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Metabelian groups with
the same finite quotients

P.F. Pickel

Let F(G) denote the set of isomorphism classes of finite
quotients of the group G . Two groups G and H are said to
have the same finite quotients if F(G) = F(H#) . We construct
infinitely many nonisomorphic finitely presented metabelian

groups with the same finite quotients, using modules over a
suitably chosen ring. These groups also give an example of
infinitely many nonisomorphic split extensions of a fixed finitely
presented metabelian group by a fixed finite abelian group, all

having the same finite quotients.

Let F(G) denote the set of isomorphism classes of finite quotients
of the group G . We say groups G and H have the same finite quotients
if F(G) = F(H) . Many examples have been given of nonisomorphic groups
with the same finite quotients ([771, [5], [4], [9]1, [12]). 1In each of
these examples the groups are polycyclic and the number of nonisomorphic
groups with the same finite quotients is finite. In fact, it has been
shown ([70]) that for the class of nilpotent-by-finite groups, the number
of isomorphism classes of groups with the same finite quotients must always
be finite. In this paper, we construct infinitely many nonisomorphic
finitely presented metabelian groups with the same finite quotients. Since
metabelian groups are residually finite ([7]) and satisfy the maximal
condition for normal subgroups ([6]), it seems that rather stringent
conditions must hold in order that the number of groups with the same
finite quotients be finite.
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If R is a commutative noetherian ring and M is an R-module, let

FR(M) denote the set of R-isomorphism classes of finite R-module

quotients of M . Two R-modules M and N have isomorphic finite
quotients as R-modules (IFQR) if FR(M) = FR(IV) .

THEOREM. Let R be as above and let M and N be finitely

generated R-modules. Then M and N have IFQ, if and only if M/m'™M

is tsomorphic to N/m'N  for all integers n and all maximal ideals m of
finite index in R .

Proof. Suppose first that M 1is a finite HK-module. Then the
annihilator of M , ann(M) = {r € R | rm = 0 ¥m € M} is an ideal of
finite index in R since it is the kernel of a homomorphism into the
finite ring end(M) . ann(M) = a Nn...na ,vhere a, are primary
ideals belonging to distinct prime ideals pi (13, p. 209]. Since
p; 2 ai 3 ann(M) , ' p; must be of finite index in R and thus must be
maximal, since the quotient R/pi , being a finite integral domain, must be

. n .
(2) [13, p. 200], ann(M) contains | | pﬁ(z)

a field. Since a. 2 plf
=17 :
=1

Now let M be an arbitrary finitely generated R-module. Then

n . n .
M/ IREARTER: M/p@("‘)M,
i=1 =1

since the p. are pairwise comaximal [73, p. 178]. 1If M/pkM = IV/DkIV for

all integers k and all maximal ideals P of finite index, then by the

above:
n , n .
k(7 ~ k(i
(%) M/ Ilpi()MzN/ p.()IV
! : i
1=1 =1
for all integers k{(Z) and maximal ideals pi of finite index. If M/M'

n R
is any finite quotient of M , ann(M/M') D | pﬁ(l) for some integers

i=1

k(Z) and maximal ideals P: of finite index (by the first paragraph).
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n .
Since M/M' is a quotient of M/ I l pﬁ(” M and (*) holds, M/M' must
=1

be isomorphic to a finite quotient of N . Thus M and N have IFQR .

Conversely, M/pkM and N/kaV are the largest quotients of M and
N respectively with annihilator pk . If M and N have IFQ, , then

M/pkM and IV/pkN must be isomorphic.

Suppose now that A is a subgroup (necessarily abelian) of the group
of units U(R) of R , which generates R as a ring. If M is a
finitely generated R-module, we may form the semidirect product, M % 4 ,

a metabelian group.

LEMMA. Let A be a subgroup of U(R) as above and let M and N
be finitely generated R-modules with IFQR . Then the groups M % A and

N % A have the same finite quotients.

Proof. Suppose M' is a normal subgroup of M % 4 of finite index.
Since A generates R as a ring and M' is normal, M nM' = M' is an

R-submodule of M of finite index. Since M and N have IF@_ , there

is an R-submodule N" of N such that M/M" and N/N" are isomorphic
as R-modules. Thus (M/M") » A and (N/N") X A are isomorphic groups.
Since (Mx4)/M' is a quotient of (M/M") % A , there must be a quotient of
N % A4 isomorphic to (Mxa4)/M'

Let R be a commutative noetherian ring. A finitely generated
R-module M is a rank one projective module if and only if the

localization Mp of M at each prime p of R is isomorphic to the

localization Rp of R . Since

MM = Mp/p"Mp > Rp/pn}?p ~ Rr/p"R

for all positive integers =n and all prime ideals P of R , all rank one

projective modules over R have IFQR . Since Mp = R_ for each prime

p
P, M is a faithful R-module (that is, rm =0 Ym € M implies r =0 ).
The Picard group Pic(R) of R is the group of isomorphism classes of

rank one projective modules over R , under tensor product.
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Let I be a finite abelian group not of square-free order. Let ZII
denote the integral group ring of I and let x be an indeterminate.
Then Pic(ZN[x]) is infinite [Z, Theorem 8.10] and the map from

Pic(zN[x]) into Pic(zN[x, x-l, (:c+1)_1]) is injective [§, Theorem 1.3],
so the latter group is also infinite. Let R be the ring

-1 -
ZNfx, =, (x+1) 1] and let A be the abelian subgroup of the group of
wits of R generated by I, *x and (x+1) . For any rank one projective

module M , we form the group GM =M»A ., Since A generates R as s

ring, all the groups GM have the same finite quotients. Since

x (x+1)-1 _ [m mx+1]

m =m , for a1 m in M , M is contained in the

derived group of GM . Since GM/M is abelian, M must equal the derived

group Gﬂ'l of GM .
PROPOSITION. The groups Gy described above lie in infinitely many

distinet isomorphism classes.

Proof. If ¢ is an automorphism of R and ¥ is an R-module, we

may form the twisted module wIV . Scalar multiplication r * n in ll)IV is

defined by »r * n = Y(r)*>n for r in R and n in .N . Two R-modules

M and N are isomorphic if and only if lpM and lJ}IV are isomorphic. Now

let (p:GM-*GN

@(M) = N and ¢ induces an automorphism ¢ of 4 .

be an isomorphism. Since M = G}IJ and N = GA'I ,

m®E ) < o () yol=) (mol*

o = o(n"om) = o(m co(m) = ¢

Since N = ¢(M) is a faithful R-module, we must have o(z+l) = p(x) +1 .
A straightforward calculation shows that ¢(z) = x or ¢(x) = z ' so that

the number of suitable automorphisms ¢ is finite. Since

@(x+l) = ¢o(x) + 1, ¢ extends to an automorphism of R . Clearly o

restricted to M gives an R-module isomorphism from M to ®N . Since
the number of nonisomorphic modules M is infinite and the number of

suitable automorphisms ¢ is finite, the groups G, must lie in

infinitely many isomorphism classes as required.

Now let S =’,Z[x, :c_l, (x+l)_l] , a subring of R . As an S-module,
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R is free, If M 1is a projective HA-module, it is a direct summand of a
free R-module. Since R is free over S , M considered as an S-module
is a direct summand of a free S-module and therefore is a projective
S-module. ' Since all projective S-modules are free ([7, p. 2101), all of
thie R-modules used above are isomorphic, as S-modules, to R . Let (C
be the subgroup of the group of units of S generated by x and (z+l) ,
and form the groups H, = M X C . All the groups H,, are isomorphic to

M M
R %X (C =B . TFor each module M , GM =MxA-= HM XNNM==BxI for a
suitably chosen action of I on B via the isomorphism with HM . Thus

we have shown:

PROPOSITION. There are infinitely many nonisomorphic metabelian split
extensions of the metabelian group B by the finite abelian group 0 with

the same finite quotients.
Let Tys wees T be the elements of II . Then {xl, e xm} is a

basis of R over S . Consider the group ( with presentation
s _ t _ t| _
<ta S, yl, s ey ym | [t: s]:l, yi-yiyi, [yi, yj] - [yi’ yj] —l,
1<%, J = m>.
G 1is clearly finitely presented and G may be shown to be metabelian as

in [3]). The map ¢ » z, & + (x2+1), y; > =, gives a homomorphism of &

onto B =R X ( . Since metabelian groups satisfy the maximal condition on

normal subgroups [6], B must be finitely presented. Since each GM is a
finite extension of the finitely presented group B , we have proved:

PROPOSITION. Each of the groups Gy i8 finitely presented.
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