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We establish asymptotic formulas for all the eigenvalues of the linearization problem
of the Neumann problem for the scalar field equation in a finite interval

ezuxx—u+u3:07 O<z <1,
uz(0) = ug (1) = 0.

In the previous paper of the third author [T. Wakasa and S. Yotsutani, J. Differ.
Equ. 258 (2015), 3960-4006] asymptotic formulas for the Allen-Cahn case

e2uzz +u — u® = 0 were established. In this paper, we apply the method developed
in the previous paper to our case. We show that all the eigenvalues can be classified
into three categories, i.e., near —3 eigenvalues, near 0 eigenvalues and the other
eigenvalues. We see that the number of the near —3 eigenvalues (resp. the near 0
eigenvalues) is equal to the number of the interior and boundary peaks (resp. the
interior peaks) of a solution for the nonlinear problem. The main technical tools are
various asymptotic formulas for complete elliptic integrals.
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1. Introduction and main results

We are concerned with the Neumann problem of a reaction—diffusion
equation

)=0, 0<ax<l,

(1.1)

{s?um ) + f(u(x)
=0

uz(0) = ug(1)

and its linearized eigenvalue problem associated with a positive solution u(x)

e2paa () + fulu(@))p(z) = —Xp(x), 0<z <1,
¢2(0) = ¢ (1) =0,

where € > 0 is a parameter and f is smooth enough. We denote F(u) by

:/Ouﬂs)ds

Precise information of eigenvalues is crucial not only in a stability analysis of a sta-
tionary solution of the associated parabolic problem but also in a study of dynamics.
The goal of the present paper is to obtain a rather explicit expression of all the
eigenvalues of (1.2) in the case

(1.2)

flu) = —u+ud.

The equation €%y, —u +uP =0, p > 1, is called the scalar field equation which
appears in the study of a standing wave of a nonlinear Schrodinger equation [2],
of elastic curves in differential geometry [6] and of the Gierer—Meinhardt model
in mathematical biology [5]. This equation has attracted much attention for these
three decades. A complete bifurcation diagram of the positive solutions for (1.1)
with f(u) = —u+uP, p > 1, was obtained in [7, 16]. See Fig. 1. Let p > 1 and
en = /P — 1/nm. For each n > 1, (1.1) has exactly two n-mode solutions u;_ if
0 < e <ey,. Here,

ut (0) = 021§21UI,5(I), Une(0) = max up ().

In particular, if n = 2k + 1, then both v, and u, . have k interior peaks and 1
boundary peak. On the other hand, if n = 2k, then u;{a (resp. u,, ;) has k interior
peaks and no boundary peak (resp. k — 1 interior peaks and 2 boundary peaks).

FEach peak becomes sharp as ¢ — 0.

Hereafter, we consider the case f(u) = —u + u®. Then
V2
En = —.
nm

All the solutions of (1.1) can be written in terms of elliptic functions:
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u(0)

V2

0 & & &1

Figure 1. The complete bifurcation diagram for (1.1) with f(u) = —u 4 u®.

PROPOSITION 1.1. Let n > 1 be fized and let 0 < & < ¢e,. Let ke =k, . € (0,1) be
a solution of

V2 RK (k) = - (1.3)

ne

Note that k. is uniquely determined. Then u:[’E and u,, . can be written as follows:

2
+ _ +
unﬁs(x) =4/ 352 DN (x, k.), (1.4)

DN (z,k.) := dn(K (k.)(1 4+ nx), k.), DN, (z,k.) := dn(nK (k.)z, k.).

where

The proof of proposition 1.1 is given in §2.

In this paper, we frequently use Jacobi’s elliptic functions sn(z, k) and dn(z, k)
and complete elliptic integrals K (k), E(k) and II(v, k). The definitions and various
properties are summarized in Appendix A of the present paper.

The linearized eigenvalue problem (1.2) associated with u;f_ is as follows:

(LP4)

2 0ua () + fuluy (2))p(x) = —Ap(z), 0<z <1,
02(0) = (1) = 0.

Hereafter, )\ji’e, j = 0 denotes the j + 1-th eigenvalue of (LPL) and @fg denotes an

associated eigenfunction. It is well known that each eigenvalue )\fe is simple.
The following three exact eigenvalues of (LPy) were obtained in the previous
paper of the third author [11]:
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PROPOSITION 1.2. Letn > 1,
SN (x, k) := sn(K (k)(1 +nx), k), SN, (2,k) :=sn(nK(k)z, k),
CN; (2, k) := en(K (k)(1 + nx), k), CN, (z,k) = cn(nK (k)z, k).
The following hold:

(i) The problem (LPy) has the following two pairs of eigenvalues and
eigenfunctions:

2./1 — k2 + k4
DR PV ke .S 0

2—k2 7 70
- (1 Ty Ny kg) SN (z, k.)2,
v WIREEE

n,e Wa n,s(x) =-1
+ (1 Ny RSy kg) SN (z, k.)2.

Moreover, if n is even, then (LPy) has one more pair:

i = BUZRD e ) N (k) DN (k)
n/2,e 2—]63 ’ @n/gﬁ T) = n \ L, Re n L, e )-

(ii) The problem (LP_) has the following pairs of eigenvalues and eigenfunctions:

21— k2 + k2
Ao =—1- RAVA LI

2—k2 7 Poe(®) =1

- (1 Ty Y gy e kg) SNy (x, k2)?,
2¢/1 — k2 + k2
N =1y VIR

n,e — 9 _ kg ) @;,a(x) =-1
(1 K24 VT= k2 RE) SN (ko).

Moreover, if n is even, then (LP_) has one more pair:

_ 3 _ _ _
)\n/2,5 = _m7 (,Dn/Q}E(m) = CNn (-’I/‘,ks)DNn (:E,ks).

Singularly perturbed problems have attracted great attention, because of a wide
variety of applications. It follows from (1.3) that a singularly perturbed problem
corresponds to the case where k is close to 1. The main result of the paper is the
following asymptotic formula of the other eigenvalues as k — 1 :

THEOREM 1.3. Let n > 1 and j > 0 be fized. Let k. be as in proposition 1.1. The
following hold for (LP):
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(i) For0<j<n/2,
+ 2 3 (. 2Jm 212 22
/\j’8:—3+3(1—k5)+1 sin” - — (1—k2)+0((1 —k2)?) as k.—1.
(ii) Forn/2 <j<mn,
+ Lo JT
Aj.=-3 (sm2 n) (1—k%) +o0(1 —k?) as k. — 1.

(ili) For j > n,

£ (j—n)?nr2 1 1
ANe=1+ 2 K52 +o as k. — 1,

where K(k:) — oo as ke — 1.

Combining proposition 1.2 and theorem 1.3, we can relate locations of eigenvalues
with the number of the peaks of u,ﬁa as follows: All the eigenvalues can be classified
into three categories, i.e.,

(a) near —3 eigenvalues which converge to —3 as k. — 1,
(b) near 0 eigenvalues which converge to 0 as k. — 1, (1.5)

(c) the other eigenvalues which converge to 1 as k. — 1.

The number of the near —3 eigenvalues is equal to the number of the interior and
boundary peaks of u,jf .. The number of the near 0 eigenvalues is equal to the number
of the interior peaks of uig.

EXAMPLE 1.4.

(i) The solution ui_(),e has 5 interior peaks and no boundary peak. Hence, (LP)
has 5 eigenvalues near —3 and 5 eigenvalues near 0 when ¢ > 0 is small. On
the other hand, u;, . has 4 interior peaks and 2 boundary peaks. Hence (LP_)
has 6 eigenvalues near —3 and 4 eigenvalues near 0 when € > 0 is small.

(ii) Each of uﬂe and up; . has 5 interior peaks and 1 boundary peak. Hence,
(LP4) has 6 eigenvalues near —3 and 5 eigenvalues near 0 when £ > 0 is
small.

In figures 2—4 profiles of eigenfunctions on (LPy) with uI—LO’E and profiles of
eigenfunctions on (LP, ) with uf; _ are shown. In each figure (a-0), (a-1) and
(a-2) belong to category (a) in (LP4), and so on.
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Figure 2. Profiles of eigenfunctions for (LP1) with ui"o,a (); (a-0) ¢, (a-1) o7, (a-2)

0

Jen

803_7 (b-O) 90;_7 (b'l) 302\_7 (b'2) 30;_7 (C'O) 901"_(]’ (C'l) Lpi‘rl and (C-Z) 90-1"_2 .

Je

Figure 3. Profiles of eigenfunctions for (LP_) with uj (2); (a-0) ¢q, (a-1) ¢7, (a-2)
L)02_7 (a"5) 305_7 (b'l) LP(?? (b'z) 307_5 (C'O) (p1_07 (C'l) 901_1 and (C'2) 301_2
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@0) @D
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Figure 4. Profiles of eigenfunctions for (LP4) with ui"l’s (z); (a-0) npéﬂ (a-1) npi*', (a-2)
90;_7 (3_5) 90;_7 (b_l) 908_7 (b_2) w;_a (C_O) Soii_p (C_l) (pTQ and (C_2) 90-1"_3

Let us consider the stretched problem
e

~ ~ . ~3
{uyquru s z

1—xy

<Y< —

=0
Uy (_LZ—J) = ay(l_:z'a) =0

and the limit problem

u € LA(R). (1.6)

Here u(y) := u(zx), y := (x — x) /e and x4 € (0, 1) is a position of an ¢-th interior
peak. Then a(y) = COShQ(y) is a solution of (1.6) which has a one-peak at y = 0. The

associated eigenvalue problem is as follows:

{uyy—u+u3=0, —00 <y < 00,
*(

S

{séyy +(~14302)p = —Ap, —o0 <y < o0, W

¢ € HY(R).

It is known that the spectral set comsists of two eigenvalues —3 and 0 and the
continuous spectrum [1,00). The near —3 eigenvalues of (LP1) come from the
—3 eigenvalue of (1.7). Figures 2—4 indicate that an eigenfunction in category (a)
can be approximated by a linear combination of translations of a compressed first
eigenfunction of (1.7). The near 0 eigenvalues of (LP.) come from a translation
invariance of the one-peak solution @(y), which is indicated by a shape of an eigen-
function of category (b), e.g., (b-0), (b-1) and (b-2) of figure 2. Specifically, an
eigenfunction is close to cu’(z), ¢ € R, near each peak of u(x). The other eigen-
values converge to 1 which is an end point of [1,00). The spectrum 1 of (1.7) is
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not an eigenvalue, since a corresponding eigenfunction is not in H*(R). Indeed, a
graph of an eigenfunction of category (c) in figures 24 is close to cos(mmz) for
most x € (0,1), and hence its stretched function is not in H*(R) or 0.

REMARK 1.5. If n is odd, then the eigenvalue sets of (LP ) and (LP_) are the same,
ie., /\j: =\ forall j >0, since u,, .(z) = u,} .(1 — 2). However, if n is even, then
/\+ =Aj for j#n/2, but AT /2, #* /\;/275. In the even case the number of all the

peaks of un - is different from that of u,, ..

Corollaries 1.6 and 1.7 are asymptotic formulas with respect to e=2/"<.
COROLLARY 1.6. Let n > 1 be fixed. The following hold for (LPy):
(i) A&, = —3+48e 7 +o(e ) as e — 0.

(ii) If n is even, then as e — 0,

2 _ 2 _ o 5
)‘:/25 = —48e  nc 4 o(e” ne), )\71/2,E = -3 +48e nc +o(e ne).
(iii) Ais —1—48¢ 7w + 0(67%) as e — 0.

COROLLARY 1.7. Letn > 1 and j > 0 be fixed. The following hold for (LPL ):

(i) For 0 <j<n/2,
Afa =-3+ {1 +4 (sm j;;) e e +0(e_735)} ()\(ﬂfs +3) ase — 0.
(ii) Forn/2 <j<mn,
)\f = —48 (sm j;;) e e —l—o(e_%) as € — 0.

(iii) For j > n,
Aiszl‘*‘(j n)?*n%e? 4+ o(e?) as e — 0.

It follows from corollary 1.7 (i) that )\]ig, 0 < j < n/2, can be also written as
follows:

+ 2 2
Aje=—3+48e ne +o(e ne)as € — 0.

However a j-dependence does not appear in the first two terms.

Let us recall known results. It is difficult to obtain exact expressions of eigen-
values of an elliptic differential operator even if a domain is a finite interval. Only
few examples are known for elliptic differential operators with variable coefficients.
A model case is the linearization problem for the Allen-Cahn equation (1.1) with
f(u) =u—u?. The problem (1.1) with f(u) = u — u® has n-mode solutions u; _ for

small € > 0 which has n transition layers in the interval. In [4] the so-called very
slow dynamics of a transition layer solution of an associated parabolic problem were
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studied. Then the first n eigenvalues of (LP.), {)\jjfs ?:_01, play a crucial role. It was
shown in [4, Corollary 4.2] that for 0 < j < n,

/\jﬁ)a = O(e*d/e) with some d > 0. (1.8)

These near 0 eigenvalues come from translation invariance of each transition layer.
Later exact expressions of three special eigenvalues )\;*LE, j = 0,n,2n, were obtained
in [9]. Using these three exact eigenvalues, one can obtain

)‘oi,a — —96e_%s§ +o(e_%§) as ¢ — 0,

N 3 1 1
Are =5 — 127 V2 +o(e” Voe) as & — 0,

AE =24 96 +0(e_7@) as € — 0.

2n,e
Note that these three eigenvalues correspond to )\fs, j=0,n/2,n, in our case
f(u) = —u + u3. Then an exact representation formula of eigenvalues for general f,
which is lemma 2.2 in our case, was obtained in [12]. The authors of [12] applied it
to the case f(u) =sinu and obtained an asymptotic formula for every eigenvalue.
After that in [14] asymptotic formulas of all the eigenvalues for the Allen-Cahn
case f(u) = u — u® were established. Specifically,

for 0 < j < mn, )\ﬁ = —96 (0082 ?) e ¥ +0(e_g) as € — 0,
, n

3 j — 1 1
for n < j < 2n, )\;EE212(COSWT>‘3 Vane +o(e” Vane ) as € — 0,
' n

for j > 2n, A7, =2+ (j — 2n)°7°e” + o(e”) as € — 0.

These formulas show that (1.8) holds for 0 < j < n.

Detailed studies of all the eigenfunctions were made for the case f(u) =sinu
in [13] and for the case f(u) = u — > in [15]. The authors of [8] obtained exact
eigenvalues and eigenfunctions of a one-dimensional Gel'fand problem f(u) = e*,
using the method developed in [12]. In this paper, we apply the method developed in
[14] to the scalar field equation (1.1) with f(u) = —u + u® to establish asymptotic
formulas. This method seems to work for other nonlinearities and other boundary
conditions. They may be future works.

The paper consists of five sections. In §2 we prove proposition 1.1. We
obtain asymptotic formulas for three special eigenvalues )\S—Lﬁ, )‘f/z,g and )‘is
(corollary 1.6). We recall an exact representation formulas for the case f(u) =
—u+u? in lemma 2.2. In particular, the other eigenvalues are given by a unique
solution of

-AO(kvAj) = j% fOI‘j 7& 0,“/2,717

where Ag is given in lemma 2.2. Let u:= (2 — k*)\. We use p instead of A, since
various formulas becomes simple. We define A(k, i) := Ag(k, A). We see in lemma
2.3 that the characteristic function A(k, u) can be written in terms of the complete
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Ak, )

Ho=3

Figure 5. A graph of A(k, 1) with k = 3/4. A(k, 1) is defined on ¥ and monotone
increasing in p.

elliptic integral of the third kind. In § 3 we study the shape of the graph of A(k, 1),
since the graph of A(k, ) is directly related to the j+ 1-th eigenvalue by the
equation

Ak, 1) = % for j #0,n/2,n. (1.9)

Specifically, we show that A(k, ) is increasing in p and that for each j, (1.9) has a
unique solution. See figure 5 in § 2 for a graph of A(k, it). In § 4 we prove theorem 1.3
and corollary 1.7, using results proved in § 3. In Appendix A we recall definitions
and basic properties of Jacobi’s elliptic functions sn(z, k), cn(x, k) and dn(z, k).
Then we recall basic properties of the complete elliptic integrals K(k), E(k) and
II(v, k). We also recall various asymptotic formulas for K (k) and II(v, k) which are
used in proofs of lemmas in § 3 and theorem 1.3.

2. Preliminaries

2.1. Exact solutions of the nonlinear problem

Proof of proposition 1.1. Let y = dn(x, k). Then, y(x) satisfies 3"’ — (2 — k?)y +
2y% = 0. We can find a solution, assuming u(z) = coy(cix) and fixing ¢y and ;.
However, we take a different approach here.

We apply a change of variables 7 = v/1 — k252 to (A.1). We have

o ds ' dr
.73_/0 \/(1—32)<1—k252) _/dn(ac,k) \/<1_72)(k/’2_1+7'2>7 (2.1)
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where (A.2) is used. Let dn~'(y, k) denote the inverse function of y = dn(z, k).
Substituting 2 = dn~'(y, k) into (2.1), we obtain

1 B ! dr
dn™ " (y, k) = /y \/(1 e 11 72). (2.2)

We consider only the case u,, .(2), since the case u, _(2) is similar. For simplicity,
u stands for v, .. By (1.1) we have

52ul2 u2 4

where

a:=u(0) = Jnax u(z)(>1).

Since 2¢2u’? = (a? — u?)(a? — 2 + u?), we have

—u' dx

ﬁ:/o \/(012—112)(042—2—|—u2)7

where we use the fact that u'(z) <0 for 0 < x < 1/n. Let k be defined by the

relation
]2
o= 5 2

Using a change of variables 7 := u/a, we have

T d dr

[ U 1 1
Ve /u<z> Ve =)o —2+12) O‘/” Ja-7)(1- 2+
2k (! dr
- \/T/W;zu(z) VA -k -1+ 72
:,/2_2k2dn_1 ( 2_2kQU(x)7k>a

where (2.2) is used in the last equality. Thus,

u(z) = \/zdn (5\/233—7162’k) . (2.3)

Since K (k) is a half-period of dn(z, k) and 1/n is a half-period of u(x), we have

1
nev2 — k2

and hence (1.3) is obtained. Substituting ¢ = 1/v/2 — k?nK (k) into (2.3), we have
(1.4). O

K(k),
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2.2. Three special eigenvalues

Proposition 1.2 says that there are three (resp. two) exact eigenvalues of (LP4)
if n is even (resp. odd). These three or two eigenvalues are special and play a key
role in this paper. Proposition 1.2 can be proved by direct calculation. We define

A+ (k) by
2v1 — k2 + k4 V1 — k2 + k4
Mom T e Al e ()

Then it is obvious that /\({E = A_ and )\ig =i
LEMMA 2.1. Let k,, . be the unique solution of (1.3). Then,
1—k .= 16e 7 + o(e_%) as € — 0.

Proof. By lemma A.3 we have

(1 - kK (k) + %(1 — k%) log(1 —k?) —2(1 —k*)log2 =o(1) as k — 1,

and hence (1 — k?)K (k) — 0 as k — 1. By (1.3) we have

12
2 :_3+2(1 k) K (k) :—i—i—o(l) as e — 0.

V2= kne ne  V2—-k2+1 ne
Using K (k) = 1/v2 — k?ne, we have

1—k* = exp (—2K (k) 4 4log 2 + o(1)) = 16 exp (\/Qim + 0(1)>

=16 exp (;f + 0(1)>

2
=16 —— ) (1 1 0.
exp( n&)( +o(l)) ase —
We obtain the desired result. O
Using lemma 2.1, we obtain asymptotic expansions of three special eigenvalues.

Proof of corollary 1.6. First we prove (i) and (iii). By lemma 2.1 we have

2V/1 — k2 + k2
Voo AR =2-31—-kY)+0(l—k?) =2—48e us +o(e 7) as € — 0.

2— k2
Then
2v1 — k2 + k*
)\gE :A_:—l——+:73+4867%+0<e*%) ase — 0,
€ 2—]452
2v1 — k2 + k4 2 2
)\is—)\+:—1+2—k2—f—:1—48e_ﬁ+0<e_ﬁ) as e — 0.
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Next we prove (ii). If n is even, then

>\+ _ 3(1—]{32)_ 31 k2 1 kz _ 48 _ 2 _ 2 . O
e = "5z = 3L —K)+o(l - k) = —d8e e fofe” ) ase — 0,

- 3 2
)\n/2’€:7m273+3(171€)
+o(l— k%) =—3+48¢c 7 +o(e”7) as e — 0. O

2.3. Exact representation of the other eigenvalues

Before we consider the scalar field equation, let us briefly explain a theory for a
general nonlinear term developed in Wakasa—Yotsutani [12].

Let u(z) be a solution of (1.1), and let o denote the maximum value of u(x).
Substituting ¢(x) = \/¥(z) into the equation in (1.2), we see that ¢ (x) satisfies

(2" — ") + A(f'(u) + \)p* = 0.
Let us consider the following function:
U(x) := (29" — ") + 4(f (u) + Ny?. (2.5)
We have
' (z) = 24 {2¢" + 4(f'(u) + N + 2" (w)u'v} .
We look for a solution of the equation
2" + A(f (u) + Ny + 2" (w)u'y = 0 (2.6)

of the form ¢ (z) = h(u(x)), where h(-) is an unknown positive function. Substi-
tuting ¢ (z) = h(u(z)) into (2.6), we obtain a key equation

2(F () = F(w))h"™ (u) = 3f (u)h" (u) + (3f"(u) + 4N/ (w) + 2" (u)h(u) = 0,
where we use the following relations:
2u? = 2(F(a) — F(u)) and e%u” = —f(u).
We assume that an exact expression h(u) of a positive solution of (2.7) can be
obtained. Then, h(u) is also a solution of (2.6). Thus, ¥’'(z) = 0 and ¥ is constant.
Substituting h(u) into (2.5), we see that there exists p € R such that
U(x) = (F(a) — F(u))(4hh” — 20") — 2f (w)hh' + 4(f'(u) + \)h? =: 4p.  (2.8)

Now, we construct an eigenfunction of the form

p(a) = Vh(u(z))W(0(z)), (2.9)
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using a solution h(u) of (2.7). Here, W(-) and (z) are defined later. Using (2.8),
we have

o d?\/h(u(x

2 EVID) | 1) Ga@) + A/ B )

1 " 2 ’ ’ 9
:W{(F(O&)—F(u))(élhh —21'%) — 2f(Whl + A(f'(v) + A)h }:#

(2.10)

Substituting (2.9) into (1.2), we have

2
0=e? {d ﬂw + zd*/ﬁw’e’ +Vh (W62 + W’H”)} + f/(w)VAW + \WhW

dz? dx
24Yhg 4 \/ho" d>vh
2 2 7 dz / 2 /
=2Vho <W +—\/ﬁef2 W)+ s + f(wWVh+\Wh|W
v (wr s 24 ey we P__w 2.11
—c tar g MW 22 ) (2.11)

where (2.10) is used in the last equality. We assume that p > 0. We define 6(z) by
a solution of

h(u(z))f (z) = g. (2.12)
Specifically, the following function is a solution of (2.12):

17 pde
o= | iy o

Moreover, it follows from (2.11) that W”(0) + W (0) = 0, and hence W (0) =C
cos(f + 61). By (2.9) we obtain

o(x) = C/h(u(z)) cos (i /OJC ﬁgf) + mo) , (2.13)

where zo := 0y + 0. In other words, a general solution of £2¢” + f'(u)p + A\p = 0
can be written in terms of a solution u(x) of the nonlinear problem (1.1). Readers
can find more details of (2.7) and (2.13) in [8, 12, 14].

In our case the maximum value of uis(x), which is denoted by «, is given by

[ 2
2

2 4 4
2 (—O‘ s “) W 4 3(u— )R+ {3(—1+ 3u2) + 4N} b’ + 12uh = 0.

2 4 2 4
(2.15)
There seems to be no solution formula of (2.7) for general nonlinearities. In the case
(2.15) every coefficient is a polynomial of u. We substitute h(u) =« into (2.15).

and (2.7) becomes
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Then it does not vanish, and the top term becomes

- %(p—4)(p+1)(p+6)up“~ (2.16)

This suggests that a bi-quadratic polynomial is a candidate of a solution, since
(2.16) vanishes for p = 4. Actually, h defined by (2.19) is a solution of (2.15). We
evaluate (2.8) at a maximum point of w. Then,

2p0 = —f(@)h(a)l' (@) +2(f (@) + Mh(e)?,

which yields (2.18). Using h(u) and pg, we can construct a general solution of
2" + f(u)p + Ap = 0. We take the Neumann boundary condition into account.
Let 29 = 0 in (2.13). Since 1/n is a half-period of u;> _(z), the following holds:

n,e

n (U Jpede
- ; h(ufs(f)) =gjmfor j € {1,2,...}.

Eigenvalues can be found by solving the above equation.

Finding a solution of (2.7) is key in this theory. A solution for (2.7) was found
for

f(u) =sinwin [12], f(u) =u—u®in [14], f(u) =e™" in [8] and f(u)

= sinhw in [1].
We summarize these results in the following lemma:

LEMMA 2.2. Let j #0,n and j # n/2 if n is even. Let k. be the unique solution of
(1.3). We define Ay by

Aok, A) = 1/01/n VoA k)dE (2.17)

13 |h(’u,7iz,s(£)a)‘7k)|

for xe {\ € R; po(\, k) > 0}, where

16 3 3 — 3k?
A 4., 4. A(1—k?)
— a4 -z 2 2\2 4 2 7
h(u, A\ k) = u 2<3+1)u +9)\ +3)\+(2—k‘2)2' (2.19)

(i) Let o be defined by (2.14). If po(A k) >0, then either h(u,A\, k) >0 or
h(u, A\, k) <0 foru € [\/2 — a2,a].
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(ii) If the equation for A

Ao(kz, ) = 2% (2.20)

has a solution A € {\ € R| po(\, k) > 0}, then X is a j + 1-th eigenvalue of
(LP4) and

@ji,a(w):\/|h(u$,e(x),>\,ks)|cos (1/9” Vooh ko) dé )
0

e Jo |h(ume(€), A k2)|
is an associated eigenfunction.
Proof. Here, we directly prove the lemma.
(i) By direct calculation we can check that h(u) satisfies
(F(a) — F(u))(2hh" — W) — f(u)hh' 4+ 2(f'(u) + \)h* = 2py.  (2.21)

Suppose the contrary, i.e., there exists @ € [v2 — a2, a] such that (@) = 0.
Since F'(a) — F(u) > 0, it follows from (2.21) that

0> —(F(a) — F(@)h"* = 2pp > 0,
which is a contradiction. This contradiction leads to the assertion (i).

(ii) Without loss of generality, we can assume that h(u;te(x)) > 0 for x € [0, 1].

Let
o(2) = \/h(uE e (2)) cos (i / x fm) .

For simplicity, we write uie and h(uis) as u and h, respectively. Then,

e20un + f(u)p + Ap

1 8211,/2
= 57 { 5 (20D = 1%) & 2" bl — 2p0 + 2f'(u)h® + 2/\h2}

(), o)

= 2]%/2 {(F(a) — F(u))(2hh" — h'?) — f(u)hh' — 2po + 2 (u)h? + 2)\h2}

1 1% /pod
cos (/ Pof) =0
= Jy h(u(©)
By (2.20) we see that ¢(x) has exactly j zero(s) in 0 < < 1. It follows from

Sturm-Liouville theory that ¢(z) is a j + 1-th eigenfunction and A is the
associated eigenvalue. O
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Since V2 — a? < u (#) < a for 0 <a <1 (proposition 1.1), either h(u; _(x))>0
or h(uf _(x)) <0 holds in the case po(A, k) > 0. Hence, Ag(k, \) is well defined. Tt
follows from lemma 2.2 that the j + 1-th eigenvalue is determined by (2.20) and
that the other eigenvalues are on {py > 0}. Hence, it is important to study the
function Ag(k, \).

Let

o= (2= k*)A\
We sometimes use p instead of A, since various formulas become simple. We define
py = 2=k =2+ k421 — k2 + Kk, p = (2-kHA =2
+ k2 —2v/1 — k2 + k4 (2.22)
We will show that the other eigenvalues are on {\ € R| po(A, k) > 0}. The set

{(k,\)| k € (0,1), po(\, k) > 0} corresponds to

= {(k,u) ke (0,1), po (2”]62k> > 0}. (2.23)
The set X is split into three components, i.e., ¥ = 3y U X1 U Xy, where

Yo = {(k»ﬂ)‘ ke (O? 1), we (:U’7>_3)}7
Sy = {(k,p)| k€ (0,1), e (—3+3k%0)}, (2.24)
Sg = {(k, )| k € (0,1), p € (py,00)}.

Let
Ak, p) == Ag(k, \), (2.25)
where Ay is defined by (2.17). Then the characteristic equation (2.20) becomes

g

Ak, p) = ot

Figure 5 shows the graph of A(k, ). In § 3 we rigorously study the graph of A(k, - ).
Specifically, end points of A(k, -) are obtained in lemma 3.1 and the monotone
increase of A(k, ) in p is proved in lemma 3.4.

We would like to obtain a more simple expression of A(k, 11). The following lemma
indicates that A(k, ) can be decomposed into two complete elliptic integrals of the
third kind.

LEMMA 2.3. Suppose that the assumptions of lemma 2.2 hold. Then the following
hold:

https://doi.org/10.1017/prm.2023.95 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.95

324 Y. Miyamoto, H. Takemura and T. Wakasa
(i) If (k,p) € o UXq, then

A(k, 1) = |sgn(vp)M(vy, k) — sgn(v_)M(v_, k)|, (2.26)
where sgn( ) denotes the sign function,

(14 v)(k2+ U)H

M(v, k) == - (v, k), T(v, k)
! ds
= /0 (1+wvs?)y/(1—s2)(1 — 1257 (2.27)
vi(k,p) = 37]{:2 =3k £+ \/=3p2 + 6(k* — 2)u + 9k:4. 2.25)

2 pu(p+ 3 —3k2)
(ii) If (k,p) € o, then

Al 1) = sVl + 33— 32— ) — )1, b, ),
where
- 1 ds
II(a,b, k) := , 2.29
(01 / V(e e T TR
2 _
k) o= o i) — ), bk = 2B (230)

Proof. (i) We consider the case h(uj: (x)) > 0 for z € [0,1]. In both cases u} . and
by lemma 2.2 we see that

v [k
Ao(k,A) = - /0 h(ume(€))’

Up, e

because

/1/n df :/1/n d§
o hunc©)  Joo Mune())

Using the change of variables w = u,, _(£), we have

N dw po [ dw
Aok, ) = — - A\ ’
o(k,A) - /W d?j%(f)) h(un(€)) \/;/W F(a) — F(w)h(w)

where we use
2

2 (Se) = (@) - Flun),
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In order to bring the integral closer to the expression of the complete elliptic integral

of the third kind, we let s = w/«. Since

2F () — Fas)) = %(1 — %) (2 — 1+ K2),

we have

s/2
Ao(k, \) ro ds . (2.31)
viciz /(1 —s2)(s2 — 1 + k2)h(as)
We define o4 by
o2

O+ =
3k*—(2—k2)2(N242)
3 + 1+ \/ (3(2 k2§2 >
Then
1 _
vs = % ). (2.33)
h(as) 2a2\/ A—A A=A ) \1—o0_s> 1—o0s?

Note that —(A — A;)(A —A_) > 0 for (k, ) € ¥o U 2. Using (2.33), we have

a 6p0(k, A) ! 1
Aolk; A) = 208 /—(A — Ap)( AA_)/m VA - 52)(82 — 1+ k2)

o_ (o
— ds.
(1—0_32 1—0+52> ’

Using (2.18), which is the definition of pg, and
3 3 — 3k? 4at
A A =
< +2k2)< +2k2> 90,0

(2 k?)(=N)
3o040_

we have
Aog(k,\) = (0_Mp(o_, k) — oIo(o4, k),

where

! ds
0(0‘7 k‘) = .
viciz (1 —0s2)y/(1—s2)(s2 — 1 + k2)
Using the change of variables s := /1 — k272, we have

1 2
Ho(a,k):/ dr _ ! H(ka,k>.
0o (1—o+0k272)\/1—-72)(1-k272) 1l-0 -0

Therefore,

_ @ E(EN) (oo Ko o4 Koy
Ao(k, A) = 30,0_ l—a,H 1—U,’k 1—U+H 1_U+’k .
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Since A = u/(2 — k?), we can check that

2 2
vi= Wo- and v_= Wot (2.34)
1—0_ 1—04
Here o4 are given by (2.32) and v4 are given by (2.28). Using
— V- — V+
U+_y,+k2 and o_ el
by lemma 2.4 below we have
1/++k2 (v—+k?) A
Al ) = | =2 \/ <k2H( k) kQH(y,,k))
1 [—u vi(ve+k2)(v_+k2)
~ 2\ 3 ( o sgn(v4)II(vy, k)
2 2
B \/ v R kD) k)>
Vi
= sgn(vy )M(vy, k) —sgn(v_)M(v_, k). (2.35)

Here M and IT are defined by (2.27). When h(u,, .(z)) <0 for € [0, 1], we have
1/n
Ao(k, ) = YPO /

We obtain (2.26).
(ii) We can check that if (k, ) € 3, then h(uif (z)) > 0 for x € [0,1]. By the

same way as in (i) we have (2.31). Using the change of variables s := v/1 — k272,

s 8(5)) = — (sgn(vy )M (vy, k) —sen(v_)M(v_, k))>0.

we have
A, ) = Y200 dr
k4 \/1—7'2 Y1 —k272) {a + (b—72)2}’
where
L 42 EF 71(7)(7)
T\ 3 (2—k2)2) ~ 12N T AT HS)
1 9 A 3k% —
:W<a_1_3): 62

In this case the polynomial a + (b — 72)?

polynomials. We have

cannot be factored into two real quadratic

Ay 1) = =/ + 3) (i 3 — 3K2) (1 — 1) (1 — i) T(a, by ).

9kt
The proof of (ii) is complete. O
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The following equality, which is somewhat nontrivial, is left in the proof of lemma

2.3.
LEMMA 2.4. Let o+ and vy be defined by (2.32) and (2.28), respectively. If (k,u) €
Eo @] 21, then

e

Proof. By (2.28) we can check that

352 (p — 3k2) ok?
o _ 2.
1/++V ILL(,LL+3—2/€2)7 ( 37)

v (vy+k?)(v_+k?) (2.36)

Vx

\/(1+Vi)(k2+ui)

Vi

T it 3 - 3k%)

Using (2.37), we have

L(l/+—|—/€2)(l/_—‘rk‘2) o viv_+k?(vy+v_) + k2
3k4 viv_

3k4 Vil

(p+3)(p+ 3 — 3k2). (2.38)

= o7t

On the other hand, we consider the right-hand side of (2.36). Let v+ := o2 /0.

Then 4 satisfies

A 4 4. 41—k
2_2(Z2+1 N4 = —= =0. 2.
vi <3+ )Wi+9>\ 4—3/\4—(2_1@)2 0 (2.39)
Since
1 1 1 1 /2—k
() e (),
we have

(1 +ve)(K2 +vs) 1 <1+1> <1+kz>

Vi Vi Vi Vi
1 [2—k? 2 —k? 1
el Ut e s e
2 —k?
.
2K [, 401 - #2)
T gKA F- 2wt 2—k22) %
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By (2.39) we have

vi - 8k 9

2K [, (A
= g M\F 2 gt 0F

KR (4, 4 41—k
= g 5/\+§>\+(2—k2)2

2 _ 1.2)\3
(I +ve)(k* +ve)  (2—FK%) (;Aﬁ_él)?—;)\)ﬁ

1
= —gopahu+3)(n+3 - 3k2). (2.40)

It follows from (2.40) and (2.38) that

po (k) (v-+k?) (1 +ve) (kB +vs)

3k4 Vil vi

Multiplying both sides by v2, we have

o va (k) (votk?) (14 ve) (R 4 vy

- 3k4 728 Vi

The assertion holds. O
Now the proof of lemma 2.3 is complete.

3. Fundamental properties of .4

Let A(k, i) be defined by (2.25), and let ¥ be defined by (2.23).

LEMMA 3.1. Let k € (0,1) be fized and (k,p) € 2, and let py be defined by (2.22).
Then the following hold:

(i) Ak, p) =0 as p— p_.
(i) A(k, 1) — 7/2 as p — —3.
(iii) A(k,p) — 7/2 as p — —3 + 3k>.
(iv) A(k,p) — 7 as jo — 0.
(v) Ak, p) = m as p— py
(vi) Ak, p) = 00 as i — oo
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Proof. (i) In this case we can check that h(u; _(x)) > 0 for z € [0,1]. Let v+ be
defined by (2.28). We see that there exists v, such that

lim vy=v, lim v_=v,.
+ )
H—p— H—p—

By direct calculation we can check that —1 < v, < 0. Let M be defined by
(2.27). Since

lim M(vy, k) = M(vi, k), lim M(v_, k) = M(v., k),

ViU V_—Uy
we have

lim A(k,p) = 0.

>

(ii) In this case we can check that h(ufs(x)) > 0 for z € [0, 1]. We see that vy —
—k% (u — —3) and v_ — —1 (u — —3). By lemma A.9 we have

lim sgn(vq)M(vy, k) =0, lim sgn(v_)M(v_,k) = —

™
vy——k v_——1 o 2
Then,

Jim, Ak =0-(=3) = 5.

(iii) In this case we can check that h(uf () < 0 for z € [0,1]. We see that v, —
—k% (u — =3+ 3k?) and v_ — oo (u — —3 + 3k?). By lemma A.9 we have

lim sgn(vq)M(vy, k) =0,  lim sgn(v_)M(v—, k)

vy——k V_—00

T
5"
Then,
s m
I ko) =—(0-2)=".
uﬂfl?r&3k2 Alk, 1) 2

(iv) In this case we can check that h(u;f _(z)) < 0 for z € [0,1]. We see that vy —
—1 (#—0) and v_ — oo (¢ — 0). By lemma A.9 we have

lim sgn(vy)M(vy, k) = fg, lim sgn(v_)M(v_,k) =

™
vy——1 V_—00 2

Then,
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(v) In this case we can check that h(u; (x)) > 0 for 2 € [0,1]. Let a, b be defined
by (2.30). By lemmas 2.3 and A.7 we have

Alk, 1) = 517 L+ 3)(u+ 3 = 3K2) (5 — ) (i — 1)1 (a, b, )

=§71;v%m+ﬁﬂu+3—3ﬂhﬁﬁwﬁw)

Vi (s +3) (g +3 — 3k2)
™

24/bo(1 — bo) (1 — k2bg)

S\fk?

as p— Kq.

Here, by := (3k% — 111 )/6k>. Since

2
+3 +3 — 3k2 1— k2 + kY pu+3k%(2 — k2),
3[/@ Vi (e +3) (4 )= 375 VA Y +3K1(2 — k?)

T B 3v/3rk?2
2/bo(1 = bo)(1 — k2by)  2¢/(1 — k2 + kY +3k4(2 — k2)

we have

lim A(k,p) =m.

Py

(vi) Let Ay be defined by (2.4). We see that A, : (0,1) — R is increasing in k,

lim Ay (k) =0, lim A (k) = 1.

Hence, 0 < Ay < 1 for k € (0,1).
Let a(k, pn), b(k, p) be defined by (2.30). Since A > Ay > 0, we have see p >
g >0 and

(b(k, p) = 1) = bk, p)” = 55 > 0.

Hence,
0< a(knu) + b(kaM)Q < a(k7/~‘L) =+ (b(ka:u) - 1)2
Using the inequality

1 1
e | A

Ti(a,b, k) > mm{
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for any a > 0, b€ (0,1), k € (0,1), we have

A(k, 1) = 9%\/%# +3) (1 +3 = 3k2) (p — py) (1 — p)T(alk, 1), b(k, ), k)
> ﬁx/u(u +3) (1 + 3= 3k2) (p — p) (1 — i)
K (k)
a(k, p) + (b(k, p) — 1)
_ \/(u +3=3k*) (1 — py) (1 — u—)K(k)
n(p+3)
= C\/ b — M-i-K(k)a

(+3—3k2)(p—p—)

because there exists ¢ > 0 such that 2 (53)

> c for p > p4. Since

Ak, p) = e/p— pr K(k) — 00 as p — oo,
the assertion (vi) holds. O

Let vy be defined by (2.28). We need two lemmas to prove a monotonicity of
A(k, p) in p.

LEMMA 3.2. Let vy be defined by (2.28). Then the following hold:

0 Hk2<1 1) }( 1 1)] {4+ 32— k) +6(1 —k2)}
— ==+ )+1p(——+—]]| = :
op L2 \vy v T 3V3k2\/—u2 + (2k2 — 4)p + 3k*

0 (1) K +2)
o\ vy v V3E2\/— 2+ (2k2 — 4)p + 3kE

Proof. By (2.28) we can check that

1 1 p— 3k 1 N 1 /—p2+ 2k — 4)p + 3k*
vy v_  3k2 7 vy  v_ V/3k2 '
Then by direct calculation we obtain the conclusion. We omit details. (]
We define

Blk,o) = {4+ 3(2 — K2+ 61— K} K (k) — 30— K + E(R),  (3.1)
since a sign of B(k, 1) is important in the study of 0.A/du.

LEMMA 3.3. The following holds:

B(k,0) <0 for ke (0,1).
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Proof. Tt is obvious that 5(0,0) = 0. By lemma A.1 (i) and (ii) we have

o8 E(k) — (1 - k*)K (k)
o (k,0) = —12kK (k) +6(1 — k2) k(1 — k2)
+6kE(k) + 3(k* — 2)w

=9k(E(k) — K(k)) <0
for k € (0,1). Thus, the assertion holds.
LEMMA 34. Let ;, 1 =0,1,2, be defined by (2.24). For each i =0,1,2,

0A

au(k’“)>0 for (k,p) € 3.

(3.2)

Proof. We consider the case (k, ) € Xg. Let vy be defined by (2.28). By (2.37) and

(2.40) we can see that

2 2
e g, L ) () )

2
2 V+

Then, A(k, ) = —M(v4, k) + M(v_, k). By lemma A.1(iv) we have

OA DMy,  OMdv_

" v, on Tov. op

2 Vi vi(l+vy)  A+v)(R2+vy)/) Op
1 [t (k2 o) [ —K () E(k) ov_
+2\/ v <V(1+V)+(1+1/)(k2+1/))

By (3.3) we have

8./4 - 1 l/i k2 + vy 1 8V+
mf“b¢u+MW%wn< P~ )

I/+ V+

1 V3 k2 4+ v_ 1 ov_
+ 2\/(1+I/)(k2+u) ( g Kk = EW) o

By (2.40) we have

(1+V:|:)(k2+l/i) o (
vi - 27164'u

p+3)(u+3—3k%) = R.
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Then,

04 _ 1 {(J@”WM Kty ov-
8,u_2\/7>2 3 3

vy on v o
0 s EC)
2
() ) (e e

d 11
“a (o +o0) 209
By lemma 3.2 we have
0A _ B(k, j1)
o 6V3E2VR/ 1% + (2k2 — 4)p + 3K+

where B(k, 1) is defined by (3.1). Since (k, ) € Yo, we see that —3(u — k? +2) > 0.
By lemma A.2 we have

Bk, p) = {p> + 32— k*)u+6(1 — &%)} K(k) — 3(n — k* + 2) E(k)
>{P+32-k)p+6(1—k*) —3(p—k+2)(1—k*)} K(k)
= {p® +3p+3k*(1 — k%) } K(k) > 0.
Thus, (3.2) holds for (k,u) € .
We consider the case (k, 1) € 31. By (2.37) and (2.40) we can see that

(1+v_)(2k2+v-) 0,

) K (k)

(14 vy ) (K2 +vy)

< 0.
2
vy

vy<0<wv_,

1%

Then, A(k, ) = M(v—, k) + M(v4, k). By a similar calculation as in (i) we have
0A 1 0 kK2 /1 1 1 1
o = v Lon Uz Gt on) +1) (o o) e

0 1 1
———-— ) E*
o <V+ V) ( )}
6v/3k2VR/—p2 + (2k% — 4)p + 3k*
We show that B(k, n) < 0 for (k, u) € Xq. Since B(k, u) is convex in py, it is enough
to show that B(k, —3 + 3k?) < 0 and B(k,0) < 0. By lemma A.2 we have
B(k, =3+ 3k%) = —3(1 — k*)K (k) + 3(1 — 2k?)E(k)
1—k?

k2
1=

| 3K%(3 - 2k?)

s 2 — k2

E(k) +3(1 - 2k*)E(k) = E(k) <0

for k € (0,1). By lemma 3.3 we see that B(k,0) < 0 for k£ € (0,1). Thus, (3.2) holds
for (k, ) € ¥4.
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We consider the case (k, ) € Xo. In this case by (2.35) we see that A(k,u) =
M(vi, k) — M(v_, k), where we consider M(vy,k) and M(v_,k) as complex-
valued functions. Then by a similar calculation as in (i) we obtain

o 6vV3k2VR\/ —p2 + (2k2 — 4)p + 3k%

Since R < 0 and —p? + (2k* — 4)p + 3k* < 0, we have

0A _ B(k, p)
O 6v3k2\/|R[\/| — 12 + (2k2 — 4)pu + 3K4|

Thus, we show that B(k,u) > 0 for p > py. Since u — k? +2 >0 for u > py, by
lemma A.2 we have

Bl ) > (12 432~ K+ 601~ 1)} K () = 30— K +.2) (1 35 ) K1)
)2
>{(k:2—2+2 1—k2+k4)2
+3 (1 ;k2> (k2 -2+ 2VT—R2+51) - ‘;’k‘*}K(k)
=2\/1—kz2+k4{\/1—k2+k4— (1—;/;2)}K(k)>o.

Thus, (3.2) holds for (k, u) € 3s. O

4. Asymptotic formulas

In this section let A;(k), j > 0, denote the j + 1-th eigenvalue of (LP4) and let
pj(k) = (2 = k*)\; (k).
We know the following:

o A(k,p) is defined on g U X1 U Xs (lemma 2.2),
o A(k,p) is increasing in u (lemma 3.4),
o the range of A(k, -) is Ry \ {n/2, 7}, where Ry := {z| 2 > 0} (lemma 3.1).
The equation
JTo .
A(kmuj) - W7 J 7& 07”/27n

has a unique solution p; in 3¢ for 0 < j < n/2,in ¥; for n/2 < j < n and in X, for
j >mn. Then, \; = u;/(2 — k?) is the j + 1-th eigenvalue for j # 0,n/2,n. In this
section we obtain an asymptotic expansion of A\; as k — 1 for j # 0,n/2, n.
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Proof of theorem 1.3(i). Let Ay be defined by (2.4). We consider the case A_ <
A\j < —3/(2 — k?), which corresponds to the case 0 < j < n/2. Because of the
definition of A_ we have

2 :%4‘1 %+1< 3(2— k2)+1_ 1
2-k)2-kR+VI—k+k) 1-k " 1-k  1-Fk? 2 — k2’
and hence
>\.
7.7_|_1
3 _
fm 0 =1 )
We define r;(k) by
>\j+3
’I"jZ: —
A_+3

It follows from corollary 1.6(i) that A_+3 >0 for k£ close to 1. Since r; =
(Aj —A2)/ (A= +3) > 0, We have

+3
0< i\ +§ l< 3/% -1
+ —l-S5TE 3
1—k? 1
= =(=4o0(1)) (1 -k as k— 1.
2(k2 4+ V1 -k + k%) <4 (>>( )
Therefore,
Ty 1
O<1—k2 < +0(1) as k— 1.
Then there exists r € [0,1/4] such that
Tj(km) ok

lim =7}
_ ]2 77

e, rj=(rj +o(1))(1— k2) as m — oo

with a suitable monotonically increasing sequence {k,, }°o_; satisfying k,, — 1 as
m — 00.

Let 04 (k) be defined by (2.32) with k,, and A;(k,,). Let v4(k,,) be defined by
(2.28) with &y, and 1;(ky, ). Next we calculate the limit lim,, o (1 + v4)/(1 — k2).
By (2.4) we see that

15

A_+3=3(1-k%) — X(l — k)2 +o((1—k*?) as k— 1. (4.2)

Using (4.2), we have
Aj = A=rj(A_+3) = (r; +o(1))(1 — k2,) - (34 0o(1))(1 — k7,)
= (3r; +o(1))(1 — k2,)*. (4.3)

Since

3kt — (2 k2N +20) = -2 - KD — A (A — AL),

https://doi.org/10.1017/prm.2023.95 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.95

336 Y. Miyamoto, H. Takemura and T. Wakasa

by (4.1) and (4.3) we have

1 2R (AT 1 @2k - A0y — M)
(1-— k?n)a, - 2 1-— k:?n 1-— kz?n 3(2 — k?n)2
22 (41 1
2 1—k2,  1—k2

\/—(1 +0(1))2(—4 + 0(1))3(r + o(1))(1 — k2,)?
3

as m — OQ.

1-2,/r%
=——+o(l)

Moreover,

og_

Thus, by (4.5), (4.4) and (2.34) we have

1 (127
— = (2]—1—0(1)) (1—k2)—0 as m — oo.

1 *
* . 1+V+ . (1—-k2)o_ -1 1+21/Tj
vy = lim 5 = lim 7 = )
m—oo 1 — km m— o0 — - 1 2
Similarly we have
1
14+v_ T — 1 1-2./r7F
v* = lim tro lim kf")U* = J
m—oo 1 — k72n m— 00 H —1 2

By lemma A.5 with (4.6) and (4.7) we have

lim A(k7rbvﬂj(k7rb)) = lim [sgn(vy)M(vy, k) —sgn(v_)M(v_, k)|

142/r%
= [tan™! J _ tan~!
1—-2./r%
J
14+2,/r%
= 2tan~! 2 — il
1—2, /7 2
Solving the equation
Dtan~l |2V T _ T
1—-2./r% 2 n
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with respect to 7}, we have 7 = isinz(%), which implies
. ri(k) 1 ., (jm
lim —~ = —sin” | — | .
k—11— k2 4 n

By (4.2) we have
)\j =-3 + ()\_+3) + Tj(/\_+3)
=-3+3(1—-k%) + Z (sin2 (J;;) - 5) (1—k*)2+o((1-k*?) as k— 1.
(4.8)
O

Proof of theorem 1.3(ii). We consider the case (—3+3k%)/(2—k?) < \; <0,
which corresponds to the case n/2 < j < n. We define r;(k) by

Aj
Tj = 1—/{}2'

It is obvious that A\; — 0 as kK — 1. Since

L 343K N
1=k 2—k2 1—k?

0,

there exists r € [~3, 0] such that

lim 7;(kn) =77, ie,Aj = (r; +o(1))(1 - k%) as m — oo
with a suitable monotonically increasing sequence {k,, }°°_; satisfying k,, — 1 as
m — 0.
Let o4 (k) be defined by (2.32) with k,,, and \;(kp,). Let va(ky,,) be defined
by (2.28) with k,, and p;(ky,). We calculate the limit lim,, oo (1 4+ v4)/(1 — k2,).
Since

_ 3kh - (2 K222 4 2))

D 32 k2,2

— 1 as m — oo,

we have

_ 2 .
1 1 2 k’”(AJH—\/DTL)

1—k2)o_ 1-k, 2 3
2k N
6 1—k2
L2k < 42 N 1 A_)
91+ vDm) \(2—k2)2 " 31—k2,  31—k2, 7

r*
—>1—|—§] as m — oo. (4.9)
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Moreover,

L i .
— = 1—1—34—0(1) (1—Fk;,) —0 as m — oo. (4.10)
o_

Hence, by (4.10), (4.9) and (2.34) we have

1
. .1+ A r
Vi Jim g = lm S = (4.11)

Since

1 2— k2 [\
— = m<J—|—1+\/Dm>—>l as m — oo
04+ 2 3

and o4 < 1, we have

Since

by lemma A.3 we have

K(ky,) K(ky,) 1
0< < < V/Coll =12 [ tog ———
1 — o( ) | log i

— 0 as m — oo.

Let A and M be given in lemma 2.3. By lemma A.5 with (4.11) and lemma A.6
we have
lim Ak, () = T [sgn(vs ) M(vs, k) — sgn(v )My, k)|

= T [(~)M(v k)

B (s 4 K2

T v T
=|(-1)| = —tan"! e
| 2 1—vi 2
—p*
=7 —tan"! I
3477
Solving the equation
—r* jﬂ'
— tan—! i _J7T
T — tan Ty -
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*

T=-3 sin?(£%), which implies

n

with respect to 77, we have r
. . g
lim 7; (k) = —3sin? [ = ) .
k1 i (k) <n)

Since \;/(1 — k*) = 7% 4 o(1), we have

n

)\j:—351n2 (Jﬂ.> (1—k2)+0(1—k2) as k— 1. O

Proof of theorem 1.3(4i). Let A4 be defined by (2.4). We consider the case A\; > A4,
which corresponds to the case j > n. Let A be given in lemma 2.3 and let puy be
defined by (2.22). By the same argument as in the proof of lemma 3.1(vi) we have

)T
8 — Ak, 10) > e/ = 1y K ()

This implies that
Lim (05 (k) — p+-(K)) = 0,

and in particular limg_,1 p;(k) = 1,
. . 1
where a(k, ;1) and b(k, p;) are defined by (2.30). Using

1
a(k, p15) + (b(k, pj) —1)* = gﬁﬂj(ﬂj +3),
by lemma A.8 we have

9k* g
Vi — ir K (k) = Iz
iy~ K E) (\/Mj(uj+3)(uj+3—3k2)(uj—u) n
_\//~Lj — M+j(a(kvﬂj)vb(kwu'j)vk)

a(kvluj)

:\/ wilp+3)  jr
(1j+3=3k*) (1 —p-) n

_ 21“’]'(/“ + 3)J (a(k, /~Lj)7 b(k, :uj)a k)
3V3K2\ /iy — i-
jm

— > —7 as k— 1.
n

) {a(k, us) + (1= bk, 1))}

Here we used

. (g + 3) _ \/ 1(1+3) .
e\ +3=3k)(; —p) | A+3-3)(1—-(=3)
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2-1(1+3)

lim QNj(Mj + 3)j(a(/€,,uj),b(k,uj)7k) B m -
S SﬁkQW Sf. 12. —(=3)

By lemmas 2.1 and (1.3) we see that 1 — k> =16e~2/"¢(1 +0(1)) and K(k) =
1/(1 + o(1))ne. Hence,
1
1-k =0 —|.
’ (K(k)?)
Using this relation, we have

1 (j—n)?*s? 1 1
)\j = )\++2 — +o0 K

2 n? K(k)? L
1o 31— k) o1 — k) + U _n?2“2 K(lk)z (1+0(1)) +o (K (1@2)
L G=n)Pr? 1 1
=1+ e K(k‘)QJrO(K(k)Q) O

Proof of corollary 1.7. (i) By (4.8) and lemma 2.1 we have
Aj=-=3+(1+7r;)(A_+3)

— 34 {1 + i <sm2 Jﬂ) (1— k) +o(1 - k?)} (A_+3)

= -3+ {1 +4 (sm j;:’) e e —&-0(6_"25)} (Ape +3).

(ii) By theorem 1.3(ii) and lemma 2.1 we have

n n

Aj3<sin2”>(1k2)+o( —k?) = 48( ]”)e,i+0(e7;‘;).

(iii) By theorem 1.3(iii), corollary 1.6(iii) and (1.3) we have

| —n)*m? 1 . 22 2 2
)\j :/\++(2 £]k2) )2K(k)2 +O(K(k’)2) :/\++(] ) meT + ( )

=1+ (j —n)*r’e* + o(e?).
O
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Appendix A. Elliptic integrals and functions

A.1. Elliptic functions
Let k € (0,1). We denote the complete elliptic integrals of the first kind by

! ds
K(k) = /0 V-1 _ks2)

Jacobi’s elliptic function sn(z, k) is an odd, periodic and analytic function with the
period 4K (k) as a function for the real domain, and is defined locally by

3 /sn(a:,k) ds (A 1)
A N '

for x € [0, K(k)]. The function cn(z, k) is an even and 4K (k)-periodic function

defined locally by
en(z, k) := /1 —sn?(x, k),

for z € [0, K(k)] and dn(zx, k) is an even and 2K (k)-periodic function defined by

dn(x, k) := /1 — k?sn?(x, k). (A.2)

In particular,
sn?(z, k) +en®(z, k) =1, K sn?(z, k) + do®(z, k) = 1
for x € R and k € (0,1).

A.2. Complete elliptic integrals

Let k € [0,1) and v € C\ (—o0, —1]. The complete elliptic integrals of the second
and third kind are defined by

122 1
LoRS 4, (k) = / ds ,
1—s o (11 vs2)/(1_ 2)(1_ k22

respectively. The function K (k) is monotonically increasing in k,

K(0) = g lim K (k) = o0

and FE is monotonically decreasing in k,

5 11-1_>m1E(k) =1.

In [10] the following modified complete integral of the third kind was introduced

(1+v)(k? +1/)H

M(v, k) == (v, k)

for k € (0,1) and v € C\ ((—o0, —1] U [~k?,0]). The function M appears in (2.27).
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We give standard formulas for K (k), E(k) and TI(v, k) in lemmas A.1-A.3 without
proofs. See [3] for details.

LEMMA A.1. Let k € (0,1) and v # 0,—1,—k?. Then,
dE k: E(k) — K(k)

() S = =

(i) S (k) = E(k) k((l kk“")) (k)

i) gk = S o

(%) () = zyﬁ(i)m a0 j)((kk)zm z(f<21_+f>)<%yfu))'

LEMMA A.2. Let k € (0,1). Then

(1= KK (k) < E(k) < (1 - ;1&) K (k).
LEMMA A.3. Let k € (0,1). Then

lim (K(k) — log

Lim — 2log 2) =0.

1
V1—k?
Lemmas A.4-A.6 are formulas for II(v, k). Proofs can be found in [14].

LEMMA A4. Let k € (0,1) and v > —1. Then,

(1) ulin} V1+vI(v, k) = ﬁ
(ii) UILH;O V1+vII(v, k) =

LEMMA A.5. Let k € (0,1). Suppose that v is a continuous function on (0,1) with
—1 < v(k) < —k? for k € (0,1). Assume that there exists v* € [0,1] such that

vk
T

Then, for each v* € [0, 1],

hm V=1 +vk) (k2 + v(E)II(v(k), k) = T _tan~!

and
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LEMMA A.6. Let J(v, k) := 1+ vIl(v,k) — —2=K (k). Then,

V14+v
T
I S
Véolor,ri_)l J(v, k) 5

In [14] a kind of a complete elliptic integral I:I(g,b,k) defined by (2.29) was
introduced. Lemmas A.7 and A.8 are formulas for Il and proofs can be found in
[14].

LEMMA A.7. Suppose that a > 0 and b, by € (0,1). Then for each k € (0,1),

™

lim all(a, b, k) = .
a—0,b—bg \/> ( ) 2\/b0(1 — bo)(l — k‘2b0)

LEMMA A.8. Suppose that a >0, b, by € (0,1) and k € (0,1). Let

J(a,b, k) :== Vall(a,b, k) LK(M.

Ca+t(b—1)2
Then,
I J(a,b, k) T
im a =
a—0,b—bg,k—1 o 24/ bo(l — bo)

Lemma A.9 is a formula for M(v, k).

LEMMA A.9. Let k € (0,1) and v € (=1, —k?) U (0,00). Then,
A ™
(i) VIEElM(V’ k) = 5
(i) Dg@kz M(v, k) = 0.
. 7T
(iii) lim M(v, k) = 5

Lemma A.9(i) (resp. (iii)) follows from Lemma A.4(i) (resp. (ii)). Lemma A.9(ii)
is trivial.
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