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CERTAIN SUMMATION FORMULAE FOR 
BASIC HYPERGEOMETRIC SERIES 

BY 
ARUN VERMA(1) 

§1. In 1927, Jackson [5] obtained a transformation connecting a 

y-a-p+N 

where N is any integer, with a 

VIZ., 

(1) 2 * 1 

^ p . ^ - . - p + N ! r^Mr^-a-p] _ _ x q 
;4>i „ a + 0 - 7 + l 

rq[y-a]rq[7-/3r 
where |q|>l and |q7~a~^N |>l. Tq[X] being the q-analogue of the gamma 
function(2). Jackson also conjuctured that it might be possible to remove the 
restriction that N is an integer, altogether. 

The result stated by Jackson is not correct as it is unless further conditions 
on a and j8 are imposed. In fact (1) is false if neither a, j3, nor N is a negative 
integer because under these conditions the right hand side of (1) is a 
divergent infinite series for |<?|>1. Furthermore, the result (1) reduces for 
N = 0to 

(2) 2 $ 1 
>q'iqy Tq[y]rq[y-a-p] _ A q 

r q [y -a ]r q [ y - j3 ] ' 

where \q\>l and |q7~"'3|>l, which is known to be false if a and ft are 
different from negative integer [See Jackson [4] for details]. 

Lastly, if neither a nor j3 is a negative integer and N is a negative integer, 
the result still remains false in general. As a verification let a = y and N= -1, 
q = Up the left hand side of (1) becomes nr=o[l-p0 + 2 +71-p2 + s]*O (since 
j3 is different from a negative integer) whereas the right hand side of (1) 
becomes zero and therefore the result is false. 

Received by the editors November 6. 1974 and, in revised form, April 14, 1975. 

(1) I am grateful to Professor G. E. Andrews for his suggestions in my original version of this 
paper which has enabled me to present the paper in its present form. 

(2) For definition and properties of this function please see Jackson [4, 5] and references 
therein. 
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Hence under the conditions |q|>l and \qy"a~p+N\> 1, (1) is false if neither 
a nor /3 is a negative integer, whatsoever be N. Jackson got the incorrect result 
because in his proof for (1) he made use of the incorrect relation (2). It may 
be remarked that (2) is true only if a or |3 is a negative integer or \q\< 1 and 
\qy-a-*\<l. 

In this paper we prove that if a or b or c is of the form of q~n, n a positive 
integer, then for \q\<l and \ec/ab\<l, 

(3) 

where 

2 * 1 
a, b; ec/ab]ri e/a,e/b; 

L e, e/ab > * i 
a,b;c;q 

L abq/e 

n «1 , «2, • 

L bu b2, . , 6 . 

is defined to be the infinite product 

\(l-a1q
i)(l-a2q

i) 

n 
( l -ûrV) 

a-MOU-MO — a-M') 
In the event of a or ft being of the form q~n, n a positive integer, the 

conditions |q|<l and \ec/ab\<l can be waived off, since under these condi­
tions both series of (3) reduce to polynomials. Hence the result (3) is 
equivalent to Jackson's result (1) if either a or /3 is a negative integer. 

The result (3) gives the summations of terminating 2*i with arguments q2, 
q3

9 etc. These results are then used to give alternative proof of some of the 
summation theorems proved earlier by Lakin [7] by using q-difference equa­
tions. The paper is concluded by proving summation formula for terminating 
3<ï>2 and a curious summation formula for a non-terminating 

2 * x l op " 
where m is a positive integer. Both these summations are believed to be new. 

§2. Sears [8; equation (10.2)] has shown that if \ef/abc\<l and |q|<l 

(4) 3<ï>2 
a, b, c; eflabc 

e,f 11L e,e/ab 

,r\\a>b,f/c, 
nlab/e,f,< 

3 * 2 
a,b,f/c;q 
abq/e, f J 

ef/ab; 
eflabc 3 * 2 

e/a, e/b, ec/ab;q 
qe/ab, ef/ab 

In this transformation replacing c by f/c and then letting / - * 0 we get that if 
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\ec/ab\<l and |q|<l 

(5) ^h^^-nf^^Uhtr 
L e J L e, e/ab J L abgle 

yi\ a,byc; 1 \ela,elb\q 
ll[ab/e,ec/ab\2 ll qe/ab 
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From the above it is clear that the second term vanishes if a or b or c is of 
the form q~n and in that case we get that 

(6) 2 * 1 
a, b; ec/ab -n el a, e/b; 

e, e/afc * * i 
a, fc, c;q 

abq/e J 

where either a or b or c is of the form q~n. 
In this result setting a=*q"n, c = l/q, b = q1^~n, e = q1~a_n and rewriting 

the 2*i in the reverse order by using the transformation 

2 * 1 
<\ n»flb» . J _ ( ~ " ) " [ q ]" „n -n(n+l)/2 

we get 

(7) 2 * ! 
^ - n ^« . ^2i r ^ ~ a i ^a(n-i) 

On the other hand, if we set a-q~n, c =l/g2, b-q1'^", e-q 
rewrite the resulting 2*&i in the reverse order, we get 

~31 lqp-a]n-2qnia+2) 

and 

>*rr [qnn 

.{[q*-« + n-2h 

+ ql-a'nd + «)(1 - ^-a+n-2)U - qw)d - q^n~l) 
^-2a[qn-lUq„n-2]2l 

From the above it is clear that the sum of a terminating 2*i with argument 
q3, q4, etc. could be written out without any difficulty. 

It might be of interest to point out that setting c = l/q in (6), we get a 
summation for a 

2 * 1 
a, b\ e/abq 

mentioned by Bailey [2], 
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Next, we show that an alternative simple proof can be given for some of the 
summation theorems derived by Lakin by operator methods. In fact we will 
give an alternative proof (Lakin [7; (27)]) 

(8) 3 * 2 
q > q > <7 ; q I _ Vq kg Vg JN-I 

\+d l+e 

q ><? 

I 
1+dl r^ l+en / i „e-b\ *N> 

[q1+dUq1+eUl-qe-") 

where 

and 
d+e=a+b-N 

kN = q
e+N^~e>~N2(1 + q~e - q~a - qN) - qe~b(l - qe~a+N). 

T U C _ V [^ ] n U ]n „n V [<? ]r[<? ]r ^r ( fo + n ) 

n = o U J n U ]n r = 0 L q J r U \r 

\rr(b+r/2+l/2) ^ 
L r . i r J + e i r J + d i \~)q 2<Pi l+d+r > 4 

<7 

[ q 1 + d " ] N Na f [ q " ] r [ q N ] r [ q e + 1 1 r , « , - d ) 

' [q1+"h q r% [ql[q1+eUqe-bl * 

[ql+d~ah qNa U 
" [q1+"]N ( l - q ^ ) ! 2 ^ 1 

• q < _ * 2 * i 
q1+e 

_ U JN q 
Na 

[q1+d]N (l-qe-b)]2 

e-b 

1>i 
_ — N a, „e — a+N~\ 

q ,q ,q 

~qe2^ 
q-»>q°.ql+e-a+N1 

l+d-a-i „Na [q1+d'aU 

[q1+d]N(l-qe-h) 

([q1+e ' f l]N-1qe+f 

1 [q1+lN 

e + N(a-e)-N2 

(q-e + l-qN-q-a) 

e-b[ql+e-aU 
q [q1+eh y 

The first of the 2 * i is summed by (7), whereas the second of the 2*1 is summed 
by the ^-analogue of Gauss' theorem [9; p. 247]. We then get (8) on some 
reduction. 

Following exactly similar procedure alternative proofs for the summation 
theorems 28 and 29 of Lakin [7] can be furnished. 
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Next we show that: If I is any positive integer or zero then 

i*1[ ,""'?k;q'] = ° fOT fc^n 

^\q'n,bqn+1;l\ [q]n , \n + l n ( n + l ) / 2 . n + l 

*ll b ]"ibï^( ) q b 

( _ \ n + 1 [ >
n + 1 q 5 n 2 + n 

L b J [b]n+2 

x{l-q2+n-b<jsn+1(l-<?n+1)}. 

To prove these summations let us rewrite 
q~\bqk;qn 
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2 * 1 

as 

J _ y [q-L [bq% „_ 1 y [ Q f [Û!hVk+.M+.« 
[Hk.t-o [ql [bqs+k]„q [b\s% [q]s f% [ql q 

since the terms corresponding to j = 0 , 1 , . . . , n are all zeros. From the above 
simple transformations the three summations (i), (ii), and (iii) follow readily. 

On this score it might be worth mentioning that if we define 

2 * 2 
q \qx\z 

q qi 

v [qak<,[qï] 
~ L r^T—f^ï—z 'l^l'l^l'lzl<1' 

m = 0 L 4 Jm,qL4lJm,qi 
then following the above procedure it is possible to show that: 

If n, k, J, m are positive integers and qx = ql then 

(i) 

(ii) 

2 * 5 

2 * 5 

q :qi , q i 

q : q i 

; i 
<r<ii 

= 0 if m + k < n 

—Y \w + l an*+n(c + l)+c) i.qi\nl,q 

U l Jn + l,qi 

The result similar to (iii) can also be written out. 

§3. In this section we have proved the summation formula 

[q]n-iq("-1Xp+,> 

(9) 3 * 2 
q>+x+n,qx-n,q>+i;q 

qp+\qp+'+1 [q1+P+iln-i[qt+P]n 

x{[<,
1-qn + (-r1[q"+*W+1-2'>'2}. 

We begin by mentioning a q -analogue of an expansion due to Fox [3]. 
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(It may be remarked that the result of Fox has been proved recently by 
Karlsson [2].) 

(10) A + l ^ B + l 
qb+a,qM 

q\ q(b) ''Z = 1 
y=o fowa 
X z V ° ' + 1 ) + , ( b ~ 2 ) A ^ i ' 7. 

which follows readily on substituting the series definition for A * B , changing the 
order of summation and summing the inner 2 * i by the q-analogue of Gauss' 
theorem. In (10) taking A = 2, B = l , £> = p + l, a = n (a positive integer) 
ai = l - n , a2 = p + /, &i = p + / + l, z-q then summing the inner 2®i by the 
q-analogue of Vandermonde's theorem [9; p. 247], we get that the LHS of (9) 

= [q]n-iq(n;1)ip+n "^ [q-n]rq,("-i+1) [ < ? p + a 

[ q 1 + P + / L - i r% [qUq1+Pl 

[q]n-iq(n-1)ip+i) 

W+P+il 
(p+/) r 

(~)nq 
n (n + l -2 j ) /2 [qp+']n 

[q1+p]n 

Once again summing the 2 * i by the ^-analogue of Gauss' theorem, we get (9). 
Lastly, we show that 

(11) 2*1 
[qPUqP—m]m\ [q"l 

.[<?"]» q~ ]« 
m—1r„B—a—m 

fol ~ q ) ' 

where | q | < l and m is a positive integer. 

Proof. 

(12) LHS = [<f]~ V fom]k dq*+% 
[q^k%[q], H [ < f + k ] ~ 

,[<?"]•» y fom]fc fc y W~a\ «<*+» 
V U - o [q]k

 q r% [q\ * 

:[£]»y t£!2i 
[<?"]» r=o [q]r 

„ m . „ l + r 

q ;q 

W\ 

qm i*o 

[ < ? f W — m ] „ [«]r 
Ir+m ra 

4 

[qa]ooq~ 

[q*Uq'-a-m\ 
| i * o 

q * 3 — m ; q ° 

r = 0 [<?]r 

N o w s u m m i n g t he i3>0, we get (11) . 
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Some of the interesting special cases of (11) are 
(i) Setting m = 1, in (11) we get 

f to"]* J*=
 1 U .,3-i [q'J-l 

(cf. Andrews et al [l]). 
(ii) Letting m tend to infinity in (12), we get 

!<!>! q \q i s !k_ x, r„ „*-« 
[q'Uq]* 

^o[q,q"-a;-,qal 

I am grateful to the referee for a number of helpful suggestions leading to 
the present version of this paper. 
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