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Metabelian groups with

the same finite quotients

P.F. Pickel

Let F(G) denote the set of isomorphism classes of finite

quotients of the group G . Two groups G and H are said to

have the same finite quotients if F(G) = T(H) . We construct

infinitely many nonisomorphic finitely presented metabelian

groups with the same finite quotients, using modules over a

suitably chosen ring. These groups also give an example of

infinitely many nonisomorphic split extensions of a fixed finitely

presented metabelian. group by a fixed finite abelian group, all

having the same finite quotients.

Let F(G) denote the set of isomorphism classes of finite quotients

of the group G . We say groups G and H have the same finite quotients

if F(G) = F(fl) . Many examples have been given of nonisomorphic groups

with the same finite quotients ([77], [5H, [4], [9], [72]). In each of

these examples the groups are polycyclic and the number of nonisomorphic

groups with the same finite quotients is finite. In fact, it has been

shown ([70]) that for the class of nilpotent-by-finite groups, the number

of isomorphism classes of groups with the same finite quotients must always

be finite. In this paper, we construct infinitely many nonisomorphic

finitely presented metabelian groups with the same finite quotients. Since

metabelian groups are residually finite ([7]) and satisfy the maximal

condition for normal subgroups ([6]), it seems that rather stringent

conditions must hold in order that the number of groups with the same

finite quotients be finite.
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If J! i s a commutative noetherian ring and M i s an i?-module, l e t

F_(W) denote the set of i?-isomorphism classes of f in i te i?-module

n

quotients of M . Two i?-modules M and N have isomorphic f in i t e

quotients as fl-modules (lFQD) i f F_(M) = F_(tf) .
H H H

THEOREM. Let R be as above and let M and N be finitely

generated R-modules. Then M and N have IFQR if aYU^ only if M/w^M

is isomorphic to N/m N for all integers n and all maximal ideals m of

finite index in R .

Proof. Suppose f i r s t that M i s a f in i te i?-module. Then the

annihi lator of M , ann(M) = {r € R \ rm = 0 Vm € M} is an ideal of

f i n i t e index in R since i t i s the kernel of a homomorphism into the

f in i t e ring end(W) . ann(W) = a n . . . n a , where d. are primary
\. Yl 1^

ideals belonging to distinct prime ideals p. [13, p. 209]- Since
1r

p . 3 a. 3 ann(W) , p . must be of f in i te index in R and thus must be

maximal, since the quotient R/p. , being a f in i te integral domain, must be

a f ie ld . Since a. 3 p .
1r 1r

[J3, p . 200], ann(^) contains

Now l e t M be an arbitrary f in i te ly generated i?-module. Then

= ©

Mi)

i=\

k k
since the p. are pairwise comaximal [7 3, p . 178L If M/p M = N/p N for

a l l integers k and a l l maximal ideals p of f in i te index, then by the

above:

(* )
n

TTP?Mi) M"I n
n*(V

for all integers k{i) and maximal ideals p. of finite index. If M/M'

n ,,. >
is any finite quotient of M , ann(M/M') ^>~] [ p. for some integers

k(i) and maximal ideals p. of finite index (by the first paragraph).
I
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M and (») holds, M/M' mustSince M/M' is a quotient of M

be isomorphic to a f in i te quotient of N . Thus M and N have IFQ., .
n

k k

Conversely, M/p M and N/p N are the largest quotients of M and

N respectively with annihilator p . If M and N have IFQD , then

k k
M/p M and N/p N must be isomorphic.

Suppose now that A i s a subgroup (necessarily abelian) of the group

of units U(R) of R , which generates R as a r ing. If M i s a

f in i te ly generated i?-module, we may form the semidirect product, M » A ,

a metabelian group.

LEMMA. Let A be a subgroup of U(R) as above and let M and N

be finitely generated R-modules with IFQ- . Then the groups M * A and
N >« A have the same finite quotients.

Proof. Suppose M' i s a normal subgroup of M » A of f in i te index.

Since A generates R as a ring and M' is normal, M n M' - M" i s an

i?-submodule of M of f in i te index. Since M and N have IFQ- , there

n

is an f?-submodule N" of N such that M/M" and N/N" are isomorphic

as if-modules. Thus {M/M") * A and {N/N") * A are isomorphic groups.

Since (M*A)/M' is a quotient of (M/M") » A , there must be a quotient of

N » A isomorphic to (M»A)/M' .

Let R be a commutative noetherian ring. A finitely generated

i?-module M is a rank one projective module if and only if the

localization M of M at each prime p of R is isomorphic to the

localization R of R . Since

M/pnM <*. Mp/P
nM ^ ^p/P^n - R/VnR

for all positive integers n and all prime ideals p of R , all rank one

projective modules over R have IFQn • Since M = if for each prime

p , M is a faithful if-module (that is, rm = 0 Mm € M implies r = 0 ).

The Picard group Pic (if) of if is the group of isomorphism classes of

rank one projective modules over R , under tensor product.

https://doi.org/10.1017/S0004972700043689 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700043689


I I 8 P . F . P i c k e l

Let II be a finite abelian group not of square-free order. Let ZII
denote the integral group ring of II and let x be an indeterminate.
Then Pic(ZII[x]) is infinite [2, Theorem 8.10] and the map from

Pic(ZII[x]) into Pic(zn[x, x"1, (x+l)"1]) is injective [S, Theorem 1.3],
so the latter group is also infinite. Let R be the ring

Zllfx, x , (x+l) ] and let A be the abelian subgroup of the group of
units of R generated by II, x and (x+l) . For any rank one projective
module M , we form the group G. = M * A . Since A generates R as a

M

ring, al l the groups G have the same finite quotients. Since
m = m = [m, m J for al l m in Af , Af i s contained in the

derived group of G . Since Gltd is abelian, M must equal the derived

group G'M of GM .

PROPOSITION. The groups G., described above lie in infinitely many

distinct isomorphism classes.

• Proof. If 4> i s an automorphism of R and N is an i?-module, we

may form the twisted module TV . Scalar multiplication r * n in N is

defined by r * n = \p(r)'n for r in 8 and n in . N . Two f?-modules

M and N are isomorphic i f and only if Af and N are isomorphic. Now

l e t <p : G,, •*• G., be an- isomorphism. Since M = G' and N = G' ,M N M N

<p(Af) = il? and (p induces an automorphism cp of A .

( X+l-v r X \ i \<p(x) , > , >(p(x)+l

= (f[m J = <p[m *mj = <p(mr #<p(m) = cp(mr

Since N = cp(M) is a faithful i?-module, we must have (jj(x+l) = ip(x) + 1 .

A straightforward calculation shows that <p(x) = x or (p(x) = x so that
the number of suitable automorphisms cp is finite. Since
ip(x+l) = ip(x) + 1 , !p extends to an automorphism of R . Clearly cp
restricted to Af gives an i?-module isomorphism from Af to N . Since
the number of nonisomorphic modules Af is infinite and the number of
suitable automorphisms <p is finite, the groups G.. must l ie in

M

infinitely many isomorphism classes as required.

Now let S =.z[x, x~ , (x+l)~ ] , a subring of R . As an S-module,
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R i s free. If M i s a projective i?-module, i t i s a direct summand of a

free /f-module. Since R i s free over S , M considered as an S-module

is a direct summand of a free S-module and therefore i s a projective

S-module. Since a l l projective S-modules are free ( [7 , p. 210]'), a l l of

the i?-modules used above are isomorphic, as S-modules, to R . Let C

fee the subgroup of the group of units of S generated by x and (x+l) ,

and form the groups H= M x C . All the groups H are isomorphic to

R * C = B . For each module M , G = Af « 4 = ff, » II ?S B * II for a
M M

suitably chosen action of II on B via the isomorphism with H . Thus

we have shown:

PROPOSITION. There are infinitely many nonisomorphic metabelian split

extensions of the metabelian group B by the finite abelian group II with

the same finite quotients.

Let x , ..., x be the elements of II . Then {as , . . . , x } i s a

basis of R over S . Consider the group G with presentation

( t , s , y x , . . . , y m \ [ t , 8 ] = 1 , y \ = y ^ . , Q ^ , Vj] = [y., i , * ] = 1 ,

1 S i , Q 2 m\ .

G i s clearly f in i te ly presented and G may be shown to be metabelian as

in [3 ] . The map t •* x, s ->- (x+l), y . •* x. gives a homomorphism of G

onto B = R x C . Since metabelian groups satisfy the maximal condition on

normal subgroups [6 ] , B must be f in i te ly presented. Since each G., is a

f in i te extension of the f in i te ly presented group B , we have proved:

PROPOSITION. Each of the groups GM is finitely presented.
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