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Hilbert matrix operator acting between
conformally invariant spaces

Carlo Bellavita® and Georgios Stylogiannis

Abstract. In this article, we study the action of the the Hilbert matrix operator H from the space of
bounded analytic functions into conformally invariant Banach spaces. In particular, we describe the
norm of H from H* into BMOA and we characterize the positive Borel measures y such that H is
bounded from H* into the conformally invariant Dirichlet space M(D,,). For particular measures
> we also provide the norm of H from H* into M(D,).

1 Introduction

Let D be the unit disc in the complex plane C and let Hol(ID) be the space of analytic
functions in D. With T we denote the unit circle, that is T = JID. The classical Hilbert

matrix is
11
1 3 3
1 1 1
H=| 2 3 1
1 1 1
3 4 5

The matrix H introduces an operator on spaces of analytic functions through its
action on the sequence of Taylor coefficients. For

f(2) - i

in the Hardy space H', H(f) is defined as

H()(z) = 3 (i")

o\ k+n+1
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It is clear that H( f) is an analytic function on the unit disk, since Hardy’s inequality
[17, p. 48]

o lam|
> o < flw

m+1

implies that the Taylor coeflicients of H( f) are bounded.

In [15], E. Diamantopoulos and A. Siskakis initiated the study of the Hilbert matrix
as an operator on Hardy spaces by using the fact that for every z € D, the function
H(f) has the equivalent integral representation

(L1) H(f)(z) = fo 1 %dt.

By considering H as the average of weighted composition operators, they proved that
H is a bounded operator on every Hardy space H? with p > 1 and they estimated its
norm. Their research was further extended by M. Dostanic, M. Jevtic, and D. Vukotic
in [16]. Among other results, they showed that

n
|H o —me = sin(Z)’
p
forl1< p < oo.

The study of the Hilbert matrix operator was subsequently extended to include
the Bergman spaces of the unit disc. Diamantopoulos [14], Dostanic et al. [16] and V.
Bozin and B. Karapetrovic [10] proved that H is bounded on the Bergaman space A?
if and only if p > 2. Moreover

T

|H| ar— a0 = o
sin(;”)

Following the classical case, a significant body of research has focused on general-
izations of the Hilbert matrix operator, particularly regarding the characterization of
their boundedness and compactness, see, for example, [9], and [7] for a recent survey
on the argument.

In this article, we study the action of H from H* into conformally invariant
Banach spaces. We recall that a Banach space X of analytic functions is conformally
invariant if for every f € X and ¢ € Aut(DD)

[flx =1 ¢lx

where the Mobius group Aut(D) is the set made by all the one-to-one analytic
functions mapping ID onto itself, see [2]. Main examples of conformally invariant
spaces are the BMOA space, the Q,, spaces and the classical Dirichlet space D, while
H? with 1< p < oo is not.

In this article, we consider the action of the Hilbert matrix operator from H® into
the space of analytic bounded mean oscillation BMOA and the conformally invariant
Dirichlet spaces M(D,,).
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The BMOA space consists of all the functions in the Hardy space H* such that

_ 1/2
lhvion -4+ (sup [ 1/ og =] da(a)) <o

where, if z = x + iy, dA(z) = n~'dxdy. With the above norm BMOA is a conformally
invariant Banach space and

H* ¢BMOA¢ () H’.

0<p<oo

The norm | f|smoa can be expressed by integration on T,

/2
la|

a|2 27

02 Iflwon =)+ (s [P A% 20 >|2)

For more information about BMOA, we refer to [19, Chapter VI] and [20].

Theorem 1.1  The Hilbert matrix operator maps H* into BMOA and its norm is
s
1+ —

7

The boundedness of H from H* into BMOA has been first observed by B.
Lanucha, M. Nowak, and M. Pavlovic in [22]. Actually, it is also true that

1
H(H*)c () A (p, ) c BMOA,
1<p<oo p

where A(p, %) are the mean Lipschitz spaces (see later for definition).
Subsequently, we fix our attention on the conformally invariant Dirichlet space

M(D,). Let du(z) be a positive, Borel measure in ID. The spaces M(D,) consists of
all the functions f € Hol(ID) such that

03 Ul =Y@1+ s ([ 170U, @maam)”

¢eAut(D)

Uu(z) = flog

is a superharmonic function in ID. The most famous examples of M(D,,) spaces are
the Q, spaces, see (2.2) and [3]. An equivalent expression for | f s (p,) is

where

1/2
4 fluw, ~FO1+ s ( [IFnPVAs)aAm))

¢eAut(D)

where

Vi(2) = [ (1=l )P )du(w).
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We characterize the measures dy(z) such that the Hilbert matrix operator H is
bounded from H* into M(D,,).

Theorem 1.2 Let du(z) be a positive Borel measure on D. The following conditions
are equivalent:

(i)  The Hilbert matrix operator H sends H* into M(D,,).

(ii) log(l1-z)e M(D,).

(iii)
v, (Z)
AeT |1 Az |2 ) oo
(iv)
v, (Z)
P Jy = azpr AG) < o

We highlight that the proof of Theorem 1.2 is similar to the proof of the analogous
result for the Cesaro operator, see [6, Theorem 1.1]. In addition, for some measures
du(z), we also provide the norm of H from H* into M (D).

Theorem 1.3  Let du(z) be a positive, radial, Borel measure on D. If H: H* —
M(D,) is bounded then

1/2
|H|| 1=~ m(p,) = (f S SU, (z)dA(z)) .

Significantly, the measure associated with the Q, spaces satisfies the hypothesis of
the above theorem and we are able to compute the norm of the Hilbert matrix operator
from H* into Q,.

The methodology developed in this article also works for the Cesaro operator

C(f)(z) = ioﬁ (kzn: ak)z",withf(z) = ianz” € Hol(D).

The analogy between the Hilbert matrix operator and the Cesaro operator comes
from their matrix representations, that is

1 0 0 0
1 1
G_5500
B RS S
3 3 3

We observe that H is obtained from C by the following formal manipulation: we erase
the zeros in each column of C and we shift up the columns to their first non-zero entry.
In rigorous terms, this is equivalent to the following algebraic relation. Let e, (z) =
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z",n=0,1,2, ... be the monomials, which form an orthonormal basis of H>. We have
that

C(e,) =S"H(ey),
where S is the shift operator, that is Sf(z) = zf(z).

Theorem 1.4 Let du(z) be a positive, radial, Borel measure on D. If C: H® —
M(D,,) is bounded then

1/2
(Clumin =1+ ( [, = U(MaAG))

In light of the analogy between C and H, a comparative analysis of the Hilbert
matrix operator results with their Cesdro operator counterparts is warranted.

The rest of the article is divided in six sections. Section 2 is devoted to preliminary
material: we recall the definition of Hardy spaces and we describe the conformally
invariant Dirichlet spaces M (D, ). In Section 3, we deal with BMOA and we prove
Theorem 1.1. In Section 4, we briefly describe the action of the Hilbert matrix operator
from H* into the mean Lipschitz spaces. In Section 5, we describe the action of the
Hilbert matrix operator from H* into M (D, ) and we prove Theorem 1.2.

We prove Theorem 1.4 in Section 7. Finally, in Section 6, we prove Theorem 1.3. We
conclude the article with some open problems.

We use the following notation. By the expressions f < g, we mean that there exists
a positive constant C such that

f<Cg.

If both f < g and f 2 g hold, we write f ~ g. The capital letter C, will denote constants
whose values may change every time they appear. Finally with §,, , we denote the
classical Kronecker symbol.

2 Preliminary

In this preliminary section, we recall some definitions that will be used throughout
the whole article.

2.1 Hardy spaces

Let1< p < oo and f € Hol(D). For 0 < r < 1, let

Myt )= (2= [ ey ao)

be the usual integral means of f on the circle of radius r. The Hardy space H? = H? (D)
consists of all the functions f € Hol(ID) such that

| flme = sup M, (r, f) < o0

0<r<1
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and, for p = co, H* consists of the bounded analytic functions on D, i.e., all the
functions in Hol(D) such that

[fleo = sup[f(2)] < co.
zeD

See [17] for the theory of Hardy spaces. Important examples of H* functions are the
automorphisms, ¢ € Aut(DD). We recall that every ¢ € Aut(ID) can be written as

#(z) = ¢'%0,(2) with 0, (z) = la__;z,

where 0 is real and a € D.
2.2 Conformally invariant Dirichlet spaces

The Mobius invariant spaces M(D,,) generated by the Dirichlet space D,, are defined
in (1.3)". In order to avoid that, M(D,) contains only constant functions, we always
assume that

(2.1) (1-|z]*)du(z) is a Carleson measure on .

If (2.1) does not hold, M(D,) is called trivial. From [5], it is known that if M(D,) is
not trivial, then D ¢ M(D,) € BMOA. Furthermore, M(D,,) = BMOA if and only if
(D) < oco.

For 0 < p < oo, the Q, space consists of all the functions f € Hol(ID) such that

1/2
@2 Il = O+ sup( [ 1F@F1-lo2P)dAR) <.
Clearly, Q,, € Qp, for 0 < p; < py <ocoandfor0< p <1
Qp = M(Dy, )
where
3 dup(z) = -A[(1- )" 1dA(2)

and A is the Laplacian [5]. We have that Q; = BMOA and Q, ¢ BMOA when 0 < p < 1.
We refer to J. Xiao's monographs [23] and [24] for more results on Q, spaces.

3 Proof of Theorem 1.1

It is well known that H does not map H® into its self. Indeed, by (1.1), we note that

(3.1) H(l)(z):fo1 ! dtzllog(ﬁ)

1-tz z

and this function does not belong to H*.

Proof of Theorem 1.1  In [22] Lanucha, Nowak, and Pavlovic proved that H is
bounded from H* into BMOA. By using the same computations of Danikas and

IFor the theory of superharmonic weighted Dirichlet spaces D, we refer to [1].
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Siskakis [13, Theorem 1] and the expression (1.2) for the BMOA norm, we realize that

T
IH(1) ppoa =1+ —=,

V2

from which it follows that

(3.2) 1+ —= < |H| g=—5mo4-
\/_
In order to prove the upper bound for the norm of H, because of (1.1), we note that
tf (1)
H f dt.
N@= [ ahiae

The convergence of the integral and the analyticity of the function f guarantee that
we can change the path of integration to

s
zZ(t) = ———, 0<s<1,
(t) (s-Dw+1

which describes circular arcs contained in ID. Therefore, we obtain that

, 1 1 s s
H(f)(w)_l—w/(; (s—l)w+1f((s—1)w+l)ds
The quantity inside the integral is y,(w) f (ws(w)), where

vs(w) = m

maps the unit disc into itself for each 0 < s < 1. Thus, in absolute value,

s (W) f (e (W) < [ fllm

for each w € D and 0 < s < 1. Consequently,

2 1-az 2 ek
I asion = O s [ 1107 @) og] =% ana))
< (1 + ilellg ([D ]

-1+ g) Ile,

where in the last equality we have used the fact that | log(1 - z) |smoa = %, see [12].
Due to the above inequality and (3.2), we have the conclusion. [ ]

1

4

X 12
“log| - aaa) )||f|Hw

The proof of Theorem 1.1 provides a usefully identity for the derivative H(f)’ when
f € H*. Indeed

(33) (Y ()= 22,

with b € H® and |[b] g < | f] e
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4 Hilbert matrix operator into mean Lipschitz spaces

The inclusion H (H*) ¢ BMOA can be refined to

H(H*)c N A(p,;).

1<p<oo

Forl< p < coand 0 < a < 1, the mean Lipschitz space A(p, «) consists all the analytic
functions f on the unit disc for which

LfIacp.ay = 1F(O)] + OsuleP(r’f/)(l S ) < oo,
<r<

The spaces A(p, %) with 1< p < co grow in size with p, they are all subspaces of
BMOA and they all contain unbounded functions such as log(1 - z), see [11].

Theorem 4.1  The Hilbert matrix operator H is bounded from H* into A(p,1/p) and

HHHH""—>A(p,%) <1+ |log(1-2) HA(p,%)'

Proof The proof is similar to Theorem 1.1. By [21, Theorem 1.7], we have that
log(1-z) € A(p, %) for1< p < oo with
1 P 1/p
. ‘ d@) .
1-re-if

P 1/p
de) =

log(1-2z 1y = Su 1—r1—1/P(f
| log( )HA(p,p) 0<r1<)1( ) T
By (3.3), we have that

1
1-re-if

(1- rz)l_l/PMP(r,H(f)') <(1- 1’2)1_1/[' (fT

< [[log(1=2) [ ap.2) IS 1=

Consequently
[H(H) a2 < (1+ 11080 =2)[agp,)) 1l
]

We point out that the exact value of the |H|ye_(, 1) is not provided by
’p
Theorem 4.1. However, we are able to compute it when p = 2.

Proposition 4.2 The Hilbert matrix operator H is bounded from H* into A(2,1/2)
and

|‘HHH°°—>A(2,%) =1+ H log(l—z)HA(z’%) =,

Proof  Since in Theorem 4.1 we have already shown the upper bound, we have to
provide only the estimate from below. Since H(1)(1) =1and

S (H()'(2)) =~ log (= ) + 1 = (@) + @)

1-z
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we have

HH|‘H°°—>A(2,%) 2 HH(I)HA(Z,%)
=1+ sup My(r, H(1))(1-r*)"?

0<r<1

> 1+ lim My (r, SH(1)') (1 - )12
r—

> 1+ lim [My(r, fi) = Ma(r, f2)[(1 - )2

=1+ lin}Mz(r, (log(1- z))')(l - r2)1/2 =1+ |log(1-z2) HA(z,l)-
r— 2

Since || log(1 - 2)| 52,1y =1, conclusion follows. ]

5 Hilbert matrix operator into conformally invariant
Dirichlet spaces

We start by proving Theorem 1.2.

Proof of Theorem 1.2 The proof of Theorem 1.2 is similar to [6, Theorem 1.2].
Nevertheless, for completeness, we include it here.

(i) = (ii).LetH (H*) € M(D,). Since H(1) € H (H*), we have that M (D, ) is
not trivial and [5, Theorem 3.3] implies that

sup V,(w) < oo.
weD

In order to prove thatlog(1 - z) is in M(D,,), according to (1.4), it is enough to show

that
2
(5) sp [ | Va(9(2)dA(z) < o,
¢peAut(D) D\ID[1-z #
Indeed
2
o> sup [ HQY (@) Vu($(2))dA()
peAut(D) YD\3D
1 1 1 112
= su - 710 N I 7 2 dA 2).

¢eAu£D)/ID>\§D 2l-z 22 %81, 4 (¢(2))dA(z)

Since
wp [ 1o L (p()aace) <
" 2 1_, S
¢€Autlz]])) D\!D | 22 gl_z Iz
1 2
1 los ——| dA ,
63/125‘/;4(%/) - 0g — dA(z) < %
(5.1) holds.
(ii) = (iii). Letlog(1-z) € M(D,). By using (1.4) and a change of variables, we
have that
2
1 (1-1al*)?
o = V. (2)dA(z) < oo.
aen,iqrfw 1-Ao,(z)| [1-az* u(2)dA(z)
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Taking a = 0 in the above condition, we have

V},(z)
sup
el YD |1 - Az

(iii) < (iv). We set (1- |z]*)dv(z) = V,(z)dA(z) and apply [4, Lemma 2.2].
(iv) = (i). Let f € H*. By using (3.3), we note that

LHG @F Vi(6(2)dA)
< [=| visenaae i
1

> (1-|aP)’
5 |1-9(2)

5dA(z) < co.

A ADLIONI

where we have chosen

Consequently, H is bounded from H* into M(D,,) if

T,

)| i Ve(dAG)

D[1-10,(2)

I= sup
aeD,AeT

(1-laP)? /
= sup
aeD, eT |1_Aa|2 D

% |y| = 1. Through a change of variables, we get

1
1+lx_iz

1
[1-az|

> Vu(2)dA(z) < oo.

Wesetn— T
1

1- 2
oy O
aeD, eT |1_Aa| D 1+(

1 ag
+C+1—Tn(

2 1
L -anc?

Vu(1§)dA({)

Vu(mQ)dA(()

= sup
aeD,AeT YD 1

(sup ] vaawy s [

2

ﬁ Vy(ﬂ()dA(f))

neT

’ Vu(2)dA(z).

< Csup
neT

D 1+;7z‘

By using conditions (iii) and (iv), the proof is complete. |

Remark 5.1 Let

with ze D, a € (0,00) and A the classical Laplace operator. The proof [6, Theorem
1.2] gives that
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(i) If0<a<1, then M(D,,) is not trivial and H(H*) ¢ M(D,,, ).
(i) Ifa>1 then H(H™) ¢ M(Dy,) ¢ Mocpeos Qp-
Consequently, there are measures y for which H(H*) ¢ M(D,).

Norm of the Hilbert matrix operator into conformally invariant
Dirichlet spaces

For particular measures y, it is possible to compute |H| p_,y(p,)- We need two
preliminary lemmas.

Lemma 6.1 Let du(z) be a radial measure. Then U,(z)dA(z) is also a radial
measure.

Proof Let A € T. We note that

Uu(Az) = flog —whz d/,t(w flog W/\Z d/,t(w)
flog dy()tw) Uu(2).
Therefore
Uu(2)dA(z) = Uy(r) rdrﬁ,
21
from which the lemma follows. [ |

Lemma 6.2 Let du(z) be a positive, radial measure such that log(1-z) € M(D,).
Then

where

Proof = We note that

o)

_ 00 1 sl 1 —
> Upypar = > —/0 U, (r)rdr = > /(; U, (r)rdr - Uy,
n=1 n=1 n=0

L | 1 2 1 1 do
< ——U,(r)rdr = f f — U, (r)rdr
/0 1-r2 u(r) 0o Jo l1-efrl-eifr2n w(1)

2
:fD | Uu(2)dA(2) < log(1-2) [ 34(p,)-

Since log(1 - z) € M(D,,), the conclusion follows. ]
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When du(z) is a radial measure, (1.3) becomes

1/2
o =1F @1+ sup ([ 100U () dAw))

aeD,A
, 1/2
£+ sup [ 1 )PV (0 (w)dA(w)
Proposition 6.3  Let du(z) be a positive, radial, Borel measure on ID. Then

l10g(1-2) o, = [,

Proof  Since the measure dyu(z) is radial, we observe that

Uu(2)dA(z).

2
1-22

Ua(z))dA(Z)

J1o8(1- )l =sup [ |

%() 10%,(2)P U, (2)dA(2)

:sup[ |1_(1‘ al’) L U,(2)dA(2)

a+(1-a)z]? |1 -az|

= sup
aeD

aeD
2
1-a + U,(z)dA(z)
=Ssu .
e l-a+(1-a)z 1-az| "

In particular, by using the power series expansion, we have that
2

HlOg(l—Z)HM(DF)ISl:gv/I; 2}((—1)"(1:2) +an+1)zn UH(Z)dA(Z)
Ssup [[5(-(125) o) cor| @)

Since du(z) is radial and

fzn e(n_l)i(9+n)e—(m—l)i(0+n)@ =80um» n,meN,
0 27 ’

2
l1-a _
()
1-a

=sup ). |- ( ) -a"

aeD n=1

we have that

[log(1- r2”+1U},(r)dr

Hence,

I108(1-)lrco,) = 500 3. U (1+ P + 201198 ({~2a) )

aecD n=1
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With the change of variable
1 —
—“ a,
1 —

where |w| = |a| for a e D\{1} and |w| — 1 as a — 1, we note that the function
B(w) = Z Uy, 2(-1)" "

is analytic in the unit disc. Moreover, since B(w) is continuous in D due to Lemma 6.2,
the maximum principle for harmonic functions tells us that

supRB(w) = supRB(w).

weD weT
Consequently,

sup%B(w)——mefﬁ(i Upypi (D" ”)

weT

=-2inf R Z(—wrz)"UH(r)rdr

weT

—2UH1—21nfiR U u(r)rdr

weT o 1+w

. 2(UH1 [01 ﬁUy(r)rdr) - RB(1).

In particular, due to Lemma 6.2, we know that

2

J10g(1-2)lweo <lim [ || Uu(au(e))dace)

2
= dim [ || veloa)dac).
Consequently
1 2
|log(1-2) | m(p,) = alllf{lléR ol Uu(04(2))dA(2)
2
1

|04 (2)[* Uy (2)dA(2)

lim _
a—l,acR JD l—o'u(z)

1+a U, (2)dA(2)

= i _
ataer Jp (1+2)(1-az)
2
- fD — | U(2)da). .

By using Proposition 6.3, we are now able to prove Theorem 1.3.

Proof of Theorem 1.3  As we saw earlier (3.3), we have that

(1-2)H(f)'(2) = b(2),
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where b € H* and ||b| g < | f]|ge. Consequently,

12
IHO) Lo, = HOO1+ sup ([ 1) ) PULp)dA))

¢eAut(D)

. 2 1/2
:VO F(t)dt +¢ZHED)([D‘M‘ Uﬂ((p(w))dA(w))

< (1+ [1og(1 = 2) [ aa(p,) ) f 1=
By Proposition 6.3, we have that

12
(61) [l onico <1 ( i U(z)dA(z)) .

Once again, we recall that

’ 1 1 1
(6.2) z (H(1)) (z):—glog(E)JrE:fl(z)+f2(z).
We observe that the function h(z) = (1 - z) fi(z) is in H* with
lzig} h(z)=0

Let 0 < a <1and set

= [ @FUe.aae - [ | HE) ‘ Un(0a(2))dA(2)

h(Ga(Z))‘ o2 (2)PUu(2)dA(z)
- fD 2a(2)dA(2),

where
(1+a)?
[(1-az)(1+2) Un(2)-

For z € D fixed observe that lim,_,; ,(z) = 1. This implies that for each fixed z € D,
g4(z) > 0as a — L Since h € H* with norm M, we have

(1+a)?
[(1-az)(1+2z)]?

ga(2) =|h(0a(2))°

8a(2) < ko(2) = M U, (2).

Moreover

ka(z) — Uu(2),

4M?
[1-22p
as a — 1 and, by repeating the proof of Proposition 6.3,

[ k@da@) - [ %Uﬂ(z)dA(z)<oo.
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Therefore by dominated convergence [18, p. 59; Example 20], we have that
(6.3) limI” = 0.

a—1

According to Proposition 6.3, we have that

1/2
IHO) L,y = HOOI+ s ( [ 1HO) 0PV, (800)dA(w))

¢eAut(D)

2 1esup ([ HOY 0nPUa()dAG)

st gim ([ 100 + SOOPU (0u(0)dA())

By using (6.3), the last lim inf becomes

im ([ 1500 + 0PU@utr)ae)

Raa—
1/2

> lim
Raa—1

= lim ( /
Roa—1 D

This implies that

([ 15RO oamnaacm) " = ( [ 15onIF U, eum)da)

1P 1/2
;;Mmmmwmm).

2

1/2
- Uy(aa(w))dA(w)) .

IHW) | as(p,) 21+ lim (/D

Raa—1

1
=1+ lim f —
Rea—1\ JD |1 - 0,(w)

1/2
21+(fD|1_t/2|2UM(W)dA(W)) .

2

1/2
IUZ,(W)IZUH((W))dA(W))

A significant application of Theorem 1.3 to Q,, spaces with | - | p,,) Provides the
norm of H in this situation.

Corollary 6.4  The norm of H: H* — Q, is equal to

[Hl =g, =1+ |[log(1 = 2) [ m(p,,)-

Proof = Weapply Theorem 1.3. We recall that, if 0 < p < 1,then Q, = M(D,,, ) where,
according to (2.3),

dup(z) = -A[(1- [2*)P1dA(2) = 4p (1= |2l’p) (1= [2]*)??dA(2).
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Remark 6.5 We note that, if we consider Q, with the norm | - o, defined as in
(2.2), with exactly the same reasoning of Theorem 1.3 we obtain that

|H|[ =g, =1+ [ log(1-2)]q,-

Indeed (1 - |z|*)?d A(z) is a radial measure.

7 The norm of he Cesaro operator

We use the following identity

LR S - 1100 au@) = [ 17 @R, ) da)

where y is a positive Borel measure such that (1 - |z|*)du(z) is finite.

Proof of Theorem 1.4 Firstly observe that C(1)(z) = —1log(1-z). As for the
Hilbert matrix operator, this implies that

1/2
(Clumin 1+ ( [} = Ub(aAG))

Let f € H*. Set h(z) = zC(f)(z), then (1-2)h'(z) = f(z). We have that

1/2

ICAlnco, = 10N +sup ([ 1) (@) Up(a())dA@)
and that |C(f)(0)| < ||f||z=. For the integral we work as follows. Let Cf = g; then
[l @ Unoa(2))dA@) = [ (g 00) () Uul2)dA(2)
- L7 s PRN S - Ig(ou (@) ) du(d)
= L7 I NPR) 22 = o (0D + 1h(oa (0P - (D)) dud)
- [ I @PUou()daE) - [ 1=l OPlglou(@)Pdu(?)
< [ W @F Uu(oa(2))dA(2).

Since h'(z)(1 - z) = f(z) and due to Proposition 6.3, we have

@2 1/2
1€ Iaco,y <l +sup( [ £} U,(ou(2))dA(2)

aeD

(“ (f = dA<z>)m) =
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8 Open questions

We note that for every radial measure y that satisfies (2.1),

4

1/2
|H|| tr=~p(p,) =1+ ('/D 2U,4(z)dA(z)) .

-2

However we are not able to compute the exact value of | H| y_ y(p,) in general.

Question 8.1 What is the exact norm of H from H* to M(D,,) for non-radial u?
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