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On Weak* Kadec—Klee Norms

Jan Rychtér and JifiSpurny

Abstract. 'We present partial positive results supporting a conjecture that admitting an equivalent Lip-
schitz (or uniformly) weak* Kadec—Klee norm is a three space property.

1 Introduction

Anorm || - || on a Banach space X is called Lipschitz weak™ Kadec—Klee (LKK*) if there
exists ¢ > 0 such that for every € > 0, every f € X* and every f, € X* such that
Ifull <1, f = w*-lim, f, and || f — fu|| > &, one has || f|| < 1 — ce. To emphasize
the role of ¢, we call a norm having the above property ¢-LKK*.

A norm || - || on a Banach space X is called uniformly weak* Kadec—Klee(UKK*) if
for every ¢ > 0 there exists § > 0 such that for every f € X* and every f, € X*
satisfying || f,|| < 1, f = w*-lim, f,, and || f — f,|| > &, onehas ||f]| < 1 —4.

Lipschitz weak* Kadec—Klee norms are usefull tools when considering Lipschitz

isomorphisms of Banach spaces, see [2]. We refer to [5, 6] for more information on
UKK* norms.

In this note we try to answer the question whether admitting an equivalent LKK*
norm is a three space property. A property P of a Banach space is called a three space
property if X has P whenever there exists a closed subspace Z of X such that both
Z and X/Z have P. We provide a positive answer in the case when Z = ¢(I") and
the dual unit ball of X/Z is an angelic space in its weak™ topology. The same result
is shown for UKK* norms. We also show that a Banach space X contains a copy of
co(T") where |T'| = w*-dens X* provided X admits an equivalent LKK* norm and
w*-dens X* > wy.

We note that a three space problem for either Lipschitz weak* or uniformly weak*
Kadec—Klee norms is still an open problem.

Recall that a compact space K is called angelic if whenever x € A for A C K, there
is a sequence x, € A such that x = lim, x,. Let us note that Corson compacts are
angelic and thus the dual unit ball of a weakly compactly generated space is angelic,
see [3, Corollary 11.13, Theorem 12.50 and Exercise 12.55].
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2 Three Space Problem for LKK* Norms

Theorem 2.1  Asume that X is a Banach space, ¢o(T') C X, X/co(T") admits an equiv-
alent ¢-LKK* norm with ¢ € (0,1), and that the dual unit ball of (X/co(I'))* is an
angelic space. Then X admits an equivalent c-LKK* norm.

Proof We will proceed along the lines of the proof of Example 1 in [4] and Theo-
rem 1 in [7]. Let Y stand for the space X/cy(T"). First, we identify X* = ¢;(T') ® Y*,
with the duality given by

((f,8),x) =(I(f),x) +({q"(g),x), febl),geY",

where g*: Y* — X* is induced by the quotient map q: X — Y = X/¢(T") and
I: /1(I") — X* is a so-called lifting map satistying i*(I(f)) = f, f € £(I"). (Here
i*: X* = £ (T") = ¢(I)* is the dual map to the inclusion i: ¢o(I") — X.)

In the sequel, we are going to use the following lemma, which follows from the
fact that Y* can be identified with co(I")* = {x* € X* : x*(x) = 0 forall x € ¢o(T")}.

Lemma 2.2 Ifw*-lim,(f.,g.) = (f,g) in X*, then w*-lim,, f, = f in co(I")*.

Assume that Y admits an equivalent ¢-LKK* norm with ¢ € (0, 1), and let
be the dual norm on Y*. Let || - || x+ be a dual norm on X* that extends || -
let || - ||¢, () be the standard norm on ¢, (I"). Let Ay > 1 be such that

=
v+, and

(2.1)

%A_On(f,g) o < Il + gl < VAll(f. 0k (fog) € X",

For all A > 0 we define
(2.2) N Mla = Al fllaa) + llglly<,  (f,8) € X*.

Lemma 2.3 Forall A > Ay, the norm ||| - |||a defined by (2.2) is a dual norm on X*.

Proof We will follow the proof published in [4]. We need to show that the unit ball

B ={(f,g) € X* : ||[(f,9)llla < 1} is weak* closed. Let {(fs,ga)}tact C B be
a net converging to (f,g) in the weak* topology of X*. For every o € I we write
fo = f1+ f2, where f!, f2 € £,(T") have disjoint supports and

(2.3) lim || £3 = flle,r) = 0.

To get this decomposition, enumerate the support of f by {v,} and find o, € I,
n € N, such that

|[falvi) = fOy)] <27, ifi=1,...,nand @ > .
Then set

fi = f(y f{m ..... T} ifa>a,anda ?‘ Aptl,

fo=fo—far €l
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Since {(f2,0)} is a bounded net in X*, we may assume without loss of generality
that {(£2,0)} converges to (f,g’) in the weak* topology of X*. By Lemma 2.2 and
the construction above, f’ = 0. Thus {(0,g,)} is weak* convergent to (0,g"") =
(0,¢ — g’). Using weak* lower semicontinuity of the dual norms, by (2.3), (2.2) and
disjoint supports of f;!, f2, we get

I1CF,Mla = All fllry + liglly-

< Alir(lgeilanIfiHmr) + 18" ly= + llg" lly=
< Alirgeilnflmi”&(r) + 1/ Ao|(0,8")]

< Alim inf||f(i|\gl(p) + v/Ap lim inf||(f:f,0)|\x* + liminf||g, |
a€l a€cl a€El

x= + liréleilnf||ga| v

v
< Aliminf || £y [l¢, ) + Ao limuinf || £3l¢,r) + lim inf||ga ||y«
a€cl a€l a€l
S hmlnfm(ﬁwga)mA S 1.
a€cl
This finishes the proof of Lemma 2.3. ]
In order to prove Theorem 2.1, we select a number A > A, such that ’;ﬁ‘; > .

We must show that for a given € > 0 and a sequence (f,,g,) € X* satisfying
H|(fnagn)H|A <1 W*'hmn(fn;gn) = (fag)) and |H(fn7gn) - (fag)|||A > ¢, one has
N DA <1 —ce.Lete > 0and {(f,,g,)} be as above. Enumerate the support of
f by {~,} and for each n € Nset f! = f, [(5,..~.1> fi = fu — f,- It follows that

(2.4) lim [|f} = flle,r) = 0.

n—oo

Since {(f?2,0)} is a bounded net in X*, it has a weak* accumulation point (f’,g’) €
X*. By Lemma 2.2, f’ is a weak* accumulation point of f? in the weak* topology of
£1(T). It follows that f” = 0, because

£(9) = {0 if v € spt f and n is large enough,
! fa(y) ify & sptf.

Thus (0,¢ — g’) is a weak™ accumulation point of the sequence {(0, g,)}. Hence,
g'" = g — g’ is aweak* accumulation point of g, in Y*. Since the dual unit ball of Y*
is angelic, there is a sequence {g,, } weak* converging to g’’.

After passing to a subsequence if necessary, we may summarize the properties of
{(fu,gn)}:
@) Ny g) = (f,9)]lla > eforalln €N,
(i) fu=f!+ f2andsptf, Nsptf? = & foreachn € N,
(iii)  lim, || fo = £y [lo) = 0,
(iv) w* —1lim,(f?,0) = (0,¢’) in X* and w* — lim, g, = ¢’ in Y*,
) limy, || f7lle,0) = liminf,, || £7]le,0) and lim,, [|gs ||y« = lim inf, ||g.|

y*-.
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By (i) above and the triangle inequality we have

e <I(f &) = (f5 Ml
< (A5 0) = (£, 0)llla + (£, 0) = (0,8")[]a + [[1(0, ga) — (0, 8"

Aslim, || f, — f*|l¢,r) = 0, we may assume by omitting finitely many »’s that

(2.5) e < ||I(£7,0) = (0,8")[l|a +1[/(0, gx) — (0,8"")][[a
= I(£7,0) = (0,g")la +llgn —&"'|

Y*

foralln € N.

The next step of the proof is based on the following elementary lemma whose
proof is omitted.

Lemma 2.4 Let {a,}, {b,} be bounded sequences of nonnegative real numbers such
that a, + b, > ¢ for alln € N. Then for every n > 0 there exist €1,&, > 0 and an
infinite set M C N such thate, + €, > € —nanda, > €1, b, > €, foreachn € M.

Fix > 0. By Lemma 2.4, there exist €1,&, > 0 and infinite set M of natural
numbers such that for n € M,

er < |[1(f7,0) = (0,8l
£ < |lgn — &'l

Y*,

g1 téeEy>e—n.

Again we will assume that the above is true for all n € N. Because || - ||y~ is a dual
norm to a c-LKK* norm, one has

(2:6) lIg”llv= < limsup [|gully- — c2.

n—o0

Since &1 < [[|(f7,0) — (0,8")[[a = Al fF e + I8’
ma 2.3 imply

y*, property (iv) and Lem-

e1 < Aliminf || £7||¢,r) + Ao liminf || £;{|¢, )
n— 00 n—oo

A+ A
A

lim inf |[|(£;', 0)]l|-
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Using Lemma 2.3 again, we estimate

@7y M0, g"Ma = lig"llv= = 111€0,g"Mll,

= Ao liminf || £7]|s,r)
n—oo

Ay .. .
— Kohnnllolgflll(ﬁ,o)ﬂh

o A—A
:hnrglogf(l— n 0)H|(f¢12;0)”|A
. A—Ay . .
< limsup [[|(f;,0)[|[a — N S lim inf[|(£7,0)]l]a
00 n—oo
. A=A, A
<1 20)|la — :
> lrrzllsolipm(fn’ )|HA A EIA+A0

This estimate together with (2.6) and properties (ii), (iii) and (v) give

2.8) llI(f,8)lla = Al fllaw +1Ig]

-
< Alimsup || f; [le,0) + 18" lv+ + [lg" [y~

n—oo

. . A—A
< Atimsup | £}y +limsup [[(7, 0)[l1 — F=—e1

n— 00 n—oo +A0

+ lim sup ||gu ||y — c&2

. A—-A
<timsup(A(ILf o + |7 lae) +Hladv- )~ goe — e
<limsup [[|(fu, g)llla — ele —n) <1 —cle —n).
n—oo
As 7 is arbitrary, |||(f, g)]|]a < 1 — ce, which concludes the proof. [ |

3 Three-Space Problem for UKK* Norms

Theorem 3.1  Assume X is a Banach space, co(I') C X, X/co(T) admits an equivalent
UKK* norm, and the dual unit ball of (X/co('))* is an angelic space. Then X admits
an equivalent UKK* norm.

Proof We will modify the method used in the proof of Theorem 2.1. Roughly
speaking, in the proof of Theorem 2.1 we had to split and track down the decre-
ment of the norm in both parts f? and g, to get exactly the same c as before. Here
the procedure can be simplified, namely it is enough to take care of just the part of
the decomposition that is further from its limit point.
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Exactly as in the proof of Theorem 2.1, we denote by Y the space X/co(T") and
write X* = ¢1(I") @ Y* when the norm on Y is UKK*. We find A, satisfying (2.1)
and define norms

G Ml = [ flla + gl (f,8) € X7,

on X* forall A > 0. By Lemma 2.3, ||| - |||4 is a dual norm for each A > A,. Select
A > A such that /Z:—ﬁ;) > %

Let € > 0 be given. Since the norm on Y is UKK*, we can choose 6 > 0 from the
definition UKK* for £/3. We will show that the final estimate for the norm ||| - |||
in the definition is satisfied for min(%7 %5). Suppose that {(f,,g.)} is a sequence in
(X*, /|| - |ll4) converging in the weak* topology to (f,g) such that |||(f,,g)|[[la < 1
and (£, ) — (fug)llln > .

We follow word for word the proof of Theorem 2.1 up to Lemma 2.4. According

to that lemma and (2.5), we can find €1, £, > O such thate; + &, > 2—35, and

g1 < |||(fr,270) - (0>g/)|||A7

&2 < llgn — g

Y*,

for infinitely many n’s. We will assume that these inequalities hold for every n € N.
Then either ¢; or ¢, is greater than £/3. Assume first that &; > /3. Then, as in
(2.7), we have

' A—A
(3.1) 1160, < limsup [, 0)[la — 21 5
. 2 2
<limsup |[|(f,0)]||a — 9

Using (3.1) we proceed as in (2.8) to get |||(f, |lla < 1 — 2—95
Suppose now that e, > /3. Set s = limsup,, ||g,||y+. Then

€ €
1(1/)(gn = 8"y > f >3

Since ||| - |||4 is UKK*, ||g”" /s|ly~ < 1 — 4, i.e.,

(3.2) lg" |y < s(1 — ).
Since &2 < g — g"'llv= < lgally= + llg”"ly= < 2limsup,_, . [Igally+, we get
from (3.2)
€20
lg”llv- < s = 56 < limsup|lgy ly- — =
n—oo
. €d
< lim sup ||gully+ — <
n—oo

We again imitate estimates (2.8) to conclude that [|(f, g)|[|4 < 1 — £. This finishes
the proof. ]
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4 Containing ¢,(I")

Theorem 4.1  Let X admit a c-Lipschitz weak™ Kadec—Klee norm and weak™ density
of X* is k, K > wy. Then X contains an isomorphic copy of co(k).

Proof We will use the following lemma that is formulated and proved in [2, Lemma
4.3].

Lemma 4.2 Let | - || be a c-LKK* norm on X. Then for every x € X there exists a
separable E C X* such that for every y € E| one has

(4.1) max<||x||,ﬂ) < x+y <max(|x||,@>.

2—c

We remark that dens X > k, as w*-dens X* > k. For every a € [0, k), we will
construct by transfinite induction a point x, € X, a subspace Y, C X, and a subspace
E, C X* such that
(i) Y, =span{xs: [ < a};

(i) foreveryx € Y, and y € (E,), holds (4.1);

(iii) Eg CE ifB< oy

() lxall =15

™) lyl = sup{[f () : f € Ea, || f] <1} foreach y € Yo;
(vi) ifa < B, thenxg € (E,) ;s

(vii) both densY, and w*- dens E,, are smaller than x.

To start the construction, pick an arbitrary xy € X with norm 1. Using Lemma 4.2
we find a separable space Ey C X* such that for x; and each y € (Ep)_, condition
(4.1) holds true.

Assume that the objects have been constructed for every 5 < «, where a < k. Set

Zy =3span{Ys: < a} and E, =span{Ez:[ < a}.

We find a point x,, € (E;); of norm 1 (this is possible due to weak* density of X*
and condition (vii)). Let C be a dense subset of Z; of cardinality less than . For
every p,q € Q and z € C we apply Lemma 4.2 on pz + gx, and get the appropriate
separable subspace E,, ;.. Set

E, =E Uspan{E, . :p,q€ Q,z€ C} and Y, =s5span{xs:[ < a}.

As densY, < k, we can enlarge E, to get a space E,, such that w*-densE, < k and
E, is norming for Y,,, i.e., E, satisfies (v).
It follows that given x € Y,, and y € (E,) 1, the inequalities (4.1) hold for them as
well as the other properties listed above. This finishes the inductive construction.
SetY = span{x, : & < k}. Notice that x,, # x3 whenever & < 8 < £, because of
conditions (iv), (v), (vi). We claim that Y is isomorphic to co(x).
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Let x = E:’Zl CiXo; Where oy < -+ < «,. Inductive use of condition (vi) and
(4.1) gives
. — llenxa,,
D ik, || < max( Y exg, ||,
i=1 i=1 ¢
( ( = |‘C”71xan71 ||) ”Cnxa,, )
< max| max Z CiXey || ,
P c c
1
<< - max(|[¢1xa, ||, - - -, [|€n%Xa, ||)
1
== max(|ci|, ..., ]|cu]) -
Similarly we obtain the inequality
n
1
Zcixai > —— max(|ci|, ..., |cu]) -
i=1 2-c

Thus by defining

T: span{x, : a < K} — (k) ,
n n
Zcixoz, = Zciea, )
i=1 i=1

we obtain a linear map from span{x, : @ < s} into ¢y(x) such that

1 1
(4.2) M Txloe < flxll < 1Tl

2 _
for every x € span{x, : a < k}.
Now let x be in Y. Then x = lim,, x,, where x,, € span{x, : @ < x}. According to
(4.2), {Tx,} is a Cauchy sequence in ¢(k). Thus we can define Tx = lim, Tx,,. Then
T is a isomorphism between Y and ¢y (k). [ |

Acknowledgements The second author is currently a Postdoctoral Fellow in the
Department of Mathematical and Statistical Sciences of the University of Alberta.
He would like to thank this department and, in particular, to Prof. N. Tomczak-
Jaegermann and Prof. V. Zizler for support and excellent working conditions.

References
[1] R. Deville, G. Godefroy and V. Zizler, Smoothness and Renormings of Banach Spaces. Pitman
Monographs 64, New York, 1993.
[2] G. Godefroy, N. Kalton and G. Lancien, Subspaces of co(N) and Lipschitz isomorphisms. Geom.

Funct. Anal. 10(2000), no. 4, 798-820.

https://doi.org/10.4153/CMB-2007-060-6 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2007-060-6

618 J. Rychtét and J. Spurny

[3] M. Fabian, P. Habala, P. Hajek, V. Montesinos, ]. Pelant and and V. Zizler, Functional Analysis and
Infinite-Dimensional Geometry. Springer-Verlag, New York, 2001.

[4] W. B. Johnson and J. Lindenstrauss, Some remarks on weakly compactly generated Banach spaces.
Israel J. Math. 17(1974), 219-230.

[5] G. Lancien, On the Szlenk Index and the weak™ -dentability index. Quart. J. Math. Oxford
47(1996), 59-71.

[6] G. Lancien, On uniformly convex and uniformly Kadec-Klee renormings. Serdica Math. J.
21(1995), 1-18.

[7] J. Rychtét, Renormings of C(K) spaces. Proc. Amer. Math. Soc. 131(2003), 2063-2070.

Department of Mathematical Faculty of Mathematics and Physics

and Statistical Sciences Charles University

University of North Carolina at Greensboro Sokolovskd 83

Greensboro, NC 27402 186 75 Praha 8

US.A. Czech Republic

e-mail: rychtar@uncg.edu e-mail: spurny@karlin.mff.cuni.cz

https://doi.org/10.4153/CMB-2007-060-6 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2007-060-6

