INCIDENCE RELATIONS IN MULTICOHERENT
SPACES II

A. H. STONE

Introduction. One standard method of studying the incidences of a sys-
tem of sets A1, 4s, . . ., A, is to consider the nerve N of the system. However,
this gives no direct information as to the numbers of components of the vari-
ous intersections of the sets—information which would be desirable in several
geometrical problems. The object of the present paper is to modify the defi-
nition of the nerve so that these numbers of components can be taken into
account, and to study this modified nerve I for systems of sets in a connected,
locally connected, normal T space S of a given degree of multicoherence! 7(S).
The principal result (Theorem 6, 6.4) is a refinement of a theorem of Eilenberg
[4, p. 107], and asserts that, if U4; = S, then under suitable hypotheses we
have

(1 rM < r(M < 7(S).

This theorem has several geometrical applications, but we shall have to leave
these for subsequent treatment.

The proof proceeds as follows. After the necessary definitions (§1), we
show (§2) that the modified nerve I is conveniently related to the family of
(continuous) mappings of S in the unit circle S'. Next it is shown (§§3-5)
that the analytic degree of multicoherence? p(S) is equal to 7(S) even at the
present generality; the proof, which makes frequent use of modified nerves,
depends essentially on first obtaining (1) for the case in which It and N are
1-dimensional. The analyiic technique of Borsuk and Eilenberg is then applied
to deduce (1) in full generality, and to yield a few related results.

Though it will be clear that much of the work does not require the assump-
tion of local connectedness, we shall use .S throughout the paper to denote a
non-empty, connected, locally connected, normal T space. For notations in
general we refer to [9] and [10].

1. The modified nerve

1.1. Definitions, etc. Let Ay, As ..., A, be n given subsets of S. For
each non-empty subset J = { 11, %2y « - - ,'i,,} of the set I of all integers from 1
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1Here 7(S) = sup by(4 M B), where 4 and B are closed connected sets such that 4 \U B=S;
the definition of b, is given below (footnote 4). For the fundamental properties of 7(S), see
[3, 4, 12] in the bibliography at the end of the paper; for notations in general, see [9, 10]. In
[10] the space S was assumed in addition to be completely normal; but as indicated in [10,
6.6(3)], this extra assumption is not needed for the results which will be quoted here.

2This notation follows [12, p. 229].
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to n, we shall write 4; as an abbreviation for 4, N 4;,MN ...\ 4,;. By
a decomposition system (abbreviated to d.s.) ® = {42} of the system A;,
A, ..., An, we shall mean a decomposition of each 4; into a finite number?
(possibly zero) of pairwise separated sets 4;*witha =1, 2, ..., a(J) (so that,
for each fixed J, we have U4, = 4, A, A, =0if a < B, and 4,°%is
both open and closed relative to 4;), in such a way that the following ‘“con-
sistency’’ criterion is satisfied:

(1) Given a, J and J’ such that J' C J, there exists o’ such that 4,7 D A,
(It follows that a’ is unique, unless 4 ;* = 0.)

The sets A1, 42, ..., A, always have a trivial d.s. in which every a(J) = 1
and A1 = A;. If further 44, Ao, ..., A, satisfy? bo(4;) < = for every J—
or, as we shall say, if they are of finite incidence—they have a natural d.s.,
defined by taking the sets 4;* to be the components of A;. We shall be
mainly interested in natural d.s.’s, though more general ones will sometimes
have to be taken into account.

1.2. Corresponding to every d.s. D of 41, 4, ..., Ay, we construct a com-
plex M(D), the modified nerve of the decomposition, as follows. To each
non-empty A (;j* we assign a vertex a¢;* of M(D) (1< j< #), and generally
to each nom-empiy A;* we assign an open simplex a;* of (D) having as
vertices those points a(;»* for which j € J and A;*C A»* (in accordance
with (1) above). The faces of a; are defined to be those simplexes a ;% for
which J'C Jand 4% D A;*; thus, for given a, J and J’, there is exactly one
face a;*. With the obvious definition of incidence numbers, (D) is a
complex [6, p. 89] but not in general a simplicial complex [6, p. 92] (since several
distinct simplexes may have identical vertices), though it becomes one on
barycentric subdivision [8, p, 50]. We shall suppose (D) to be realized
geometrically ,and shall use (D) to denote also the resulting (curved) poly-
tope. v

For the trivial d.s., M(D) reduces to the usual nerve, N of 41, A2, ..., An.
If the sets 4; have finite incidence and D is the natural d.s., we shall write
PM(D) simply as M, and refer to I as ‘‘the” modified nerve® of 44, 4o, ..., 4Ap.

1.3. THEOREM 1. Let N be the nerve and I the modified nerve of a system of
connected sets Ay, Ao, . .., Ay of finite incidence, and suppose that A; — Ay, and
Ay, — Ajare always separated® (1< j, k < n). Then bo(IM) = bo(N) = bo(U4,);
and if UA;, and therefore also I and N, are connected, we have r(IMM) Z r(N).

Proof. We omit the easy argument showing that bo(%) = bo(U4;) =be(N).

31t would be easy to extend these considerations to suitable infinite decompositions; cf.

5.3 below.
4Following [3], b(X) + 1 = number of components of X, if this number is finite, and
bo(X) = o otherwise; in particular, 5(0) = — 1.

5Though It consists, roughly, of It with repeated cells, It need not contain any subcomplex
isomorphic with .

¢This condition (introduced in [11]) will always be satisfied if the sets 4; are all open, or
all closed, relative to their union.
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To prove r(M) 2 7(N), let the vertices of M (as in 1.2) be al, adl, . .., al,
and let those of M be @i, aq,...,an a;i* and a; both corresponding to the
connected set A;. There exists an obvious simplicial mapping f of I onto
N such that f(a;!) = a;, and it is easy to see that any closed edge-path in N
is the image under f of at least one closed edge-path in M. Thus f induces a
homomorphism of 71(IN) onto 71(N), 71 denoting the fundamental group. By
a theorem of Eilenberg [4, p. 110] there is a homomorphism of 71(0), and thus
also of x1(M), onto the free (non-abelian) group with 7(N) generators; and
hence [4, p. 110] 7(I) 2 »(N).

2. Mappings in $*

2.1. In what follows, f, g, etc. will denote (continuous) mappings of some
normal space X (usually a subset of S) in the space S! of complex numbers
z with |z| = 1;and ¢, ¢, etc. will similarly denote continuous real-valued func-
tions on X. To save notation, we shall usually not distinguish between a
mapping f: X — S! and the ‘‘partial mapping” f| X’ (f restricted to X’)
where X’C X. For the convenience of the reader, we repeat the following
definitions (cf. [2], [3], [12, ch. 11]).

The product fg is defined by fg(x) = f(x)g(x), the multiplication on the
right being that of ordinary complex numbers; and the powers f? (¢ =
0, £1, 4+ 2,...) are defined similarly. If there exists ¢ such that f(x) =
2(x) exp (i¢(x)) for all x € X, we write f ~ g on X; in particular, if f(x) =
exp (1¢(x)) we write f~1 on X. Mappings fi, fs,. .., f» are said to be (linearly)
dependent on X if integers ¢, ¢s, - . ., gn €Xist, positive or negative but not all
zero, such that f14fy% . . . f,9 ~ 1 on X; otherwise they are independent on X.
If X = S, the qualifying phrases ‘“‘on X"’ will generally be omitted.

Given nsets A1, As, . . . , Ay, the greatest number of mappings fof X = U4;
in S! which satisfy
(1) f~1 on A4 1€ i< n
and which are independent on X (or « if there is no such greatest number)
is written p(41, s, ..., Ay).

Finally, the supremum of p(Fy, F.,) as F1, Fs range over all pairs of closed
sets (not necessarily connected) such that F; \U Fp, = S, is denoted by p(S).

Itis known ([3, p. 172], [4, p. 113]) that p(S) = r(S), provided that S isa Peano
space or infinite polytope; we shall later be able to remove this proviso.

2.2. Many of the arguments and results in [2], [3] (in which the space X is
assumed to be metric) apply here also with, at most, trivial changes. In
particular:

(1) If f maps AU B in S, where the sets A — B and B — A are separated
and A4 N B is connected, and if f~1on A and f ~ 1 on B, then f ~ 1 on
A \J B [2, p. 64, (5)].

(2) If f maps X in S, where X is normal, and if 4 is a (relatively) closed
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subset of X on which f ~ 1, there exists a relatively open subset U of X such
that UD 4 and f ~ 1 on U([2, p. 65 (6)]; here the proof needs modification,
and uses the fact that the real line is an AR [6, p. 28]).

(3) If f, g both map X in S! and |f(x) — g(x)| < 1 for each x € X, then
f~gon X [3, p. 156, (2)].

(4) If f maps a closed simplex E in S', then f ~ 1 on E.

2.3. There is a close connection between modified nerves and mappings in
S, as is shown by:

THEOREM 2. Let IN be the modified nerve of a system of closed sets A1, A,
., A, of finite incidence. Then” bi(M) = p(41, Ao,y ..., An).

We prove (and shall need) a little more than this:
(1) 1If Ay, As, ..., A, are of finite incidence and such that 4; — A; and
Ar — A; are always separated (but are not necessarily closed), then
by(IM) 2 p(Ay, Ay, ..., An).
(2) If A4, A4,, ..., A, are closed (but not necessarily of finite incidence),
and if M = M(D) is the modified nerve corresponding to a d.s. D of 4,,
Az, o ey An, then b1(9ﬁ)< P(Al, Az, e ey An)

2.4. Proof of (1). First, to each mapping f of U4, in S! such that f ~ 1
on each 4;, we can assign a 1-cocycle class on I, as follows: We have f(x) =
exp (t1¢;(x)) (say) for x € A;. For each 1-cell a;;* of M (oriented from j to &),
we pick ¥ € 4 (1% and define n;* = {d;j(y) — ¢k(y)}/21r; this number is an
integer independent of the choice of y (because 4 (;,r)* is connected). It is
easily verified that the 1-chain ¢(f) = > n%;1* is a cocycle, and that differ-
ent choices of functions ¢; give rise to cocycles ¢(f) differing only by cobound-
aries.

Now let u such mappings f (1< A< u) be given, and suppose u > b1 ().
There exist integers pi, ps, ..., P, not all zero, such that 3 pac(fr) ~ 0.
Define F = fy?1fy?:, .. f,Pn; thus we have F ~ 1 on each Aj, say F = exp
(¢®;) on A;. Again, it readily follows that

o(F) = 2N a®
say ~ 2paxe(fa) ~0. Hence there exists a 0-cochain » .¢/fa;? such that
N = qf — qi", where a/f, ay” are the end-points of ;. Define a real-
valued function ¥ on U4 ; by: ¥(x) = ®;(x) — 2rxq,® whenever x € 4,. This
definition is single-valued (and therefore continuous), since if x € 4 M A
we have x € A4, for some a, and then

(®;(x) — 2mqf) — (Pr(x) — 2mqy") = 20(Np* — ¢ + @) = 0.

Since clearly F = exp (%) on U4}, the mappings f» are not independent on
U4;if u > 5:(M), and consequently p(Ay, Az, ..., Az) S bi(M).

"Generalizing [2, p. 96]. Here b; denotes the 1-dimensional Betti number with (say) rational
coefficients.
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2.5. Proof of (2). Now let ¢ be a given 1-cocycle on I, its multiplicity on
the oriented 1-cell a;* being the integer m;* say (= — my;®). We shall
define, by recursion, real-valued continuous functions ¥; on 4 N (4, U . ..
U 4j-1) and ¢ on Ay, where 2 =1, 2, ..., n, setting ¢1=0 on Ay, ¢y =
— 2mmy® +¢r1on Ay (o = 1,2,..., a(12)), ¢2 = an extension of ¥s to 4,
and generally

Yi = — 2mm;* + ¢ on 4 (1S j <k 1< < a(Gk),
and ¢ = an extension of ¥ to A;. To justify this definition, we must first
show that the definition of ¥y is consistent, i.e., that if # < j < Band x €
A f\A,f\ Ap, say x € Ahjkac Ajk"‘ NAufN Ajk", then

— 2mmj® + ¢;(x) = —2wmuf + éalx).
This follows from the fact that m;* + miif + mi;” = 0, ¢ being a cocycle.
Since ¢, is thus a well-defined continuous function on the closed subset 4; N
(41U ... U 4;1) of the normal space Ay, the extension ¢; exists [6, p. 28].

It follows that, whenever x € A; M 4;, we have exp (ip;(x)) = exp (tpr(x));

consequently the mapping f defined by

f = exp (ip;) on 4;, 1S j< n
is single-valued and continuous on U4 ;. Further, even though the sets 4 ;°
need not now be connected, we have ¢;(y) — ¢x(y) = 27m ;;* whenever y € A4 32,
so that a cocycle ¢(f) can still be associated with f as in 2.4 above, and is
evidently simply c.

Now let () = u, and choose u 1-cocycles ¢y, 1< A 4, linearly indepen-
dent modulo cohomology in . Corresponding to each ¢y, the above con-
struction gives a mapping fx of U4, in St such that

(1) fan~1oneach 4, (i) ¢(fr) = e
We have only to show that theses mappings fx are independent on UA;.

But if say F=fiuf%...f,% = exp (i®) on UA4;, where the gj's are in-
tegers and ® is a continuous real-valued function, we readily see that ¢(F)

exists and > gxcx ~ ¢(F) ~0;hence gy = g2 = ... = 0.
2.6. COROLLARY. If A1, As, ..., A, are closed sets of finite incidence, no
three of which have a common point, then® p(di, As, ..., An) = 61:(M) =

h(A1, Asy ..., An).
For the definition of k(A41, 4o, ..., A,) here reduces to
bo(UA4;) +_;k(bo(f1j MNA) + 1) —n+1— 3bo(4)).
J
Now 9 is a linear graph having bo(U4 ;) + 1 components, 3" (5,(4 iMNAp+1)

edges, and Y.bo(4;) + n vertices; hence h(A1, s, ... A4s) = by(I), by the
Euler-Poincaré formula.

8By definition [9, p. 4411, A(4y, ..., 45) = Zbo(X,) — ZTbo(4;), where X, is the set of
all points belonging to A4; for » or more values of j.
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Remark. For closed sets in general we have
p(A1, Agy ooy A)S R(Ay, As,y ..., Ay).

This can be proved by induction over %, the case n = 2 being furnished by
the above corollary.

3. Lemmas on linear graphs

3.1. In the next section we shall study ‘‘one-dimensional’’ coverings of S,
whose modified nerves will be linear graphs; in preparation for this, we here
collect the necessary graph-theoretic lemmas. In view of the applications, a
(linear) graph G will here mean a finite 1-complex which may be ‘“‘improper”,
i.e., in which two vertices may be joined by several edges (open 1-cells); but
each edge is to have two distinct vertices. We denote the numbers of vertices
and edges of G by a¢(G), a1(G) respectively. The order v(p, G) of a vertex p
of G is the number of edges of G which are incident with p (have p as a vertex).
A vertex p of order 1 is an end-point of G, and the single edge incident with p
is then an end-line. An acyclic connected non-empty graph is a tree.

3.2. From the Euler-Poincaré formula, combined with the equality of b,
and 7 for 1-dimensional Peano spaces [3, p. 162], we have:

(1) If G is a connected and non-empty graph, then
21(G) — ao(G) + 1 = bi(G) = r(G).
An elementary computation then gives:

(2) If Gisatree having exactly X end-points and g other vertices g1, gz, - - - , ¢y,
then

Tilv(gnG) — 2} =x—2.

We note also the obvious property:

(83) If G is a connected graph having an end-point p with end-line C, then
G — C — (p) is connected.

3.3. Now let G be a graph having vertices pi, P, . .., pm and edges Cj,
Cs, . .., Cr, and suppose there exists a (continuous) monotone simplicial map-
ping w of a graph H onto G. Thusw7(p,) is a (closed) connected subgraph
of H,w *(Cy) is a single (open) edge of H, and these inverse sets are pairwise
disjoint, non-empty, and cover H. Suppose further that whenever C;, Cj
are distinct edges of G, the edges w™(C;), w™*(Ck) have disjoint closures (i.e.,
have no end-point in common). We shall then callw™ a dispersion of G, and
shall also say that H is a dispersion of G. (Roughly speaking, the operation
of “dispersing” G into H consists in replacing the vertices p; of G by disjoint
connected graphs w™(p;), and reattaching the 1-cells of G in such a way that
no two of them have a common vertex.)
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3.4. In what follows, we suppose that H is a dispersion of a connected
graph G. Since = is monotone,

1 H is connected;
and from 3.2(1) we readily obtain
@ bi(H)Z bi(G).

A dispersion of G will be called minimal if it satisfies: (a) the sub-graphs
wi(p;) are all trees, (b) each end-point of each w™1(p;) is incident with at
least one (and therefore exactly one) edge w™*(C:). From 3.2(1) we see that:
(8) If H is a minimal dispersion of G, then

bi(H) = b:1(G).
Further,

(4) Given a dispersion H of G, and a subgraph G* of G, there exists a sub-
graph H* of H which is a minimal dispersion of G*.

In fact, H; = v 1(G*) is a subgraph of H which is a dispersion of G*. Of
those subgraphs of H; which are dispersions of G*, let H* be one having as
few edges as possible. It is easy to see that H* will be a minimal dispersion
of G*.

Now assume that H is a minimal dispersion of a connected graph G, and let
the vertices of the subgraph w™1(p) of H (p being a given vertex of G) be
g1, g2 - - - ,qn- An easy calculation, based on 3.2(2), gives Z’l’{v(q,-, H) — 2}
= »(p, G) — 2, whence, since (with trivial exceptions) each summand is non-

negative:
(5) v(gi H)S »(p, G) (1$5< b);
and if for some j we have »(¢;, H) = v(p, G), then

v(qr, H) = 2 for all k5 j 1< k< h).

We shall say that a minimal dispersion H of a connected graph G is non-
trivial if there exists a vertex p of G for which the vertices ¢; of =™ 1(p) all
satisfy »(¢q;, H) < »(p, G), and that it is trivial otherwise. From (5) we have:

(6) If Gy, G, . . .1s an infinite sequence of connected graphs such that Gy is
a minimal dispersion of G, (n = 1,2,...), then, for all large enough n, Gpyx
s a trivial dispersion of G.

Further, (5) shows that a trivial minimal dispersion of G is essentially a
“subdivision’’ of G. In fact, we have:

(7) Let Gy, G, ..., Gn (n2 2) be connected graphs such that Giyy is a trivial
minimal dispersion of G; (1Xj< n — 1). Then each non-zero l-cycle of G,
contains (i.e., has non-zero multiplicity on) a sequence of edges E1, Es, . .., En,
where m = 272 4+ 1, such that
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(i) E; and Ejy1 have exactly one common end-point, which is moreover of
order 2 in G, (1< j< m — 1), and®

(ii) CIE;) NCI(Ey) =04f |7 — k|2 2 (1< j, kS m).
The proof of (7) is straightforward by induction over #, using (5).
4. One-dimensional coverings

4.1. TuHEOREM 3. Let r(S) be finite, and let A1, A, . .., A, be n non-empty
closed connected sets covering S, no three of which have a common point. Then the sets
A; are of finite incidence; and if M is their modified nerve, we have r(IM) < r(S).

We have, if j # &,

CA;NANU{A4um =4, k) =0;

hence (10, 7.3] bo(4; N A1) < 7(S) <©. Thus the sets A; are of finite inci-
dence, and I is defined (and is evidently a graph). In accordance with the

notation of 1.1, we write 43¢ (1< < a(j, k) for the components of A4 j;
= Aj M Ay Since

Fr(d,)C 4; N\ U{44k # j} = Urd s,

a union of pairwise disjoint closed connected (non-empty) sets, there exist
[10, 3.4], for each fixed j, closed connected sets H,;;* O A;* such that
Us,. H12 =4, no three of the sets H;;* have a common point, and the intersec-
tion of every two of them is contained in 4; — U{Aklk b j}. (Note that
H j* # Hyj;®, though of course A4 j;* = Ay;*.)

It readily follows that no three of all the sets H;* can have a common point,
even if j varies. Thus if we renumber the sets H ;% say as 4:1(1), 42(1), ...,
A, (1), the sets 4;(1) have all the properties which were postulated for the
sets A4;; hence they are also of finite incidence. Let the nerve and modified
nerve of {A]-(l)} be G, and H; respectively; both are graphs. We assert:

1) G is a dispersion of .

In fact, we can map G; on I as follows. Each vertex g of G; corresponds
to some set Hj;*; we define w(q) = a;, the vertex of I corresponding to A4 ;.
Each edge of G; corresponds to a non-empty intersection H;z* M H,p. If
j = I, we map the whole edge on a;; if j # [, we must have m = j, k = [ and
o = f, and map the edge “linearly’”’ onto the edge a;;* of M. The resulting
mapping w is easily seen to be continuous. Further, it is monotone, since w™
is clearly 1 — 1 on a;;*, while w™(a;) is precisely the nerve of the sets H;®
with fixed j, and is connected since A4; is connected. And it is not hard to
see that if a¢;,* and a;.f are distinct edges of I, their inverse images under w
cannot have a common end-point. Thus (1) is established.

9We use the customary abbreviations Cl for closure, Co for complement, Fr for frontier.
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Clearly also, to within isomorphism,
2) G, is a subgraph of H;.

The whole process is now repeated, starting with the sets 4;(1); and so on.
We thus obtain, for each A (= 1, 2,...), a covering of .S by closed connected
sets A;(\) (1S j< m), no three of which have a common point, having nerve
G and modified nerve Hj, such that Gay1 is both a dispersion of Hy and a
subgraph of Hy41.

From 3.4(4), we obtain recursively a sequence of graphs K, such that
K, = G, and K, is a subgraph of G\ which is a minimal dispersion of Kx—1
(A2 2). By 3.4(6), there exists an integer N > 3 such that Ky, is a trivial
minimal dispersion of K, whenever A2 N — 2. On applying 3.4(7) to
Ky—2, Kn—1, Ky, we see that every non-zero 1-cycle of Ky contains a sequence
Ci, Cs, C; of three edges, such that:

@A) Ci N C: = a single vertex p; of Ky,
(i) C: N C; = a single vertex p, of Ky,
(iii) v(p1, Ky) = 2 = v(ps, Ky),
@iv) CiNCs =0.

For short we shall call such a sequence of three edges a “‘triad”.

The graph Ky is connected (3.4(1) and Theorem 1, 1.3); hence if it is not
already a tree it contains a cycle containing a triad (Cy, Cs!, Cit). The sub-
graph Ky — CJ! is clearly connected, and has C! and Cj! among its end-lines.
Hence if Ky — C.! is not a tree it contains a triad (C:?, C2?, Cs?) disjoint from
the first. After a finite number of steps, say 7, we obtain » mutually exclusive
triads (C:*, C2*, Cs%), 1<s< 7, in Ky, such that Ky — UC,® = T, say, is a
tree having all the edges C:*, C;® among its end-lines.

From 3.2(1) we obtain
3) = r(Ky).

Let U; denote the subgraph of T formed by omitting from T all the edges
C;® and the corresponding end-points CI(C;®) N CI(C:*) (¢ = 1,3). From
3.2(3), Ui and Uj; are connected subgraphs of Ky, and thus a fortiors of Gy ;
further, U; M Us; # 0, and we note that Gy also contains the 7 distinct edges
C.%, no two of which have a common end-point, and each of which joins a
vertex in U; — Uj to a vertex in U; — Us.

For each vertex p of Gy — (U1 \J Us), join p to a vertex of U \J U; by a
simple edge-path W(p) in Gy (this is possible since Gy is connected, by 1.3),
and further choose W (p) to have as few edges as possible. Define V; = union
of U; with all those paths W(p) whose ends (other than p) arein U; (4 = 1, 3).
Clearly V1 — VsD U1 - U3 and Vs - VlD Ua - Ul; and moreover V1 U Vs
contains all the vertices of Gy. Now Gy is the nerve of the closed connected
sets 4 ;(IV) covering S. Let X; = union of those sets 4 ;(V) which correspond
to vertices in V; (¢ = 1,3). It readily follows that X;, X; are closed con-
nected sets which cover .S, and hence
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(4) bo(leXs)sr(S)

We may suppose the notation so chosen that 4; corresponds to a vertex in
ViN V3if 1€ < pin Vi — Viif u <7< v, and in Vs — Viif » < j< ny.
Write D = Ay(N) U A(N) U ... UA4,(N). Then clearly

(5) XiNX;=DVUU4;(N) N A(WN)u <5< v <k < nyl.

The sets D, A;(N) N Ax(N) appearing here are closed and pairwise disjoint
(for no three of the sets 4;(INV) have a common point). Further, D # 0
(for V1M V3 £ 0), and at least 7 of the sets 4;(N) M Ax(N) are non-empty
—namely those corresponding to the edges C;° of Gy. Hence (5) shows that
bo(X1 M X3) 2 7, and so, from (3) and (4), we have r(Ky) < 7(S). But 3.4(2)
and 3.4(3) show that

f(%)s T(Gl) =T(K1) =1’(K2) = ... =1’(KN),
and consequently 7(N) < 7(S).
4.2. COROLLARY. Ifr(S)< =, there exists a covering of S by a finite number

of closed connected sets A ;, no three of which have a common point, such that (i) their
nerve N satisfies r(MN) = r(S), and (ii) every intersection A; M Ay is connected.

4.3. We next derive, for later use, a related property of open sets (which
need not necessarily cover S).

LemMMA. Let A1,A., ..., A, be n non-empty closed connected sets such that
Fr(4,;) NFr(4x) NFr(d;\U Ay) = 0 whenever j # k, and no three of which
have a common point. Then

bo(U4,) + bo(Uf{4; N Axlj = BN 7(S) + 2 — 2.

We may evidently assume # > 1 and #(S) < . Write U = Co(U4,) and
F; = Fr(U) N\ Fr(4,); thus UF; = Fr(U) and the sets F; are pairwise dis-
joint. By [10, 3.4], there exist closed sets H; (1< j< #) such that H;D Fj,
H;is connected relative® to Fj, UH; = U, H; N\ Fy= 0 if j## k, H; N\ HyC U
if j # k, and no three of the sets H; have a common point.

Write 4;\U H; = Bj; thus the # sets B; are closed, connected, and cover
S, and no three of them have a common point. Hence, from Theorem 3 (4.1)
and 3.2(1), the modified nerve M of By, By, . .., B, exists and satisfies

6)) (M) = ar(PM) — ae(M) + 1< 7(S), a(IM) = n.

Now if j# %k we have A; \Hy = A;\NUN H,C F; \H;, =0, and
similarly 4, M H; = 0. Thus

@) B;M By = (4; N A) \J (H; O\ Hy;
and since H; M Hy C U, the closed sets A; M Ay and H; M Hj, are disjoint.

WFor the definition and elementary properties of relative connectedness, see [9, p. 428] and
[10, 3.3].
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Thus the modified nerve MMy of 4,, 45, ..., A, exists and can be obtained
from 9t merely by deleting certain edges of M (corresponding to the components
of the sets H; M Hy). Since I is connected, while bo(Mo) = bo(UA4;) (Theo-
rem 1, 1.3), the number of edges so deleted must be at least bo(U4;). Thus
we have bo(U4;) + a1(Mo) $ a1(M); and since the sets 4; N Ay, (j < k) are
pairwise disjoint, @1(Mo) = number of components of U(4; N A4;) =

bo(U(4; N Ar)) — 1. The lemma now follows from (1).

4.4. THEOREM 4. Let U, V be open subsets of S which satisfy Fr(U) N
Fr(V)NFr(UN V) =0. Thenh(U, V)< 7(S) (i.e., bo(U I V) + bo(UNT)
< bo(U) + bo(V) + 7(S)).

Proof. We may assume that 7(S), bo(U) and bo(V) are all finite. Let U,
V have components Uy, ..., Un, Vi,..., V, respectively. From [10, 7.4],
each of the sets U; M V} has only a finite number of components, say W;®
(1< o< a(Gk)). Pick points x; € Uj, yx € Vi, 2* € Wie. Since Uj is
open and connected, there exists a closed connected set joining x; and 2,3 in
Uj; let the union of these closed connected sets, as k and a vary, be denoted
by A;. Similarly we construct a closed connected set By C V containing all
the points z;;%(for each fixed k). Write U4; = 4, UB; = B. Then Co(4)
and Co(B) are open sets containing Co(U) and Co(V) respectively; and [10,
6.3] gives the existence of open sets C, D such that Co(4)D CD Co(U),
Co(B)D DD Co(V), and Fr(C) N\ Fr(D) = 0. Thus A C Co(C)C U, which
shows that each component 4; of 4 is contained in a component C; (say) of
Co(C), and that C;C Uj;. Similarly we obtain 7 distinct components Dy, of
Co(D) such that B, C Dy C Vi. Wehave Fr(C;) N\ Fr(Dy) C Fr(C) N Fr(D)

= 0, so that the sets Cy, ..., Cn, Dy, ..., D, satisfy the hypotheses of the
lemma (4.3), and therefore
(1) bo(UC; U UDy) + bo(U(C; N D)YE #(S) +m +n — 2.

Now the different sets C; M Dy are pairwise disjoint, and, since z;;* €
C; \D,C U;j N Vi, each set C; M Dy has at least as many components as
Uj N Vk Thus

bo(U(C; N D)2 b(UN V).
Similarly bo(UC;\U UDy) 2 bo(U \U V);and the theorem now follows from (1).

4.5. Remark. A similar argument will apply to any finite number of open
sets, no three of which have a common point, and every two of which satisfy
the frontier relation of Theorem 4. Further, if S is completely normal, the
‘“‘approximation’’ method [10, 6.5] can be carried a step farther [10, 7.5] to
yield the following theorem:

THEOREM 4a. If S is completely normal, and Ey, E, . .., E, are n sets, no
three of which have a common point, and every two of which satisfy (i) E; — Ex
and Ey — E; are separated, (ii) E; N E; and Co(E;\J E;) are separated
(F # k), then
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Tho(Ej) + n — 2 bo(UE)) + bo(U{E; N Exlj = k})
< Tho(Ej) +7(S) +n — 2.

5. The analytic definition of 7(.S)

5.1. The number p(S), defined (2.1) in terms of mappings of S in S, is
known to equal 7(S) for e.g. Peano spaces. We shall now show that this
equality holds for all connected, locally connected, normal T spaces, without
any requirements of compactness or completeness.

THEOREM 5. o(S) = 7(S).
5.2. Proof. Itis easy to see that
(1) 7(S)< p(S).

In fact, let 4;, A2 be closed connected sets which cover S, and suppose
bo(A1 M Ag) 2 n. We can write 4; M A; as a union of # + 1 disjoint closed
non-empty sets 412%; and this defines a d.s. of 4, 4+ for which the correspond-
ing modified nerve It has 2 vertices and # + 1 edges, so that # = 5,(I). But
(2.3 (2)) b1(M) < p(A1, A2) S p(S); thus #< p(S), and (1) follows.

5.3. Now suppose
2) 7(S) < p(S);

we shall derive a contradiction. From (2), 7(S) = » say < o, and there
exist closed (but not necessarily connected) sets Fi, F; and #» + 1 independent
(continuous) mappings f; of Sin S' (1< < # + 1) such that f; ~ 1 on each
of Fi, Fo. There exist (2.2 (2)) open sets A D Fi, BD F,, and continuous
real-valued functions ¢;, ¢;, such that

3) fi = exp(ip;) on A, and f; = exp(iy;) on B 1< i< n+1).

Let 4, B have components { Ax}, { B,}, repectively. Each of these components
is open; further, we have

Fr(4x) N Fr(B,) C Fr(4) N Fr(B) C Co(4) N Co(B) = 0.

Hence for any finite unions A = Ay, U 45, U ... U 4,, and 8 =B,, U B,
U...UB,, we have Fr(%) M Fr(B) = 0 and therefore (Theorem 4, 4.4)

(4) Y, B) S n.
In particular,
(5) bo(Ax N B, < n.

Now form a ‘“‘graph” I (which however will be infinite, in general) by
taking vertices aa, b, corresponding to the sets A», B,, and joining ax to b,
by as many edges as Ax M B, has components. (Thus I is the ‘““modified
nerve”’ of 4 and B except that it is formed with respect to an infinite decompo-
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sition, in general.) From (4) and 3.2 (1) we have b,(G) < 7 whenever G is a
subgraph of It generated by a finite number of vertices of M, and hence also
whenever G is any finite subgraph of M. Thus there is a finite subgraph G,
of M for which b;(G,) is as large as possible; say b1(G;) = N, where N< .
Next, since I is connected (for S is), there exists a connected finite subgraph
G: of M containing G; (obtained by adding to G a finite number of edge-paths
connecting the vertices of G1in ). Let a,, ..., ax,, bu, - - ., by, be the ver-
tices of Gs, and let G; be the subgraph of 9t which they generate. Thus G is a
connected finite graph, and since G;D G2 G; we have b1(Gs) 2 b:(G1) 2 N,
and therefore b1(Gs) = N. Write A = 4, V... U A4,,, $=B,U...U
B,,; then clearly A and ¥ are of finite incidence, and their modified nerve is Gs.

We shall next assign a ‘‘rank’ to each vertex of I, as follows. Let p(= aa
or b,) be a given vertex of . If p € G;, its rank is zero. If p non € Gj,
join p to Gs by a finite edge-path W(p) in I such that W(p) contains no edge
in Gs (e.g., take W(p) to be as short as possible). We assert that W(p) is now
unique. In fact, if W/ (p) were a different edge-path satisfying these require-
ments, the subgraph G;\U W(p) \J W’(p) would (as is easy to see) contain
a closed path not lying entirely in G;, so that b,(Gs\J W(p) \J W'(p)) >
b1(Gs) = N, contradicting the definition of N. The rank of p is now defined
to be the number of edges in W(p).

The “rank’ of a component 4y or B, of 4 or B is defined to be the rank
of the corresponding vertex of MM, and we write C, = union of all sets (4, or
B, of rank < »(» =0,1,2,...). Thus C, is open, AU B=CoCC:CC;
C...,and UC, = S. Further, the construction shows that the sets of fixed
rank v > 0 are pairwise disjoint, while each set of rank » > 0 intersects one
and only one set of rank v — 1, and this intersection is always connected.

We have n + 1 > N = by(Gs) 2 p(¥, B), from 2.3 (1); hence, in view of
(3) above, there must exist integers gi, ¢, - . . ,¢n+1, not all zero, and a con-
tinuous real-valued function ¢ on % \U 9B, such that

(6) F Eflqlf2q2 .. .fn+1q"+1 = exp(w) on QI U 53
Using (3), we define

® = 3 qgipjond,¥ = 3 g;y;onB;
thus F = exp(i®) on 4, and F = exp(¢¥) on B.

We now extend 6 to a continuous function 0, defined for all x € .S, and such
that F = exp(i0), as follows. On Cy, define ® = 6. Now suppose 6 has
been defined with the desired properties on C,. If 4, is a set of rank » + 1,
it intersects a unique set of rank », necessarily of the form B,, and 4, N C,
=AM B, which is connected. Hence on Ay N C, we have =% —27m,
where m, is a (constant) integer; and we define © = & — 27m, on A). Simil-
arly © is defined on each B, of rank v + 1 (using the function ¥). Since the
sets of rank » + 1 are pairwise disjoint open sets, O is single valued and con-
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tinuous on C,4y, and clearly exp(#0) = F on C,.1. This process defines @
with the above properties on all of .S; but this contradicts the independence
of the mappings f;, and the proof is complete.

6. Finite coverings in general

6.1. LeEmMMmA 1. Given a d.s. {AJ“} of n closed sets A, As, ..., An, and
given open sets U(J, ) D Aj°, there exist open F, sets By, By, ..., B, and a
d.s. {Bs*}of By, Bs,..., By, such that (i) A;*C B;*C CI(B;*)C U(J, a),
(i1) By is connected™ relative to A%, (iii) CI(Bs*) N Cl(By*¥) = 0 whenever
AN\ ApY =0, (iv) Bs*C By whenever Aj*C Ay¥, and (v) Cl(By) =
N {CIB,)lj € J).

Remark. It follows that {C1(B,%)} will be a d.s. of the sets B, and thatif
the sets 4; have finite incidences then so do the sets B; and the sets B;, and
all three systems of sets have then the same modified nerve.

Proof. Let k be the greatest number of different suffixes 7, 1< < #, for
which the intersection of the corresponding sets 4 ; is not empty. The proof
will go by induction over & (# remaining fixed). If & = 1, the result follows
easily from the following two well-known properties:

(1) Given FC U, where F is closed and U open, there exists an open F, set
V such that FC VC VC U.

2) If E is an open F, set, so is every union of components of E.

Now assume the lemma holds whenever every intersection of & of the sets
A;is empty (B > 1). In what follows, K and K’ will always denote sets of k
suffixes j (1< j< 7) for which the corresponding intersections A, Ag’, are
not empty; J, J/, etc. denote (as hitherto) arbitrary non-null sets of suffixes;
and, except where the contrary is stated, all suffixes and superscripts run over
all their admissible values.

From the definition of & and the properties of a d.s., we have

3) AxP M\ A;2 =0 unless JC K and A, Axk*.

In particular, the sets Ax# are all pairwise disjoint. Hence there exist open
sets V(K, B8) such that

4) Ax*CV(K,B),
V(K, B) = 0 whenever Akf = 0,
CI(V(K, B)) C U(J, a) whenever AgfC A,°,
CI(V(K, B)) M A;* = 0 whenever Axf# M A;* = 0, and
C(V(K,B) NCI(V(K’,B")) =0unless K = K"and 8 = §'.

From (1) and (2), we may further suppose that each V(K, 8) is an open F,
and is connected relative to 4 k*.
Now write
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(5) wW=UV(K,B),A";=A4; — W, A'ye = A;* — W.

Clearly the sets A’; are closed, {A4’;%} is a d.s. of {4;}, and no  of the sets

A’; have a common point. Again, in view of (3), there exist open sets U’(J,a)
such that

(6) A C U (J,a)C U, a),
CI(U'(J, a)) N\ CI(V(K, B)) = 0 whenever Axf M A;* = 0, and
CI(U,(Jy a)) N AJ’ul = ( whenever AJ“ N AJI“’: 0.

Applying the hypothesis of induction to the system {A' J} and open sets
U’(J, a), we obtain open F, sets B'y, ..., B's, with a d.s. {B'J“}, having the
properties corresponding to (i)—(v) of the lemma. Define

) B; = B; UU{V(K,B)|j€ K}, and
Bye = B2 U U{V(K, B)|Ax? N As* # 0}
= B';* U U{V(K, B)|[KD J and Ax*C A;°

(as follows from (3) and (4)). Clearly B; is an open F,, and B;® is connected
relative to Ay (for B’;%is connected relative to 4’;*C A% and each V(K, 8)
occurring is connected relative to AxgfC A;%). It follows easily from (4), (6),
and the hypothesis of induction that CI(B;*) C U(J, a). To prove A;°C B;*%,
suppose x € 42— By®; then x non € A’;° (else x € B';*C By%), and so, from
(5), x € W, say x € V(K, B). From (4), Ax? N A;* ## 0; hence, from (7),
V(K, B) C By, contradicting x non € B;. Thus properties (i) and (ii) are
established.
Property (iii) is proved as follows. Suppose 4, Ap* = 0 and

x € CI(B"y*\J V(K, 8)) N\ CI(B' ¥ U V(K', B)),

where (from (7)) KD J, K'D J', AxfC Ay and Ax® C A, ; we must de-
rive a contradiction. The hypothesis of induction gives C1(B’;*) M CI(B’ ;%)
= 0, while from (4) we obtain CI(V(K, 8)) N\ CI(V(K’, 8')) = 0. Hence we
may assume

x € C(V(K, B)) N CI(B',*)) C C(V(K, 8)) N\ CI(U'(J, a")).

From (6) we must have AxfMA4 ;¥ # 0, and therefore (from (3)) Ax*CA,¥.
But this contradicts the assumption 4y M A% = 0.

Property (iv) is immediate from (7), (5) and the hypothesis of induction.
Thus all that remains to be proved, apart from (v), is that {BJ“} is in fact a
d.s. of {B j} ; and in virtue of (iii) and (iv) it will suffice to verify that

(8) U.Bs* = By, where B; = \{Bjlj € J}.

First suppose x € By*. If x € B';% then x € |{B';|/ EJ} C Byj; hence we
may suppose x € V(K, 8) where (from (7)) Ax#C As*and KDJ. Thus (7)
gives V(K, ) C Bjwheneverj € J,soagainx € B;. Thisproves U.B;*C By.

Conversely, suppose x € By. If for every j € J we have x € B’;, then
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x € B'; = U.B';2C U.Bye, as desired. Thus we may assume (from (7)) that
x € V(K, B), where j € K, for at least one j € J. We assert JC K. For if
say j’ € J — K, then x € B, since otherwise x € V(K’, ') with 7/ € K’, and
then V(K',B) N\ V(K,B) # 0 though K s K’, contradicting (4). Thus
x € U.,B',v"C UU’(f, ), and so for some v we have x € U'(j,v) NV(K, B),
which from (6) implies Ax? M 4,75 0, whence (by (3)) 7/ € K, a contradic-
tion. Thus JC K; and the definition of a d.s. now gives the existence of an
a’ such that Ax#CA ;. From (7), we have V(K, 8) C B,*,and so x € U.B,°,
completing the proof of (8).

Finally, the verification of (v) is along similar lines, and is left to the reader.

6.2. Strictly canonical mappings. Let Uy, U, ..., U, be a given covering of
S, with agivend.s. © = { UJ“}. For each x € S, let J(x) be the set of all suf-
fixes j for which ¥ € Uj; thus x € Uy, and so x € Uy *® for one and only one
value of a, say for a = a(x). The corresponding (open) simplex %;(;)*® of
PM(D) will be denoted by o(x).

A continuous mapping % of S in (D) will be called strictly canonical
if it satisfies

1) h(x) € o(x), allx € S.
It is easy to see that (1) is equivalent'? to
) E (St ug®) = Uss,

St u;° denoting the (open) star of the simplex #;% in N(D).
The proof of the standard existence theorem for mappings in ordinary
nerves can readily be extended to give:

LemMmA 2. Let Uy, U, ..., Uy, be open F, sets which cover S and let D =
{Use} be a ds. of {U;}. Then there exists a strictly canonical mapping h of S
in M(D).

6.3. The fundamental lemma is the following analogue of a lemma of

Eilenberg [4, p. 105], and the idea of the proof is essentially the same, though
with some complications.

LEmMMmA 3. Let By, By, ..., B, be a covering of S by open F, sets of finite
incidence, with { B;*} as natural d.s., and suppose that { C\(B%} is a d.s. of {B;}.
Let h be a strictly canonical mapping of S in the modified nerve M of { B}, and let
f be a mapping of M in S* such that fh ~1 on S. Then f ~ 1 on M.

Suppose not. Then, as in [4, p. 105], there exists a simple closed edge-path
in M on which fnon ~1; let € be such a closed edge-path having as few
edges as possible. There is no loss of generality in assuming the sets B; to be
connected (otherwise we replace them by their components); hence the nota-

1Compare [1, p. 210].

2For ordinary nerves it is enough to require only that (2) hold for vertex-stars; but this
reduction is no longer valid for modified nerves, in general.
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tion may be chosen so that € consists of the edges b1,!, bagl, . . ., b(s—1) st D st
joining successive vertices by, b, ..., bs. (Note that here s may well equal
2.) As in [4], it follows from 2.2(1) and the choice of € that B;N\ B, =0
(1€ j < kX 5) unless j, k are consecutive in the cyclic order 12. .. sl; and
thence it follows, if s > 3, that no three of the sets B; (1< j< s) can have a
common point. Further, this holds even if s = 3. For otherwise b1, b2, b3
are the vertices of a 2-cell b123* in I, which will have edges say 5238, b317, b12?;
but f ~ 1 on Cl(b12;%) (from 2.2(4)), and also f ~ 1 on Cl(b23!) \U bss? (which
is either an arc or a closed edge-path shorter than €), and similarly f ~ 1 on
Cl(b31") \J b33 and on Cl(b13!) \U b1, so that (from 2.2(1)) f ~ 1 on €, which
is absurd. Hence, in view of the postulates on the sets Bj, we have:

(1) No three of the sets B, have a common point 1< 7€ 9).

Write ' = UB; (1< j< 5); evidently S’ is connected, and further, as an
open F, subset of S, S’ is also locally connected and normal. In the next
paragraph, all considerations will be relative to S/, and we use dashes to in-
dicate relative closures and frontiers. The suffixes 7, k, will run between 1
and s, and will be taken modulo s.

For each fixed j we have

Fr'(B,;) C ClI'(B;) N Cl(B;—1\J Bj1) = U.Cl'(B(—1y;%) U UsCl'(Bji+1)?),

the union of a finite number of pairwise disjoint and (relatively) closed con-
nected non-empty sets. On applying [10, 3.4] in .S, we obtain connected sets
H;*D CV'(B-1n;%, K;#D CV(B;j+1?), no three of which have a common
point (j being fixed), such that the intersection of every two of these sets is
contained in B; — U{Cl'(By)|k # j}. Moreover, the sets H;?, K, so
obtained will in the first instance satisfy U.H;* U UzK;# = CI'(B;), and will
be closed (relative to S’); but we replace them (using 6.1(1) and 6.1(2)) by
slightly larger sets to make them open F,’s (relative to S’ and thusalso relative
to S) without introducing any further intersections. For convenience, we
introduce the symbol L;* to stand for either H;* or K;*. If now j is allowed
to vary, we see that, while H;* M K;_1*D B(_1;* # 0, all other intersections
of the form L;* M L;# (j # k) are empty, and consequently no three of the
sets L;%, 1< j< 5, can have a common point.

Let N denote the (unmodified) nerve of the sets L;*; clearly 0 is a linear
graph. We use %;% k;2, ;% for the vertices of M corresponding to the sets H,°,
Ko, L;* respectively. Since B; is connected, there exists a simple edge-path
C; in N, joining k! to k! via vertices of the form /;* (j fixed) only; and since
Bj—1! # 0 there exists a 1-cell (k;_'h;!) in M. The sequence

\@ = (k slhll)y Cly (k11h21)y C2y e o0y (ks—llhsl)y CS)

constitutes a simple closed curve in 9.
Now consider the (continuous) simplicial mapping = of 9N in I defined as
follows: w maps each vertex /;* and edge /;°/;f on the vertex b; of I, and maps
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each edge of the form k;_;%k;* ““linearly” on the edge b(;_1);* of M. Clearly
w(C;) = b; and sow maps & on € with degree 1. From this and the uniform

continuity of f, we obtain a sequence of mappingsw = wo, wy, ..., w, of § on
€ such that

) w, is a homeomorphism of & on G,

(ii) | fmroi(x)) — f@r(x))| < 1forallx € & (1< AS p).

Thus, from 2.2(3), fo ~ fo1 ~ ... fw,on &; and from the fact that fnon ~ 1
on €, we readily deduce fw, non ~ 1 on &, and consequently fo non ~ 1 on .

Thus there exist simple closed edge-paths in 3% on which fo non ~ 1; let
o be one having as few edges as possible, and let the corresponding sets L;®
be renamed L(1), L(2),..., L(p), L(1), following the cyclic order of K.
(Note that now p2 3.) As before, two sets L(j), L(k) meet if and only they
are consecutive in this cyclic order; hence the nerve of L(1), L(2), ..., L(p)
is precisely £. Write Q = UL(j) 1< j7< p), and let %’ be a strictly canoni-
cal mapping of Qin ®. It is easy to see that, for each x € Q, the pointwh’(x)
of I belongs to the closure of the simplex o(x) of M which contains #(x). Let
h(x) = ho(x), hi(x),...,kn(x) =wh'(x) be points dividing the “straight’
segment joining k(x) to wh'(x), in Cl(s(x)), into N equal parts. One readily
verifies that each &y is a continuous mapping of Q in I, and that, from 2.2(3),
Jho ~fhy ~ ...~ fhy if N is large enough. Thus feh’ ~fh ~ 1 on Q.

The argument can be concluded as in [4, p. 106]; alternatively, by the
theorem there proved, we must have fo ~ 1 on . contradicting the definition

of .@o.

6.4. THEOREM 6. Let A1, Ao, ..., A, be non-empty closed connected sets
of finite incidence which cover S; let N be their nerve and W their modified nerve.
Then

(ML 7ML 7(S).

That (M) < 7(M) has been proved in 1.3 Suppose (M) 2 m; from Theorem
5 (5.1) it will suffice to prove p(S) 2 m. There exist closed subsets M, N of M,
and m independent mappings f; (1< j< m) of Min S, such that M U N=,
fi~1lon M, and f; ~1on N. By Lemma 1 (6.1), we can enlarge the sets
A; to open F, sets B; having the same modified nerve It and satisfying the
hypotheses of Lemma 3 (6.3). By Lemma 2(6.2), there exists a strictly
canonical mapping % of Sin M. let X = A (M) and ¥V = }(IV); X and
Y are closed sets covering .S, and each of the m mappings f;% of Sin S* evidently
satisfies fi# ~ 1 on X and fj# ~ 1on Y. But Lemma 3 (6.3) shows that these
mappings are independent on S; hence p(S) 2 m, and the theorem is proved.

6.5. THEOREM 7. Let A1, As ...,An be mnon-empty, connected, locally
connected, normal sets of finite incidence, which cover S and are such that A; — Ay
and Ay, — Aj are always separated®. Let N be their modified nerve. Then
r(S) S b:i(IM) + Tr(4,).
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We may assume 7(4;) = 7; <®. Suppose there exist N independent
mappings fi, fs, . . . , fzv of Sin S, and closed sets X, YVsuch that X U ¥V = S,
fi~1lonX,andf;j ~1on Y(1< j< 7); we must prove (in view of Theorem
5, 5.1) that N 5:(IM) + X7,

Since fj~1 on XMA; and on YMA,, Theorem 5 shows that at most 7; of
the mappings f; can be independent on 4;. Let the greatest number of in-
dependent mappings f; on A; be ;< r1; we may suppose the notation so
chosen that fy, ..., f, are independent on A;, and obtain for each j > s; a
relation, say

g =fPifi% ... fa%n ~1on 4,

where the exponents are integers and clearly p; % 0. It readily follows that
the N — s, mappings g; are independent on .S, and satisfy g; ~ 1 on X and
on V.

By repeating this argument, applying it to 4,, ..., 4, in turn, we obtain
N — Y s; independent mappings (say) k; of S in S' (expressible as power-
products of the N given mappings f;), where s;< 7, such that z; ~ 1 on
each 4; (1< k< 7). Hence, from 2.3(1),

N — TS p(Ay, Agy ooy A)S by(M),
and the theorem follows.

COROLLARY. If further the sets A; are closed and unicoherent, and no three
of them have a common point, then r(S) = r(M).

For Theorem 7 gives 7(S)< b1(M) = r(M), since M is now a graph; and
on the other hand Theorem 6 (6.4) gives 7(S) 2 r(M).

6.6. It is natural to ask whether, in Theorem 7 above, the term 5,(3) can
be replaced by (). The answer is negative, as is shown by the following
_example: Let T be a 2-manifold of genus %, simplicially subdivided, and let
By, Bs, . .., B, denote the closed stars of the vertices of T in the barycentric
subdivision. Let C be a small circular region interior to B;, and define
S=T—C, A1=B:1—C, and 4; = B; (2 2). It follows immediately
from known theorems that r(S) = 2k, 7(41) =1, and 7(4;) =0 (j2 2).
But the modified nerve M of 41, 4, . . ., A, is simply the nerve of By, By, .
B,—i.e., is T. Hencer(IM) = r(T) = k.

However, the replacement of 5:(3t) by (It) in Theorem 7 is justified (under
reasonable conditions) provided all the sets 4 j are unicoherent. For simplicity
we consider only the polyhedral case (though the generalization to ANR’s
would be easy), and in stating the result do not distinguish between ‘“‘complex’’
and ‘“‘polytope”.

*

THEOREM 8. Let A4, As, ..., Ay be closed, connected, non-empty unicoherent
subcomplexes of a complex S, which cover S, and let IN be their modified nerve.

Then r(S) = r(IM).
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Sketch of proof. Choose points py € A;°, {A 7%} being the natural d.s. of
{4;}, and for each pair 4;% Ax?f with KDJ and 4;*DAx®, join pxeto ps»
by an arcin 4s°% These arcs form a graph G. There is an obvious mapping ¢
of the edge-paths in I onto paths in GC S. In general, ¢ needfnot induce a
homomorphism of = (IM). However, if 7(S) = r, there exists [4, p. 110] a
homomorphism ¢ of =,(S) onto F,, the free (non-abelian) group on r generators.
Using the fact that the sets 4 ; are unicoherent, one can show that y¥¢ induces
a homomorphism of #i(M) onto F,. Hence [4, p. 110] »(M) 2 r. But
7(M) < 7, by Theorem 6 (6.4); and Theorem 8 is established.
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