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OPERATORS WHICH FACTOR THROUGH CONVEX
BANACH LATTICES

SHLOMO REISNER

Introduction and notations. We investigate here classes of operators
T between Banach spaces E and F, which have factorization of the form
Jr

r .
E——>VF F

\//

where L is a Banach lattice, " is a p-convex operator, U is a g-concave
operator (definitions below) and jr is the cannonical embedding of Fin
F". We show that for fixed p, ¢ this class forms a perfect normed ideal of
operators M, ,, generalizing the ideal I, , of {5]. We prove (Proposition 5)
that M, , may be characterized by factorization through p-convex
and g-concave Banach lattices. We use this fact together with a variant
of the complex interpolation method introduced in [1], to show that an
operator which belongs to M, , may be factored through a Banach lattice
with modulus of uniform convexity (uniform smoothness) of power type
arbitrarily close to ¢ (to p). This last result yields similar geometric
properties in subspaces of spaces having G.L. — lLu.st.

This is a revised version of a previous work under the same title. After
completing that work we received T. Figiel's paper [2] and learned that,
using the Lions-Peetre’s interpolation method he gets the main results
(Proposition 4) of § 3 here.

We use here standard notations of Banach space theory. Banach spaces
are considered over the field of real numbers (the results are true, with
appropriate definitions, in the complex case as well).

If E is a Banach space, E’ is its dual space, for x € E, ' € E’, we use
alternatively the notations x’(x), {x, x’), (x’, x). We denote

B(E) = {x € E| lx]| =1} S(E) = {x € E[ |l]| = 1}.

An “Operator’” between Banach spaces is a bounded linear operator,
L(E, F) is the space of all operators between E and F.

Received April 10, 1979. This work is a part of a Ph.D. thesis, written at the Technion,
Israel Institute of Technology, under the supervision of Prof. P. Saphar, to whom the
author is gratefully indebted.
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A standard reference to ideals of operators is [5]; specifically we use the
ideals 7, of p-absolutely summing operators, I, of p-integral operators
and T, of L,-factorizable operators. Let a be an ideal norm on tensor
products £ ® F (considered as subspaces of L(E’, F)). Then «a is a
®-norm if for all u € E ® F,a(u) = inf a(u, M, N) where the inf is
taken over all finite dimensional subspaces M C E and N C F such that
u€ M® N,a(u, M, N) is the a-norm of u# as an element of M ® N.

[A*, o*] is the adjoint ideal of the ideal of finite rank operators with
the norm a (if @ is a ®-norm then [4A*(F, E'), o*] = (E ®.F)'). As a
standard reference to Banach lattices we use [9]; in particular, if L is a
Banach lattice, 1 < p,¢ < o and T € L(E,L) (resp. T € L(L, E))
then 7 is p-convex (g-concave) if there exists K > 0 such that for all
X1, ...,%, € E,

(XN Tx?) ] < K (X lael|P) >
(forall i, ..., fu € L, (SITF) < KI(Z] 1))

we denoteinf K = K@ (T)(= K (T)). If theidentity I of L is p-convex
(g-concave) we say that L is a p-convex (g-concave) lattice and denote
K®(L) = K®(I) (Kp(L) = K»p(I)). We say that L has an upper-p-
estimate M® (L) (a lower g-estimate M, (L)) if the inequalities of p-con-
vexity (g-concavity) are valid for disjoint elements in L, M@ (L)
(M, (L)) is then, the infimum of the appropriate constants.

A basis (e;) ien of a Banach space E is called a monotone unconditional
basis (monotone u.c. basis) if for all {ay, ..., a,) € R?,

n n
Zaiei Z | e
i=1 i=1

The concept of local unconditional structure in the sense of Gordon and
Lewis (G.L. — lLu.st) is defined in [3]. It is well known that E has
G.L. — Lu.st if and only if the cannonical embedding j: E — E” has a
factorization J = VU where U € L(E, L), V € L(L,E") and L is a
Banach lattice.

We are grateful to Dr. Y. Benyamini for helpful discussions concerning
the revised form of this paper.

1. The ® norm 1, ,.
Definition 1. For u € E @ F we define
(1) mpo(u) = inf (6,,({x; ® y4}'iz)).

The inf is taken over all representations of « of the form

u = sz ® v
i=1
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and 6, ,1s defined by

n ’

i=1

~i

- 11
‘”(xk’)?‘o:llllpw') < L)l ey S 1?71""& B 1}'

We omit the proof of the next proposition since it is just a simple veri-
fication.

PROPOSITION 2. 7, , 15 @ @ -norm.
PROPOSITION 3. For u € E' @ F
My,q(1) = inf K@ (a) K, (8).
The inf is taken over all finite dimensional spaces U with a monotone u.c.
basts, and factorizations of u (considered as an operator u: E — F) of the
form
E Yy F

N,/

Proof. Suppose u has a factorization of the form (2). Let {e;, ¢/} be a
monotone u.c. basis in U. Define x/ = a'(e;/) and y; = B(e;). We get

u=poa=2 x/ @y
=1

Moreover, by definition we have:

| » 1/p

l; (; [xi’(xk)lp) ed| [ @) ym =1

G L\ Ve

; <Zz CTECDIN ) e/
|l|(y/)l|z,,/<E'> < 1}.

Therefore for an appropriate choice of (x;) and (y,’) we have:

K7 (@) = sup{

K@) = K7 = Sup{

s @) = 3 (S heveor) (S eear) 4
= [; (ZI |3’t’(3’i)‘q’)l/qlei'] (;le (; |x,-'(xk)|”)l/pei) + €

< KP @)K (8) +
Hence {n, ,(u) = K® () K, (8).

https://doi.org/10.4153/CJM-1980-117-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-117-5

BANACH LATTICES 1485

To prove the other inequality, suppose # = > i1 %; ® ¥, is a rep-
resentation which satisfies

O, ® yil'ic1) = mp () + e
We define the space U to be R* with the norm:

ai(ZI Iyz'(yi)l"')l/q,

n

3) la! = sup {2:1 !

Wy = 1{

o]

i=

for a = (as)i=1 € R~

The unit vector in U has u.c. constant 1 (la! is determined by ||
alone).
Define a: E — U by

a= 2 x5/ ®e,

i=1

B: U— F by
Bla) = ;am-

Then clearly # = g o« and

5 (S wewr) e

i=

‘H(xk)Hl,,(ﬁ‘) = 1}
= (0 ® yifica) = 150 (0) + €5

)] wEny = l}

Wy = 1ylal = 1}

K? (@) = sup{

n

2 (Xl: Iyz'(yi)l“/)l/q,ei’

i=1

= SUP{; IazI(Zl‘, |yz'(3’i)lql)l/q’

= L

J

K (B) = sup

NI

Therefore
K(m(a)K(q)(ﬁ) = Bp,q({xi ® }H}'i:l) = Wp,q(u) + e

2. Operators factoring through a Banach lattice. We say that
T € L(E, F) factors p, g through a Banach lattice (" € M, ,(E, F)) if
JrT has the factorization

T Jjr
E—— F —— F”

1)
( INL//'

where jr is the canonical embedding, L is a Banach lattice, V" a g-concave
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operator and U a p-convex operator. We define
pp,o(1) = inf K@ (U)K, (V),
the inf being taken over all factorizations of the form (1).

PROPOSITION 1. a) [M, 4, py.o] 25 @ perfect normed ideal of operators;
b) (My.0r bp.d) = M. ¥

Proof. 1t is clear that b) implies a). We prove b).
(i) [Mp.qy Iv‘p,q] - np.a**-

LEMMA 2. Let G be a finite dimensional subspace of an order complete
Banach lattice L. Given & > 0 there are x1,...,%, tn L, x; L x; for
1 5% 7,%; = 0 for all 1, such that there is an operator

S: G — span {x;};
which satisfies for all y1, ..., ypin Gand all 1 £ p < ©:

@ (Z’y‘)—(z'sﬂ) Léé(ﬁ}lww’)l“’.

Proof of Lemma 2. Let 0 < a € L be such that B(G) C [—a, a]. I(a)
(the completion of span [—a, a] with respect to the norm for which
[—a, a] is the unit ball) is isometric and order isomorphic to a C(K)
space, which is order complete since L is order complete. Therefore K is
Stonian. The extension j: C(K) — L of the inclusion I(a) C L is of
norm [la|]. An element x € I(a) will be considered alternatively as an
element of L or of C(K). The subspace G; spanned by G in C(K) is iso-
morphic to G. Let d > 0 be such that for all x € G,

[¢llc < dllx] 2.

1/p

Since K is Stonian we have, for given n > 0, clopen sets 44, ..., 4, C
K, disjoint, and an operator U: G; — span {x.;} 1" such that for all
x € G,

lx — Uxllca = nllxllcm-

Then, for all ¢t € K we have for wy, ..., w, € G;:

(= wor)” - (S iwwor)

i

1/p

1/p

= (Z lw;(t) — (Uw;)(t) |p)l/p - (Z [|lw; — Uwill%(l{))

<o( S i)

We now define S: G — L by Sx = jUx, and x; = jxa,:
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Then, for y1, . . ., ¥, € G we have (since j is a homomorphism of lattices)
1/p 1/p
() = (Z1500) ] 2 0o} ()
1/p 1/p
- (; ‘ij(p) = ||a|[17(; ||yj||€~(x>)
1/p
< lalln (3 1317

1/p

so that a choice of n < §/||alld will give (2).

Using Lemma 2 and an argument which is dual to it, combined with a
perturbation argument and local reflexivity, one can prove the following
lemma, whose standard proof we omit.

LemMA 3. If at least one of E or F is finite dimensional and T € L(E, F)
has a factorization of jrT of the form

E_[_}Fi>F//

®) ALA'

with L a Banach lattice, A a p-convex operator and B a g-concave operator
then for every e > 0, there is a finite dimensional U with @ monotone u.c.
basis x1, . . ., Xy and a factorization

E—T7 —F

@) NU/a'

with K®(a)K»(B) = (1 4+ ) KP(4)K ) (B).

We are ready now to prove (i). If j»7 factors in the form (1), then by
Lemma 3, for every finite dimensional E; C E and finite dimensional
F' C F’ the operator 7’17 (i: E; S E, j: F'S F’) has a factorization

7'T1

\/

with U finite dimensional with a monotone u.c. basis and such that
K®(@)KpB) = (14 ¢ K@ (U)K, (V).

It follows that T € 5, ** and 7, **(T) £ w, (7).

— FV
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i) ny & C [ M4 1p.o). This is proved by standard ultra-product
methods.

From Proposition 1 it follows that the adjoint ideal [, ,* pp, *] is
the adjoint ideal of 7, ,. Let T € L(E, F). Denote by K, the unit ball of
ly(E") with the relative w* topology in it with respect to [,(E). K is
the unit ball of 7,(F"’) with the analogous topology. The following result
is proved by the same method as that of [4].

PrOPOSITION 4. w, *(T) = inf b. The inf is taken over all b > 0 such
that there is « Radon probability measure u on Ky X Ko such that for all
x € Eand y' € F' holds:

[(Tx,9") < b f @Rl 10 6Tl du( ) ()

We now refer to the following concepts:

An operator h: L — M between two Banach lattices is called a homo-
morphism if it is positive and h(x*) = (h(x))*, h(x~) = (h(x))~ for
everyx € L. (x = xt — x~,x* = 0,xt L x—, is the canonical represen-
tation of x € L.) We call & a strong homomor phism if h(L) is an ideal of
M. We call h a very strong homomorphism if h(L) is an ideal of M (not
necessarily closed).

ProposITION 5. Let T € L(E, F). T € M, ,(E, F) if and only if jrT has
a factorization of the form:

(5) D\ /;

where L 1s « p-convex Banach lattice, K® (L) =1, M 1s a g-concave
Banach lattice, Ky (M) = 1 and Q is a very strong lattice homomorphism.
Also | Ul | V| £ 1. Moreover,

up,o(T) = inf {{[QI[; Q as in (5)}.

The proof of Proposition 5 will be done in a number of steps.
Let L be a Banach lattice and B: L — F a g-concave operator we

define on L:
m 1/q 1/q
sl = sup { (55 1) ™| (2 ear) ™ = 1}
LEmMA 6. [||-]|| s a lattice semi-norm on L and is continuous with
respect to the norm in L. (In fact |||-]]| < Kpy(B)|-1I.)
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Proof. a) |||-]]| is finite and continuous. Let x € L and
m 1/q
(5 k)" = ol
=1
Then
m 1/q m . 1/q||
(; Hsz‘Hq) = K(q)(B)I (Zl .| ) < K (B)]lx]].
Therefore for all x € L,
=] = K (B) ]
b) Positive homogeneity of |||]|| is clear.
c) It is clear from the definition that
ell] =[] | ||| and [x| = [y] = [[[x[|| = [[l¥]l-

d) The triangle inequality. Let x,y € L and 2z = |x| + |y|. If I(z) =
span [—z, 2] then I(z) = C(K) for some compact K. We have the
following diagram:

1) ——>C(K)——> 1 L4 F

®) '1

B(K)

i"B(K »
]l ())L” BJF”

where ¢ is the inclusion, j is the extension of the inclusion I(z) C L, B(K)
is the space of bounded Borel functions on K, C(K) C B(K) in a natural
way and B (K) is considered as a subspace of C(K)'' by the identification
of h € B(K) with h € C(K)"':

hp) = fK hdu (u € C(K)").

Let F = (fi, ..., fn) € BE)™ with (S| £:]9)' = 1. We put
m 1/¢
ells = (5 1) ™

It is easy to check that

() suprllglle = sup {(ZIB7" @)DV (Xlgd)M = lel}.
The term on the right-hand side of (7) will be denoted by P(g). For

each F, ||-||r is clearly a semi-norm on B(K), therefore P(g) is a semi-
norm on B(K). It is possible now to verify that for w € I(2), |||w||| =
P (1w); therefore ||| ||| is a semi-norm on I (z), and in particular,

e + Il = Ml + [yl
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This proves Lemma 6.
Let .4 be the closed subspace of L:
N = € | [llxll| = 0}.

Let M be the completion of L/A4 with respect to the norm |[Cx| =
[|x|/| where C is the quotient map. Then M is a Banach lattice under the
natural order. Since for all x € L, |Bx|| < |||x|||, B induces in a natural
way an operator By: M — F, with ||B;|| £ 1.

We have also that C is a strong homomorphism and from (a) in the
proof of Lemma 6, we conclude that ||C|| < K, (B). It is easily verified
that M is a g-concave Banach lattice and K, (M) = 1.

Proof of Proposition 5. Suppose jr1 has a factorization of the form (1).
The operator U': L' — E’ is p’-concave. By the preceding lemmas we
have a factorization

II_UI_’L/

O, ST

where M, is p’-concave, K (M;) = 1, C; is a strong homomorphism,
[Cif] = K (U) and [[U']] = 1.

By passing to the dual diagram and repeating the argument, we get the
factorization (5) (we can always pass from Q to Q'’, thus, by [7] we may
assume ( is a very strong homomorphism).

The ideal 1, ,, 7, ,] was defined in [5].

COROLLARY 7. For p > q, [(My. 4 tp.o) = Up.o» tw.ql. (We remark that for
P = q, [ My, tp.o) = [To, vpl, this was proved by Kmvme [61.)

Proof. Due to Proposition 5, it is enough to consider a lattice homo-
morphism Q: L — M where L is p-convex and M is g-concave and to
show that Q has a factorization

L —mQ— M
Al IB
Ly(w) = 1, = > Lo(n)
where (€, 1) is some measure space, ||4], ||B]| £ 1 and I, is the operator

of multiplication by a function 0 =< g € L,(u) (¢7! = p~! + r~1) with
llgll; = |Qll. M is g-concave. K®(Q) = ||Q|| (L is p-convex and Q a
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homomorphism), and since p > ¢ we have also K@ (Q) < [[Q||. Then, by
[7] there is a L,(u) and a factorization

L 0 M
T P
La(l‘-)

with ||B]| £ 1, [|C]| £ ||Q]l, C is a positive operator. Hence by [7], it is
a p-convex operator (L being p-convex). By [13, Theorem 8] C has a

factorization
L c > La(#)
1]
IV
Lp (P‘)

for an appropriate ¢ € L,(u).

COROLLARY 8. a) Let E be a space of colype ¢ (2 =g < ©0) and L a
Banach lattice which is p-convex for some p > q. Then for all r, s with
g<r<s=pwehavel € I, ,(L,E)forallT € L(L, E).

b) Let E' be of cotype p' (1 < p = 2) L a g-concave Banach lattice
(g < p). Then for all r,s;9g < r < s < p, we have T € I, ,(E, L) for all
T ¢ L(E, L).

If g=21ina) or p =2 in b), we may put »r = 2 in «¢), s = 2 in D).

Proof. b) follows from a) by duality. To prove a), from [12] it follows
thatforall” > gand 7" € L(L, E), T is r-concave. Since L is s-convex for
all s £ p, we have T € M, ,(L, E) and Corollary 8 completes the proof.

A consequence of Corollary 7 and the results of [14] and [8] is

COROLLARY 9. Let L be a q-concave Banach lattice with ¢ < 2 and E a
subspace of L. Then one of the following mutually exclusive possibilities
holds:

a) There exists p, 1 £ p = q such that E contains uniformly 1,

b) There exists r,q < r = 2 and there is a probability measure space
(Q, Z, p) such that E is tsomorphic to a subspace of L,(u), and on E all the
L, (u) norms with 0 < s < r are equivalent.

ProrosiTiON 10. Let L be a p-convex Banach lattice, and T € L(E, L)
with T7 € T,(L', E"). Then T 1s lattice bounded in L' ; that is, there exists
f,0=f € L" such that

JT(B(E)) C £ f]
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(j: L — L" the cannonical injection). Moreover,
[fI = KO @L)my(T7).
Proof. We use the following construction. Let M be a Banach lattice
with M’ p-convex (1 = p < ). (We assume, for simplicity, K® (M') =
1.) Let (2, Z, u) be a measure space and let Ly”(?, Z, u, M) (in short,

Ly?(u, M')) be the Banach space of w*-scalarly measurable functions ¢
from @ into M’, such that

@ = sup{[(s, x)|, [x]lz = 1}

exists and belongs to L,(r). The norm in Ly (u, M') is o]l = | @[ z,w
(see [17]). Let ¢ € Ly?(u, M') and let A = (4,)’=1 be a finite collection
of disjoint measurable subsets of @ with u(4,) < © (j=1,...,n). We

define f4 € M’ by

® g (Guay| [ seme)|)”

<f ¢ (w)du is the element of M’ defined by (f ¢ (w)du(x)
A ; Aj

=f (6(a),5)du) ).
Since K» (M") = 1, we have
[ fall = (7:21 M(Aj)l—pi j;l o (e)du ﬂ)l/p

< [iu(Aj)l“’(fAj @(w)d#)p]w < (Z f <I>(w)”d#)l/p

=

= |éllzpwan-

There is therefore a subnet (4%) of the net of such finite collections with
the order induced by refinement, such that

fae e M.
Of course, f = 0 and

A= 1oz

LetO0 = x € Mand 4 = (4,),-1" the same collection of sets as before.

Then
p) 1/p

< [zn:l u(Aj)l_p(

j=

(Swar=| [ (o, a

j=1

S swn|@)]”
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The last expression is equal, for some n-tuple (a;),=" with > |a;|?" = 1,

to
] bw)du| ()

- [;ZIaMA,-)“-W f s |

fAj ¢ (w)du

n

1—
4 a,-p,(A j)( nie

<[y 16 = o

j=

Now, if for all a, 4% = (4 ),;-1"® then
1/p
O ([ 1ot pa)” -

n(a)
lim (Z w A

j=1

p\1/p
fA_ (¢(w), x)du(w) ) = lim fae(x) = ().

We now use (9) to prove the proposition; we assume K® (L) = 1.
Since T’ € m,(E’, L"), there is a positive Radon measure pon @ = S(L")
such that

(10)  w(@)'? = mp(17)
and for all ' € L'

an eyl = (f o eaon)

We define f € L' as in the above construction, with ¢ € Ly?(L"),
¢ (y'") = 9". We have

[fI= @) = mp(17).

We need to show that for all x € E with ||x|| £ 1,7(|T%|) £ f. That s,
for all y" with 0 =y" € L, y'(|Tx|) £ f(y’'). If 0 £ o’ € L, then for
llx]| = 1, we have by (g)

(2 (ol = (1) s ( [ re)raon) ' < ).

Now if 0 = 4 € L’ and ||x|| = 1, (12) yields:
¥ (|Tx|) = suple’ (Tx) + ' (Tx)|o’, 2" 2 0,0’ + 2" = '}
< sup{|e’ (Tw)| + [/ (Tx)| [ o', 2" 2 0,0" + 2" = '}
< sup{ f(0') + (&)o', 2" 2 0,0 + 2 =3} = f().

ProposiTION 11. Let F be a Banach space and L any Banach lattice. Let
A € L(F, L) be a p-convex operator and T € L(E, F) with T’ € =,(F', E’).
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Then there exists f, 0 < f € L" with
11 = K®(4)m,(T")

such that
AT(B(E)) C[—f.f]

Proof. By the proof of Proposition 5 we have the following factoriza-
tion:

E—Ly p Ay T,

P

where || 4:1]] £ 1, Q is a lattice homomorphism, ||Q|] £ K® (4) and M is
a p-convex Banach lattice. By Proposition 10, there exists g, 0 <
g€ M, gl = m((4:T7)) = mp(T7) and

AT (B(E))) Cl—g gl
Taking f = Q(g) completes the proof.

COROLLARY 12. If E’ s of cotype ¢ (1 < ¢ £ 2), and T € L(E, L)
(L any Banach lattice), then for every S € L(G, E) with S’ € =.(G, E)
(r < q), TS s order bounded in L".

THEOREM 13. Let T € M, ,(E, F). Then for any Banach space G and
operator S € m, (F, G) we have

T'S" € I(G',E') and i,y (T'S") = pp,o(T)wy (S).
Proof. By Proposition 5, T has a factorization of the form (5) with
10l = wp,o(T) (A + o).
Let S € 7, (F, G); the diagram dual to (5) is

!
Bl p S

i

L, ¢ Q MI
where V! = V/|p.
By Proposition 10 there is 0 = f € M', ||f| £ 7,(S) such that
S'(B(G")) CL—=f,f]
Let C(K) be the completion of I(f) with respect to the norm for
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which [—f, f ] is the unit ball, and let 2: C(K) — M’ be the extension
of the inclusion.

el = £ I = 7o (S).

Let j: M’ — M’ and k: M""" — M’ be the cannonical injection and
projection.
We have the diagram

R R T

TU/ /2
Ql
L'+—— (C(K)
where V2 is the operator that jV.S’ induces into C(K) (]| V2| £ 1). Q¢

is Q'k7 and of course Q! is a homomorphism from C(K) into L'. From
p’-concavity of L’ we have for ¢1,..., ¢, € C(K):

(Z1Q"ilP) 7" = [[(XZ1Q"ul”) ]| v
= QU T lelP ) P Moy = 1@ lep ((ba) 1)
Hence Q! is p’-summing and
m (QY) = [[Q'] = 1y, (1) (1 + &) 4]].
Since Q! is defined on a C(K) space we have
iy (Q") = wp o (1) (L + &)lil] = (1 + )up,o(T)wy (S),
hence
iy (I'S") = 4y (U'Q'V?) = [[U'[|5p (Q)[| V2]
S (1 + Qup,o(D)my (S).

3. Relations with uniform convexity and uniform smoothness.
For further information concerning vector lattices we refer to [18].

The following construction was introduced in [1] and further investi-
gated in [10, 11].

Let X, and X; be Banach lattices which are embedded lattice-isomor-
phically as ideals of the same complete vector lattice . It is easy to
check that in this case X + X; and X, /M X (definitions of [1]) are
Banach lattices, X ;(z = 0, 1) are ideals of X, + X1, X, M X is an ideal
of the other three, and all four are ideals of .

Let 0 < 6 < 1. We define:

(1) Xe = X" 0X,8 = {x € W] |x] = Mu|"v|® for some u € X,,
v € X1, M 2 0; with [Julx, £ 1, [[v]x, < 1}.

X is a Banach lattice equipped with the norm
llx||x, = inf {NX as in (1)}.
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It is easy to check that the following set-theoretic inclusions hold:

XoNX:C S Xy C S Xo+ X,

and that 7 and j are very strong lattice homomorphism of norms not
greater than 1.
The following result is from [11].

TaeEoOREM (Lozanovskii). Suppose Xo, X1 and W are as above. Then there
exists an order complete vector lattice V and lattice-isomorphic embeddings of
Xo and Xy as ideals of V such that (X )’ is isometric and lattice isomorphic
to (XO’)I—-G(XII)O_

THEOREM 1. Under the assumptions of the preceding theorem,
a) Suppose that X (1 = 0,1) has an upper-p; estimate (u-p-est.)
M@ (X ;) and lower-q -estimate (I-q-est.) M) (X ). Let po, g satisfy
1 1—6,6 1 1-—09

) P10 qo
Then X ¢ has u-pe-est. and l-gg-est. and
M@0 (Xg) < [M®0 (X)) [ MPY(X1)]°,
Mp(Xe) = [ My (X)) M (X1

+f)— OD<o<l).
g1

b) Suppose X, is pi-convex and q-concave. Then Xy 1is pe-convex and
qe-concave and

K9 (X,)
K, (Xo)

(K9 (X0 =K@ (X )T,

<
= [Kgy (X o) K gy (X 1)1

Proof. We prove only a); the proof of b) is similar. By duality and
using Lozanovskii’'s theorem it is enough to prove the first assertion and

the first inequality. Let x1,...,x, € X4 For each 7 let 0 £ u,; € X,,
0 v, € Xy with [luylx, £ 1, lviflx, £ 1 and X\; = 0 be such that for all
1150

x| < Nai% ¢ and N\, £ [lxflx, (1 + €).

n n
1-6 1-6 [ J
\/ ‘le < \/ )\i<p0( ))/pOui )\i(po)/plvi
i=1 i=1

IIA

n n A
1-6 1-6 9 0
( V )\i(pa( ))/pOui )( V >\i(p9 )/plvi )

i=1 i=1

n 1-6 n [
— V )\i(p")/pobti v )\i(po)/)?lvi .

i=1 i=1
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Hence
1-6 n 0
V A (p")/p"lt \/ )\i(pg)/plvi
i=1 i=1
1=6)/p, n 0 /py
< (M7 (X)) (Z ) I ) (Z x)
i=1

/g

= [MP(Xo) ] [M7 (X1)] (Z A ”e)

= (L+ QI (Xo) 7M™ (X )] (lexlllw ) "

Since ¢ is arbitrary, the last inequality proves the assertion.

ProPOSITION 2. Let L, M be Banach lattices, L with a u-p-est., M with
an l-g-est. (1 < p,q < o) and M-order complete. Let Q: L — M be a very
strong homomorphism of Banach lattices. Then for every 0 < 6 < 1, Q has a
factorization

L——-»M

Q\ o,

where Q1, Q; are very strong homomorphisms, ||Q1] Q2
u-pe-est and I-gq-est

= [|Q]l, X has an

1_1-9 e)
(;Do » + 6 90 p and
M9 (X) £ [M® (L] My(X) < [Mi (M),

A similar assertion is true if we replace upper and lower estimates by
cenvexity and concavity, in the assumptions and in the result.

Proof. We may suppose Q is one to one; this is because the quotient
Banach lattice L/Ker Q has

M®(L/Ker Q) = M®(L).

We may therefore consider L as an ideal of M on which the L-norm is
another norm. We may, then, apply Theorem 1 (with X, = L, X, = M,
W =M, po=p, p1 = 1,90 = ©, ¢ = ¢q). We have then the factoriza-
tion

L—»M

Q\ /éz
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where Xy = L'9M° and Q,, Q. are the set-theoretic inclusion operators.
It is easily checked that [|Q:] < [[Q[I*=?, [[Qz] < [|Q[|%; the estimations of
the upper and lower estimates of X4 are those of Theorem 1.

COROLLARY 3. Under the assumptions of Proposition 2 with 1 < p <
2 £ q <o, for all r < p, Q factors through a uniformly smooth Banach
lattice with modulus of smoothness of power type r. Also for all s > q, Q
factors through a uniformly convex Banach lattice with modulus of convexity

of power type s.

Proof. 1t is a result of [9] that a Banach lattice L with an u-p-est. and
l-g-est. (1 < p <2 < ¢ < o) can be given two lattice norms, | ||, and
Il ll2, both equivalent to the original norm, such that (Z, || ||;) has modulus
of smoothness of power type p and (L, || ||2) has modulus of convexity of
power type ¢. This, together with Proposition 2, proves the assertion.

PRroPOSITION 4. Let E be a subspace of a Banach space F such that the

following hold:
i) F has G.L.-l.u.st and cotype g < 0.

ii) E' has cotype p’ < oo (p~1 4+ (p’)"! = 1).
Then

i) For all s > q, E can be equivalently renormed to be uniformly convex
with modulus of convexity of power type s.

iv) For all v < p, E can be equivalently renormed to be uniformly smooth
with modulus of smoothness of power type r.

v) 1/p(E) + 1/q(E") = 1 where p(E) = sup {p|E is of lype p},
g(E') = inf {q|E’ is of cotype q}.

Proof. Under the assumptions i) and ii) we have the following fac-
torization

E—%F——]—I»F”

P, A

where 1 is the inclusion map, L is a Banach lattice and U, 17 are operators
which are r-convex and s-concave respectively, for all » < p and s > ¢.
Therefore for all » < p and s > ¢, we have M, (i) < 0. iii) and iv) are
therefore consequences of the preceding propositions and Proposition 2.5
(note that in the proof of Proposition 2.5, M, being bi-dual, is order com-
plete). Note that E is isomorphic to a subspace of Banach lattices with
the desired moduli of convexity and smoothness. v) is a direct conse-
quence of iv).

Remark 5. Recently Pisier used in [15] the same method of interpola-
tion used here. A further use of interpolation leads to a special case of one
of his main results (Theorem 3.4 and Corollary 3.5):
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ProprosITION. Let F be a Banach space with G.L.-l.u.st and cotype
g < o0. Let X be a subspace of F such that X' has cotype p' < co. Then for
everya > % — 1/(p" +q) (1/p + 1/p’" = 1) holds:

(Pa) There exists C, > 0 such that for every subspace Y of X and operator
u € L(Y,Z) of rank n < oo, there is an extension & € L(X, Z) of u with

o (@) < Canlul.

Proof. By the preceding results, for every §,p,0 with ¢ < § < o0,
1 <p < p,0<6 <1 thereisa Banach lattice L which is s-convex and
r-concave with

© |-
T
S
X | =
ESIRES -

=—=—+9,

such that X is isomorphic to a subspace of L. Now, the result of [15]
shows that X satisfies (P,) for

_ (1 11_1)_ (u;egé:_n_u e)
a = max . 919 , = max 15 515 7"

q
It is left only to choose 8 = §/(p’ + §) to complete the proof.

One should compare the estimate of @ obtained here with the estimate
1/p — 1/q obtained by Konig, Retherford and Tomczak-Jaegerman in
[6] (see [16]) for general type-p, cotype-g Banach spaces. For p and ¢
close to 2 the last estimate is better than «, however a is always smaller
than 1/2 if p > 1 and ¢ < .
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