenvalue of the n x n GCD matrix (S,,)
defined on the set S, = {x1, ..., x,}. Then

)\511) > ¢, - min {@(x;)}.
l<i<n

Proof. Since J;(x) = ¢(x) for any positive integer x, the result follows immediately
from Theorem 4.2. O

REMARK. Note that Bourque and Ligh’s theorem [4] just states that A= 0, s0
Theorem 4.2 gives a better lower bound for A", Note also that Bourque and Ligh’s
theorem generalizes a result due to Beslin and Ligh [3] which deals with the special
case ¢ = 1.

COROLLARY 4.4. Let {x;}2, be an arbitrary given strictly increasing infinite sequence
of positive integers so that x| = 1 Let A" be the smallest eigenvalue of the n x n power
GCD matrix ((x;, x;)°) defined on the set {xi, ..., x,}. Then for ¢ > 0 we have

A > 6.
Proof. Since J.(1) =1 and J.(x) > 1 for any integer x > 2, the result follows
immediately from Theorem 4.2. O

LEMMA 4.5. Let x > 1 be a positive integer.
(1) Ife > 1, then

x&‘

Je(x) = @

(i) For e =1, we have

., c
no = (1- ,
1 ogx logx

where C > 0 is a constant and y is Euler’s constant.
(iii) For0 < e < 1, we have

Je(x) = 170 g(),

where 0 < § < 1 is a constant and g(x) is a function depending only on ¢ and § satisfying
that g(x) — o0 as x — Q.
@iv) Ife > 0, then lim,_, o J.(x) =

Proof. First for any real number ¢, J, is multiplicative. For a prime p and a positive
integer /,

1
J(ph) = (& * w)(p) = p* (1 — ;)-
So we have

Jox) =xT] ( ) (4.5)

px
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It follows immediately that for ¢ > 0
1
T =x[(1-= (4.6)
pel P

where I denotes the set of all positive prime numbers.
If ¢ > 1, then Euler’s formula (see, for example, [1] or [17]) says that

-1
co=T1(1- ) -

pel

where ¢ means the usual Riemann’s zeta function. So we have

1 1
I1 <1 - —) =" 4.7)

pel

Therefore (i) follows from (4.6) and (4.7).
If e =1, by (4.5) we have

1
N = x] ] <1 - —>. (4.8)
p=x P
But a theorem of Mertens (see [1], or [23], or [24]) gives
1 -y 1
[T(1-=)="~(1+0(—))
pex p logx logx
where y is Euler’s constant. So there exists a constant C > 0 such that
1 - C
]‘[(1-—)36—<1——>. 4.9)
pex P logx logx

Now (i) follows immediately from (4.8) and (4.9).
Letnow 0 < ¢ < 1. Write

E(1=9)
Je(x)

Then f(x) is multiplicative. We claim that f(x) — 0 when x — oco. By Theorem 316 of
[7], it is sufficient to prove that f(p”") — 0 when p™ — co. But

1 __ ned _l N
7o =7 (1 pE) >

as p" — oo. Therefore the claim is proved. Now let g = } Then g(x) — oo when
x — oo and Jy(x) = x*1=9 . g(x) as desired. Thus (iii) is proved.
The statement of (iv) follows immediately from (i)—(iii). U

J) =

COROLLARY 4.6. Let {x;}22, be an arbltmry given strictly increasing infinite sequence
of positive integers so that x| > 1 Let A ) be the smallest eigenvalue of the n x n power
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GCD matrix ((x;, x;)°) defined on the set {xi, ..., x,}. Then for ¢ > 1 we have

xE
A(1)>c i
T g(e)

For ¢ =1, we have

L.V
xg)zcn.min{x’ ¢ (1— ¢ )} (4.10)

1<i<n | logx; logx;

where C > 0 is a constant and y is Euler’s constant;
For0 < ¢ < 1, we have

. 1-5
M = ¢ min {607 g0n-0),
1<i<n

where 0 < § < 1 is a constant and g(x) is the function defined in Lemma 4.5.
Proof. 1t follows from Theorem 4.2 and Lemma 4.5. O

REMARK. If x is sufficiently large, then - logx (1 — £ )is strictly increasing we deduce

that if x; is sufficiently large, then (4.10) becomes

ceV
YO R S RN |
logx; logx;

THEOREM 4.7. Let g > 1 be an arbitrary given integer and {xl} 2, an arbltrary given

Togx

strictly increasing infinite sequence of positive integers. Let A e < k,, ) be the eigen-
values of the n x n power GCD matrix ((x;, x;)°) defined on lhe set {x1,...,xn}. Then, if
n > q, the following four statements hold.
(1) Fore > 1,
xE
)L(n—cﬁ—l) > . n—q+1 )
O]
(i) Fore =1,
. Xp—i-€7 C
A=) > ¢ o min {2 1— , 4.11)
0<i=qg—1 | logx,_; logx,_;

where C > 0 is a constant and y is Euler’s constant.
(iil) For0 <e <1,

(n—gq+1) ; e(1-8) )
)‘n Z ¢ 051’?51;171 {xi 'g(xl)}’

where 0 < § < 1 is a constant and g(x) is the function defined in Lemma 4.5.
(iv) Fore > 0, lim,_ oAy 4™

Proof. Let Ry = ((x,—, x,—;)°) be the g x g power GCD matrix defined on the set
{Xn—g41, ..., xu}. Let Mql <... < uq” be the eigenvalues of R,. Then Theorem 4.2
applied to R, gives

/_,L(l) > Cq- mln {Js(xnfi)}v
O<i<g-1

https://doi.org/10.1017/S0017089504001995 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089504001995

EIGENVALUES OF GCD MATRICES 567

where ¢, is a constant depending only on ¢ and is defined by (4.1). By Cauchy’s
interlacing inequalities we have

A= > (D),

So we have

A=t > e o mln JREACS (4.12)

By Lemma 4.5 applied to J.(x,—;) for 0 < i < ¢ — 1, the statements of (i)—(iii) follow
immediately from (4.12).

The statement of (iv) follows immediately from the lower bounds of (i)-(iii). [

REMARKS.
1. If e = 1 and nis sufficiently large, then (4.11) becomes
At 5 o Tnmgrl €7 (1 - ) :
! - logx, 411 logx,—g+1

2. Mertens’ theorem gives an asymptotic formula for the following product

1
I (1 _E> (4.13)

p=x

if e = 1. We believe that there exists a similar but more complicated asymptotic formula
for the product (4.13) for the case 0 < & < 1. Such asymptotic formula should give a
more explicit lower bound for J,(x) and hence for qul) and for )»ﬁ,"_qH) if0<e<l.

5. Concluding remarks and questions. Let {x;}%°, be an arbitrary strictly
increasing infinite sequence of positive integers. For an 1nteger n>1, let S, =
{x1,...,x,}. Let 0 <e <1 and ¢ > 1 a given integer. Let A k(" be the
eigenvalues of the power GCD matrix ((x;, x;)°) defined on the set Sn It follows
from Theorem 2.5 that if for every i#j, (x;,x;)=x; and o 1; = 00, then
llmn_,ook(l) = 0. Then by Cauchy’s interlacing inequalities and Proposltion 1.1 we
have that for any given strictly increasing infinite sequence {x;}7°, of positive 1ntegers
which contams a subsequence {x;}2, satisfying that for every i #j, (x], /) = X]
and Zl 13 = 0%, 11m,HOO = 0. On the other hand, by Theorem 3.4 we know that
for any given strictly increasing infinite sequence {x;}2, of positive 1ntegers contain-
ing the arithmetic progression {a + bi}?°, as its subsequence, llmn_,ook( = 0. First we
would like to understand for what sequences {x;1° hmn_ﬂwk(l) = 0. Namely, we have
the following question:

=1’

QUESTION 5.1. Characterize all strictly 1ncreasmg infinite sequences {x;}, o
positive integers so that lim,_, Ay, A = = 0, where A ) is the smallest eigenvalue of the
power GCD matrix ((x;, x;)°) defined on the set {xi, ..., x,} and ¢ is a positive real
number.

Consequently we propose a further problem.

QUESTION 5.2. Given any integer ¢ > 1, characterlze all strictly i 1ncreas1ng infinite
sequences {x;}°, of positive integers so that lim,_, .oy, @ _ = 0, where A, “ is the g-th
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smallest eigenvalue of the power GCD matrix ((x;, x;)°) defined on the set {xi, ..., x,}
and ¢ is a positive real number.

Finally, we suggest a conjecture as the conclusion of this paper.

Conjecture 5.3. Let ¢ > 1 and {xl} 2, be an arbitrary given strictly increasing infinite
sequence of positive integers. Let A ) be the smallest eigenvalue of the n x n power GCD
matrix ((x;, x;)°) defined on the set S, = {x1, ..., x,}. Then llmnﬁoo)»n) > 0.
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