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NECESSARY AND SUFFICIENT CONDITIONS FOR
MEAN CONVERGENCE OF LAGRANGE INTERPOLATION
FOR ERDOS WEIGHTS

S. B. DAMELIN AND D. S. LUBINSKY

ABSTRACT.  We investigate mean convergence of Lagrange interpolation at the ze-
ros of orthogonal polynomials p,(#?2, x) for Erdés weights W? = e~2€. The archetypal
example is Wy o = exp(—0 o), Where

Ok alx) = exp(|x]*),

a>1,k>1,and exp, = exp(exp(exp(. . ))) is the k-th iterated exponential. Fol-

lowing is our mainresult: Let 1 < p < 00, A € R,k > 0. Let L,[f] denote the Lagrange
interpolation polynomial to f at the zeros of p,(W?2,x) = p,(e~22, x). Then for

lim |(f ~ LalDW(1+ Q) Al = 0
n—o0
to hold for every continuous function f: R — R satisfying
lim (f W)(x)(log x)'** = 0,
x|—o0
it is necessary and sufficient that

s> mefo2(4-1)

1. Introduction and results. In the past twenty years, there has begun to develop
a general theory of orthogonal polynomials, and associated approximation theory, for
weights on R [8], [18]. In several aspects of the investigations, it has been helpful to
distinguish between Erdés weights and Freud weights.

Freud weights have the form #? = e~22, where Q: R — R is even and of polynomial
growth at infinity. The archetypal example is

1.1 Wy(x) := exp(—Qp(x)), Qp(x) == %|x|ﬁ, B> 0.

Erdds weights have the form W2 = e~2€, where Q: R — R is even and of faster than
polynomial growth at infinity. The archetypal example is

(1.2) Wi a(x) = exp(—0kal®)),
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where
(1.3) Ora(¥) = expe(x|™), k>1, a>0.

Here exp, = exp (exp(exp(. . ))) denotes the k-th iterated exponential.

Given a weight W:R — R such as those above, we can define orthonormal polyno-
mials
Pn() = pu(W2%) =Vl + -+, Yn = Vu(W?) > 0,

satisfying
[ a2 0pm(W2, )W) dx = G

To those unfamiliar with the theory of weights on R, writing #?, rather than say w, for
a weight, might seem strange. However the square reflects the L, norm, and facilitates
formulation of theorems. We denote the zeros of p, by

—00 < Xpp < Xp—10 < Xp2p < 0+ < X2p < X1 < 00.

The Lagrange interpolation polynomial to a function f:R — R at {x;,}"_, is denoted
by L,[f]. Thus if P, denotes the class of polynomials of degree < m, and ¢;, € P,_,,
1 <j < n, are the fundamental polynomials of Lagrange interpolation at {x,}7_,, so

Ljn(Xin) = ik,

then
(1.4) L) = ilf(x,n)z,-,xx).
2

For a large class of Freud weights, mean convergence of Lagrange interpolation was
investigated by several authors [1], [4], [11], [17]. The possibility of obtaining identical
necessary and sufficient conditions for mean convergence of L, arises from bounds ob-
tained for p,(W2,-) by A. L. Levin and the second author [6]. For notational simplicity,
we recall the result of Matjila and the second author [11] only for #2, 3 > 1.

THEOREM 1.1.  Let Wps(x) := exp —%Ix\ﬁ), B > 1. Given f:R — R, let L,[f] denote
the Lagrange interpolation polynomial to f at the zeros of pu(W?,x). Let 1 < p < 0o,
AeR a>0,and

4
1——)}.
(=3))

Jim [|(f — Lol D)1 + D™ lz,m = 0,
to hold for every continuous function f: R — R satisfying

lxliiinw(f W)L + [x)* =0,

[o R

Ti= 1 min{1, a} +max{0,
p

Then for
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it is necessary and sufficient that
A>Tifl<p<4
A>Tifp>4anda=1;
A>Tifp>4anda# 1.

In describing analogous results for Erdds weights, we need a class of weights #?
for which suitable bounds are available for p,(#?2,-). These were found in [7] and L,
analogues were found in [10]. For our purposes, the following subclass of the weights
from [7] is suitable:

DEFINITION 1.2. Let W := ¢~¢, where Q:R — R is even, continuous, Q" exists in
(0,00), 0¥ > 0in (0,00),j = 0, 1, 2, and the function
(1.5) T(x) := 1+xQ"(x)/ Q'(x)

is increasing in (0, 00), with

(1.6) lim 7(x) = 00;  T(0+) := lim T(x) > 1.

X—00
Moreover, we assume that for some C;, C,, C3 > 0,

')
xQ();)

x> G,

1.7 < T(x) / (
and for every € > 0,

(1.8) T(x) = O(Q®)°), x— oo.

Then we write W € E,.

The new restrictions over those in [7] are (1.8) and Q > 0. The latter is easily achieved
by replacing Q by Q+|Q(0)|. The former is needed in simplifying the formulation of our
theorems. The principal example of W = e=¢ € E, is W; o = exp(—Qi.o) givenby (1.3)
with a > 1. For this W,

(1.9) T(x) = Trolx) = a[l +x* Xk: e—Hl exp;(x*)|, x>0.
=1 j=I
Here (1.7) holds in the stronger form
(1.10) lim 7() / (xQ'(0)/ Q)] = 1,
and (1.8) holds in the stronger form
k

(1.11) lim T(x) / {H log; Q(x)] =

X—00 ]=]
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Here, and in the sequel, log, = log(log(. . .)) denotes the k-th iterated logarithm. For
a < 1, the second part of (1.6) fails, but this can be circumvented by considering
Wi.a/2(4 +x%), with 4 large enough to guarantee 7(0+) > 1.

Another (more slowly decaying) example of W = e~ ¢ € , is given by

(1.12) 0() := exp|(log(4 +x3))°], B>1, Alarge enough,
for which

— 2x2 ﬁ -1 B—1 24
(1.13) 0= e [log(A +x2) + pllogd +x)} ] e

Again (1.7) holds in the stronger form (1.10), while (1.8) holds in the stronger form
(1.14) lim T(x)logx/log O(x) = 3.

The first results for mean convergence of Lagrange interpolation for a class of Erdés
weights appeared in [13]. However in the sufficient conditions for convergence, the re-
strictions there both on /¥ and on the growth of £, are more severe, because the correct

bounds on p,(W?, -) were not available. Moreover, there could be no necessary conditions
in [13].
Following is our main result:

THEOREM 1.3. Let W := e @ € ‘Ey. Let L,[-] denote the Lagrange interpolation
polynomial to f at the zeros of p,(W?,-). Let 1 < p < 00, A € R, k > 0. Then for

(1.15) lim |7 — LD +0) |1, = 0,
to hold for every continuous function f:R — R satisfying

(1.16) Jim |7 W@ log )" = 0,

it is necessary and sufficient that

(1.17) A>max{0,§(%—%)}.

At first, the choice of the extra weighting factor (1 + Q) in (1.15) may seem rather
severe. After all, Q grows faster than any polynomial. However, even if f vanishes outside
a fixed finite interval, we need such a factor if p > 4:

THEOREM 1.4. Let W, L, be as above and p > 4. Suppose that measurable U:R — R
satisfies

(1.18) lim inf UG39 )G > 0.
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Then there exists continuous [: R — R, vanishing outside [—2, 2], such that

(1.19) lim sup ||, [/TWU|| 1@ = oo.
n—0o0

So for p > 4, no growth restriction on f, however severe, allows us a weighting factor
weaker than a power of 1 + (. One can formulate versions of Theorem 1.3 for p > 4
that involve A = % }‘ — 11—,), and then one has to introduce extra factors in (1.15), such
as negative powers of 1 + |x| and negative powers of T or log(2 + Q). Unfortunately one
then needs extra hypotheses on T to avoid very complicated formulations. One of the
complicating features here is that 7 may grow faster than any power of |x| (as in (1.9)
for k > 2), like a power of x (as in (1.9) for k£ = 1), or slower than any power of |x| (as
in (1.13)). Moreover, one has to compare 7 to log Q. We spare the reader the details.

For p < 4, the weighting factor 1+ Q is unnecessarily strong. Let us recall the Erdds-
Turan theorem, as extended by Shohat (see [3, Ch. 2, p. 97]). If /:R — R is Riemann
integrable in each finite interval, and there exists an even entire function G with all non-

negative Maclaurin series coeflicients such that

Jlim (/G =0,

and ~

/_ Gl)WA(x) dx < o,
then
(1.20) Jim ||(f — Lo DWW |,y = 0.

For the nice weights here, a result of Clunie and Kévari [2, Thm. 4, p. 19] allows us to
choose G with

G(x) ~ W2(x)(1 + |x])™" (log(2 + |x|))_]_ﬂ, xe€R, k>0.

Here and in the sequel, the notation involving ~ means that the ratio of the two sides is
bounded above and below by positive constants independent of x. (Later on, the depen-
dence will be on # and possibly other parameters). Thus we can ensure that (1.20) holds
provided

Illim (F M) + |x|)/* (log(2 + lxl))l/2+"/2 =0.

Thus our result does not extend the classical result for p = 2.

Actually, the extension from continuous functions to Riemann integrable ones can
be completed in the context of the present paper, but would substantially lengthen the
proofs, so is omitted. Our main emphasis in any event, is the weighting factors required
onlL,orf.
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Using different methods, we can prove results of the form
(1.21) Tim ||f = Ll D# |1, = O,

with p < 4, extending the classical Erd6s-Turan result. We shall present these in a sub-
sequent paper.

This paper is organized as follows: In Section 2, we gather technical estimates from
other papers. In Section 3, we present some quadrature sum estimates. In Section 4, we
prove the sufficiency part of Theorem 1.3, and in Section 5, we prove the necessity part
of Theorem 1.3, and also prove Theorem 1.4.

We close this section by introducing more notation. Given Q as above, the Mhaskar-
Rahmanov-Saff number a, is the positive root of the equation

(1.22) u= 3/1 ath'(a,,t)dt/ V1i—£, u>0.
w Jo

For example, for Wp, a, = C(ﬂ)ul/ B, u > 0.1t is instructive to see how a,, T(a,), O(a,)
grow for the example O = Oy o of (1.3). Here

(1.23) a, ~ (log, u)'/*;
(1.24) T(ay) ~ Ik[ log; u;
j=1
k —1/2
(1.25) Oa,) ~ u{H logju} .
j=1

To the unfamiliar, one of the uses of a, is in the identity [14]

(1.26) 1P = IPW|Li-a,a)s P € Po

Here and in the sequel, P, denotes the polynomials of degree < n. There are also several
L, analogues [15], [6], [7], for example, there exists C > 0 such that for n > 1 and
Pe B, (6], [7]

(1.27) 1P#11,m) < ClIPWI|L,(-ay,,1-

In the sequel, C, C;, C,,... denote constants independent of n, x and P € P,. The
same symbol does not necessarily denote the same constant in different occurrences.
The n-th Christoffel function for a weight W? is

An(X) = A(W2,x) = inf [_i (PWYA(1)dt| PA(x)
(1 28) n—1
=1/ ¥ pi®).
j=0

The Christoffel numbers are

(1.29) N = (W2, %), 1<j<n.
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The fundamental polynomials £;, of (1.4) admit the representation

(1.30) R al5)
Xjn

The reproducing kernel for #? is
n—1
Kax,1) = Ku(W2,,0) = 3 pi)py(0)
(1.31) =0
_ Yn1 PrOOPn—1 () — Pr()pn—1(x)
Yn x—t

(the Christoffel-Darboux formula).

Given measurable /:R — R with f(x)¢ W? € L\(R) Vj > 0, the n-th partial sum
of its orthonormal expansion with respect to W? is denoted by S,[f](x), and admits the

representation
(1.32) Salf 1) = /:” K(x, Of (OW2(0) dt.
If we introduce the Hilbert transform of g € L;1(R) by

_ 8
(1.33) Hg)(x) := lim /| e

(this exists a.e. [20]), then we may use the Christoffel-Darboux formula for K,(x, f) to
rewrite (1.32) as

(1.34) S,[f1 = 7" !

{an[fpn—l W21 — pu HUfpa W1}
Finally, we define some aux1hary quantities:
(1.35) 8= (nT@n) 7, n>1.
This quantity is useful in describing the behaviour of p,(e~2, -) near x,,,. For example,
(1.36) frin/an(@) — 1] < 7

Here L is independent of n. We often use the fact that §,, is much smaller than any power
of 1/T(ay), see Section 2. We also use the function

(1.37) ¥, (x) := max 4’ _H + L6, ! , xl <ap,
an T(an),/1 — & + L6,

and set

(1.38) Wo(x) = Wa(@n), || > ap

This function is used in describing spacing of zeros of p,, behaviour of Christoffel func-
tions, and so on.
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2. Technical estimates. In this section, we gather technical estimates from various
sources. We begin by recalling a number of estimates from [7]. Throughout, we assume
that W := e 2 € E,.

LEMMA 2.1. (a) Uniformly forn > 1 and |x| < ap,

@.1) An(W2, %) ~ %Wz(x)‘Pn(x).
(b) Forn > 1,
2.2) ¥in/@n — 1] < C5,.

Uniformly forn >2and 1 <j<n-—1,
a
2.3) Xjn — Xj+1n ~ f‘yn(xjn)-

(c) Forn2>1,

1/4
.4 suplpa oot — 2|7 a1,
xeR ap
and
@.5) sup pa 1) ~ az " (nT(an)) '°.
xeR

(d) Let0<p<ooandK > 0. There exists C > 0 and ny > 0 such that for n > n,
andP € P,,

(2.6) I1PW|z,®) < CIIPWI\L,{—ay(1-Ksp)an(1—K5,))-

Moreover, given r > 1, there exists C > 0 such that forn > 1 and P € P,

_Cn 1/2
2.7 \Pw| Ly(xizam < € Cn/T@)'™ || ppp| Lyi—ana
(e) Forn > 1,
771—1
2.8 ~ a,.
(2.3 T n

() Uniformly forn>2and1 <j<n-—1,

2.9) 1= [Xjnl /@n + L8n ~ 1 — [Xjs1,1| / @n + LSp,
and
(2.10) ‘Pn(xjn) ~ \Pn(xjﬂ,n)-

Here, L is chosen so large that (1.36) is true.
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(g) Uniformly forn>2and2 <j<n-—1,

3/2
ey Yot = bl fan+ 18 Plp WG ~ @i pat WlCon)

~ (l - Ixjnl/an +L6n)l/4'

PROOF. (a) This is part of Theorem 1.2 in [7, p. 204].
(b) (2.2) is part of Corollary 1.3 in [7, p. 205]. We note however that the proof there
actually establishes
1 *xln/an < Céy,

which is the more difficult part of (2.2). The (easier) converse inequality
1 —xin/a, > C6,

is not discussed in [7], but requires only a little extra effort. Next (2.3) is Corollary 1.3
in [10]. (A weaker form of (2.3) appears in Corollary 1.3 in [7, p. 205]).

(c) This is Corollary 1.4 (a) in [7, p. 205].

(d) This is Theorem 1.5 in [7, p. 206]. We note that there is a (minor) oversight in
the proof of Theorem 1.5 in [7], for 0 < p < 00. The proofin [7, pp. 231-236] correctly
shows that

WP Lt-asmaan) < CIPW|Lyi-a,1-K8) a1 K8,

with C independent of  and P. To estimate ||PW||, (R\(~ay,,a,,})» @0 @ppeal is made to
Lemma 2.5 in [7, p. 215], and unfortunately that lemma is incorrect. It should actually
read as follows: Forr >0ands >1,n>1and P € B,,

_ 1/2
]IPWIQ/!rl‘Lp(lezas,,) S e Cn/T(a’l) ”PW”Lp[_a:masn]'

This assertion is easily proved using the method of [7, pp. 231 ff.]. The case » = 0 gives

2.7.
(e) Thisis (10.33)in [7, p. 285].
® (2.9)is (9.9) in [7, p. 265] and (2.10) follows immediately from (2.9). (]
(g) Thisis Corollary 1.4 (b) in [7, p. 205]. (]

Next, we recall some results from [9], [10], involving mostly the fundamental poly-
nomials of Lagrange interpolation:

LEMMA 2.2. (a) Let0 < p < oo. Thenforn > 2,

1, p <4,

51 5 ) (logn)t =4

2.12) o e, ~ ai * x § S0 =
(nT(an))3 v » D> 4.

(b) Uniformly forn>1,1<j<nx€R

3/2
a,,/

O R A

(2.13) [£jn(x)] ~
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(¢) Uniformly forn >1,1<j<n x€eR
(2.14) | 4n@)| W)W (xin) < C.
(d) Forn>2,1<j<n—1x € [Xjpn,Xj+1]

(2.15) LYWW (xin) + Lt s )W W (j1,0) > 1.

PROOF. (a) This is Theorem 1.1 in [10].

(b), (¢) These are Theorem 1.2 in [10].

(d) is a special case of the main result of [9]. n
Next, some technical estimates on growth of a,,, Q(a,), T(a,), etc.:

LEMMA 2.3. (a) Givenr > 0, there exists xo such that for x > xp andj = 0, 1, 2,
09(x)/x" is increasing in [xg, 00).
(b) Uniformly foru > Candj =0, 1, 2,

(2.16) 2, 0@, ~ uT(ay ™',
(¢) Let0 < o < f3. Then uniformly foru > C,j =0, 1, 2,
2.17) T(@a) ~ T(ag);  0P(@w) ~ QP(ag.).
(d) Given fixedr > 1,
(2.18) arufay > 1+F1((—)‘%§)-, u € (0, 00).
Moreover,
2.19) ap ~ ay, u € (1,00).

(e) Uniformly fort € (C,00),

a, 1
(.20) Ty

() Uniformly for u € (C,00), and v € [5,2u], we have

1
T(a,)

@.21)

a u
-1~
a, v

PROOF. (a) This is Lemma 2.1 (iii) in [7, p. 207].

(b)(f) are part of Lemma 2.2 in [7, pp. 208-209]. [

Our final lemma in this section concerns estimates that specifically follow from (1.8):
Recall that §,, was defined by (1.35).
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LEMMA 2.4. (a) Lete > 0. Then

(2.22) a, <Cn®; T(a,) <Cn®, n>1.
(b) Given A > 0, we have

(2.23) 6y < CT(ay™, n>1.

(¢) Let0 < n < 1. Uniformly forn > 1, 0 < |x| < aya, |x| = a,, we have

(2.24) C < T(x)(l - L—l) <G log
PROOF. (a) From (2.16) forj = 0, we have
O(an) ~ nT(a,)""/? < nT(a))™"/2.
Since Q grows faster than any power of x (Lemma 2.3 (a)), we deduce
an <n,
for n large enough. Also (1.8) then shows that
T(ay) = O(Q(an)’) < Cn".

(b) This follows as
8n < PT(@) P,

that is 6, decays faster than a power of n, while T(a,) grows slower than any power of n.
(c) Firstly if |x|/a, < 1/2, then

T(x)( Ix |) > 7(04)= >;

If |x| /a, > 1/2, write |x| = a;, so thatas s < nn,

T(x)(l - ';‘—l) > T(as)(l _ %

as/n) >Cy,

by Lemma 2.3 (d). So we have the lower bound in (2.24). We proceed to the upper bound.
We can assume that x = a;, s > 1, and n > ny. Then using the inequality

l1—u<|logu|l, u€(,l),

we obtain
a
oy [
=[3
n dt C n C
< < n_ oo
<[ ey < Tiay 8 5 = 79 °® .
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3. Quadrature sum estimates. We present two quadrature sum estimates, the first
of which is really part of a Lebesgue function type estimate. The second involves quadra-
ture sums for polynomials.

LEMMA 3.1. Let B € (0, }) and

3.1 )= Y L@ (k).

[Xin| >,
We have for |x| < ag,, and |x| > azn,
3.2) EnW)x) < C.

Moreover, for ag, , < |x| < aan

(3.3) CaW)x) < C{logn + ay*|p.W|(x)T(an)~/*}.

PROOF. Let Z%(x) denote the sum X,(x) omitting those terms xj, for which x €
[Xk+2,1, Xk—2,n] (if there are any such k). Here and in the sequel, we set for £ > 1,

(34) Xi—gn = Xin t 2571; Xn+tn += Xnn — Loy

Of course the sum X, — X consists of at most 4 terms. Each of these 4 terms admits the
bound in Lemma 2.2 (c). So

3.5 IEn = Z)W](x) < Ci.

Next, by (2.13) and (2.3),

6.6 @I~ e v Tty Bl s

|| >a5,, lx — Xkn | an

Here the * indicates that the sum omits those k for which x € [x442 4, X¢—2.]. Now (cf.

29,

t
(3.7) 1 - u +L5n ~ |an| +L5n, te [xk+l,mxlm]’
any Qap

uniformly in & and n. Next, if x & [Xks2,, Xk—2,2), and ¢ € [Xps1,25 Xk,

\x—t _ l_'t—xlm — X+1,n <c

X — Xin X — Xjn ka:th — X

Similarly we may bound (x — xi,)/(x — ?). So

(3.8) x—t] ~ |x = Ximl, 1€ X1 Xkn), X & ka2, Xk—2,0])-
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In view of the spacing of the zeros (Lemma 2.1 (b)), we deduce that

I 1/4
. 1/2 (1 _a +M”)
(Zn W)(x) ~ Qn Ipn Wl(x)/ aﬂnSMSan |t — xl dt

(3 9) [t=x|>C B, (x)

1—|s +L(Sn 1/4
= a;/zlan‘(x)/aﬁn/anslslfl g.___l_l__x_L_ dS

Js— &[> $Wa(x) a,

Note that since §, is much smaller than 1/T(ay),
1—s+15, < o1 - 2) <G/ T(an).
an

(See Lemma 2.3 (f)). Then we obtain the bound

(Z:W)(X)SCarlx/zlanI(x)T(an)_l/A/ | dsx :
~Foz

(The range of integration is the same as in (3.9)). Now if 0 < x < ag,/; orx > a2, then
for n > ng, we can bound the integral above by

/' s (1 — flﬂ)max”l _ &
ag,/an X|

s — = ap an
by Lemma 2.3 (f). In this case the bound (2.4) gives
-1/

-1

2

pn _ Ipn/2

-1
} < (G,
an an

@M < Cs{1+ |1 - ':—' 4T(an)“/“} < Gs.

n

So we have (3.2). Now let us turn to the more difficult case where ag, /2 Sx < ax. We
bound the integral in (3.9) as follows:

_ + 1/4
(l |SI L6”) dS

aga [an<|s|<1 'S ll
ls— £ 1> S W, () a
(1—s)/* 1/4 ds
<G / am/ar<lsl<t T 95 +on / agn /an<s|<1 :
ls— & |>EWa(x) |S T == >S90 157 a
=: G[h + L]

Now since %‘{’,,(x) is bounded below by a power of n, we see that
L < Cgﬁ,‘,/4 logn.

If x > a,, we estimate

()4 -
< XY A< /4
I < /aﬁ"/a” o S GT@) ™
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If x < a,, we make the substitution 1 —s = (1 — :—”)v to get

x\1/4 yl/4
L = (1 - ;) ve[0,(1—ag, /ay)/(1—x/an)] _lv Y dv
n IV"‘IIZCW"(X)/["(I_X/“" )]

<coli-2)" 52

[v—1|>C¥n(x)/[n(1—x/a,

2

x\!/4 .
< — — + —1/4 .
< C“{(l a,,) logn + T(a,) }
Combining our estimates for /;, I, and using the bound

ay b W) * < C,

which follows from (2.5), we deduce (3.3) from (3.9). n
In our second quadrature sum estimate, we need the kernel function for the Chebyshev
weight
(3.10) W) =1 —-2)12 te(-1,1).
If pj(v,x) = /2 / 7Tj(x) is the j-th orthonormal polynomial for v (at least forj > 1), then
n—1
(3.11) Kn(v,x,0) == ;)Pj(V,X)Pj(Va 1)
j=
admits the following estimates [19, p. 36], [16, p. 108]:
(3.12) K,(v,x,x) ~ n, x| <1.
Also
1—x2+vV1-28
G.13) |Kn(v, %, 0)| < Cmin{n, ’I‘x_ ] . xte[=1,1].

LEMMA 3.2. Let0 < n < 1. Let :R — (0,00) be a continuous function with the
Jfollowing property: For n > 1, there exist polynomials R, of degree < n such that

(3-14) Ci < @)/Ru(t) < Ca, 1] < an.
Then forn > nyand P € ‘B,
4n
(3.15) % Nl PW |n)bsm) < C [ 1PWIG.
|Ijn|Sa,,n Gan

PROOF. Essentially the proof is the same as in [13], and the ideas appeared much
earlier [16], [17], but we include the details.
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STEP 1: AN L; CHRISTOFFEL FUNCTION TYPE ESTIMATE. We first note that for
Py € Py,

(PIYE) < XNl P2 0W2) [ PPyt
—00
< Cll‘l’z;n(x)_l /% (PAWY (t)dt,
[ —Qan
by Lemma 2.1 (a), (d). We deduce that
/2 -1/2 1/2
”Pl / Ile[—a4,. JAan] — Cl / IP W / l(t)dt“PI W\IJ4£ IILoo[_a4n,a4n]

and hence that for |x| < ag,,

el <= [ 1P, P

a, J—aa

Now we apply this, for fixed |x| < asy, to

Pi() i= Pa0K3 (v, =, ),

Qan Qan
where P, € P5,. We obtain, using (3.12) that
1 4n _ X t

P2 () < G, — Pyww, 2| (K2 (v, —, — ) dt.

PERI0) < Conem [ 1P I OKG (v, s o ) d
In particular, applying this to P, := PR,, where P € P,, and using (3.14), we obtain

1/2 <G —1/2) ~ g2
(3.16) P76l < o [ 1pwew, Plok: (v, = .- %) dt.
STEP 2: THE GENERAL QUADRATURE SUM BOUNDED IN TERMS OF A SPECIAL QUADRA-

TURESUM. Wetake (3.16) forx = x;,, multiply by A;, W’ -2 (xj,,)‘I’;n1 /2 (xj»), and sum over
all |x;,] < ay,. Using our estimate for the Christoffel function \,(W#?, -) in Lemma 2.1 (a),

we obtain

(3.17) Ilg Ml P Gm)bten) < Ca [ W(0)dt,
where

(3.18) So(t) == n2 ||Zs ) K2 (v, Z : ai ) w2,
Clearly the result follows once we show that

(3.19) Z.(0) < Cs, t| < ag.

STEP 3: ESTIMATION OF Z,(7).  First note that for |x| < a,,

o) ~ Fan) ~ (1 - 1),

QA4n
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This follows easily from the fact that 1 — |x|/asn > 1 — |x|/an, > Ce/T(ay) for this
range. Moreover,

|t| 1/2
Panl®) > (1- - +18,)
A4n
for |t| < asn. Let us set
Vin = Xjn/@an; T :=t]asn.

Then we have, using also (3.13) and the spacing in Lemma 2.1 (b), that
(3.20)

E,,(t)(l— |] +L5")1/4

QA4n

C; Xin| \ —1/4 Xin
<& 5 mmun(1- 2 (4, 2, L)
J! ARE n
hap [Xinl <apn Qap Q4n Q4n

=+ T
< C8n_l Z (an —yj+l,n)(l - lyjnl)_l/“ min{n : }

I.anlsann/aht ’ I‘yj" - TI
J1=12+V/1-T2)2
<ot [ (1= minn, yL;— T | o

In bounding the sum in terms of the integral, we have used (2.9). Let us assume that
1 —n~2 > T > 0. Then we can continue the above as

Z, (01— 1) < Cuon™ [ (1—y)y "1 ay

€[0,11:y-TI<E(1-1)'/2
_1al—y+1-T
-y 14 y— TP d)"}

— -1),2 3/4 /4
= Cyon {n (1 -1y [1/:|l—w]§%(l—7’)‘”2 w4 gw

_m-1/4 e 1w
+*a-D /w:[l—w|z§(1—n-*/2 e |1 —w|? dw
(substitution 1 —y = (1 — T)w)

+)
yel0,1):y—T|>L(1-1)1/2

<cna-nY
Here we have used that fact that
ti—npe<n,
n

So in this case, we have (3.19). In the remaining case where 1 —n™2 < T < 1, we
continue (3.20) as

L) < Can i [

1-2n72 1—y+n?
)1l
a0

< Cpn'2,
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Since 6,1,/ 4 decays scarcely faster than n'/6 we again have (3.19). n

4. Proof of the sufficiency conditions. In proving the sufficiency conditions, we
split our functions into pieces that vanish inside or outside [—a, 9, a,/9]. Throughout,
we let y s denote the characteristic function of a set S. Also, we set for some fixed k > 0,

—1-k
@.1 ¢(x) == (log2+x)) .
Throughout, we assume that W = e=¢ € ‘E,, that 1 < p < 0o, and
271 1

LEMMA 4.1. Let {f,}2, be a sequence of measurable functions from R — R such
that forn > 1,

4.3) f@) =0, |x] <ayp;
4.4) aW](x) < ¢(x), x€R.
Then

@.5) Tim (L, I+ 0) 1@ = 0.

PROOF. Firstly for |x| < a, 5 or |x| > az,, Lemma 3.1 (with § = 1/9) and (4.4),
(4.5) show that

L UGIPIx) < d(anse) 3o L@ W (o) (%)

lemlzan/Q

S Cl ¢(an/9)‘

So
ILa[fn (1 + Q)_A”L,,(]x]fa,,/,gMIXIZaz,,) < Crg@n o)1+ %, m)

< Gdlay)9)-

Here we have used the fact that Q grows faster than any power of x (Lemma 2.3 (a)).
Next, for a, /15 < |x| < azn, Lemma 3.1 gives

ILalfaIW1(x) < C3(an9){log n +ay'*|pa W|(x)T(a,) "/}

Also for this range of x,

O(x) ~ Q(ay) ~ nT(a)""/2.
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So
|Lalfn (1 + Q)_A||L,,(a,,/lg§|x|gaz")
< Ca(@nyo)(nT@n)™/?) " {log n(azm — any15)"/?
+ > T@) ™ 4lpaW w0}

< Cs$(a)o)(nT(an)"'1?) " (log n)(an/ T@n))'"*
1, p<4
—1/2\=4 —1/4_1/p } (1 1/4 =4
+ Cotlay)(nlan) ) Tany il g Qgm0 P
(nT(an) . p>4

by Lemma 2.2 (a) and Lemma 2.3 (f). Since T(a,) and a,, grow slower than any positive
power of n (Lemma 2.4 (a)), we see that the last right-hand side is o(¢(a,, /9)) = o(1),
because of (4.2). .

Next, we deal with functions that vanish outside [—a, 9, a,/9]. We separately esti-
mate the weighted L, norms of their Lagrange interpolants over [—a, g, a, /5] and R \
[—an/87 an/S]'

LEMMA 4.2. Let {g,}2, be a sequence of measurable functions from R — R such
that forn > 1,

(4.6) g =0, |x| >a,y;

@.7) g 1() < 9(x), x€R.

Then

(4.8) lim (L [gn] (1 + )1, x12a, = 0-

PROOF. Forx > a, /85

ILalgnl®) < 3 LI Can)Pxkn)

Peinl <@ 9
— M +L(S,,)l/4
<Ca @ Y Ot — K1) $(tior)
il <a, /9 lx B xk"l
(by Lemma 2.2 (b) and (2.3))
. N + 16, 1/4
< Caay*|pa)| /_ a’:g O_T)%__Ltr;)_qs(t)dt.

Here we have used the monotonicity of ¢ and (3.8). Next, for 7 € [0, q,, /9], X2 ays,

— - —1
0<% t_ 1+a,,/x 1 <1+ an/ans <C
~ x—t 1—1t/x 1—a,9/a,s
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by Lemma 2.3 (f). Moreover,
1 —|t|/an > Cs/T(an) >> by
So

Ll < Csal o [+ = sy

< Cear/*lpae)| [ (x - z)—3/“¢(t) d.

Here if t = a5, n/9 > s > 1, we have for x > a5,

x =1 =x(1 = 1/%) 2 ays(1 — a;/agys) > Cran | T(@).
So, .
ILalgal)] < Coay Vlpu)] [ T 0(0)dt.
Thus
”Ln[gn]W(l + Q)—A"LP(MZH,,/S)
< Coar 2| [ T80t Qa2

It is easy to see that the integral involving ¢ in the last right-hand side grows slower
than any power of n. Then using (4.2) and the estimate on ||p,#]|.,x) provided by
Lemma 2.2 (a), we obtain (4.8). n

We now turn to the most difficult part of the sufficiency proof, namely the estima-
tion of ||L,[g,1W(1 + Q)|| L(lx/<a,s)- We present the most technical part of this as a
separate lemma. Recall the notation (1.31)—(1.34) for partial sums S,[-] of orthonormal
expansions with respect to 2.

LEMMA 4.3. Let 0:R — R be a bounded measurable function. Then

4.9) 1S:lod W~ 11+ Q)1 4x1<a,y) < Cllollzemys
for n > 1. Here C is independent of o and n.

PROOF. We split this into several steps. Part of the difficulty lies in that we cannot
simply estimate Hilbert transforms in L, with the weight (1 + )™, as it does not satisfy
Muckenhoupt’s 4, condition [20]. We may assume that ||o]|. &) = 1.

STEP 1: SPLIT S,[-](x) INTO SEVERAL TERMS DEPENDING ON THE LOCATION OF x.
First note that by (1.34) and by our estimates for =L and p, (see Lemma 2.1 (c), (e)),

— / n
(4.10) |Sn[a¢W‘1M(x)scnai/z(l—';l"—') "5 Htosp ).

Jj=n—1

Now let us choose £ := £(n) such that

.11) 2t <n/8 < 2%,
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Note that our choice of £ = {(n) guarantees that

4.12) 23 <.
Define
(4. 13) ‘2; = [azk,azm], k 2 1.

The reason for this choice of intervals is that
(4.14) ) ~ Qay) ~ 2T(ay)'?, x€ T,

uniformly in k. Forj = n — 1, n and x € ‘T, we split

Hoop) = [[* + [ voy. [+ [ |20,

(4.15) x—1

= 1(x) + L(x) + I(x) + 14(x).
Here P.V. stands for principal value.

STEP 2: ESTIMATION OF I} AND I, FOR x € T;. We see that (recall x > a5)
lp; W¢( t)
el < [7HE=E = '
<G _’/2/7 " 90 dt+C _'/Oo lp;W1(2) dt
0 J

t+a
S C3a;1/2.

Here we have used the bound (2.4), the bound for ||p,W|| &) in Lemma 2.2 (a), and also
the form of ¢ (recall (4.1)), which guarantees that

(4.16) f Ef)t dt < oo

Next the bound (2.4) gives

L) < /OazH _Ip,f’_rblt(t) dt

< Cia, (1 —x/a,)"/4 /0“2*-' x‘ft
= Caay /%1 — x/an)y " log(1 — ayct /x) "

Now
1— Ak-1 /x 2 1— Aok-1 /azk Z C5/T(a2k) Z C(,/T(x)

Thus
ILE)| < Cray (1 —x/a) "/ log(Cs T()).
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STEP 3: ESTIMATION OF I3 FOR x € ‘Z;. Now using our bound (2.4) again and
considering separately 2a,~ < or > %a,, gives

el < [7 BP0,

1/2 2k+2 1/4 dt
< C9[ /2k+2 / |

+a;'? /ma"{zaz"”’f""} ¢—$th+ﬁw —ijpfl(t) dt]

2a,k42

— X

< Croay 1+,

where , i
[y —1/4 _4t
Ji= / |1 ta| " —.

k2 —X
(We have used (4.16) and the bound on the L; norm of p,W). Here if |1 — t/a,,| <
(1 — —) then

|t — x| = an|(1 —x/ay,) — (1 — t/ay)| > %a,,(l —x/ay).

Thus 4
— t
J< Cn[(l —x/an)~'* /1 ~t/a| 240 ~x/a) [T

t€[ay42,2a,042 ]

+a;l(l —x/an)_l /l‘]*t/ﬂnlf%(lfx/a,,) “ _ t/anlvl/zt dl]

te [az,”z ,2a2k+2 ]

A i+
< cn[(l —x/ay)"'/* log(l + aﬂj—ix)

— —s|71/4
+(1—x/an)” /1 —s|<iq x/a) s ds]
< Cis(1 —x/an)™/* log(CiaT()).

STEP 4: ESTIMATION OF ||S, - - ||, (7). Combining our estimates for [;,j = 1,2, 4
gives
|l + I + L|(x) < Cuaan (1 = x/an)~'/* log(C1sT(x)).

Together with (4.10), (4.14) and (4.15), this gives
ISulod W= TW(L + O) 1 ()
< Q(ay)™2(1 — age Ja,)~'/*

X {(1 — Ak+1 /a,,)"l/“ log(Cls T(azm))(azm - azk)l/”

+al/2 Z “PV/‘2k+2 (U¢pj (t) t“Lp( ,‘)}

Jj=n—1
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We use M. Riesz’ theorem on boundedness of the Hilbert transform from L,(R) to L,(R)
[20] to deduce that

Bpjs2 (0’¢pj W)(t) NS
Ipv. [ i gy < Cis [ " losp WY@
< Cna;p/z(l — 02k+2/(l,,)_p/4((12h2 — A1)

Next, note that, in view of (4.12), n > 243 fork < £, so

1—- Ak /a,, >1-— Qoks2 /(l,, >1-— azhz/(lzm > C]g/T(azk).

Moreover,
Aokt — Aok S Ayir2 ~— Aok—1 S C|902k/T(a2k).
Hence
SaLo¢W " 1w (1 + Q)| ;)
“.17)

< CuQ(ay) *T(a)'/* log(CisT(ayn)) (ax / Tax)) .

STEP 5: COMPLETION OF THE PROOF. The estimation of S,[-](x) forx € —T; =
[—a1,—ax] is exactly the same as for x € ‘Z;. Since we have (4.14), and since ax,
T(ay) grow much slower than QO(a,:) (Lemma 2.4 (a)), we obtain

4
ISnlog W T+ O8I i, < 3 IS2Lod W TWCL+ O8I o

e
<Cy 2782 < .
k=1
The estimation of ||S,[coW~1W(1 + Q)—A"’z (x|<a2) is similar but easier. For x €
(<
[—a3,as], we split

Hlogp;W](x) = [ [ —:2 +PV. [ 2:;+P.V. /_2 “ 4 /2:] @B

2a; x—1

The first and third integrals may be estimated as we did /; before, and the second is
estimated as we did 5. ™
Armed with this lemma, we can complete the estimation of L,[g,] over [—ag,, ag,]:

LEMMA 4.4. Lete € (0,1). Let {g,} be as in Lemma 4.2, except that rather than
(4.7), we assume that

(4.18) g W|(x) <ep(x), xER, n>1.

Then

4.19) lim sup | La[gn1#(1 + Ol ey < Ces
n—od
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where C is independent of n, {g,} and ¢.

PROOF. Let
Xn += X[—ay3.828]>
hy = sign(Ln[gnDILnlgnllP~ xa W72 (1 + Q)
and
oy := signS,[h,].
We shall show that

(4.20)  ||La[ga1(1 + Q)—A"Lp(|x|§a,,/s) < Ce||Sulonp W' 1(1 + Q)_A”Lp(|x|§a,,/s)'

Then Lemma 4.3 gives the result. Now using orthogonality of f — S,,[f] to -1, and the
Gauss quadrature formula, we see that

Il + Q81 1,y = o Ll
= [ Lalgn}Su (ka1

= il Ajn&n(Xjn)Sn[n](Xn)
]:

= 3 Ningn(Xn)Sn[Anl(xn)

eknl <anso

<e 30 NalSalhalem) W ()b 06m)

[t | <1
< Ce [ 1S,k g 7,

by Lemma 3.2. Note that it is easy to verify the approximation property of Lemma 3.2
for ¢ (in fact Jackson’s Theorem gives polynomials of degree o(n) satisfying (3.14)). We
can continue this as

= Ce [ SulhalongW ' W

— )
= Ce/ﬂh,,S,,[a,,ng L4
=Ce f""’“ FinSa[ond W1 W2
a8
for (see the definition of hy,), h, has support inside [—a,, /g, @, /3]. Using Holder’s inequal-

ity with ¢ = p/(p — 1), we continue this as

<cel [ i+ 0py) 1/q( [ isibonem i + 00y ) "

= Cel|La[gn)W(1 + Q)_A”IL’;T(llxlsan/s)”S"[Und)Whl]W(l + Q)_A”Lp(lxlfan/s)‘

Cancelling the p — 1-st power of ||L, - - - || gives (4.20). n
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We can now turn to the

PROOF OF THE SUFFICIENCY PART OF THEOREM 1.3. Let f:R — R be continuous
and satisfy (1.16). Let € € (0, 1). We can choose a polynomial P such that

N —PYWo ||y <e.

(Compare [5]). Then for n large enough

IF — LalDW(A + Q) |,
(4.21) <|F — P+ Q) ||, * ILalP — /IW(A + O |lL,m)
<ello(1+ Q)_A“L,,(R) +||La[P — I + Q) ||, -

The first norm in (4.21) is of course finite as A > 0, and Q grows faster than any power
of x. Next, let

Xn = X[—a,/9,,5)5
and write
P—f=@F—=fxn+ P =1 —xn) =:gntfo.
By Lemma 4.1,
Jim [|La[ 171+ Q) |z, @ = 0.

Also Lemmas 4.2 and 4.4 together give

limsup || L[g.1%(1 + O)||L,m < Ce,

n—oo

with C independent of ¢. Substituting the estimates for L,[f,], L,[g,] into (4.21) and then
using the arbitrariness of ¢, gives (1.15). n

5. Proof of the necessary conditions. We begin with the

PROOF OF THE NECESSITY PART OF THEOREM 1.3. Fix 1 <p < o00,A€ R,k >0,
6 > 1+k, and assume the conclusion of Theorem 1.3 is true, that is (1.15) holds for every

continuous f satisfying (1.16). Let X be the space of all continuous functions /:R — R
with

8
1l := sup|f Wi(x)(log(2 + xD)” < oo.
x€
Moreover, let Y be the space of all measurable functions /: R — R with

”f”Y = Hf w1+ Q)_AHL,,(R) < 00.

Eachf € X satisfies (1.16), so the conclusion of Theorem 1.3 ensures that
lim || — L, [f]|ly = 0.
n—oo

Since X is a Banach space, the uniform boundedness principle gives

(5.1 Iif — LalAlly < Clifllx,
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with C independent of » and f. In particular as L;[f] = f(0) (recall that p; (x) = 7Y1x), we
deduce that for f € X with f(0) = 0,

Ay < Clifllx-

So for such f,

(.2) ILa[A1lly < 2CIIflLx-

Choose g, continuous in R, with g, = 0 in [0, 00) U (—o0, —%a,,], with
5
lgall = sup |2 W1(x)(log(2 + [x]))" = 1,
Xx€|
and for x;, € (—%a,,,O),

(@ )n)(log(2 + xi])) sign(ph(xin) = 1.

For example, (g, W)(x)(log(2 + |x|))‘S can be chosen to be piecewise linear. Then for
X e [laa"],

P
xj"e(%ann)g"(x]") Ph(Xjn)x — X;n)
_ (log(2 + |xal)) -t
= an(x)| Z lp:lWKxj,,)(x + |xjn|)

Xjn€(—44,,0)
1/2 5 —
2 Clan/ an(x)KlOg an) 50,, ! Z (xjn - xj+l,n)
xjne(_%amo)

(by Lemma 2.1 (g) and (b))

ILn [gn](x)| =

> Coay/*|pa ()| (log an) .
Then by (5.2),

2C = 2C||gullx = ||Lnlgnllly
> Csan*(log an)y P (1 + O) X\l 1,01.00)
1, p<4
1/4 —
2 C4a,l,/p(10g an)_ég(an)_ max{A,0} (log n) / 2,(151) P= 4
(nT(a,,))3 ., p>4

Here we used the monotonicity of O, Lemma 2.2 (a) and Lemma 2.1 (d). Note that [—1, 1]
does not give a big contribution to the L, norm of p,W. We obtain a contradiction if
A <0, for all p. Also, for p > 4, assuming A > 0, we obtain from Lemma 2.3 (b),

21

2C > Csay/P(log an)* T(an) 3G —Dpa43G—p,
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Since the terms involving a, and T(a,) grow to oo with n, we see that necessarily

2>3(3-3) .

PROOF OF THEOREM 1.4. This is similar to the previous proof. We let X be the
Banach space of continuous functions f: R — R vanishing outside [—2, 2], with norm

Ifllx == If W1l zoot—22)-

We let Y be the space of all measurable f: R — R with

WAy = If WUllL,m < o0

Assume that we cannot find f satisfying (1.19). Then the uniform boundedness principle
gives (5.1) for all f € X. Again, when f(0) = 0, we obtain (5.2). We now choose g, € X,
with ||g,||x = 1; with

@ W) ognsign(pyn) = 1, xn € [~1,—3])
g, = 0in (—o0,—-2] U [0, 00) and
(& )xm) sign(p(xa)) >0,  xm € [-2,2].
Much as before, we deduce that forx > 1,
ILalgn 1) > Car/|pa)] /.
Also by hypothesis, there exist C} and C, such that
U 2 O 500 367, x> G
Hence by (5.2),

2C =2C|gallx = ||Lalgallly
> Ci||Lalga)@W o700 34D 0y
1-1 _2¢1_1
> Czayf pQ(an) 3G ”)Ilan”Lp[a,,/z,a,,]
> C3T(an)i 77,
much as before, by Lemma 2.2 (a) and (2.4). Of course this is impossible for large n, and
we have a contradiction. n
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