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Abstract

Following R. A. Rankin’s method, D. Zagier computed the nth Rankin—Cohen bracket of a modular
form g of weight k; with the Eisenstein series of weight k2, computed the inner product of this Rankin—
Cohen bracket with a cusp form f of weight k = k; + k2 + 2n and showed that this inner product gives,
up to a constant, the special value of the Rankin—Selberg convolution of f and g. This result was
generalized to Jacobi forms of degree 1 by Y. Choie and W. Kohnen. In this paper, we generalize this
result to Jacobi forms defined over H x C@-D.
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1. Introduction

There are many interesting connections between differential operators and modular
forms and many interesting results have been found. In [10, 11], Rankin gave a general
description of the differential operators which send modular forms to modular forms.
In [6], Cohen constructed bilinear operators and obtained elliptic modular forms with
interesting Fourier coefficients. In [14], Zagier studied the algebraic properties of
these bilinear operators and called them Rankin—Cohen brackets. In [13], following
Rankin’s method, Zagier computed the nth Rankin—Cohen bracket of a modular form g
of weight k; with the Eisenstein series of weight k; and then computed the inner
product of this Rankin—Cohen bracket with a cusp form f of weight k = k| + k> + 2n
and showed that this inner product gives, up to a constant, the special value of the
Rankin—Selberg convolution of f and g.

Rankin—Cohen brackets for Jacobi forms were studied by Choie [2, 3] by using the
heat operator. Following the aforementioned work of Zagier, Choie and Kohnen [5]
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generalized the result of Zagier to Jacobi forms. They computed the Petersson scalar
product {f, [g, Ek,,m,]v) of a Jacobi cusp form f of weight k and index m against
the Rankin—Cohen bracket [g, Ei, m,]v of a Jacobi form g of weight ki and index
m and the Jacobi-Eisenstein series E, ,,, of weight k» and index mo, where k =
k1 + ko + 2v and m = m1 + my. As in the case of modular forms, they expressed the
inner product in terms of special values of a kind of Rankin—Selberg type convolution
of the Jacobi forms f and g, though such a convolution has not yet been studied in the
case of Jacobi forms.

In this paper, we generalize the work of Choie and Kohnen to Jacobi forms defined
over H x C@&D_ Since the method is similar, we shall give only a brief sketch of the
proof with the corresponding steps.

2. Preliminaries on Jacobi forms over H x C(&-D
Fix a positive integer g. The Jacobi group F{g =T x (Z®D x 7&D) acts on
H x C@D in the usual way by

a b at+b z4+At+p
9 A" b = 9 9
((c d) ( ,u)) °(r.2) (ct+d ct +d )

where I'j = SL(Z) is the full modular group. Let k € Z and M be a positive definite,
symmetric, half-integer g x g matrix. When

y= ((Z 2) yee u)) ery,

and ¢ is a complex-valued function on H x C@&-D, we define ¢ | 37y to be

—C

)k
(ct+4d) e(cr d

Mz + At + p] + M[A]T + 2A’Mz>¢>(y o (1, 2)),

where for matrices A and B of appropriate size, B’ denotes the transpose of B and
A[B] = B"AB and e(a) = exp(2mia).

Let Jk,pm be the space of Jacobi forms of weight k and index M on FIJ @ that is,
the space of holomorphic functions ¢ : H x C:D — C such that ¢|x ¥ = ¢ for all
y € F]J @ which have a Fourier expansion of the form

¢(r,2)= E c(n, re(nt + rz).
nez, reZd
dn>M~1[r

Further, F is called a cusp form if and only if c(n, r) =0 when 4n = M=[r']. We
denote the space of all Jacobi cusp forms by J,f}lﬂs,f . When F, G € Ji ur and one of
them is a cusp form, the Petersson inner product is defined by

(F, G)= / F(z, 2)G(t, 2)vke(—4nM[y] - v 1y aV/,
Fljyg\Hx(C@'U
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wheret =u +iv, z=x + iy, anddVgJ = 07872 du dv dx dy is the element of invar-

iant measure. The space ch IRS,IP with the Petersson inner product is a finite-dimensional

Hilbert space. For more details on Jacobi forms on H x C&D we refer to [1, 15].

2.1. Poincaré series. Suppose that n € Z, r € Z4, and 4n > M~ '[r']. When k >

g + 2, let P p.(n,r) be the (n, r)th Poincaré series in ch uﬁs,f, characterized by

(@, Pirt:nr)) =M. nCp(n, 1) Vo € I3,

where ¢y (n, r) denotes the (n, r)th Fourier coefficient of ¢ and
MeM.D = 2K(g_1)_gF(K)7T_K (det M)K—I/ZD—K’

where

. 8§ . [ n r/2
K—k—2 1, D =det(27), T_<r’/2 M)'

The Poincaré series Pk y.(n,r) has the following Fourier expansion:
P = 3 et et £,

n'eZ, r'eZ8
4n'>M~1r"M

where
', ) =gkt ry 'y 1)+ (D g p o (0 1),

n r = 27‘[ 2
8k, M; (I’l, /) = 8M (I’l T n/ 7 /) - l.ik— —D/ < S
’ ’( ’r) ’ s Iy ’ !g/z(det M)1/2 l) bl

1 ifD=D"andr' =r modZ8 -2M
0 otherwise,

’_ ’ ’_ l’l/ r’/2
D' = det(2T"), T_<r,,/2 )

S, r,n',r') = {

S 1 H ey n~/D'D
_cg/2+1Z Ml rn, ) e 26~ldetM-c )’

c>1
and Hys (n, r, n’, r’) is equal to

D e (MIx]+rx+n)y™ +n'y +r'x)esc (' M),

X,y

2.1

In the last sum, x runs over a complete set of representatives of Z(!) modulo ¢Z(€D

while y runs over a relatively prime set of representatives of Z modulo ¢Z, and y~

1

denotes an inverse of y modulo c. Further, e.(a) :=exp(2wia/c), a € Z, and J;

denotes the Bessel function of order «. For details we refer to [1, Lemma 1].
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3. The generalized heat operator

For a positive definite, symmetric, half-integer g x g matrix M = (m;;), we define
the heat operator by

0 0 0
Ly :=87i|M|— — o>
ot 15?3 0z; 0z;
where T e H and z/ = (21, 22, .. ., 7g) € C8, while [M|=det M and M;; is the
cofactor of m;;. Note that when g = 1 the heat operator above reduces to the classical
heat operator, namely, 8wim 9/t — 82/822. Letr' =(ry, 70, ..., rg¢). Then using

the fact that
d :
8—(e(n'c +rz)) =2mwine(nt +rz),
T

0
—(e(nt +rz)) =2mirge(nt +rz),
0Zq

0 0
——(e(nt +rz)) = (2ni)2rarﬁe(n'c +rz),
0zq 02

where 1 < a, 8 < g, we find that L (e(nt + rz)) is equal to

87i|M| - 2min-e(nt +rz) — Y Mapmi)rarpe(nt + rz)
l<a.p=<g
= Qri)*@n|M| — M[r']e(nt + rz),

where M denotes the matrix of cofactors M; ; of the symmetric matrix M. The next
lemma describes the action of the heat operator on Jacobi forms.

LEMMA 3.1. Let F € Ji, . Then

(L F)lk+2,MmA =Ly (Fli,mA) + 8wi|M|(k + 1)< )(Flk,MA),

yT+06

forall A € T'y of the form (; Z’{) In general, for any positive integer v,

(LyyF)lig2v,MA l
:Z (‘l)>(8]_”.|M|)U1 (K+v)!< 14 > L5\4(F|k,MA)- (3.1
=0

k+D!'\yr+6
Moreover, for all A, )\ € Z8,
Ly (Flpx, M) =Ly F)lmlr, M. (3.2)

PROOF. Though our L, operator differs slightly from the operator defined in [4], the
proof goes along the same lines as [4, proof of Lemma 3.3]. O
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We now define the Rankin—Cohen bracket for Jacobi forms on H x C(&-D,

DEFINITION 3.2. Suppose that F € Jg, m, and G € Ji, m,, Where k| and kp are
positive integers and M and M, are positive definite, symmetric, half-integer g x g
matrices, and that v is a nonnegative integer. Define the vth Rankin—Cohen bracket
of F and G by

%
K1+ v\ [(Kk2y+v _ —
[F,le=;(—1>’(v_l)< l )|M1|” Mol Ly, (LY (G,

where kj =k; — g/2 — 1 when j =1, 2.

Using Lemma 3.1, we show that the Rankin—Cohen bracket [ , ], gives a bilinear
map from Ji, p, X Jiy, M, t0 Jk+ko+2v, M, +M, (in fact, into the space of cusp forms if
v > 0).

PROPOSITION 3.3. Suppose that F € Ji, m,, G € Jiy,m,, and that v is a nonnegative
integer.  Then [F, Gl € Jk,+ko+2v,M,+M,. Furthermore, if v is positive, then

cusp
[F’ G]U € Jk1+k2+2v,M1+M2'

PROOF. By (3.2), we see that the action of the heat operator on Jacobi forms is
invariant under the lattice action and so the invariance of the Rankin—Cohen bracket
with respect to the lattice action follows from the definition. It remains to show that
the Rankin—Cohen bracket is invariant under the stroke operation, with respect to the
group action. Making use of (3.1), we see thatif A= (} ) € 'y,

[F, G]U |k1+k2+2v,M| +M2A
v

d(cr, 12, 1, V) Ly, (F)lky 4200, ALy (G) kg 2001, 1, A

=0
Vv
=Y d(cr, k2, 1, v)S(k1, k2, 1, v),
=0
where
K1 +Vv\ [k +v _
d(xl,xz,z,w:(—l)l(v_l)( , )|M1|“ "M,

and S(x1, k2, I, v) is equal to

L [ v—I S\ V—U—DV v—u v—v
E E ( >( )(Sm) |My|" " | Ma
u v

u=0 v=0
(k1 +D! (k2 +v —=1D)!
(k1 +u)! (k2 +v)!

c V—u—v " ;
e LY (F)LY, (G).

The terms on the right-hand side for which u + v = v give [F, G],, and so it remains
to show that the terms vanish when u +v <v. When u +v <v and u <v, the
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coefficient of LLI{,II (F )L}’M2(G) is given by

8mic V_M_U|M1|”_”|M2|”_” (k1 +v)! (k2 +)!
ct+d u! (k1 +u)!v! (k2 + v)!

. G0k
X; (- —v—1)

and the sum in the last expression is equal to zero. This completes the proof. O

We shall now state the main theorem of this paper.

THEOREM 3.4. Suppose that F € chjs,}), with Fourier coefficients a(n, r), and G €

Ji, . m,, with Fourier coefficients b(ﬁ, r). Suppose that M = M| + M, and that
k=ki +ky+2v, where v>0, ky > g+2 and ky > k1 + g + 2, and let Ey, y, be
the Jacobi-Eisenstein series in Ji, m,. Then

(F, [G, Ep,m,1v)

(4n|M,| — Mi[r']) a(n, r)b(n, 1)

= Ck,ky,M,M3,g;v Z A ) 3.3)

nez, rezt (4n|M| — M[r']*

dn=M7[r']
where
k!

) :2K(g71)7g72v7_[71<72v MK71/2 MoI~'T v , 34
Ch.ky. M. My, g:v | M| M| T (k) ] (3.4

k=k—g/2—landky=ky —g/2 — 1.
The rest of this section is devoted to a proof of Theorem 3.4.

3.1. The action of the heat operator on Eisenstein series. Let Ey s be the Jacobi—
Eisenstein series of weight k and index M, defined by

Em = Z Hi,my,
yer? \r{’g

1,g,00

1
(s 90

LEMMA 3.5. Suppose that v is a positive integer. Then (L}, Ey p)(7, z) is equal to

where

an,ueZg}.

F'k+1+v)

(=4IM1D) Tk +1)

2mic)Y b 2XM M
y Z ( mc)k+ e(M[k]ath + 2 ¢ [Z])'
e (ct + d)frv ct+d ct+d ct+d
(e e
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PROOF. Using the definition of the Eisenstein series,

LyEcv= Y. Ly(lwuy).
yer? /r{yg

1,g,00

By taking a set of coset representatives ((ﬁ Z), (ahr, bk)) in the sum above, where

(¢5) € Too\TI'1 and A € Z8,
s 3 (0 2)
reZ8 k.M ¢
(@ B)erar,

(ax, b)r).
k.M

It is easy to see that

a b I —k —cM[z]
¢ ) =ae(e o ()

= —8mic|M|(k + D)(ct + d)"‘%(ﬂ),

ct+d

where we have used the fact that

> Maﬂ( > miﬁzi)< > miaZi) =M > mapzazps

1<a,B<g I<i<g I<i<g 1<a,f<g
and
Z Maﬂmaﬂ=g|M|'
1<a,B=<g
Therefore
_ —cM|[z]
LY d)7*
M((ct +d) e( p—— >>
Tk +v+1) , —k—v [ —cM]z]
= (=4 ——|M|"Qric)’ d) Vel ——— |.
O gy M CTio €T +d) e<”+d)
Since
—cM
(ct + d)k”e<c—[Z]> (ak, b)
CT +d kM
at+b 2M'Mz cM[z]
= d)F Vel M2 — ,
(cr+d) e( []cr—i—d ct+d cr+d
the required result follows. O
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3.2. A representation of [G, E], in terms of the Poincaré series. We first obtain a
growth estimate for the Fourier coefficients of a Jacobi form. We use Landau notation:
for a positive valued function %, we write f < h to mean that there exists a constant
(called the ‘implied constant’) C such that | f| < Ch.

LEMMA 3.6. Suppose that k > g +2 and that F € Ji py has Fourier coefficients
c(n, r). Put D| = Zi,jMij”i”j — 4n|M|. Then

cn, r) < D182 = Dy ¥, (3.5)
if D1 < 0. Moreover, if F is a cusp form, then
c(n, r) < |Dy|F/2=8/2,

The implied constants in these inequalities depend only on k, g and |M|.

PROOF. If F is a cusp form, then the required estimate was proved by Bocherer and
Kohnen [1]. If F is not a cusp form, then it can be written as a linear combination of
the Eisenstein series E_js and a cusp form. We now show that e s (n, r), the (n, r)th
Fourier coefficient of Ey_jy, satisfies the estimate (3.5), from which the lemma follows.
Taking the same set of coset representatives as in the proof of the lemma above, we
see that Ex p is equal to

> lwmy

J J
ver o\,

1,g.00

1
- > 1""”’((? Z),(m,b»))

LEZ8
c,deZ
(c,d)=1

1 _
=— Z (et + d)_ke( ¢ M|z + alt + bA] + M[aX]T + 2aA’Mz>
2 c

AEZ% T+d
c,de
(c.d)=1
1 at+b 2X'Mz M][z]
=_ t+d)Fe M2 - .
2 xgzzg (ct +d) e( []cr+d+cr+d Ccr+d

Proceeding in the usual way, splitting the sum into the part where ¢ = 0 and the part
where ¢ # 0, we see that Ey_p (7, z) is equal to

S d
D eMDIT +2'Mz)+ Y Tt Y e(%M[k]) Fk,M<f +- - Z)’

LEZS c=1 d
d,c)=1
X mod ¢
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where
Fu@ = Y (t+p)  e(=Mlz+ql/(x+ p)).
pEL,qeZS
Using the Poisson summation formula, the (n, r)th Fourier coefficient of Fj p (7, z)
is given by
0 if M[r'] > 4n|M]|,
n,r)= 2mi ~ « -
Y= M2 ZEl M| — MED) i MU < 4n|M]|,
’ 41M|

where

1\*% 7 cosec( (k + 1))
o= | —
Lo =\ 2 Tk + 1)

Plugging in this Fourier coefficient and estimating the Gauss sum, we get
ex,m(n, r) L |Dyl*,

where the implied constant depends only on k, g and |M|. O

We need the following lemma, which gives the absolute convergence of a series that
is required to get an expression of the Rankin—Cohen bracket of F with the Eisenstein
series in terms of the Poincaré series. For given positive € and C, define the set V¢ ¢
to be

{(t.2)eHxC8v>e |y | <C Ixjl < 1/e,u<1/eVj=12, ... gk
LEMMA 3.7. The series

vk exp(=27 M[y]/v) Z (4n|My| — Mi[r'De(nt + ro)lemy
nez, reZd
dn=M; (]
yer{ \If

(where t =u +iv, zj = xj +iyj, and y = (y1, y2, . . ., ¥g)') is absolutely uniformly
convergent on the subsets Ve c.

PROOF. Using Lemma 3.6, it is sufficient to prove the uniform convergence of the
series

vFexp(=2x MIyl/v) Y @nlMi| = Milr'])" 2 le(nt + o)l my (1, 2)]
nez,rels
dn>=M; ']
yery /T

in the given ranges. Take 7’ € H, such that Z = (£ %)/ € Hgy1. Alsolet T = (r’/12 r;‘flz).

By the assumption that 4n > M '[r1], we see that T is positive semidefinite. Now we
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embed FJ = SLo(Z) x (Z8 x Z8) into I'g41 (denoting the embedding by y +— y*)
defined by combmmg the following two embeddings:

a 0 b 0
a b 0 Ig—1 0 0y
((C ) (s u)) c 0 d 0 (s 1)
0 0g-1 0 Iy
and
A 0 B W
A B Al ou 0
<<C D)’(A’M)>H cobp V|

00 0 1

where (A", u") = (&, ) (4 g)_l. We have

(e(nt +r) e, my)(t, 2) = exp(=2mimt’)(e(tr(T Z2)) lky *)(Z),

where [; (on the right-hand side) is the usual stroke operation on functions F :
Hg+1 — C, and we can view the sum of absolute terms of the (n, r)th Poincaré series
as a subseries of the sum of absolute terms of the 7 th Poincaré series on Iy 1. Suppose
that (t, z) € Ve, c. Then by taking =i min1<j<g{(y12/v + 6)} with § > 0, we see
that Z = ( ) € Hg41 where Y =Im Z > €'/2 for some €’ depending on €, C and §.
Since the sum of the absolute terms of the 7'th Poincaré series on the subsets where
Y > €'l; and tr(X'X) < 1/€’ (up to some constants) is majorized by that sum evaluated
at an arbitrary single point Zg (see [9]), it is sufficient to take Zy =i/, and prove the
convergence of the series above at (t, z) = (i, 0, . . ., 0), that is, using the the coset
representation, the convergence of the series

9o ai+b+ aii + b
X JT n r
P\ \Meiva T it d

Mlaii + bA] + M[ak])) ’

3 (@n|Mi| — M[r' ¥+
|(ci + )|

nezZ,reZs,
4n>M ')
(c.d)=1,1€Z8

X

exp (2711‘ (ci_—f 7

Now proceeding as in [5], we get the required convergence with the assumption that
ky > ki +g+2. O

PROPOSITION 3.8. Let k, ki, ko, M, My, and M> be as in Theorem 3.4. Take
G € Ji,,m, with Fourier expansion

G(t,2)= Z b(n, re(nt +rz).
nez, reZg
dn>M [r 1
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Then

(G, Eiyiylo = Cy bty Magev D, GulMi| = Mi[r' 1) b(n, 1) Ptz n.r)»

nel,rels
dn>=M;"[r"]
(3.6)
where C
) _ ViK2.
Chy ko, My, Mo, g:v = (27) 7Y | M| Vm-

PROOF. Using the definition of the Poincaré series, the action of the heat operator on
Fourier coefficients, and by the absolute convergence (obtained in Lemma 3.7) we see
that the series on the right-hand side of (3.6) can be written as

> )T 2)

J J
ver o\,

1,g,00

x> (@n|My| = Mi[r') " b(n, r)e(nt +r2)(y o (t. 2))
neZ,reZ8
dn=M;[r']

= Y. (Uku(E@ - Q@ri) (L, Gy o (z,2)
vely o\,

1,8,00

1 v
= Gy > Ul V)@ DLy, Gl 20,1, ¥ (1, 2).
yer{,gyoo\r{_g

By taking the same set of representatives for the sum over y as in the proof of
Lemma 3.5, and using the fact that G € Ji u,, we get

1 %
G > U@ DLy, G iy 20.0, ¥ (7. 2)
vely , o\,

I 5 +v)!
= Qri) 24%[ ((’le +‘l)))' (];)|M1|UIL5V11 (G)(z, 2)S,
1=0 !

where S is equal to

Z (mic)’~! (—cMz[z + a1t + bA]

t
(cT + d)V I+ ¢ ct+d + Mjla)r] 4 2(aA) Mzz).

A€Z8
(@ B)erar

Using Lemma 3.5, the inner sum § in the expression above is equal to

(- k2! _
O o Ml L Ea i . 9
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so we conclude that the sum on the right-hand side of (3.6) is equal to

oy N (k1 + v)! k2! v vl I—y
) ;( D (K1+1)!(K2+v—1)!(1>|M1| M|

x Ly (G)(T, DLy Exy i (T, 2).

The proof is now complete. O

3.3. Proof of Theorem 3.4. We first observe that by Lemma 3.6 the series on the
right-hand side of (3.3) is absolutely convergent and hence is majorized by

(4n| M| — My[r' D+t ns/2 . paity 1
Z A\ M| — MIrTk/2—1 < Z W21 Z pla—knz =
n>]’rezg ( nl | [r ]) n>1 n>1
an=M7 [ - -

since k =k; + ko +2v and ky > k] + g + 2 by assumption. The standard funda-
mental domain for the action of F{ onH x C®1 is contained in one of the sets Ve.c
occurring in the statement of Lemma 3.7. Therefore, using Lemma 3.7, we deduce
from Proposition 3.8 that (F, [G, Ey, um,]v) is equal to

Chi oy My Mygy Y (GnlMy| = Mur' ) b, 1(F, Phatinn)s
nez,reZs
dn=M; ")

where ¢k, ky, M, M,,g:v 18 as in (3.6). Note that if 4n > Ml_l[r’], then 4n > M~ '[r'],
and hence the Poincaré series Py .1, are all cusp forms. On the other hand, if
4n = Mfl[r‘], then 4n > M~ '[r'] implies that » =0 and n = 0, in which case one
has the Eisenstein series Ex ps. Since F is a cusp form, (F, Ej ) is zero. From (2.1),
it follows that (F, [G, Ek, m,]v) is equal to

4n|My| — Mi[r']) a(n, r)b(n, r)
Ck,ky,M,M>,g;v Z ,

nel ezt (4n|M| — M[r']*
dn=M; '[!
where ¢k k,, M, M,,g;v 1 defined as in (3.4). O
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