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Abstract

Let M be a smooth bounded domain in R" with smooth boundary, n > 2, and Au = —)_;_, 3%u/dx?.
We prove an inequality involving the first X + 1 eigenvalues of the eigenvalue problem:

t
Za,,,_lA”'u =AAu  inM,

m=2
8 s
(——-)u:O ondM, s=0,1,...,t -1,
v
where a,,_; > 0 are constants and a;,_; = 1. We also obtain a uniform estimate of the upper bound of the

ratios of consecutive eigenvalues.

1991 Mathematics subject classification (Amer. Math. Soc.): 35P15.

1. Introduction

Let M be a smooth bounded domain in the Euclidean n-space R” with smooth boundary
dM,n > 2 and A be the Laplace operator defined by

Au:—zazu/axf, u e CH(M).
i=1

For fixed integers ¢ > 0 and r > 0, where r < ¢, and let L be the elliptic operator of
order 2t defined by

!
Lu= ) an,A'u, ueC*(M),

m=r+1
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where a,_,’s are constants with a,,_, >0, r+1<m <t,anda,_, = 1. Letus
consider the following Dirichlet eigenvalue problem:

Lu=AANu inM,
1 a\
M (—)u:O ondM, s=0,1,...,t—1,
av

where d/3dv denotes the unit outward normal to M. We can order the eigenvalues of
the eigenvalue problem (1) as

O<t =A< =Zh=<--too

This eigenvalue problem is of extreme importance in the study of various branches
of mathematics and mathematical physics. One basic problem is to find some good
estimates of the upper bound of the difference A, — A;. Inthecase L = A,r =0
and n = 2, this problem was considered by Payne, Polya and Weinberger in [6]. They
verified that

) Ak+1—kk<—ZA,, k=1,2,....

The inequalities (2) remain true if L = A, r =0andn > 2[2]. f L = A", r =1,
t > 1, we shall show that the following inequalities hold:

3) Mat — A S —————(n+2 — 2)Zx,, k=1,2,....

N 4¢
R
More generally, we propose the following conjectures:

CONIJECTURE A. The eigenvalues A, of the eigenvalue problems (1) satisfy the
inequalities

mf(t—r)
@ hr =k < = Z(2m + 7)(n + 2/m)ay, (ZA ) el=r=m/=).

fork=1,2,... , wheren =n,r =randm =m — 1ifrisevenandn = n+ 2,
r=r+landm=mifrisodd.

CONJECTURE B. If Ay > 1, then

(5) )‘;:1 14+ = = Z(Zm + ) (n + 2m)a,,.

https://doi.org/10.1017/5144678870003771X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870003771X

[3] The difference of consecutive eigenvalues 307

It is easy to see that Conjecture A implies Conjecture B. Notice that the upper
bound estimate in (5) is independent of the domain M and k. The main results of this
paper are the following:

THEOREM A. Conjecture A holds for r = 1, that is,

4 -1 k m/(t-1)
6) hipg —hp < ————— m+ D(n + 2m)a,, )»f) ke-Immi/e-D
6) Apyi — Mk T2k m§=l( ) ) <,§=1

fork=1,2,....
THEOREM B. Conjecture B holds for r = 1, that is, if A, > 1, then

bt
A T (n+2)?

-1
Z(m + D(n + 2m)a,.
m=1

If L = A, we obtain the inequalities (3) from (6), hence the assumption A, > 1 is
not necessary in Theorem B for this case. Conjecture A was also proved for L = A?
and r = 0 in [3, Theorem 1] and for the general linear elliptic operator L and r = 0
in ([1], [4]). The upper bound estimates of the ratio A, /A, for L = A? and r = 1 were
also considered in ([3], [6]).

2. Preliminaries

Let {u;}*_, be a set of orthonormal eigenfunctions corresponding to the eigenvalues
{x;}%_, of the eigenvalue problem (1) with r = 1. Thus, we have

/ u;(x)Au;(x)dx = §; and / w;Lu; = A;.
M M
For C! functions 4 and v on M, define
{u, v) = Vu - Vo,
and set ||u|l> = (u, u). Let L denote the elliptic operator on C2¢~V (M) defined by

t—1
Lu= E anA"u.
m=1

Clearly, we have L = AL. By integration by parts, we can easily obtain the following
lemma.
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LEMMA 2.1.
@) ] A”uiAbuj =/ A”u,»A"uj, for a+b=c+d<t.
M M
) If a+b+1<t—1, then f A, APy = / VA%u; - VA u;.
M

M

(111) /(A"’"lu,-)(xjAaju,») Zf uiA’"_l(xjAajui), 1 <m<t-— 1.
M M

LEMMA 2.2. For1 <m <t — 1, we have
/ (uiy, Au;) < )w"n/(,_l)-
M

PROOF. Since [, (u;, A7'w;) < [, (u;, Lu;) = A;, it suffices to verify the follow-

ing:
m/(m+1)
@ /(uia A"u;) < (/ (ui, Am+1ui)) , I<=m=<t-1
M M
We shall prove this by induction. If m = 1, by the Cauchy-Schwarz inequality and (i)
we have

12 12 12
f(u,-,Au,->s(f nu.-||2) (f ||Au,~||2) =(/ <u,»,A2u.~>) .
M M M M

Hence (7) holds for m = 1. Assume that (7) is true form =2k —1 <t — 1. By
Lemma 2.1 and the inductive hypothesis we have

/(u"AZk“"> =/ u; Ay, =/ Au; Ay,
M " .
12 N\ 12
< (/ |A"u,~|2) (f | Ak, | )
M M
172 12
= (/ (u,~, AZk—lui)> (/ (u’,’ Azk“m))
M M
@k—1)/4k 2
= (/ (ui, Az"“.')) (f (u;, AZkHu,»)) ‘
M M

From this we easily conclude that

2%/(2+1)
/ {u;, AZkui) =< (/ (u;, AZHI”:‘)) .
M M
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Similarly, if (7) holds for m = 2k < ¢t — 1, we obtain

f (u;, A** ) = / VA - VAT y;
M

M

. 1/2 N\ 12
(mont) ([
M M
12 1/2
= (/ (u;, AZkui)) (/ (ui, A2k+2ui))
M M
k/Qk+1) 1/2
5 (f (uh A2k+lu,')) (f (ui, A2k+2ui)) .
M M

This proves (7) for m = 2k + 1, and hence Lemma 2.3.

A different proof of Lemma 2.2 can be given by using the Remark in [5].

LEMMA 2.3.
22/ (.Xju,', A'"_lajui) = —(n +2m)f (u,‘, A'"_lu,-), 1 <m<t— 1.
i=| VM M

PROOF. Since Ad; = 9;A,

Z/ (xjui,A'"_lajui)
j=17M
= Z/ V(xju,-) -VA"‘_Iajui = Z/ A(xju,»)A'”'laju,-
j=1 M j=1 M
= —Zf A’"‘lu;Aaj(xju;)+Zf aj(A"'_lu,-A(xjui))
j=1 9™ j=1vM
= —Zf A’"_lui{Au.-+A(xj3jui)}
j=t M
= —n/ u,-A'"u,- — Zf A'"_lui{xjAajui —23,-3ju,-} (by (7))
M j=l1 M

= —(n+2)f u; A"u; —Z/ uiA’”"(xjAaju;) (by Lemma 2.1 (iii))
M j=1 vM

—(n + 2)/ uiA'"u,- - Zf u,-{xjA"'aju,- - 2(m - I)BjA'"—laju,-}
M i=1 YM

—(n +2)f u;Nu; — Z/ xXju; A"9;u; —2(m — 1)/ u; A" u;
M j=1 M M
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= —(n+2m)/(u,,A’" ! Z/ (xju;, A" '3u;),

which implies the desired result.

3. The Difference of Consecutive Eigenvalues

Forany j =1,2,...,nandi =1, 2,..., k, define the trial functions «;; by

ij —xjul Zbusun
where the constants {b;;} are given by
bijs =f Xj (Ui, us) = bsji-
M
It follows that

k
ajiAu;, = /(a'f,us)=/ <x-u,-— bijuu ,us>
/;{1 M j M J ; jh*h

(®)
= ij(ui,us) —by; =0,
M

that is, j; is orthogonal tou,, s = 1,2, ..., k.

LEMMA 3.1.

n k
ZZ/ (ajivzaji>
j=t i=1 vM
nk s k1=l
522)‘if o |” — 2 Z (m+1)a,,,/ (0t A" 0u).
j=1 i=1 M i=1 i=1 m=1 M

j=t i=1

n

PROOF. Since

/ (us0;u; + u;0;u,) =/ dj(uiu,) =0
M M

and b;;; = b,;;, it follows that

k
) Zbe,,s/uajui_%gzz ,,,s/(uau +uidu) =0

j=1 is=1
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Notice that by integration by parts we get

Xju0ju; = — fuia-(x-u,-)
JZI:-/};I J J ; M I\
2
- u; — X;u;0u;.
Thus

(10) 22[ xjuiaju,» = —Zf uiz < 0.
j=1 M j=1 M

It follows from (9) and (10) that

n k

n k k
(11) ZZZ}\.,/ a,-jaju,- = 222}\., f (xju,- - Zb,jsus)aju,» < 0.
j=1 i=1 M j=1 i=1 M s=1

A similar computation as above gives

iz’c:)‘i/}waﬁAaﬁ_ii / J,(xjAu, 20u; — Zb,jsAus>
j=1 i=1 i s=1

:2":2": /a,,x,Au,—2ZZ)»/a,,3u“

where the terms involving {b;;,;} vanish because of (8). Hence by (11) we have

n ok n ok
ZZ;A.,-\/;{(XUXJ'AM,' < Z;;ki‘/;laﬁAaﬁ
(12) =t = =
= >3 [ et
j=1 i=1 M
Moreover

t—1
(13) Zam/ a,-,-A"’“u: Z/ aj;Lus =A.:/ a,-,-Aus =0,
e M M M

by (8). Thus, the combination of (12) and (13) yields

k
u; —2(m 4+ 1) A"3u; — Zbisz_\.’"“usl

s=1

Il
-
L
Q
3
=
x.s.z
ﬂ—‘~§
Ra
>
*
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=i k /a,,iju,—ZZZtXI:(m+l)am/a,,A u,
i=1 JM

=1 j=1 i=1 m=

~.

n

Jj=1 i j=1 i=1 m=1

This completes the proof.

LEMMA 3.2. Let

L,=—2ZZZ(m+1)amf(a],,Am 19u;).

Then
t—1 k (m=1)/(t-1)

(14) L, < Z(m + 1)(n + 2m)a,, (Z x,-) ke-m/e=n,
m=1

PROOF. From Lemma 2.2 we have
(15) / (i, A" 'ugy < ATV,
M

By integration by parts we can see that

/ (ug, A" ' 3;u;) +/ (i, A" '9u,) = 0.
M

M

Hence

B

"M*

Il
-

b,,S/(uS,A’" 1E)u) 0, l<m<t-—1.
M

1is

i

It follows from (15), Lemma 2.3 and the Holder’s inequality that

ll
M»

t—~1
L, Z(m + D@+ 2m)a,,,/ (i, A" ;)
=1 m=1
—1
<> (m+D)(n+2ma, Z DI

=1 i=1

(m=1/G=1)
(m + 1)(n + 2m)a,, (Z A,) F=—m/a=1)

i=1

3 T

-

—1

1

3
I

The proof of Lemma 3.2 is complete.
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LEMMA 3.3. Let the functions T and ¢ be defined on (A;, 00) by

k )‘1/(1—1)
T() = ZZ(“—“ fM leyill®,  and (@) =§_;a'_x,f

i=1 j=

Then
(16) T () > k*(n + 2)*/4¢(e).

PROOF. For any constant 8 > 0, we have

é(a_)‘_) %a-~+ i(a__)‘.)-l %3.,4.
o 2 i Ji 2ﬂ i ¢hadi

Hence by Lemma 2.3 with m = 1 we obtain

k(n +2) =——2ZZ/ (xju;, dju;)

j=1 i=

2

/ aj;, 0ju;) (since b;;; = by;;)

j= 1 i=
n k k n

<pY > @ [ el 457 Y@ =20 Y [ gl
j=1 i=l M i=1 j=1vM

However, by Lemma 2.2 we have

Z/ "a"“f"2=f<ui,Au,~) < A6,
j=1 M M

Hence
a7 k(n+2) < BT (@) + B p(a).

The right hand side of (17) has minimum at

B =T *{p@)}"”.

Substituting this value of 8 into (17) and solving for T (o) we obtain the desired
inequality (16).

LEMMA 3.4. Let S = Zf.;l > i1 Ju letill>. Then for any o > A,

A1 —a)S <L, — T(a).
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PROOF. Since fM ajiAu; =0,5s =1,2,...,k by (8) and (3/9v)’aj; = O on oM
fors =0,1,...,¢t — 1, hence by the well-known Rayleigh Theorem we have

Aes1 f @i A < f o Laji,
M M
Aess f o |2 < / (i, Ta).

Therefore, from Lemma 3.1

k n
Ak+1S<aZZ [ e+ 50— [ L,

i=1 j= i=1 j=1

that is,

=aS —T(x) + L,.

This establishes the lemma.

PROOF OF THEOREM A. Set

1—1 k (m—1/a-1)
A=) "(m+ D@ +2m)a, (}: A,-) femme=h,
m=1 i=1

and 22 o2
Alx) = —ﬁ—), A < @ < 00.
4¢(a)

Then it follows from Lemmas 3.2, 3.3 and 3.4 that
(18) A1 —@)S < A().

The function ¢ is a decreasing function which tends to zero as « — 00, and tends to
oo as @ —> A;. By the Intermediate Value Theorem, there is a unique o in (A, 00)
such that

(19) @(0) = K*(n +2)*/4A.
Hence A(o) = 0. From (18) we obtain
(20) Ak+1 <o0.

Combination of (19), (20) and Holder’s inequality yields

K (n 42 K 1)
_— = = ! )»
ryu i Dy " Z

)vk+1

1 1/G-1)
< A f-2/a=1)
Akl — Ax (Z )

This implies the inequality (6).
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We shall conclude this paper with the following brief remark without proof. Under
stronger assumption, we can obtain some upper bound estimates for the difference

Ag+1 — A, r > 2. For instance, by using Theorem A we can show that for any fixed
integer r > 2 and & > 1, we have

4(h + 1) me=n @—r—-m)/(t—r)
Mot —h S Cor ) Z( + D) +2m)am(ZA) k :
fork =h+ 1, h+ 2, L if A-l,l > 1, A-k.l > ()\'k_h'l)(l—l)/(t—r) and n = 1 where A.,“l
denotes the ith eigenvalue of (1) with r = 1 and 7, is the first eigenvalue of the
eigenvalue problem

u=(@/0vV)u=0 on oM.
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