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( r e c e i v e d July 19, 1962) 

The m o d e l of the r e a l n u m b e r s d e s c r i b e d below was 
sugges t ed by the fact that each i r r a t i o n a l n u m b e r p d e t e r m i n e s 

2 
a l i n e a r o r d e r i n g of J , the addi t ive g roup of o r d e r e d p a i r s 
of i n t e g e r s . To obtain the o r d e r i n g , we define ( m , n ) < (m ! , n' ) 
to m e a n that (m ! -m)p < n1 - n . Th i s o r d e r is i nva r i an t with 

•group t r a n s l a t i o n s , and hence is ca l l ed a " g r o u p l i n e a r o r d e r i n g " . 
It is comp le t e ly d e t e r m i n e d by the se t of i t s " p o s i t i v e " e l e m e n t s , 
in th i s c a s e , by the set of i n t ege r p a i r s ( m , n ) such that 
(0 ,0 ) < ( m , n ) , o r , equ iva len t ly , mp < n . The law of 
t r i c h o t o m y for l i nea r o r d e r i n g s d i c t a t e s that only the z e r o of 
an o r d e r e d g roup can be both pos i t ive and nega t i ve . Hence , 
if p i s r a t i o n a l , the above c o n s t r u c t i o n g ives , not a g roup 
l i n e a r o r d e r i n g , but only a g roup q u a s i - o r d e r i n g , in which a l l 
of the i n t ege r p a i r s ( m , n ) with mp = n a r e both pos i t ive and 
n e g a t i v e . Modifying the above defini t ion of o r d e r to 

(a) (0, 0) < (m, n) < = > mp < n or 
mp = n with m > 0 

p r o d u c e s the s a m e o r d e r i n g as before when p is i r r a t i o n a l 
and a l so p r o d u c e s a g roup l i n e a r o r d e r i n g when p is r a t i o n a l . 

The foregoing c o n s i d e r a t i o n s sugges t tha t it is pos s ib l e 
to define pos tu l a t iona l ly , with no r e f e r e n c e to any r e a l n u m b e r s , 

2 
a se t , 2 , of l i n e a r o r d e r i n g s of J , and to define on 2 an 
o r d e r , an addi t ion , and a mu l t i p l i c a t i on so tha t 2 b e c o m e s a 
c o m p l e t e o r d e r e d field and hence a m o d e l of the r e a l n u m b e r s . 
T h i s i s p r e c i s e l y how the m o d e l of the r e a l n u m b e r s with which 
t h i s pape r d e a l s is to be c o n s t r u c t e d . 
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H e r e a f t e r let s m a l l g r e e k l e t t e r s a, (3, y, . . . denote 
2 

the e l e m e n t s of J , r e s e r v i n g 9 for (0 ,0 ) . Le t s m a l l l a t in 
l e t t e r s m , n, k, 1, a, b , . . . denote i n t e g e r s , and le t us 
a g r e e that m with or wi thout s u b s c r i p t s and p r i m e s i s a l w a y s 
a pos i t ive i n t e g e r and, in p a r t i c u l a r , n e v e r r e p r e s e n t s 0 . 
We shal l ind ica te b i n a r y r e l a t i o n s over J by c a p i t a l l a t in 
l e t t e r s R, S, T, . . . . 

The a such tha t 9 R a a r e ca l l ed R - p o s i t i v e , and the 
set of t h e m is denoted by K* . Note tha t t h i s m e a n s tha t if R 

R 
i s r e f l ex ive , 9 £ K . But the t e r m , l p o s i t i v e a app l i ed to an 

R 
i n t e g e r sha l l have i t s , u s u a l m e a n i n g . It i s we l l known tha t 
when R i s a p a r t i a l o r d e r i n g of a g roup , it i s c o m p l e t e l y 
d e t e r m i n e d by K y R 

The i n t e g e r p a i r s (k, n) which a r e pos i t i ve a c c o r d i n g 
2 

to the l e x i c o g r a p h i c o r d e r i n g of J f o r m an add i t ive s e m i ­

g r o u p which we sha l l r e f e r to a s K . Thus 

K+ = { ( m , n ) } ^ { ( 0 , m ) } <u {9 } . 

Let us define a c l a s s £ = { R, S, T, . . . } of b i n a r y 
2 

r e l a t i o n s over J . Seven p o s t u l a t e s wi l l be r e q u i r e d . The 
f i r s t four s imply say tha t the e l e m e n t s of £ sha l l be g r o u p 

2 
l i n e a r o r d e r i n g s of J , but t h i s c l a s s i s far too wide to s e r v e 
a s a m o d e l of the r e a l n u m b e r s , and p o s t u l a t e s 5, 6, and 7 
r e s t r i c t £ , in ways to be exp la ined be low, so tha t it m a y 
b e c o m e a c o m o l e t e o r d e r e d field. 

DEFINITION 1 

2 
R € 2 if and only if R is a b i n a r y r e l a t i o n ove r J 

wi th the p r o p e r t i e s : 

1. 9 R 9 

2. 9 R a and 9 R p = > 9 R (<x+ p) 

3. a £ 9 ===> exac t ly one of 9 R a o r 9 R ( - a ) 
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4. a R p < = > 0 R(p - a) 

5. 9 R(0, 1) 

6. If ( m , n ) i s i n c o m p a r a b l y s m a l l , then 9 R ( m , n ) 

7. I n t e g e r s n and n1 ex i s t such that 

( l , n ) R 9 R ( l , n I ) . 

To exp la in pos tu l a t e 5, when two r e l a t i o n s R and Q 
have the p r o p e r t y a R (3 < = > (3 C a , we say that R is dual 
to Q . C l e a r l y when R i s dual to Q , then Q is dual to R , 
and the to ta l i ty of b i n a r y r e l a t i o n s on a given set m a y be 
c l a s s i f i ed into dual p a i r s . What pos tu la te 5 does is to include 
in 2 j u s t one r e l a t i o n f rom each dual pa i r . 

Exp lana t ion of pos tu la t e 6 r e q u i r e s a d i s c u s s i o n of non-
a r c h i m e d e a n o r d e r i n g s and i n c o m p a r a b l y s m a l l e l e m e n t s . A 
p a r t i a l o r d e r i n g R i s ca l l ed a r c h i m e d e a n if wheneve r a R b 
and a i s n o n - z e r o t h e r e is an i n t ege r n such tha t b R na . 
Thus under a n o n - a r c h i m e d e a n o r d e r i n g R t h e r e a r e n o n - z e r o 
e l e m e n t s a, b such tha t na R b for n = 0 , _ 1 , - 2 , . . . . An 
e l e m e n t a with th i s p r o p e r t y is ca l led " i n c o m p a r a b l y s m a l l 
wi th r e s p e c t to b u . Since 0. a R b , b i s n e c e s s a r i l y 
R - p o s i t i v e . We say that n a i s i n c o m p a r a b l y small 1 1 if t h e r e 
e x i s t s b , wi th r e s p e c t to which a i s i n c o m p a r a b l y s m a l l . 
Note that a is i n c o m p a r a b l y s m a l l if and only if e v e r y pos i t ive 
and nega t ive i n t e g r a l mu l t i p l e of a is i n c o m p a r a b l y s m a l l . The 
r e a d e r wi l l have no difficulty in e s t a b l i s h i n g that the o r d e r i n g s 
defined by (a) on page 239 a r e a r c h i m e d e a n if p i s i r r a t i o n a l 
and n o n - a r c h i m e d e a n if p i s r a t i o n a l . In the l a t t e r c a s e the 
e l e m e n t s ( m , n ) with mp =n =0 a r e i n c o m p a r a b l y s m a l l when 
c o m p a r e d with , for e x a m p l e , (0, 1). Th i s o b s e r v a t i o n is only a 
s p e c i a l c a s e of 

2 
T H E O R E M 1. If R is a r e l a t i o n on J sa t i s fy ing 

p o s t u l a t e s 1 to 5, and (m, n) i s i n c o m p a r a b l y s m a l l , then 
( a , b ) is i n c o m p a r a b l y s m a l l <==> m b = an . 

Let us f i r s t r e m a r k that t h e r e i s no l o s s in g e n e r a l i t y in 
tak ing the i n c o m p a r a b l y s m a l l e l e m e n t in the spec i a l f o r m 
( m , n ) , for ( m , n ) i s i n c o m p a r a b l y s m a l l if and only if 
( - m , -n) i s . 

2 4 1 
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We sha l l use the fol lowing l e m m a s in the proof of 

t h e o r e m 1. 

L e m m a 1. a R p <==> ma R mp . Tha t a R (3 = > 
ma R mp is obvious f r o m p o s t u l a t e s 4 and 2, us ing induc t ion 
on m . The oppos i t e i m p l i c a t i o n i s e a s i l y p roved by a s s u m i n g 
that a ft. p . 

L e m m a 2. Let a be not of the f o r m (0 ,n ) . Then a 
i s i n c o m p a r a b l y s m a l l <==> ka R (0, 1) for each k . 

We can take a in the f o r m ( m , n ) , s ince a ^ ( 0 , n ) . 

Let a = ( m , n ) be i n c o m p a r a b l y s m a l l and suppose tha t 

h ( m , n ) R (p, q) for each h . .'. 9 R (p, q) . 

Pu t t ing h = p , we obta in , us ing m > 0 , 

( m p , n p ) R (p, q) R (mp, mq) , 

.'. 9 R ( 0 , m q - np) . 

Hence , by pos tu l a t e 5, 0 < m q - np . Next we t ake 
h = p + k[mq - np+ 1] and obtain (mp + k[mq - np + l ] m , 
np -f k[mq - np+ l ]n) R (p, q) . B e c a u s e m > 0 , 
(p, q) R m ( p , q) R (mp , m q + 1) 

.'. (k[mq - np+ l ] m , k[mq - np+ l ]n - [mq - np+ 1]) R 9 , 

[ m q - np-f 1] (km, kn - 1 ) R 8 

( k m , k n - 1) R 9 

k ( m , n ) R (0, 1) . 

Since th i s is va l id for any i n t e g e r k , it fol lows tha t ~ka R (0, 1) 
for e a c h k . The oppos i te i m p l i c a t i o n is obv ious . 

To p r o v e the t h e o r e m , let us f i r s t suppose tha t m b = an . 
We know tha t k ( m , n ) R (0, 1) for e a c h k . Hence 
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ha ( m , n ) R (0, 1) R ( 0 , m ) for each h . 

.*. m h ( a , b ) R m ( 0 , 1) for e a c h h , 

h ( a , b ) R (0, 1) for e a c h h , 

p rov ing tha t ( a , b ) i s i n c o m p a r a b l y s m a l l . 

C o n v e r s e l y , suppose that t = m b - an i 0 . Let h be 
an i n t e g e r and c a l c u l a t e 

h [ m ( a , b ) - t (0 , 1)] = h a ( m . n ) R (0, 1) , 

s ince (m, n) is i n c o m p a r a b l y s m a l l . Hence h m ( a , b ) R (ht-f- 1)(0, 1) . 
Since t i 0 , we can choose h so that ht + 1 < 0 . Then 
- ( h t + 1) > 0 , and (0, 1) R [-(ht+ 1)(0, 1)] R [ -hm(a , b)] , p rov ing 
tha t ( a , b ) is not i n c o m p a r a b l y s m a l l . The proof of t h e o r e m 1 
i s c o m p l e t e . 

T h e o r e m 1 e s t a b l i s h e s tha t if we d i sp lay the e l e m e n t s of 
J a s the poin ts in the c a r t e s i a n plane which have i n t ege r c o ­
o r d i n a t e s , t hen , given R , a l l i n c o m p a r a b l y s m a l l e l e m e n t s , 
if t h e r e be any , lie on a s t r a i g h t l ine th rough the o r ig in . The 
po in t s on th i s l ine which lie on the s a m e side of the o r i g in a r e , 
by pos tu l a t e 2, a l l R - p o s i t i v e t oge the r or a l l R - n e g a t i v e t o g e t h e r . 
The effect of pos tu la t e 6 is to choose the i n c o m p a r a b l y s m a l l 
e l e m e n t s in the r ight half p lane to be R - p o s i t i v e . 

All poin ts above the line th rough the i n c o m p a r a b l y s m a l l 
e l e m e n t s c o r r e s p o n d to R - p o s i t i v e e l e m e n t s , while those below 
c o r r e s p o n d to R - n e g a t i v e o n e s . M o r e p r e c i s e l y : 

2 
T H E O R E M 2. If R is a r e l a t i o n on J sa t i s fy ing 

p o s t u l a t e s 1 to 5, and if ( m , n ) is i n c o m p a r a b l y s m a l l while 
(p, q) i s not , then 9 R (p, q) < = > m q - pn > 0 . 

F i r s t suppose tha t m q - pn > 0 . Then 

8 R ( 0 , m q - p n - 1) . 

Since - p ( m , n ) R (0, 1) , 

( 0 , - 1 ) R ( m p , m q - 1) 
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6 R m ( p , q ) 

6 R (p ,q ) 

a s we wish to show. The oppos i t e i m p l i c a t i o n i s p r o v e d by 
showing tha t m q - pn < 0 i m p l i e s 9 R [-(p, q)] . 

Be fo re d i s c u s s i n g pos tu l a t e 7, let us i n v e s t i g a t e the se t 
2 of o r d e r i n g s defined by p o s t u l a t e s 1 to 6. After i n t r o d u c i n g 
some useful no ta t ion , we sha l l show tha t S i s a l i n e a r l y o r d e r e d 
c o m p l e t e l a t t i c e . 

It i s we l l known tha t R is c o m p l e t e l y d e t e r m i n e d by the 
set K+ = {a\Q R a} . B e c a u s e 8 R ( a , b ) if and only if 

R 
( -a , -b) R 0 , we can even say that R i s c o m p l e t e l y d e t e r m i n e d 

by the set R =K ^ K . for R d e t e r m i n e s K . ( F o r the y R R 
def ini t ion of K , see p. 240. ) It should be a p p r e c i a t e d tha t , if 

R y i e l d s i n c o m p a r a b l y s m a l l e l e m e n t s , R con t a in s j u s t the 

ones with the f i r s t c o m p o n e n t s g r e a t e r than z e r o ; tha t R i s 

n e v e r void , s ince it a lways con ta in s { (0, n) |n > 0} ; and tha t 

R is s imply the to ta l i ty of the ( m , n ) which a r e in the r e l a t i o n 
0 R ( m , n ) t o g e t h e r wi th { ( 0 , n ) | n > 0 } . 

DEFINITION 2 

R < S <=•> S" C R" • 

Given R and S € 2 3 e i t h e r R < S or S < R . To 

p r o v e t h i s , let us suppose tha t R c o n t a i n s an e l e m e n t ( m , n ) 

which is not in S . Then if (m1 , n1 ) £ S , we have 
( m , n ) S 9 S (mf , n ' ) . 

T h e r e f o r e 

(mm* , m 1 n) S 0 S (mm 1 , rrm' ) , 

0 S (0, rrm' - m ' n) , 

0 < mn 1 - m 1 n , 

0 R (0, m n ' - m 1 n) . 
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B u t 9 R (mm f , m ! n) . 

T h e r e f o r e 9 R m t m 1 , n ! ) 

0 R (m ! , n1 ) 

(m ! , n1 ) € R " 

s"c R" , 

and t h i s p r o v e s that given R, S e 2 , e i t h e r R C S or 
T» ' I -

S C R which is what we wish to p r o v e . 

Hence the r e l a t i o n s in 2 a r e l i nea r ly o r d e r e d . B e c a u s e 
they a r e l i n e a r l y o r d e r e d , any finite set of t h e m h a s a s a l e a s t 
upper bound a r e l a t i o n which i s in 2 . We wish to show that any 
subse t w h a t e v e r of 2 h a s a l e a s t upper bound in 2 . Let d 
be such a se t . C o n s i d e r ^ ^ ^ Q'1'; we show tha t t h e r e e x i s t s 

_ Q « O. 

a m e m b e r of 2 , say R , such that R = ' ^ Q . R i s 

defined a s fol lows; le t 

m , n) I (m, n) 4 r\ Q } 
Q e çi Q € a 

and define 

a R 6 < = > 6 - a € K . K K , R 

Taking the p o s t u l a t e s in t u rn : 

1. 9 € Q " for Q e Q . .'. 0 e o> Q " \ .'. 0 € K+ 

Q € n 

: . 0 R 0 . 

2. JLet 0 R a , 0 R p . 

Let R"" = { - ( m , n ) | ( m , n ) r^ Q } 
Qe n. 

Q * * = { - ( m , n ) | ( m , n M Q} . 

Observe that the following are equivalent: 

R 
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(i) y € r^ Q 

Q e A 

(ii) v £ Q ' for a l l Q € A 

(iii) T h e r e is a Q e J> - such tha t y e Q for a l l 
o 

Q > Q , Q e A . 
— o 

Also note tha t 

(iv) v e R " 

i s equ iva len t to 

(v) T h e r e is a Q e- A such tha t v € Q ' ' for a l l 
o 

Q > Q , Q É 
— o 

^ 

Hence it fol lows tha t 

i s equ iva len t to 

+ 
T h e r e is a Q * A such tha t v e rA for a l l Q > Q 

o Q — o 
Q e O. 

Let Q e A such tha t Q < Q € A i m p l i e s a e K_ 
1 1 — Q 

Let Q e A s u c h tha t Q < Q € A i m p l i e s 6 e K 
2 2 - ^ r Q 

Let Q = the g r e a t e r of Q , Û . Then Q < Q e A 
o 1 2 o — 

i m p l i e s a + p £ K . 

T h e r e f o r e a + 6 € K , a s we w i s h to p r o v e . K R r 

3, 4, 5. Tha t R s a t i s f i e s p o s t u l a t e s 3, 4, and 5 is 
obvious f rom the def ini t ion of R in t e r m s of KL . 

R 
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6. Suppose tha t (m, n) i s i n c o m p a r a b l y s m a l l a c c o r d i n g 
to R . Since 

0 < m = m (m f n+ 1) - m ! m n , 

t h e o r e m 2 i m p l i e s 

9 R (m1 m , m f n + 1) 

.'. (m1 m , m ! n+ 1) € H Q " 

Q e Ci 

( m f m , m , n + l ) € Q * for Q e n 

- m ' ( m , n ) Q (0, 1) for Q e Q. and e v e r y m r . 

Now let us c o n s i d e r the pos i t ive m u l t i p l e s of ( m , n ) . Let 
Q e 0. . E i t h e r 

(i) m ' ( m ; n ) Q (0, 1) for e v e r y m 1 

or (ii) (0, 1) Q m f ( m , n ) for some m ! . 

In c a s e (i) , ( m , n ) i s i n c o m p a r a b l y s m a l l a c c o r d i n g to Q . 
Since Q e S , it s a t i s f i e s pos tu l a t e 6. 

.*. 9 Q ( m , n ) . 

In c a s e ( i i ) , it fol lows f r o m pos tu l a t e 5 tha t 9 Q m f ( m , n ) . 
Hence by l e m m a 1 of the proof of t h e o r e m 1 , 

9 Q ( m , n ) . 

Thus for Q € n. , 9 Q ( m , n ) 

.'. ( m , n ) e Q" for Q € CL 

.'. 9 R (m, n) . 

T h i s i s pos tu l a t e 6. 
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Hence R = r\ Q i s the s t a r se t of a r e l a t i o n , wh ich 
Q e A 

we denote by R , sa t i s fy ing p o s t u l a t e s 1 to 6. Tha t i s , 
R € 2 . C l e a r l y R i s an upper bound to & . Suppose tha t S 

i s an uppe r bound to &- . Then Q < S and S C Q for a l l 

Q e T L , H e n c e , s " c r\ Q ' = R ' so tha t R < S . Hence 
Q € a 

R i s the l e a s t upper bound to -&> . 

We have p r o v e d 

2 
T H E O R E M 3. The r e l a t i o n s on J sa t i s fy ing p o s t u l a t e s 

1 to 6 of def ini t ion 1 f o r m a l i n e a r l y o r d e r e d c o m p l e t e l a t t i c e . 

T h e o r e m 3 t e l l s us tha t it wi l l be i m p o s s i b l e to define 
f ield o p e r a t i o n s o v e r 2 , for the r e a l n u m b e r s f o r m a c o n d i ­
t iona l ly c o m p l e t e , but not a c o m p l e t e , cha in ( l i n e a r l y o r d e r e d 
l a t t i c e ) . In t opo log ica l l a n g u a g e , the r e a l l ine i s loca l ly 
c o m p a c t , but not c o m p a c t . Our ob jec t ive i s to define a se t 2 
of r e l a t i o n s on J which c a n be m a d e into a c o m p l e t e o r d e r e d 
field by m e a n s of a p p r o p r i a t e l y def ined o p e r a t i o n s . In connec t i on 
wi th o r d e r e d g r o u p s , M comple t e i l m e a n s "cond i t i ona l ly c o m p l e t e " . 
We have f r a m e d a x i o m 7 in such a way a s to exc lude f r o m 2 
two e l e m e n t s of 2 which c o r r e s p o n d to + oo and - °o . 

Having c o n s t r u c t e d a condi t iona l ly c o m p l e t e cha in , we 
now t u r n our a t t en t ion to defining field o p e r a t i o n s o v e r it so 
tha t it b e c o m e s a c o m p l e t e o r d e r e d field. 

If X, Y a r e u n d e r s t o o d to be e l e m e n t s of an o r d e r d e n s e 
subfield of a c o m p l e t e o r d e r e d f ield, whi le A , B a r e f ield 
e l e m e n t s , then 

A + B = sup { X | X < A} + sup { Y | Y < B} = sup { X + Y | X < A, Y <_ B} 

A s i m i l a r m u l t i p l i c a t i v e f o r m u l a i s va l id when A , B , X and Y 
a r e a l l u n d e r s t o o d to be n o n - n e g a t i v e . It i s t h i s idea wh ich we 
sha l l use to define the field o p e r a t i o n s o v e r 2 . 

C e r t a i n e l e m e n t s of 2 wi l l f igure l a r g e l y in the 
def in i t ions : le t T € 2 be def ined by 

m , n 
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9 T (p, q) < = > 0 < m q - np or 0 = mq - np with p > 0 . 
m, n — 

(Cf. (a) and t h e o r e m s 1 and 2. ) 

Since T < T < = > T " C T ' 
m , n — m f , n ' m ! , n ' m , n 

<==> 0 T (m î , n ! ) <=^> 0 < mn ! - m f n , we have a useful 
m, n — 

rule for determining the order of two of t h e s e o r d e r i n g s : 

T < T , \ = > 0 < m n ' - m r n . 
m , n — m 1 , n1 — 

If Q, R e S with Q < R , then t h e r e is some ( m . n ) in 

Q but not in R . The e l ements ( m , m , m î n + 1) obta ined by-

varying m* are al l in Q but not al l in R , for , if they w e r e , 

(m,n ) would be incomparably smal l a c c o r d i n g to R , and hence 

in R . Therefore , for some value of m' T , is a 
m m, m • n+ I 

proper subset of Q and a proper s u p e r s e t of R \ That i s , 
between any two distinct e l ements of 2 l i e s a T . Thus 

rr. -. n 
the T are order dense in S , and anv e l e m e n t of — is 

m, n 
the supremum of an appropriately chosen set of T 

x J. i. / m , n 

By postulate 7, integers n and n ! ex i s t such that 
( l , n ) R 9 R ( l , n ! ) . Therefore (m, mn) R 0 R (m, m V ) for 
each m . That i s , corresponding to each m , t h e r e a r e 
in tegers a and b such that (m, a) R 9 R (m,b) . Th i s m e a n s 
that the se t s 

{ T IT < R} and { T |T > R} 
m , n m, n m, n ' m, n 

are never void. 

Since any set of integers bounded above (below) has a 
max imum (minimum), corresponding to each m is an n 

such that ( m , n ) R 0 R ( m , n + 1) . The integers n wi l l be 
m m m 

used in the proofs below. 
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"We a r e now r e a d y to define addi t ion in 2 : 

DEFINITION 3 

Let Q, R e 2 . The s u m of Q and R , Q + R , i s 
defined by 

Q + R = sup { T I T < Q , T < R} . 
m , a+b m , a — m , b — 

A c c o r d i n g to t h i s def in i t ion , 2 i s c l o s e d wi th r e s p e c t to 
add i t ion . B e c a u s e add i t ion of i n t e g e r s i s a s s o c i a t i v e and 
c o m m u t a t i v e , t h i s add i t ion i s too . 

The r e a d e r m a y find it i n s t r u c t i v e to ve r i fy tha t 

( Q + R . r = ^ { T " , I ( m , a ) Q 9 , (m, b) R 9 , m - 1, 2, 3 , . . . } 
m , a+b 

Our field m u s t have a z e r o e l e m e n t . Apply ing def in i t ion 3, 

Q + T „ = sup { T , | T < Q , T < T , ) . 
1,0 m , a + b ' m , a - m , b - 1,0 J 

The v a l u e s of b which o c c u r c o r r e s p o n d i n g to e a c h m a r e 
s imply the i n t e g e r s l e s s t han o r equa l to z e r o . Hence for e a c h 
m , a + b < a , T , < T , and b = 0 o c c u r s . T h u s 

— m , a+b — m , a 
sup { T I T < Q , T ^ < T J = sup { T | T < Q} 

m , a + b m , a — m , b — 1,0 m , a m , a — o r Q + T 4 „ = Q . T h i s fact j u s t i f i e s 
1,0 J 

DEFINITION 4 

The z e r o of 2 , Z , i s defined by: 

Z = T f A . 
1,0 

It i s e a s i l y v e r i f i e d tha t Z c o n t a i n s e v e r y ( m , n ) wi th 
n > 0 and no o t h e r s . 

DEFINITION 5 

JLet R c 2 . The nega t i ve of R , - R , i s def ined by: 
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- R = sup { T I 9 R ( m , n ) } . 
m , - n 

Th i s def ini t ion is jus t i f i ed by the fact that R + (-R) = Z . 
To p r o v e t h i s we let n be the g r e a t e s t i n t ege r n such that 

m & 

T < R and n ! the l e a s t i n t ege r n1 such tha t 9 R ( m , n I ) . 
m , n — m ' 

F o r e v e r y m , n - n ! = 0 or -1 . If for some m , n = n1 

m m m m 
then T * { T , I T < R , T , < - R } , whi le 

m , 0 m , a + b ' m , a — m , b — 
a + b is a lways < 0 . But T , = Z , and so in th i s c a s e 

— m , 0 
Z = sup { T , I T < R , T , < - R } . On the o the r 

m , a + b m , a — m , b— 
hand, if for no m does n = n1 then n -n1 = - 1 and 

m m m m 
sup { T IT < R , T < -R} = sup { T I m = 

m ? a + b ' m , a — m , b — m , - l ! 

1 , 2 , 3 , . . . } , the s t a r se t of which con ta ins e v e r y (m, n) wi th 
n > 0 and no o t h e r s , so that in t h i s c a s e a l s o 
Z = sup { T I T < R , T < - R } . The proof that 

m , a + b m , a — m , b— 
R + (-R) = Z is c o m p l e t e . 

Our def in i t ions have the c o n s e q u e n c e tha t Z € S and tha t 
for a l l R € S we have - R e 2 , Z + R = R , and R + (-R) = Z 
Thus S h a s b e c o m e an abe l i an g roup under addi t ion . 

Suppose tha t Q, R, S € 2 and that Q < R . Since 

Q + S = s u p { T I T < Q , T ^ < S } , 
m , a + b m , a ~ m , b— 

R + S = s u p { T f 1 _ | T < R , T u < S } , 
m , a ! - h b ' m , a ! — m , b — 

and s ince for e a c h m the g r e a t e s t a ' o c c u r r i n g in the 
def ini t ion of R + S is at l e a s t a s l a r g e a s any a o c c u r r i n g 
in the def ini t ion of Q + S , t h e r e f o r e 

Q + S < R + S . 

We have p roved 

T H E O R E M 4. The o r d e r i n g of 2 defined by 

Q < R <==> R C S i s i n v a r i a n t under g roup t r a n s l a t i o n s . 
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In the f i r s t s t age of defining m u l t i p l i c a t i o n we confine 

o u r s e l v e s to 2 = { R | R e 2 , Z < R } . Note tha t Z e 2 . 

DEFINITION 6 

Let Q , R e 2 . 

The p roduc t of Q and R , QR , i s def ined by 

QR = sup { T t , | Z < T < Q , Z < T < R} . 
m m 1 , nn ' — m , n — — m ! , n1 — 

It m a y be v e r i f i e d tha t if Q and R 4 Z , 

>'< **-
(QR) ' = ^ { T " , f I (m, 0) Q (m, n) Q 9 ; (m1 , 0) R ( m , n) R 9 ; 

m m 1 , nn ' 

m , m 1 = 1 , 2 , 3 , . . . } . 

The def ini t ion of m u l t i p l i c a t i o n in 2 i s c o m p l e t e d by the 
u sua l conven t ions of r i ng m u l t i p l i c a t i o n : 

DEFINITION 7 

If Q, R € S , 

( -Q)R = Q(-R) = - ( ( -Q) (-R)) - - (QR) . 

One of the quan t i t i e s of def ini t ion 7 can a l w a y s be e v a l u a t e d 
us ing def ini t ion 6. 

B e c a u s e m u l t i p l i c a t i o n of i n t e g e r s i s c o m m u t a t i v e and 
a s s o c i a t i v e , t h i s m u l t i p l i c a t i o n is too . Note tha t RZ = Z for 
R e S . 

C l e a r l y the p r o d u c t of two e l e m e n t s of 2 i s in 2 . 
Th i s i s a f o r m of the o r d e r e d field p o s t u l a t e . In the p r e s e n c e of 
t h e o r e m 4 it i s equ iva len t to a n o t h e r f o r m wi th wh ich the r e a d e r 
m a y be m o r e f a m i l i a r : 

Q < R and Z < S = > QS < RS . 
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Let R € 2 and consider 

RT = sup {T | T < R , T < T \ 
1,1 mm r , nn1 m,n— m ! , n ! — 1,1 

For each mf , the values taken by n ! in the definition of 
RT are < m1 and the value m ! is taken. Hence 

1,1 -

s up {T , f | T < R , T ? , < T } 
mm1 ,nn ! m,n— m1 , n1 — 1,1 

= sup { T I T < R } , 
m, n ' m, n — 

proving that R T =R . This discussion justifies: 

DEFINITION 8 

The unity element of 2 , U , is defined by: 

1, 1 

To define the rec iprocals of non-zero elements , we at 
first confine ourselves to S 

DEFINITION 9 

-1 
Let R e S , Z < R . The reciprocal of R , R , is 

defined by: 

R = sup {T I 9 R (m,n)} . 
n, m 

-1 
We now prove that RR = U . We first show that 

-1 
RR < U . Corresponding to each m , let n be an 

— ° m 
integer such that (m,n ) R 9 R (m,n +1) . Then 5 x m m 

and 

0 R (-m1 m, - m ! n ) 
m 

9 R (mm1 , m(n ,+1)) 
m ' 
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6 R (0,mn f + m - m l n ) 
mT m 

. . 0 < mn , + m - m! n 
— m1 m 

Now RR" = sup { T , f | T < R, 9 R (m! , n1 )} . 
mn1 , m1 n m,n — 

Take n in the form n -h and n1 in the form n , +k where 
m m' 

0 < h and 1 < k . Hence mn1 -m1 n = mn f + km - m1 n + hm' 
— — m' m 

> mn + m - m1 n > 0 , by the result proved above. Thus 
— m1 m — 

mn' > m1 n , and every T f , is < T . 
— mnT , m ' n — 1,1 

We next show that among the T t , are ones which 
mn1 , m1 n 

are arbitrarily close to T . Since (m,n ) R 0 R (m,n +1) 
1,1 m m 

T < R and Q R (m.n + 1) 
m, n — m 

m 

T , € {T , , | T < R, 9 R(m' , n' )} 
m(n + l),mn mn ,rrr n mn— 

m m 

T A € { T f , IT < R, 0 R (m!nT )} 
n +1, n m i , m ' n m, n — 

m m 

for m ~ l , 2, 3, . . . . 

It is not difficult to see that since Z < R , the n 
m 

increase without limit as m increases, and consequently 

T = sup { T | T < R , 0 R (m* n« )} . 
1, 1 mn , m ' n m, n — 

-1 
The proof that Z < R implies RR =U is complete. 

-1 -1 
If R ^ Z , one of R , (-R) is defined. We use this 

fact to extend the definition of reciprocal to all non-zero 
elements of S : 
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DEFINITION 10 

-1 
Let R € 2 , R ^ Z . The r e c i p r o c a l of R , R , i s 

defined by 

- 1 - 1 
R = - ( ( - R ) ) • 

Using def in i t ions 9 and 10, we see tha t even when R < Z , 
- 1 

we have RR = U . 

- 1 
We now have U € 2 and for a l l R ^ Z in 2 , R e 2 , 

- 1 
RU = R , RR =U . Thus the n o n - z e r o e l e m e n t s of 2 have 
b e c o m e an abe l i an g roup under m u l t i p l i c a t i o n . 

Using the d i s t r i b u t i v e law for i n t e g e r s in applying 
def in i t ions 3 and 6 to S(Q+ R) and to SQ + SR , we see that 
they a r e the s a m e e l e m e n t s of 2 . 

Thus 2 t o g e t h e r wi th the o p e r a t i o n s of addi t ion and 
m u l t i p l i c a t i o n , the z e r o and unit e l e m e n t s , and the o r d e r 
r e l a t i o n of def ini t ion 2 is a comple t e o r d e r e d field, and i s , 
t h e r e f o r e , a m o d e l of the r e a l n u m b e r s . 

U n i v e r s i t y of To ron to 
U n i v e r s i t y of T a s m a n i a 
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