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Singular polynomials from orbit spaces

Misha Feigin and Alexey Silantyev

ABSTRACT

We consider the polynomial representation S(V*) of the rational Cherednik algebra
H.(W) associated to a finite Coxeter group W at constant parameter c. We show
that for any degree d of W and m € N the space S(V*) contains a single copy of the
reflection representation V' of W spanned by the homogeneous singular polynomials of
degree d — 1 + hm, where h is the Coxeter number of W; these polynomials generate
an H.(W') submodule with the parameter ¢ = (d — 1)/h + m. We express these singular
polynomials through the Saito polynomials which are flat coordinates of the Saito metric
on the orbit space V/W. We also show that this exhausts all the singular polynomials in
the isotypic component of the reflection representation V for any constant parameter c.

1. Introduction

In this paper we relate two remarkable constructions associated with a finite Coxeter group
W. The first one is the Frobenius manifold structure on the space of orbits of W acting in
its reflection representation V; see [Dub96]. The key ingredient here is the Saito flat metric on
the orbit space V/W; see [SYS80]. This metric is defined as a Lie derivative of the standard
contravariant (Arnold) metric. The flat coordinates form a distinguished basis in the ring of
invariant polynomials S(V*)"W. This basis is now known explicitly for all irreducible groups W.
All the cases except for W of type E7 or Eg were covered in the original paper [SYS80]. The flat
coordinates in the latter two cases were found recently in both [Abr09] and [Tall0].

The other famous construction associated with the group W is the rational Cherednik
algebra H.(W) (see [EGO02]). It depends on the W-invariant function ¢ on the set of reflections
of W, which we assume to be constant. The key ingredient here is the Dunkl operator V¢, ( €V,
which acts in the ring of polynomials as a differential-reflection operator [Dun89]. For particular
values of ¢, the polynomial representation S(V*) has non-trivial submodules M. These values
were completely determined by Dunkl et al. in [DJO94], where it was shown that non-trivial
submodules exist if and only if ¢ is a non-integer number of the form ¢ =1/d where d is one of
the degrees of the Coxeter group W and [ € Z~(. The lowest homogeneous component My of M
consists of so-called singular polynomials [DJO94], which are annihilated by Dunkl operators V.
for any ¢ € V. All singular polynomials were found by Dunkl in the case where W is of type A;
see [Dun04, Dun05]. Further, it was established in [ES09] that in this case, any submodule M is
generated by its lowest homogeneous component M. In general, the structure of submodules of
S(V*) and the corresponding singular polynomials are not known. Some singular polynomials for
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the classical groups W and for the icosahedral group were determined in [CE03] and [Dun03] (see
also [BP10]), respectively, while the dihedral case was fully studied in [DJO94] (see also [Chm06]).

In this paper we study singular polynomials that belong to the isotypic component of the
reflection representation V' of the Coxeter group W. The existence of such singular polynomials
is known for the Weyl groups when ¢=r/h, with h being the Coxeter number of W and r
a positive integer coprime to h (see [GGO09]). It appears that, in general, the corresponding
parameter values have to be ¢ = (d — 1)/h + m, where d is one of the degrees of W and m € Zy.
We explain how to construct all the singular polynomials in the isotypic component of V in
terms of the Saito polynomials which are flat coordinates of the Saito metric. We use the theory
of Frobenius manifolds, especially Dubrovin’s almost duality [Dub04]. We show that the singular
polynomials under consideration correspond to the W-invariant polynomial twisted periods of
the Frobenius manifold V/W, and we determine all such twisted periods.

Firstly, we prove that the first-order derivatives of the Saito polynomials are singular
polynomials at appropriate values of the parameter ¢= (d —1)/h (Corollary 2.14). Then we
explain how to construct further singular polynomials with the parameter c shifted by an integer
(Theorem 3.16). We next show in Corollary 4.10 that this construction gives all of the singular
polynomials in the isotypic component of the reflection representation.

In the final section we present residue formulae for all the polynomial invariant twisted
periods in the case of classical Coxeter groups W. Then we generalize them to get some singular
polynomials for the complex reflection group W = S,, x (Z/(Z)".

2. Frobenius structures on the orbit spaces

Let V =C" with the standard constant metric g given by g(e;, e;) = (e;, €j) = 0;;, where e;,
i=1,...,n, is the standard basis in V. Let (z',...,2") be the corresponding orthogonal
coordinates. Let W be an irreducible finite Coxeter group of rank n which acts in V' by orthogonal
transformations such that V' is the complexified reflection representation of W. Let R C V be the
Coxeter root system with the group W (see [Hum90]). Let y!(z), ..., y"(z) be a homogeneous
basis in the ring of invariant polynomials S(V* )W =C[z!, ..., 2" =C[2]". Let d, be the
corresponding degrees d, =deg y“(x), for a =1,...,n. We assume that the polynomials are
ordered so that dy >--->d,, with di =h being the Coxeter number of the group W. The
polynomials 5!, . .., y" are coordinates on the orbit space M = V/W. The Euclidean coordinates
xl, ... 2™ can also be viewed as local coordinates on M\Y, where ¥ is the discriminant set.
Denote by & ={z € V| (v, x) =0 for some v € R} the preimage of ¥ in the space V.

The metric ¢ is defined on M\X owing to its W-invariance. Let ¢“? be the corresponding
contravariant metric. Consider its Lie derivative n®?(y) = O g“%(y). The metric 7 is called the
Saito metric. It is correctly defined (up to proportionality), and it is flat. There exist homogeneous
coordinates t* € C[z]", 1 < a < n, with degt® = d,, such that 7 is constant and anti-diagonal,
more exactly,

N =0, g% (t) = (5,0{11/6 for 1 <o, B <n,

where (53- = 0;; is the Kronecker symbol.! Such coordinates are called Saito polynomials.
The pair of metrics g, n forms a flat pencil which defines a Frobenius manifold [Dub96]. We
will mainly be concerned with the almost dual Frobenius structure [Dub04]; it is defined by the

! We distinguish between upper and lower indices, as we will use the standard differential-geometrical convention
of assuming summation over the repeated upper and lower indices.
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prepotential

F(z)=5 Y (v.2)*log(y, ),
YER+
where summation is over the set of positive roots and the roots are normalized so that (v, v) = 2.
The prepotential is quasi-homogeneous, that is, its Lie derivative is of the form

2
LpF = EF + quadratic terms in x,

where F is the Euler vector field

1.0 0
F=—-a2'—=F%—
n oz ate
with B = (d,/h)t®.
Define the tensor
* %’Y]’Yk
i 2.1
Cijk = 8:5@6:& 6l‘k Z 7, (2.1)

where z € V and ; = (7, €;). Let Cjk = g“Cjkl. Then, for any x € V'\&, the tensor C;k = ;k(x)
gives the structure constants of an associative n-dimensional algebra [Dub04].

Define another tensor C’kj = C” = “é’il, and consider the corresponding tensor with two low
indices C' G = m\ECﬁ in the flat coordlnates t*. The tensor Cg)\ defines associative multiplication
of tangent vectors at any point of the orbit space; the vector field 0,1 is the unity of this
multiplication. Let C, be the corresponding n X n matrix with entries (Ca)f = C’g)\. Let U be
the matrix Ujg = gO‘)‘nm. The following result plays a key role.

THEOREM 2.2 [Dub04, Proposition 3.3]. A function p(t!,...,t") satisfies the system of
equations
9%p £ Op o
Swiomt Cij Dk’ 1<4,j<n (2.3)

if and only if the following equations hold:
€a(t) = Orap(t),
Opl(t) U =&(t) (v + A)Cq,
where &(t) = (&1(t), ..., &n(t)) and A is the diagonal matrix

<,
n

1<a
1<a<n, (2.5)

1
A:—EDiag(dl—l,...,dn—l).

Functions p satisfying the system (2.3) are called twisted periods of the Frobenius
manifold [Dub04]. We will be dealing with the system (2.4)—(2.5), so we note the following fact.

LEMMA 2.6. For any polynomial solution {(t) of the system (2.5) there exists a polynomial p(t)
satisfying (2.4).

Proof. It is sufficient to check the compatibility 0;«&g = 0,5¢,. Taking into account invertibility
of the matrix U on M\X and using equation (2.5), we rewrite this equality as

E\v + M)2C5,(U N =6+ A)2C5, (U
Note that it is necessary to check that
C’EP(U_l)g = Cgp(U_l)g. (2.7)
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The equality (2.7) is equivalent to

Cs5,Us = C55U,. (2.8)
Indeed, upon multiplying (2.8) by (U~1)A(U _1)% and summing by repeating indices we
obtain (2.7). The relation (2.8), in turn, follows from the property Ug = E*CZ; (see [Dub96])
and the associativity conditions C§ pCa s = CX 50’\ a

We observe that the Saito polynomials themselves satisfy the equations from Theorem 2.2.
More exactly, we have the following statement.

LEMMA 2.9. Foreach f=1,...,n, the function p(t) =t is a solution to the system (2.4)—(2.5)
with parameter
dg —1

P

V=

Proof. By substituting &, = &5 into (2.5), we obtain the equations 0 = e’(v 4+ A)Cy, where €8 =
(0,0,...,1,...,0) with 1 in the position 3. These equations are satisfied if v — (dg — 1)/h =0. O

Now recall the Dunkl operators associated with the Coxeter group W. We fix a parameter

c € C. The Dunkl operator in the direction e; (With i=1,...,n) is given by
Vi=0, —c Z (1-s,), (2.10)
YER+ T

where s, denotes the orthogonal reflection with respect to the hyperplane (v, z) = 0. The key
property of Dunkl operators is their commutativity [Dun89]:

Vi, V;]=0 for1<i,j<n.

PROPOSITION 2.11. Suppose that a W-invariant polynomial p(x!,..., z") satisfies the
system (2.3). Then for any j =1, ..., n the polynomial v;j(x) = 0,;p(x) sat1sﬁes the equations
Viv;j=0, i=1,...,n, (2.12)

where V; is the Dunkl operator (2.10) with parameter ¢ = v.

Proof. By using the W-invariance of p(x), we rearrange the left-hand side of equation (2.12) as

Vivj = 0,:0p(x) — v Z ( ’?Zx) <aﬂp($) - a(ap(x)>

YER L 5'76.7)
2757 < 3)
— 0 0p(z)—v S — (D ).
o=y 2 e\ o P
YER+

By using (v, 0/0x) =), 7i0,: and the formula (2.1), we obtain

Vi) = Oyi Oyip(x) — vCE D p(x). (2.13)

Thus the property (2.12) follows from (2.3). O

COROLLARY 2.14. Consider the Saito polynomial t® = t°(z) for some f=1,...,n. Then the
derivatives vj = 0,;t° () satisfy the relations (2.12), that is,

ViVtP(x) = V;0,;t°(x) =0 fori,j=1,...,n, (2.15)

if the Dunkl operators have parameter ¢ = (dg — 1)/h.
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DEFINITION 2.16 [DJO94]. A polynomial ¢(z) is said to be singular if V;q(z)=0 for all
1=1,...,n.

Thus Corollary 2.14 deals with the singular polynomials v;. The W-module (v, ..., vy) is
isomorphic to the reflection representation of the Coxeter group W.

3. Shifting

In the previous section we established that derivatives of the Saito polynomials t° are singular
polynomials for the appropriate values of the parameter ¢ =cg = (dg —1)/h. In this section
we explain how to generate further singular polynomials starting with Saito polynomials. The
corresponding parameters c differ from cg by integers.

We start with a known property of the solutions of system (2.5).

LEMMA 3.1 [Dub04, Lemma 3.6]. If£(t) is a solution of the system (2.5), then £(t) = 0 &(t) is
a solution of the same system with v replaced by v — 1:

Ol U=E(t) (v —1+A)Cas 1<a<n.

Note also that if a function p(t) is a solution of the system (2.4)—(2.5), then 9up(t) is a
solution of the same system with v replaced by v — 1. Indeed, the partial derivatives of the
function 0,1p(t) are OO p(t) = 051 &n(t), so they satisfy the system (2.5) with v — 1.

The new solution g(t) given in Lemma 3.1 can be expressed as & =¢(v + MU If v #
(do —1)/h for all a=1,...,n, then the matrix v + A is invertible and we can rewrite this
relation as &€ = ¢ U(v 4+ A)~!. This suggests a way of inverting Lemma 3.1 in order to generate
solutions with an increased value of v.

LEMMA 3.2. Let £(t) be a solution of the system (2.5). Assume that v # (do — 1)/h — 1 for all
a=1,...,n. Then

£ =EWUw+1+ M)~ (3.3)
is a solution of the system (2.5) with v replaced by v + 1:
D) U=E(t) (v+1+A)Ca, 1<a<n. (3.4)

Proof. Let ty be a generic point in M and let £(¢y) be the value of £(¢) at this point. Then the
value of £(t) at this point is £(tg) = &(to)U(to)(v + 1 4+ A)~L. There exists a solution ((¢) of
the system (3.4) such that ((to) = &(fo). By Lemma 3.1, the covector ¢(t) = C(t)(v + 1 + A)U ™
is a solution of (2.5). Note that there exists a unique solution of the system (2.5) with a given value
at the point to. So, upon taking into account ((to) = E(to) (v +1+ AU (to) = £(to), one gets
C(t) = &(t). Therefore ((t) =C()U(v +1+A)"1=¢@) U +1+A)"1=£(t) and £(t) satisfies
equation (3.4). O

Remark 3.5. Suppose that all the components of the £(¢) in Lemma 3.2 are polynomials. Then,
by Lemma 2.6, there exists a polynomial p(t) such that &,(t) = djap(t). Thus the covector &(t)
satisfies the whole system (2.4)—(2.5) (with v replaced by v 4 1) for some polynomial p(t).

By applying Lemma 3.2 to the first-order derivatives of the Saito polynomials, we get the
following result.
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ProposiTioN 3.6. The covector E with components

04

P e S — :1,...,, 37
=i © n (3.7)

satisfies the equations

~ o~

OeE) U =EW)(+AN)Cay, 1<a<n, (3.8)
with 7 = (dg — 1)/h + 1.

Proof. Let v=(ds — 1)/h, and consider the solution p(t) = t” of the system (2.4)—(2.5) and the
corresponding covector £ with components &, = 5£ (see Lemma 2.9). By Lemma 3.2, the covector
¢ given by formula (3.3) is a solution of (3.8) for ¥ =v + 1. By substituting &, = 65 into (3.3)
we obtain the components (3.7). O

This leads us to the following result.

THEOREM 3.9. Forany (€V and 3=1,...,n, the polynomial
n
1 otP gtnti-«
= . — O t® 3.10
a() Zl ds—do+h 01 Ozt S (8.10)

i,0=

is a singular polynomial for the Dunkl operators with parameter ¢ = (dg — 1)/h + 1.

Proof. First, we rearrange to get

" 9tf pnti-a

A 1—
Ul =9"ma=g"""170 =) oo
a=1

(3.11)

It follows from Proposition 3.6 and Lemma 2.6 that there exists a W-invariant polynomial p(z)
such that

1 "L ot ot
Opp=——0— e A
3 —do +h “~ 0x* Ox
a=1
By Proposition 2.11, the derivative ¢(x) = O¢p(z) is a singular polynomial. It has the required
form as O¢p = Opapdct®. a

As an example, consider the case where G =mn. The corresponding Saito polynomial ¢"
is proportional to (z1)% + (22)2 + - - - + (2™)%. The right-hand side of the equality (3.10) is then
proportional to

n

Z tn—i—l—aagta

a=1

as the polynomial "1~ is homogeneous of degree dnt1-q and do + dpy1—o = h + 2. We arrive

at the following consequence.

ProproSITION 3.12. For any ¢ € V, the polynomial
n
q(x) =0 Y " (3.13)
a=1

is a singular polynomial for the Dunkl operators with parameter ¢ = (h +1)/h.
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Remark 3.14. For ¢ =1/h + m, where m € Z>, the existence of the singular polynomials in the
isotypic component of the reflection representation is known from [BEGO3] (see also [Gor03]).
Further, in the case of Weyl groups W and ¢ =r/h where r is a positive integer coprime to h,
the existence of singular polynomials in the isotypic component of the reflection representation
is known from [GGO09].

Example 3.15. Let R =A, C V C C"*! be given in its standard embedding, so that V c C"**!
is defined by ZnH z; = 0 where z; are the standard coordinates in C"*!. Define the polynomials

=Res,—o0 H"H( — z;)H1=a)/(n+) gy for @ =1,...,n. Then the Saito coordinates satisfy
t =s%y/(n —a+1) (see [Dub96, SYS80]). The polynomlals 5@ satisfy Z"H 0s*/0z; =0, so

for any (€ C"*l andi=1,...,n+ 1 Corollary 2.14 gives vﬁ”“ a)/(n+1)8 5% =0 where
n+1 1 5
1-sy
Vi 321 —¢ g z— 25
i
with s;; exchanging z; and z; (see also [Dun98] and [Eti07, Proposition 11.14], where this
fact was established). Further, Proposition 3.12 gives that the polynomial ¢(z1, ..., 2znt1) =

O¢ b, " TI= satisfies Vghﬂ)/hq —0.

By iterating the previous arguments we get the following statement.

THEOREM 3.16. Let m € Z>g, and fix [ with 1< 3<n. Define the covector glm) =

™, ... &) by
-1
m) _
H U ( h ) , (3.17)
1<j<m

(0) 0 _ B I _
where £\Y) has components £, = 6,, a =1, ..., n, and the factors are ordered as ngjgm Aj=

AyAy - -+ Ay Then, for any i =1, ...,n, the polynomials

) Ot

gi(x) = gp.i(x Z& o (3.18)

are singular polynomials for the Dunkl operators with parameter ¢ = (dg — 1)/h + m. These
polynomials are homogeneous of degree dg — 1 4 hm.

4. Singular polynomials in the reflection representation

We are going to show that the polynomials (3.18) generate all singular polynomials in the
isotypic component of the reflection representation of W. First, we note that each copy of
the reflection representation spanned by the singular polynomials is governed by a single W-
invariant polynomial.

PROPOSITION 4.1. Let a subspace My C Clz| be spanned by the singular polynomials, and
suppose that My =V as W-modules. Choose a basis {Pi,...,P,} in My such that each
polynomial P; is mapped to the basis vector e; € V under the isomorphism. Then there exists
QcC[zt, ..., 2"|W such that 0Q/0x' = P; for alli=1,...,n
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Proof. We have V;P; =V;P; =0 for all 4, j=1,...,n. Hence

D D ('Y, ei) B ) (77 6]') . o
8, Pj — 9, P; cg; o) (1-s)Pi+c Y o) (1—5,)P;=0. (4.2)
+ YER+

Since (1 — sy)e; = 2(v, €;)v/ (7, 7), we get

(’77 ei)(l - Sv)Pj = (77 ej)(l - S'y)iDi

for any v € Ry. Thus it follows from the relation (4.2) that 0,:P; = 0,,; P;, and so there exists
Q€ Clz!, ..., 2" such that 0Q/0x' = P, for all i=1,...,n. Let us also check that Q is W-

invariant. Fix v € Ry. Then for any i =1, ...,n we have 5, P; = 0s.¢,(5,Q); on the other hand,
54 P; = 0s.¢,Q. Thus O ¢,(Q — 5,Q) =0, and so Q = s,Q as required. a
COROLLARY 4.3. The singular polynomials (3.18) can be represented as
oQ
4= 5. (4.4)
where
1 n
—Qp=—— N g, empe 4.5
a=1
fori=1,...,n, keeping the notation of Theorem 3.16.

Proof. By Proposition 4.1 we have the relation (4.4) for some invariant polynomial @ of degree
dg + hm. Hence (dg + hm)Q = >, x'g O

Remark 4.6. Tt has recently been explained in [KL11] how an N =4 multi-particle mechanical
system with D(2, 1; a) superconformal symmetry can be constructed based on a solution of
the WDVV equations and a particular twisted period. It follows from Theorem 3.16 and
Corollary 4.3 that the polynomials ¢; and @ given by (3.18) and (4.5) define a superconformal
mechanical system with the bosonic potential proportional to Q2 Yoy qf at the parameter
value a = —(dg + hm)/2.

Remark 4.7. Let g(z!,...,2™) be a homogeneous W-invariant polynomial of positive degree.
Let Ly be the differential operator which acts on the W-invariant functions by g(V1,..., V).
The operators L, commute with each other and include the corresponding Calogero—-Moser
operator [Eti07]. It follows from Corollary 4.3 that if ¢ = (dg — 1)/h 4+ m, then LyQs =0 and so
the polynomial (g belongs to the joint kernel of the Calogero-Moser operator and its quantum
integrals. In particular, the Saito polynomial ¢° satisfies L,t” =0 if ¢ = (dg — 1) /h.

Now we move to the main statement of this section, on possible polynomial twisted periods
of the Frobenius manifold M.

THEOREM 4.8. Let L be the linear space of solutions p(x) to the system (2.3) such that
p € Clz]". Then dim L =1 unless v = (dg — 1)/h + m for some degree dg and m € Z=q. In the
latter case, dim L = 2 unless W = D,,, where n is even and dg =n in which case dim L = 3.

Proof. Suppose that p € C[z]" is a homogeneous solution of the system (2.3) such that
D =degp>0. By Proposition 2.11, the polynomials v;(z) = dp(x)/0x' are singular at the
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parameter ¢ = v. It follows from the relation

n n
Z 'V, = Z 0, — v Z (1—sy)
i=1 i=1 YER
that v = (D —1)/h > 0 (cf. [DJO94]). Consider first the case where 0 < v < 1. Equation (2.5) at
a =1 takes the form 0 =¢(t)(v + A), since C; =1Id and deg &, =D — d) < h for any 1 <A< n.
Hence the matrix v + A is degenerate, so v = (dg — 1) /h for some (3, and D = dz. Moreover, p(x)
as a polynomial of the Saito coordinates has to be a linear combination of t* with dy = dg.

Now let v > 1. The polynomial 0;1p(t) is non-constant as the matrix v 4+ A is non-degenerate.
By Lemma 3.1, the polynomial 0,1p(t) is a solution of the system (2.3) with v replaced by v — 1. It
follows from Lemma 3.2 and Remark 3.5 that the spaces of positive-degree homogeneous invariant
solutions of (2.3) for the parameter v and for when v is replaced by v — 1 are isomorphic. a

The arguments from the proof of Proposition 2.11 can be reversed, from which it follows that
the polynomial (4.5) is a twisted period with v = (dg — 1 4+ hm)/h of the Frobenius manifold M.
Thus Theorem 4.8 implies the following statement.

COROLLARY 4.9. Let p € C[z]" be a non-constant twisted period of the Frobenius manifold M.
Then v = (dg — 1+ hm)/h for some degree dg and m € Zq. Further, p = \Qp unless W = Dy,
and dg = 2r for some r € N, in which case p = AQ, + uQr4+1 where the Qg are given by (4.5) and
A peC.

Consider now a linear space My of singular polynomials such that My =V as W-modules.
Then Q € C[z]" defined by Proposition 4.1 is a twisted period and hence Corollary 4.9 allows
us to describe all such W-modules Mj.

COROLLARY 4.10. Let ¢ be a homogeneous singular polynomial. Suppose that the linear
space spanned by the polynomials wq, w € W, is isomorphic to V as a W-module. Then
deg ¢ =dg — 1+ hm for some degree dg of W, m € Z>¢, and ¢ = (dg — 1 + hm)/h.

Further, ¢ =", niqg; unless W = Da, and dg=2r for some r €N, in which case q=
Yoy 1i(AGri + p1gr41,i) where the gg; are given by (3.17)—(3.18) and A, p, n; € C.

In the former cases, all the homogeneous singular polynomials for ¢ = (dg — 1+ hm)/h in
the isotypic component of the reflection representation are described as linear combinations
> miqps, while in the latter case the homogeneous singular polynomials in the isotypic
component of the reflection representation form the 2n-dimensional subspace of polynomials
Yorq AiGri + piGr41,; where A, p; € C.

5. Further examples for classical series

While we express singular polynomials in the isotypic component of the reflection representation
of W through the Saito polynomials, in certain cases direct formulae exist. We refer to [ChmO06,
DJO94] for the case of dihedral groups, and to [Dun98, CE03] for the case where W is of classical
type. For instance, it follows from [Dun98] and Corollary 4.9 that all the polynomial invariant
twisted periods for W = A,, are given by

n+1

Q =Res,—o H(zfzj)” dz‘ ,
i 2 2j=0
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where v =s/(n+ 1)+ m with s=1,...,n and m € Z>q (c.f. [Dub04]). Further, let

n
Q =Res,— 2° H(22 — x?)” dz, (5.1)
j=1
where x1,...,x, are the standard coordinates in C". Then all the polynomial invariant
twisted periods for W = B,, have the form (5.1) where a =0 and v =(2s —1)/2n +m with
s=1,...,n and m € Z>¢. Similarly, (5.1) is the twisted period for W = D,, if a = —2r and
v=(2s—1)/2(n—1)+m with s=1,...,n—1 and m € Z>¢. All the remaining polynomial
invariant twisted periods for W = D,, have the form
n
Q =Res,—gz 2™} H(22 - w?)m"'l/Q dz, (5.2)
j=1
where m € Z>¢ (cf. [EYY93]). We note that for even n, the polynomial Q = Q.0 given by (5.1)
with a =—2m — 1 and v=m + 1/2 where m € Z>( has the same degree as the polynomial

Q = Qm,o given by (5.2) with the same m. These polynomials are not proportional, as for m >0
the polynomial 0;1Q, o is a non-zero multiple of the polynomial Qn—1,00 and 9 Qo is a
non-zero multiple of Q1.

This leads to the following proposition, which can also be checked directly.

PROPOSITION 5.3. Let the polynomial Q(x) be given by (5.2) with m € Zx¢. For any { € V, the
polynomial 0¢Q is singular for W = D,, with parameter ¢ =m + 1/2.

Proposition 5.3 can be generalized to the case of the complex reflection group W =5, x

(Z/0Z)"™ where { € Z satisfies £ > 2. This group is generated by the reflections ag-l) and s; acting
on the standard basis by

UZ(;)ei = w_aej, Ug-l)ej =w%;, Jg.l)ek = ey, (5'4)
s;e; = we;, s;eL = €k, (5.5)
where w = e2™/¢ is the fth primitive root of unity, 7,7, k=1,...,n with i # j #k #i, and
a=0,...,¢—1. The Dunkl operators in this case have the form
-1 n 1 1l
VizOn v} 3 (=) =3 ey (5.6)
— T; — wx; Zg
a=0 j=1 J b=1 a=0
J#i
where v, c1, ..., ci—1 € C (see [DO03]; we do not suppose any more that parameters of the Dunkl
operators are equal). Define co =0 and cqpyp =cp fora€Z and b=0,1,...,¢— 1.

The next statement generalizes Proposition 5.3. The form of the singular polynomials is
suggested by [CE03], where some singular polynomials for the group W were found using the
residues at infinity.

PROPOSITION 5.7. Let q € Z satisfy 1 < ¢ < ¢ — 1. Suppose that v =m+ ({ —q+ s)/{, cq—s =0
and c_s = s/{ for some m, s € Z>q. Then the formulae

n n AN
fi= H xf” Res,—g z M1 H (1 — xz>
i=1 i=1 i

define singular polynomials; that is, V;f; =0 for any i, j=1,...,n, where the operator V; is
given by (5.6) (and in (5.8) it is assumed that x; # 0 for all i). These polynomials are homogeneous

:U? dz
R (5.8)
ZC] z
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of degree (n — 1)(mf + ¢ — q) + ns, and they span an irreducible n-dimensional representation
of W.

Proof. Calculating the residue in (5.8) explicitly yields

m EOO: v—1\ t(m—k;)+s ~ (v L(v—k;
k1,....kn=0 J i=1 N
ki+-+kn=m i#j

where (})=a(a—1)---(a—k+1)/k! and (j)=1. Since v>m, the function f; is a
homogeneous polynomial of z1, ..., x,, with degree (n — 1)lv+s=(n—1)(ml+ ¢ —q) + ns.
Note that all the coefficients in this expression do not vanish, and hence f; # 0. The generators

of W act on the polynomials (5.8) by the formulae

oW fi=wfy, oW fi=wT ol = fi, (5.9)

sifi=w™fi,  sify=w"f, (5.10)

where i, j,k=1,...,nwithiZj#k#ianda=0,...,¢— 1. It follows that the space spanned
by f;j, 7=1,...,n,is an n-dimensional irreducible representation of W.

Next, let us show that the polynomial f; is singular. Let ¢ # j; then, using the formulae (5.9)—
(5.10), we find

-1 -1 -1 g

(f —w M) =) 6 wm wla=9) £ (5.11)

a—0 b=1 a=0 ¢

The last term in (5.11) equals —fc, g2, fj =0, as S'"Lw™® =0 for b¢ ¢Z. Thus V,fj =
[T, 28 Res,—g 2~ [T (1 - zg/:cl)”F,] dz, where

/—1,_49 q —aq..4
Foi—y bz; "z _VZ ( typooow xz)
[ / Y l _ _ 4 / 0 Y
(xi—z) ] xT; wex .I‘j—Z €Ty — %2
v -1 q 1 zew*aq(xf w¥ g ) + qu;](xf 4 _ w*aqxj_q)
i e rwow m S Z a
(z; — 2°)(z; — 2%) = T — W

1 1

£— —q—
1- b —q—1-b
PSS A Sty 3 )
a=0 b=0

Thus the first double sum in Fj; vanishes and the last double sum equals Kxf_lx?. Therefore
Fij =0 and Vlf] =0 for ¢ 7'5]

Now, to prove that V;f; =0, it is sufficient to check that ) ;' , x;V;f; =0. Since f; is
homogeneous of order (n —1)fv+ s, we have > 1" | ;0 fj = ((n — 1)fv + s) f;. Hence, using
cq—s = 0 as previously, one obtains

Z zVifij=(n—-1)v+s)f; + H 2t Res,—q z M1 H(l — 2t Jab) F dz,
' k=1 k=1
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where

e r;—z x; — 2z
i#j
-1 n - 27 aqwq -1 L1 w—ab— asxq
J J
-V § : a 0 0 €
Tj — wW'T — .
a=0 k=1 "7 AN R A e S
k#j

By taking into account that acz/(avz —wtzj) +xj/(xr; —w %x;) =1, we obtain

aqul q;q g;q.
:_”ZZ( 0 £>_£CS (= D+,

=0 i=1 .’E*Z LB]*Z SCJ»*Z
i#]

where we have used the assumption that c_s = s/¢. Hence we deduce that E?:l x;Vif;=0. O

Remark 5.12. In the case where the parameters satisfy ¢ |(s — ¢), the singular polynomials (5.8)
appeared earlier in [CE03, Proposition 4.1], where they were presented using the residue at
infinity. In other cases, the space spanned by (5.8) does not contain the singular polynomials
from [CEO03, Proposition 4.1], except for the case where n =2 and s =0 and the case where
n=1.
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