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Abstract

Consider a general bivariate Lévy-driven risk model. The surplus process Y, starting
with Yo = x > 0, evolves according to dY; = Y;_dR; — dP, for t > 0, where P
and R are two independent Lévy processes respectively representing a loss process in
a world without economic factors and a process describing the return on investments in
real terms. Motivated by a conjecture of Paulsen, we study the finite-time and infinite-
time ruin probabilities for the case in which the loss process P has a Lévy measure of
extended regular variation and the stochastic exponential of R fulfills a moment condition.
‘We obtain a simple and unified asymptotic formula as x — oo, which confirms Paulsen’s
conjecture.
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1. Introduction

Consider a bivariate Lévy-driven risk model in which the surplus process, Y, of an insurance
company is modeled by

t

Y,:x—P,+f Y,_dRs, t>0, (1.1)
0

with Yo = x > 0 the initial surplus level, and P and R two independent Lévy processes
respectively representing a loss process in a world without economic factors and a process
describing the return on investments in real terms. See Paulsen (1998a), (1998b), (2002),
(2008) for detailed explanations.

This model does not mean that the surplus must be completely invested in a risky asset. An
understanding of the stochastic process R is as follows. Consider a financial market consisting
of a risk-free bond with price So ; and d risky stocks with prices S ; fork =1, ..., d. Denote
by 7o the proportion of the surplus invested in the bond and by 7y the proportion invested in
stock k. Thus, & = (79, 71, ..., T4), called a relative investment portfolio and assumed to be

Received 8 February 2011; revision received 11 March 2012.

* Postal address: Asper School of Business, University of Manitoba, 181 Freedman Crescent, Winnipeg, Manitoba
R3T 5V4, Canada. Email address: xuemiao.hao@ad.umanitoba.ca

** Postal address: Department of Statistics and Actuarial Science, University of Towa, 241 Schaeffer Hall, Towa City,
1A 52242, USA. Email address: gihe-tang@uiowa.edu

939

https://doi.org/10.1239/jap/1354716649 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1354716649

940 X. HAO AND Q. TANG

time invariant, satisfies 7o + 71 + - - - + w4 = 1. Then the differential in (1.1) is

d
dSk,
dR; = Tk —, t > 0.
t /; Sk’t_

In particular, consider the Black—Scholes market with

dS()’t = VS()’[ dt, t > O,
dSk,r = Sk, (g dt + ox dWi 1), t>0,

where W; = (Wi, ..., Wg) is a d-dimensional Wiener process, r > 0, —00 < pup < 00,
andop > O0fork=1,...,d. Then

d
dR, = mor df + an(uk dt + o3 dWy,), t>0.
k=1

Therefore, the assumption that R is a Lévy process is fulfilled in this particular case.
The solution of (1.1) is given by

~ t ~
Y, = ek <x —/ e R dPS>, (1.2)
0

where R, also a Lévy process, is the logarithm of the stochastic exponential (also called the
Doléans-Dade exponential) of R; see, e.g. Protter (2005) for details. For simplicity, we write

1 ~
Z[ = / C_RS dPS?
0

so that ¥; = e®(x — Z,). The stochastic process Z is usually called the discounted net loss
process. We will start with (1.2) instead of (1.1), as has been done by many researchers,
including Kalashnikov and Norberg (2002) and Kliippelberg and Kostadinova (2008).

We are interested in the asymptotic behavior of the finite-time and infinite-time ruin
probabilities of this bivariate Lévy-driven risk model. As usual, the finite-time ruin probability
is defined as

w(x,T):P( inf Y,<0‘Y0:x), T >0,
0<t<T

and the infinite-time ruin probability is defined as

Ip(x,oo)lei_)mOOW(x,T)=P( inf Y,<O‘Y0=x).

0<t<oo

Introduce

t ~
Z; = sup Z; = sup f e Rdp,, 0<T < oo,
0<t<T 0<t<T JO

where the supremum is taken over 0 < t < oo if T = oo. Noting that ¥; < 0 and Z; > x are
equivalent, we have
Y(x, T) =P(Z} > x), 0<T <oo0. (1.3)

In this paper we aim at a simple and unified asymptotic expression for ¢ (x, T) with0 < T < oo
as the initial surplus level x becomes large.
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2. Main results

Hereafter, all limit relationships are for x — oo unless otherwise stated. For two positive
functions a(-) and b(-), we write a(x) ~ b(x) if lima(x)/b(x) = 1, a(x) < b(x) or
b(x) Z a(x) if limsupa(x)/b(x) < 1, and a(x) < b(x) if 0 < liminfa(x)/b(x) <

limsupa(x)/b(x) < oo. For a real number x, we write x™ = x VOand x~ = (—x) V0
as the positive and negative parts of x, respectively. .
For a general Lévy process L, its characteristic exponent, W; (u) = — log(E e“L1), has the

Lévy—Khintchine representation

1 o0 .
Wy (u) = ilu + 502142 +/ (1 — " 4 iux1 (x| <1))v(dx) (2.1)
—00
with/ € R, o0 > 0, and Lévy measure v on R \ {0} satisfying ffooo(x2 A Dv(dx) < co. We
further denote by

oL(u) = —WL(iu) = logEe !
the Laplace exponent of L. Clearly, log Ee™*Lt = t¢; (u) for every ¢ > 0.

Now we turn to the loss process P, which we assume to be a Lévy process. When its Lévy
measure satisfies vp (1) = vp((1, 00)) > 0, introduce ITp(:) = vp(-)1(1,00)/Vp (1), which is
a proper probability measure on (1, co). We assume that I1p is of extended regular variation
(EIEV). Formally, a distribution F belongs to the class ERV(—a, —f) forsome ) <o < 8 < o0
if F(x) =1 — F(x) > 0 holds for all x and the relations

F F
=P < liminf =% < Jim sup 2% < e (2.2)

F(x) F(x)
hold for all v > 1. Note that relations (2.2) with « = g define the class R _, of distributions

of regular variation.
Our main result is as follows.

Theorem 2.1. Consider the bivariate Lévy-driven risk process Y given by (1.2), where P
and R are two independent Lévy processes. Assume that I1p € ERV(—a, —B) for some
O<a<pB <oo.

@) I]‘E(e’(ﬁ”)’é‘) < 1 for some ¢ > 0 then it holds for every T € (0, 00) that
T .
Y(x, T) ~ A/ P(Xe ® > x)dt, (23)
0

where A = vp (1) and X is distributed by I1p, and independent of P and R.

(ii) Furthermore, ifE(e_("‘_*’")]él \Y, e_(ﬂ“)kl) < 1 for some ¢ € (0, @) then relation (2.3)
also holds for T = oc.

The condition I1p € ERV(—«, —B) means that insurance claims are heavy tailed. Roughly
speaking, the exponential moment condition in each case means that insurance claims control
the uncertainty of negative returns of investments. When o = B, it is easy to see that the
exponential moment conditions in both cases are equivalent. For this case, the statement of
Theorem 2.1 is simplified to the following.

Corollary 2.1. Let @ = B in Theorem 2.1. Then it holds for every T € (0, oo] that

_ ¥R@T

1
Yx, T) ~ ————vp(x). (2.4)
—pp(a)
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Relation (2.4) with T = oo was conjectured by Paulsen (2002, Theorem 3.2(b) and
Remark 3.2(b)). Therefore, our work shows that Paulsen’s conjecture is indeed true.

Admittedly, the class ERV is marginally larger than the class R, but it incurs a lot more
technicalities to the study. A self-contained proof targeting Corollary 2.1 only can be much
simpler than the proof of Theorem 2.1 given below. However, we have reasons to believe that
the ruin probabilities for the more general subexponential case will asymptotically behave in
the form of (2.3), rather than (2.4). Therefore, we carry out our research within the class ERV,
hoping that it will offer insights into the subexponential case.

The asymptotic behavior of the ruin probabilities in the presence of investments has been
extensively investigated in the literature. Early works focused on a special case in which P is a
compound Poisson process with subexponential jumps and R is a deterministic linear function
(corresponding to a constant rate of compound interest); see Kliippelberg and Stadtmiiller
(1998), Asmussen (1998), Kalashnikov and Konstantinides (2000), and Konstantinides et al.
(2002). Later on, for the subexponential case, Tang (2005) established a formula for the finite-
time ruin probability, which is in line with the formula for the infinite-time ruin probability.
The formulae obtained in these papers are essentially the same as (2.3) with R replaced by a
deterministic linear function.

It is more interesting to consider that the insurance company makes both risk-free and risky
investments. For a very general case, Kalashnikov and Norberg (2002) proved that the infinite-
time ruin probability necessarily decays to 0 as a power function as the initial surplus level
increases no matter what tail behavior the jumps of P have. Frolova et al. (2002) obtained
an explicit asymptotic formula for the infinite-time ruin probability for the case in which P
is a compound Poisson process with exponential (hence light-tailed) jumps and R is a Wiener
process with drift.

Most of the recent research focuses on the case in which P has regularly varying jumps. For
example, Paulsen (2002) showed relation (2.4) with T = oo for a special case in which P is a
compound Poisson process with regularly varying jumps and R (or, equivalently, R)is a Wiener
process with drift. Kliippelberg and Kostadinova (2008) extended this result to a general Lévy
process R. Heyde and Wang (2009) obtained similar results to our relations (2.3) and (2.4)
with T < oo for the case in which P is a compound Poisson process with heavy-tailed jumps
and R is a general Lévy process. Tang et al. (2010) established a result similar to our relation
(2.3) for both T < oo and T = oo for the case in which P is a compound renewal process
with regularly varying jumps and Risa general Lévy process. Albrecher et al. (2012) also
investigated the asymptotic behavior of the infinite-time ruin probability and related quantities
for the case in which P is a compound renewal process having light-tailed or heavy-tailed jumps
and R is a Brownian motion with drift. Hult and Lindskog (2011) considered a more general
case in which P is a Lévy process with regularly varying jumps and R is a semimartingale,
and they established an asymptotic formula for the finite-time ruin probability, which holds
uniformly for all R with the stochastic exponential e fulfilling a certain moment condition.
See also Asmussen and Albrecher (2010, Sections VIII.5-6) for a brief review of ruin theory in
the presence of investments.

We are going to prepare some lemmas in Section 3, and then prove Theorem 2.1 and
Corollary 2.1 in Section 4.

3. Lemmas

In this section we prepare some lemmas for the main result. The first lemma below describes
some well-known properties of distributions of extended regular variation; see Bingham et al.
(1987, Proposition 2.2.3) and Tang and Tsitsiashvili (2003, Lemma 3.5).
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Lemma 3.1. Suppose that F € ERV(—a«, —B) for some 0 < o < 8 < oo.

(i) Foreverye € (0, ) and every b > 1, there exists some xo > 0 such that the inequalities

| P _ F (xy) (— _
(05 8) A (ﬂ+8) < — < b (0{ 5) \V (,BJ"S)
b (¥ y ) < Flx) (v y )

hold whenever x > xo and xy > x.
(ii) It holds for every & > O that F (x) = o(x~ @) and x =8 = o(F (x)).

A feature of the following lemma is that inequality (3.1) holds uniformly for all nonnegative
random variables Y independent of X.

Lemma 3.2. Let X be a real-valued random variable whose distribution belongs to the class
ERV(—«a, —B) for some 0 < o < B < o0o. Then, for every ¢ € (0, «) and every b > 1, there
exists some xg = xo(e, b) > 0 such that, for all x > xo and all nonnegative random variables
Y independent of X,
P(XY > x)
P(X > x)

Proof. For arbitrarily chosen " € (1, b), by Lemma 3.1(i), there exists some x{, > 0 such
that, for all x > x;,

<bE(Y* ¢ v Y~te), 3.1

P(XY > x) §P<XY >x ¥ < ﬁ,> +P(Y > 1,>
Xo *o

L\ B+
<V P(X >x)E(Y* ¢ vyPte) + (—,) EYA*e.
X0

Then inequality (3.1) follows since x~#¢) = o(P(X > x)) by Lemma 3.1(ii).

By following similar lines to the proof of Lemma 4.4.2 of Samorodnitsky and Taqqu (1994),
we obtain the following result.

Lemma 3.3. Let (X, Y) be jointly distributed random variables. Ifthe distribution of X belongs
to the class ERV(—a, —B) for some 0 < o < 8 < oo and P(|Y| > x) = o(P(X > x)), then
P(X+Y >x) ~P(X > x).

The tail behavior of randomly weighted sums of heavy-tailed random variables has become
a hot topic in applied probability since Resnick and Willekens (1991). A very recent work on
the topic is Olvera-Cravioto (2012). The next lemma summarizes several known results.

Lemma 3.4. Let {Xy, k € N} be a sequence of independent and identically distributed (i.i.d.)
random variables with common distribution F, and let {wy, k € N} be another sequence of
nonnegative random variables, nondegenerate at zero and independent of { X, k € N}. Assume
that F € ERV(—a, —p) for some 0 < a < B < oo and that one of the following two conditions
holds:

(1) in the case B € (0, 1), there exists some ¢ € (0, o) such that

o0
ZE(wz_g Vv w£+8) < 00;
k=1
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(1) in the case B € [1, 00), there exists some € € (0, ) such that

o0
D B v ol TNV < 0o

Then
o0
~ + ~
<1glla<x Za)ka > x> P<Zka > x> ];P<a)ka > x). (3.2)

Furthermore, the distributions of maxi<;<co Zk:] wi Xy and Z,fil a)ka+ both belong to the
class ERV(—a, —B).

Proof. The second relation in (3.2) has been proved in Theorem 3.1(b) of Zhang et al. (2009).

Let us check the extended regular variation of the distribution, denoted by F, J , of
Z,fil ka]:r_ It is easy to prove that, for each k € N, the relation P(w; X > x) =< F(x) holds
and the distribution of wy X belongs to the class ERV(—«, —B); see Cline and Samorodnitsky
(1994, Theorem 3.5) for these facts. By Lemma 3.2, for every b > 1, there exists some xg > 0
such that the inequality

P(wx Xy > x) < bF(x) (@™ v ol )

holds for all k € N and all x > x¢. Hence, for arbitrarily given § > 0, all x > xg, and all
large n,

o0 o
ZP(kak > x) < bF(x) ZE(w Vol < $P(@i X > x). (3.3)
k=n k=n

By the second relation in (3.2), inequalities (3.3), and the fact that each w; Xy follows a
distribution in ERV(—«, —B), it holds for arbitrarily fixed v > 1 and some large n( that

Fr > Plor X 0, Plor Xy > vx
w_(ix)(x) - Zko_ol (wk Xk > vx) <146 (i X ) < (48w,
Fy Zkzl Py X > x) ™ - Plon Xy > x) =
Symmetrically,
P+
Fw_(j_)x) (x) Z 1 v_/g
F, 1+56

The arbitrariness of § implies that F,7 € ERV(—a, —B).

The extended regular variation of the distribution of max<;<co ZZ:] wi X easily follows
from the extended regular variation of F, :j and the first relation in (3.2).

It remains to verify the first relation in (3.2). Since the inequality

o0
+
a)X>max wr X
Dokt = m ZH

is obvious, we only need to prove that

o0
<1E}zixoo Zkak > x) > ZP(kak > Xx). (3.4)

k=1
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Actually, by Theorem 3.2 of Chen and Yuen (2009), it holds for all n € N that

P<Z o Xy > x> ~ ZP(kak > X). (3.5)
k=1 k=1

By (3.3) and (3.5), it holds for arbitrarily given § > 0 and some large ng that

no o
1
( max E wr Xy > x> > E P(wp Xy > x) 2 m E P(wr Xy > x).

1<n<oo

Then the arbitrariness of § implies (3.4).

Consider the compound Poisson process

N;
= Zxk, t>0, (3.6)

where { Xy, k € N} is asequence of i.i.d. random variables with generic random variable X and
common distribution F, while {N;, ¢t > 0} is a Poisson process, independent of { X, k € N},
with intensity A > 0. The following lemma plays a crucial role in proving Theorem 2.1.

Lemma 3.5. Let C be a compound Poisson process given by (3.6), and let L be a Lévy process
independent of C. If F € ERV(—«, —f) for some 0 < a < B < 0o and ¢ (B + ¢) < O for
some ¢ € (0, o), then it holds for every T € (0, oo] that

¢ T
P( sup / e ls dCs > x> ~ A/ P(Xe_l" > x)dz.
0<t<T JO 0

Furthermore, supy<, < fot e~Ls dC; follows a distribution in ERV (—a, —pB).

Proof. Let 1y, k € N, be the arrival times of the Poisson process {N;, t > 0}. Then

t N; n
—Lg _ —Ly _ —L
sup / e dCs; = sup ZXke k = max Xie "k lg<T),
0<t<T JO OStSTk:l 0<n<oo -

where, by convention, the summation over an empty set of indices produces a value 0. This
enables us to apply Lemma 3.4. By its convexity, g7 (u) < O forallu € (0, 8 4 ¢]. Then itis
straightforward to verify the corresponding conditions in order to apply Lemma 3.4. Therefore,

t 0 T

P( sup / e bsdey > x) ~ ZP(Xke*Lfkl(,kST) >x) = k/ P(Xe L > x)dt,
0<t<T JO = 0

where in the last step we used the fact that Z,fo:] P(ty € dt) = A dt.

The following lemma, which is a natural generalization of Lemma 2 of Grey (1994), does
not require any information on the dependence structure of (A, B) or on the left tail of A.

Lemma 3.6. Let A, B, and Q be three random variables, with Q independent of (A, B). If
each of A and Q follows a distribution in the class ERV(—a, —B) for some 0 < o < 8 < o0,
and B is nonnegative, satisfying E BP+¢ < oo for some ¢ € (0, a), then the distribution of
A + OB belongs to the class ERV(—a, —f) and

P(A+ OB > x) ~P(A > x) +P(OB > x). 3.7
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Proof. We only focus on the proof of relation (3.7) since the other conclusion follows
immediately from relation (3.7) and the fact that the distribution of QB belongs to the class
ERV(—«a, —B).

Arbitrarily choose an increasing function I(-): (0, co) — (0, co) satisfying [(x) < x/2,
I(x) = o(x), and /(x) — oo. Moreover, arbitrarily choose constants § € (0, %) and p €
(B/(B + ¢), 1). We split the left-hand side of (3.7) as

PA+QOB>x)=PA>1+8)x)—P(A>{1+38)x, A+ 0B <x)
+P((A=-8Hx<A<{A+8x, A+ OB > x)
+PA<—-Ix)orlx) <A<({1—-58x, A+ 0B > x)
+P(A| <l(x), A+ OB > x)
=Lx)—DLx)+ (x) + I1(x) + I5(x). (3.8)
We estimate the five terms on the right-hand side of (3.8), in turn. Clearly,
(14+8)PPA>x) <Hx) SA+8)*P(A > x).
Noting that, by Lemma 3.1(ii), x ?#%® = o(P(A > x)), we have
D(x) =P(A> (1+8x, A+ QB <x, (B=<x")U(B > x"))
<P(A>(1+8x)P(Q < —8x'"P) +P(B > xP)
= 0(P(A > (1 4+ 8)x)) + O (x PP+
=o(P(A > x)).
By the definition of the class ERV(—a, —f),
Lx) <P((1=8)x <A<(1+8x) <1 -8)"—1+8P)PA > x).
By conditioning on A and applying Lemma 3.2, it holds for every b > 1 and all large x that
I4(x) <= P(|A] > I(x), OB > éx)
<bP(Q > 8x)E(B“™* v BPT) 1 (a1=10))
=0o(P(Q0 > x)).
As in dealing with I (x) above, we further split /5(x) into two parts according to (B < x?) and
(B > xP). For the first part, we condition on (A, B) and apply the uniformity over |y| < I(x)
of the asymptotic relation P(Q > x + y) ~ P(Q > x). We have
Is(x) =P(JA| < I(x), A+ QB > x, (B < x")U (B > x7"))
= +o()P(A| <Il(x), OB > x, B <x")+ O(1)P(B > xP)
=1 +o()PUA| =l(x), OB > x) +o(1) P(Q > x)
= +o(1)P(QB > x) —P(JA| > I(x), OB > x)) + o(1) P(Q > x)
= (1+0(1))P(QB > x) + o(1) P(Q > x)
~P(OB > x),
where in the last but one step we used P(JA| > I(x), OB > x) = o(1) P(Q > x), as in the
treatment of I4(x) above, and in the last step we used P(QB > x) =< P(Q > x). By simply

substituting the estimates for /1 (x), ..., Is(x) into (3.8) and noting the arbitrariness of &, we
obtain (3.7), as desired.
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The following lemma partially extends Theorem 1 of Grey (1994).

Lemma 3.7. Let (A, B) be a random pair satisfying Elog(|A| v 1) < oo, P(B > 0) = 1, and
—oo0 < Elog B < 0. Let Q be a random variable independent of (A, B).

(1) Then there exists exactly one distribution for Q satisfying the stochastic difference
equation

02 A+ 0B, 3.9)
where ‘=’ denotes equality in distribution.

(ii) Furthermore, if the distribution of A belongs to the class ERV(—a, —fB) for some
0 <a <pB <ooand E(B*~ v BPte) < 1 for some ¢ € (0, o), then

00 i—1
P(Q>x)~ZP<AiHBj >x), (3.10)
j=1

i=1

where {(Ag, Br), k € N} is a sequence of i.i.d. copies of (A, B) and, by convention, the
multiplication over an empty set of indices produces a value 1.

Proof. (i) The existence and uniqueness of the weak solution of (3.9) are justified by Vervaat
(1979, Theorem 1.6(b), (c) and Theorem 1.5(i)).
(ii) Let {Qk, k € N} be a sequence of random variables defined recursively by

Ok = Ak + Ox_1Br,  keN, @3.11)

where Qg is an arbitrary starting random variable independent of {(Ax, Bx), k € N}. Then
by Vervaat (1979, Theorem 1.5(i)), the sequence {Q, k € N} weakly converges with a limit
distribution which does not depend on Qg and coincides with the distribution of Q in (3.9).
See also Goldie (1991) for these statements. To prove relation (3.10), we apply the method
developed by Grey (1994) to establish the following two relations:

P(Q >x) < ZP(A,- ]_[ B; > x), P(Q > x) > ZP(Ai ]_[B,- > x>. (3.12)
i=l Jj=1 i=1 j=1

Let us prove the first relation in (3.12). Introduce a nonnegative random variable Q6
independent of (A, B) and satisfying P(Q6 > x) ~ cP(A > x) for some constant ¢ >
(1 — E(B*~¢ v BP*¢))~1. By Lemmas 3.2 and 3.6,

P(A + QB > x) < (14 cE(B“ v BPT))P(A > x).
Since 1 4+ ¢ E(B*~¢ v Bf*%) < ¢, there exists some x¢ > 0 such that, for all x > xg,
P(A+ Q4B > x) <P(Q; > x).

Construct a starting random variable Qg which is independent of (A, B) and follows the
distribution of Q|, conditional on Q(, > xo, which belongs to the class ERV (—a, —f).

Substituting Qy into (3.11) and applying Lemma 3.6, the distribution of Q1 belongs to the
class ERV(—a, —8) and

P(Q1 > x) =P(A1 + QoB1 > x) ~ P(A; > x) + P(QoB1 > x).
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We claim that Q is stochastically not greater than Qg, written as Q1 <g Q. Actually, for
X > X0,

P(01 >x)=P(A+QbB > x| Q6>x0)
- P(A + Q6B > X)
~  P(Qp > x0)
_ P>
~ P(Qg > x0)
=P(Qo > x),
while, for x < xg, P(Q1 > x) <1 =P(Qp > x).

Using (3.11) with k = 2 and Q| <y Qoq, we easily infer that Q> <y Q1. Furthermore, by
using Lemma 3.6 twice, the distribution of Q> belongs to the class ERV(—«, —f) and

P(Q2 > x) ~P(A2 > x) + P(Q1B2 > x)
=P(A2 > x) + P(A1B2 + QoB1B2 > x)
~P(Ay > x)+P(A1By > x) + P(QoB1 B> > x).
Repeating this procedure, we can prove that the sequence {Qy, k € N}, starting with Qo,

is stochastically nonincreasing and that, for each k € N, the distribution of Q; belongs to the
class ERV(—a, —f) with a tail satisfying

P(Qk>x)~2 ( ]_[ B; >x>+P<Q0HB >x>

i=1 Jj=i+1
k

=>'P ( HB >x)+P<Q0HB >x>

i=1
It follows that
k i—1
P(Q>x),§ZP< l_[B >x>+P<Qol_[B >x>
i=1 =
The last tail probability is negligible as k becomes large because, by Lemma 3.2,

k

P(QO ]_[ B; > x) < c(B(B* ¢ v BF)kp(A > x)

J=1

and E(B*~¢ v BP+¢) < 1. This proves the first relation in (3.12).

We turn to the second relation in (3.12). The fact that P(Q > 0) > 0is explained in the proof
of Theorem 1 of Grey (1994). Construct another starting random variable Q¢ independent of
(A, B) with tail

P(Qo > x) =P(Q > 0) P(A > x)1(x>0) + P(Q > x)1(x<p).

Clearly, the distribution of Q¢ belongs to the class ERV(—a, —f) and Q¢ <y Q. Itis easy to
see that the sequence {Qy, k € N}, starting with this Qy, is stochastically bounded from above
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by Q. Similarly as before, applying Lemma 3.6 and relation (3.11) recursively, we obtain, for

eachk € N,
P(Q > x) > P(Qk > x)

k i—1 k
~ ZP(Ai ]_[B,- > x> —|—P<Q0 ]_[Bj > x)
i=1

Jj=1 j=1
o] i—1 ) i—1
> ZP(A,- ]_[B,- > x) — Z P(Ai ]_[Bj > x>.
i=l1 j=1 i=k+1 j=l1

By Lemma 3.2, the last sum above is negligible as k becomes large. This proves the second
relation in (3.12).

Finally, we list several useful martingale inequalities. The proof of the following lemma is
an exercise of Doob’s inequality; see also the proof of Lemma 3.2 of Paulsen (2002).

Lemma 3.8. Let L be a Lévy process with Laplace exponent @1, (-). If 1, (u) < oo for some
u > 0 then E(supg<, <7 e "Lty < oo for every fixed T € (0, 00).

For a stochastic process M, denote by [M, M] and (M, M) its quadratic variation and
predictable quadratic variation, respectively. The following lemma recalls some well-known
martingale inequalities of which the first one is the Burkholder—Gundy inequality. Their proofs
are given, for example, in Liptser and Shiryayev (1989).

Lemma 3.9. For a local martingale M, write M} = supg,<7 |M;| for 0 < T < oo.

(1) Forevery q € (1, 00), there exist positive constants ¢, and c; such that, uniformly for
all local martingales M with My = 0 and all 0 < T < 09,
2 2
¢, EIM, M1%? < E(M$)? < ¢ EIM, M1Y/>.
Moreover, if M, is continuous then the inequalities above hold for all 0 < g < oo.

(i1) If M is a local square-integrable martingale with My = 0, then it holds for every
q € (0,2) that

4—gq 2
E(M3)! < mE(M, M2,

4. Proofs of the main results

For the process P, the Lévy—Khintchine representation (2.1) for its characteristic exponent
becomes

. 155
\Ilp(u)—lpu+2apu +

[x]<1

(1 — e™ + iux)vp(dx) +/ (1 — ™ )vp(dx).

[x[>1

Consequently, its Lévy-Itd decomposition is given by
Py =pt+opWi+ M+ C, 4.1)

where W is a standard Wiener process, M is a square-integrable martingale with almost surely
countably many jumps of magnitude less than 1, and C is a compound Poisson process of
the form (3.6) in which the Poisson intensity is A* = vp(R \ (=1, 1)) and F is given by
vp()1Ir\(-1,1) /A*. In particular, W, M, and C are three independent Lévy processes. See,
e.g. Kyprianou (2006) for more details.
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4.1. Proof of Theorem 2.1(i)

Recall relation (1.3) with 7 < oco. The basic idea of our proof is that, when considering the
tail behavior of Z7., the Wiener process and small jumps of the process P are negligible.
Clearly, by (4.1), it holds that

3 4
inf Ij,+ sup Iy; <Z; < sup Ij;, 4.2)
— 0<t<T H ()<1£T ! T Z:O<IET M
j=1 == j=17="=
where .
Il,t = p/ efR'V dS,
0
t ~
ho=ap [ e Faw,
0
t ~
13,1 =f e_RJ dMS’
0
and

t ~
Iy, = / e R dc.
0

By Lemma 3.5, the distribution of supy, -7 11, belongs to the class ERV(—a, —8) and

T ~
P( sup Lo, > x) ~ ,\*/ P(X*e R > x)dr, (4.3)
0<t<T 0

where X*, independent of R, follows the distribution F as defined above. Note that the right-
hand side of (4.3) with x > 0 is identical to the right-hand side of (2.3). If

E( sup |1j,,|ﬁ+8) <00,  j=123, (4.4)

0<t<T

then, by Lemma 3.1(ii) and Lemma 3.3, all terms except sup<, <y /4., appearing in the upper
and lower bounds for Z7. in (4.2) are negligible and it follows from (4.3) that

T ;
P(Z7 > x) ~ P( sup Is; > x) ~ Af P(Xe R > x)dr,
0

0<t<T
yielding relation (2.3). Therefore, it suffices to prove (4.4).
By Lemma 3.8 we have

E( sup e_(ﬁ“m’) < 00. 4.5)
0<t<T

Then relation (4.4) with j =_1 follows trivially from (4.5). Since /> ; is a continuous martingale
and [I2;, [>/] = a?, fot e 2R ds, we use Lemma 3.9(i) and relation (4.5) again to obtain, for
some constant ¢; > 0,

T s \NB+e)/2
E( sup |12,t|/f‘+8) §c1E<f e 2R d:)
0

0<t<T

< 01T(’3+8)/2E( sup e—(ﬁ+s>1é,>
0<t<T

< Q.
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Similarly, by Lemma 3.9 and relation (4.5), it holds for some constant ¢c; > 0 that

B+e)/2 )
E( sup |13,z|ﬁ+8> < Cz(/ X2VP(dX)) E( sup e_(ﬁ+8)Rt> < oo
[x]=1

0<t=<T 0<t<T

4.2. Proof of Theorem 2.1(ii)

Recall (1.3) with T = oo, that is, ¥ (x, 00) = P(Z}, > x). The basic idea of our proof is
to construct two discrete-time processes, fulfilling a certain recursive structure, whose limits
serve as the stochastic upper and lower bounds, respectively, for the ultimate supremum of the
discounted net loss process. This idea is from Grey (1994).

To derive an asymptotic upper bound for Z¥_, we observe that

]

~ t ~ ~ ~
ZL = Zi+e7 sup / e TR dp, = ZF + Z5e7h, 4.6)
1

1<t<oo

where on the right-hand side Z}, is independent of (Z7, R}). Consider the stochastic difference
equation i
0* 2 Z}F 4 Q%e R, 4.7

where on the right-hand side Q* is independent of (Z7, R)). By Theorem 2.1(i), the distribution
of Z} belongs to the class ERV(—a, — ) and

1 -
P(Z} > x) ~ )\/ P(Xe R > x)dr. (4.8)
0

By comparing (4.6) with (4.7) and applying Lemma 3.7, we have

00 i—1

P(Z%, >x)§P(Q*>x)~ZP<A,-l_[Bj >x>, 4.9)

i=1 j=1

where {(A, Bi), k € N}isasequence of i.i.d. copies of the random pair (Z7, e~k ). It follows
from (4.8) and (4.9) that, for arbitrarily fixed § > 0 and some large xo,

00 i—1 i—1
P(z;o>x)§ZP<AinBj>x,]_[ngxi) Z (1‘[3 >x_>
j=1 j=1 0 0

i=1 i=1 j=1

i1
< (1~|—5)AZ/ ( ~(Ri— R"“)HBj >x> dr
j=1
N - =
() ()
i=l  Nj=

j=1

(x/xo)_(ﬁ+5)

o ~
= (1+3),\f P(Xe R > xydr + 22 |
0 1 —Ee-(B+oR:

Since the last term above is negligible and § can be arbitrarily small, we obtain

¥ (x, 00) < )L/OOP(Xe_k’ > x)dr.
0
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To derive an asymptotic lower bound, by Theorem 2.1(i) we have, for every T > 0,

P(Z%, > x) > P(Zf > x) ~ A(/OO - /00) P(Xe_lé’ > x)dt. (4.10)
0 T

By Lemma 3.2, it holds for every b > 1 and all large x that

“R . .
/ QRIS PR / TRy ek gy
r  P(X>x) T

o0
< b/ (e%;(ot—S)t +e</’,§(ﬂ+8)t) dr
T

< ePpl@—e)T N e?r(B+aT )
C \—gpla—g)  —pp(B+e)

since pz(a —¢) < 0 and gz (B + &) < 0. This means that, as T becomes large, the second
term on the right-hand side of (4.10) is negligible when compared with P(X > x) and, hence,
with [7° P(Xe R > x)dr. It follows that

¥ (x, 00) > A/OOP(Xe_E’ > x)dr.
0

4.3. Proof of Corollary 2.1

We start with (2.3), which holds for T € (0, co]. By Lemma 3.2, it holds for every b > 1
and all large x that

P(Xe_lé’ > Xx)

< bE(e—(a—e)ﬁr v e—(a+e)1§,) < b(e¥R@ O 4 oFiBron)
P(X > x)

the right-hand side of which is integrable with respect to d¢ over [0, co). Therefore, by the
dominated convergence theorem,
v (x, T) T pXxe R > x) | — evi@T
— = lim —— _—
0 X—> 00

T .
im = dz:A/ Ee %R dr =)
x—o00 P(X > x) P(X > x) 0

—pp(@)

where the second step is due to the well-known Breiman’s theorem (see Breiman (1965)).
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