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Density of Polynomial Maps

Chen-Lian Chuang and Tsiu-Kwen Lee

Abstract. Let R be a dense subring of End(pV'), where V is a left vector space over a division ring

D. If dimpV = oo, then the range of any nonzero polynomial f(Xi,...,X,) on R is dense in
End(pV). As an application, let R be a prime ring without nonzero nil one-sided idealsand 0 # a € R.
If af (x1,... 7xm)”(""> = 0 for all x1,...,x, € R, where n(x;) is a positive integer depending on
X1,...,%m, then f(Xj,...,X,,) is a polynomial identity of R unless R is a finite matrix ring over a
finite field.

1 Results

Throughout, V is a left vector space over a division ring D. Let End(pV) denote
the ring of endomorphisms of pV. For ¢ € End(pV') and a subspace W of pV, let
cly denote the restriction of ¢ to W. The finite topology of End(pV') is obtained by
endowing each ¢ € End(pV') with the family of neighborhoods

{x € End(pV) | xyy = clw },

where W ranges over all finite-dimensional subspaces of pV. Let F denote the center
of D. By a (noncommuting) polynomial over F, we mean an element of the free
algebra F{Xj, X, ... } over the field F generated by indeterminates X, X, .... The
range of a polynomial f(Xi,...,X,,) € F{X;,X5,... } onasubring R of End(pV) is
defined to be

RUFR) E {f(xr,. .. xm) € End(pV) | x1, ..., %m € R}

Let R be a dense subring of End(pV'). Assume that dim pV = oco. Chuang [2,
Lemma 1] proved that R(f; R) is a dense subset of End(pV) for the case f(X;,X;) =
X1 X, —X,X;. Wong extended this to nonzero multilinear polynomials [10, Lemma 2].
Our purpose here is to extend these results to their full generality.

Theorem 1.1 Let R be a dense subring of End(pV') and let f(X1,Xz,...,X,) be a
nonzero polynomial. If dim pV = oo, then R(f; R) is a dense subset of End(pV).

This actually follows from Theorem[[.2] a more detailed and generalized version.
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Theorem 1.2 Let R be a dense subring of End(pV) and let f(X1,Xs,...,X,;Y)
be a polynomial involving Y nontrivially. Assume that dim pV = oo. Then given
€1,6,...,¢; € End(pV) and a finite-dimensional subspace Vy of pV, there exist
X15,X2y « oy Xy Y1y Y2y -« - Yn € R such that

f(xlaxb"';xm;yi){vﬂ :Cih/0 fori = 1,2,...71’1.

Granted this, we can immediately give the proof.

Proof of Theorem[I.1] Since f(X;,Xs,...,Xy) is nonzero, it must involve nontriv-
ially some X;, say X,,. Write f = f(Xi,...,Xu—1;Xm). Let c € End(pV) and let V,
be a finite-dimensional subspace of pV. We apply Theorem[I.2] with X,, playing the
role of Y. So there exist x, ..., %,_1, X, € Rsuch that

fxt, ey Xm13%m) [y, = cly,-

So R(f; R) intersects nontrivially any neighborhood of End(pV') and is hence dense.
|

As an application to Theorem [[.2]we will prove the following.

Theorem 1.3 Let R be a prime ring with extended center C and without nonzero
nil one-sided ideals. Let f(Xy,...,X,,) be a non-commuting polynomial over C and
0 # a € R. Suppose that for all x1,...,x, € R, there exists an integer n(x;) > 1,
depending on xy, . .., Xy, such that af (xy,. .., x,)"%) = 0. Then f(x1,...,%n) = 0
forallx,...,x, € R, unless R is a finite matrix ring over a finite field.

We refer the reader to [6] for the case f(X) = X and to [4, 7] for the case where
f(X,...,X,)isamultilinear polynomial. On the other hand, as pointed outin [11],
if R is an # X n matrix ring over a finite field, then by [3, Theorem] forany 1 < k < n
there exists a polynomial f(X,...,X,), not a polynomial identity of R, such that
flx, ... ,xm)* = 0forall xi,...,x, € R. Theorem can be also generalized to
one-sided ideals as in [4, 6]. For simplicity, we state the result without proof.

Theorem 1.4 Let R be a prime ring without nonzero nil one-sided ideals. Let
fXi,...,Xm) be a non-commuting polynomial over the extended centroid C of R.
Given 0 # a € R and a one-sided ideal I of R, suppose that for all x,, ..., x, € I,

af(xy,... X)) = 0 for some n(x;) > 1 depending on x, ..., Xp.

Then the following hold unless C is a finite field and I is generated by an idempotent e in
the socle of R:

(1)  Iflisarightideal, then eitheral = 0 or f(x1,...,xm)l = Oforallx,,... %, € L.
(ii) IfIisaleftideal, then If(x,...,X%n) =0forallx,,...,x;, € L.

By [4, Main Theorem], we can drop the exceptional case when f(X,...,X,,) isa
multilinear polynomial.

https://doi.org/10.4153/CMB-2010-041-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2010-041-1

Density of Polynomial Maps 225
2 Proofs

Proof of Theorem[I.2] It suffices to prove the following.

Claim: For any givenay,...,am,b1,...,b, € End(pV) and for any given m+n+ 1
finite-dimensional subspaces Vy, V1, ..., V,;; Uy, ..., U, of pV with

(2.1) Von(Vi+--+V,+U+---+U,) =0,
there exist x1, ..., X ¥1, - .., ¥n € R satisfying the following:
@D xaly, =aily, - Xmly, = amly,,

(i) » FUI =b rU17"~7ynFUn = bann)
(iii) fS5yDly, =clvys - fEya)lv, = nlv,

where f(%; ;) def. fx1, %0, xms yi) for 1 <i < n.

Indeed, our theorem follows directly by taking V; = 0 = U for1 < i < m
and 1 < j < n. Let a € F be the constant term of f(X;Y). Replacing f(X;Y) by
f(X; Y)—awandc,...,cabyca —a,..., ¢, — a, respectively, we may assume that
f (X;Y) has no constant term. Write

fFEY) =X AKY) +- + X fu(XY) + Yg(X5 V).

We proceed by induction on the total degree of f(X;,Xa,...,X,;Y) and divide our
argument into four cases.

Case 1: g(f(; Y)=0. Then some fi(f(; Y), say f,,,(f(; Y), must involve Y nontrivially.
Since dim pV = o0, there exists a subspace V§ of V such that dim pV| = dimpVj
and such that ViN (Vo + Vi +---+V,, + Uy +--- + U,) = 0. Fix an isomorphism
o: Vo — V{. By 1), we pick a, € End(pV) such that

a,; lv,, = am ly, and a,; Iy, = 0.

For 1 <i <m — 1, wealso pick a/ € End(pV), such that

/

a/ly, = aily, and a;[y, =0.

Clearly, f,,(X;Y) has smaller degree than f(X;Y). By the induction hypothesis, there
existx;, y; € R,1 <i<mand 1 < j < n, satisfying the following:

xi[V0+V,- = aif‘,/0+vi fori=1,...,m,
* yily, =bjly forj=1,....n,
. fm(k';yj)fvol = lo (cj [VO) forj=1,...,n.
By our choice of a/, these x; also satisfy (i). For v € Vj, we have vx; = va/ = 0 for
1 <i<m—1andvx, = va), = vo. So forv € V,,

viEy) = v A&yt A X fu(Kyi) = v fn (B y ;) = (vo)(o™! ocj) = vc;j
for 1 < j < n.So f(%y;)ly, = cjly,- This proves (iii).

Case 2: g(y(; Y) is a nonzero constant, say, 0 £ 8 € F. By (ZI) and the density of R
in End(pV) there exist x;, y; € R satisfying the following:
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* xily, = aily, and x; [y, = 0for 1 <i <m.

* yjlu, = bjly, and yjly, = B '¢jly, for 1 < j < n.

Trivially, (i) and (ii) hold. For v € Vy we have vx; = Ofor 1 < i < mandvy; =
B~ vej for 1 < j < n. So we have

vi(Xy;) = v(xlfl(a_c';yj) o X fn(Z i) + g% yj))
=vyigEy)) = (B7)¢;8 = vej.
So (iii) also holds, as claimed.

Case 3: g()_('; Y) involves Y nontrivially. By (2.I)), we pick a/, 1 < i < m, such that

aily, = aily, and aj[y, =0.
Since dim pV = oo, there exists a subspace V{§ of V such that dim pV{ = dim pV,
and such that ViN (Vo + Vi +---+V,, + Uy +--- + U,) = 0. Fix an isomorphism

o: Vo — V{. By (Z) again, we pick b%, 1 < j < n, such that
b’-[Uj = bjly, and bily, =o.
Clearly, g has smaller degree than f. Note that 0~" o (¢;[, ) is defined on V{, which

is disjoint from Vo + > 1" | V; + Z';zl U;. By the induction hypothesis, there exist
xi, y; € Rsuch that

— ,/ ;s —
Xilyyv, = Gily,qy, fori=1,... ,m.
— ,/ ;
* Vilvgru; = bjlvgsy, forj=1,...,n.

. g(ic';yj)rvol =o"lo(c ly,) forj=1,...,n
These x;, y; satisfy (i) and (ii) by our choice of a;, b;. For v € V, we have vx; = 0 for
1 <i<mandvy; =vo.So

vi&y) = v iGy) +- ot xmfuEy) +yig(Xy;)

=vyigEyj) = (va) (o~ o (jly,)) = vej.

So (iii) also follows as claimed.

Case 4: g()_f; Y) is not a constant and does not involve Y. So g()_f; Y) involves non-
trivially some X;, say X,,,. So write g(X;Y_) = g(Xy,...,Xn) = g(X). By (1), we
choose n finite-dimensional subspaces Vé’ ), j=1,...,n, satisfying the following:

. dimDV(()i) :dimQVo fori=1,...,n.
* The sum Z;-':l V{7 is direct.
© (DL VN (Vo + S i+ S U =0

Pick isomorphisms o;: Vo — Véj) for j =1,...,n. Define c € End(pV) satistying

—1 .
v = o; o© (cjfvo)forl <j<n
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Pick a/ € End(pV), 1 <i < m, such that

/
i

aily, = aily, and aj[y, =0.

Clearly, g has smaller degree than f. Note that
V@ VN (Ve + Vi 4+ +V,) =0.

We apply the induction hypothesis to g(Xi, . .., Xy,) with X,, playing the role of Y.
So there exist x1, ..., Xu_1,X» € R such that
Xilv, v, = ai lv,ev, for 1 <i <m.
LN C P [Véneameavén) = Cfvg”e}..eavg"’-
Moreover, by the density of R in End(pV') there exist y; € R, 1 < j < n, such that

)’j[Uj = berj and yjly, = 0.

Clearly, these x;, y; satisfy (i) and (ii). Forv € Vo, vx; = 0for 1 < i < m, and
vo; € Vé]) for1 < j < n.Sowehaveforl < j<un,

vi&y) = via A y) + -+ xmfu(@yi) + yig(®)
=vy;g(X) = (VU]')<T]-71 o (cjly,) = vej.
Hence, (iii) follows as claimed. -

We now turn to the proof of Theorem[L3]Let R be a prime ring. Then the extended
centroid C of R is a field; we refer the reader to [1] for details. Let C{X;,Xa,...}
denote the free algebra over C in noncommuting indeterminates X;,X5,.... Let
RC{Xj,X,, ...} denote the free product of the C-algebras RC and C{X;,X,,... }.
Elements of RC{X;,X,,...} (resp. of C{Xi,X,,...}) are called generalized poly-
nomial (resp. polynomial). We call f(X1,X,,...,X;) in RC{X;,X,,...} (resp. in
C{X1,X5,...}) a generalized polynomial identity, abbreviated as GPI (resp. polyno-
mial identity, abbreviated as PI) if f(x;,...,x) = 0 for all x; € R. A prime ring R is
called a GPI-ring (resp. a PI-ring) if it satisfies a nonzero GPI (resp. a nonzero PI).
To prove Theorem[L3]we need the following two lemmas (see [4, Lemmas 1 and 2]).

Lemma 2.1 LetS = M, (D), where D is a division ring. If ab' = 0 for some integer
¢ > 1wherea,b € R, then ab™ = 0.

Lemma 2.2 Let S be a simple Artinian ring and let T be a subset of S such that
uTu=! C T for all invertible elements u € S. Then either £s(T) = 0 or T = 0,
where {s(T) is the left annihilator of T in S.

Proof of Theorem[1.3] Let p & 4R, a nonzero right ideal of R. Let x,...,x, € R.
By assuption, there exists an integer n(x;a) > 1, depending on xi4, ..., x4, such
thataf(xa,... , X)) = 0 and so

(2.2) flaxy, ..., ax,,)" Vg = af(xa,... ,xma)”(""“) =0.
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Set 5 = p/pNLr(p). Since R is a prime ring without nonzero nil one-sided ideals, so
is the ring 7. In view of [8, Lemma 3], the extended centroid C of the prime ring p is
canonically isomorphic to C. This induces a canonical isomorphism of free algebras
C{X\,X,,...}and C{X}, X, ... }. Let f(Xi,...,X,) denote the canonical image of
f(Xi,...,Xm). By 22), ?(xl, ..., Xy) is nilpotent for all xy, ..., x,, € p. It follows
from [11] that either f(Xi,...,X,,) is a polynomial identity for p or p is a finite
matrix ring over a finite field. In either case, p itself is a PI-ring. Since R contains a
nonzero PI right ideal, it is a GPI-ring. By Martindale’s theorem [9, Theorem 3], RC
has a minimal idempotent g such that gRCg is a finite-dimensional central division
C-algebra. Let H denote the socle of RC. Since Ha C H, for our purpose it suffices
to assume a € H from the start.

We claim that af(x,. .. X)) = 0 for all xy,...,x, € H, where n(x;) is a
positive integer depending on xi, ..., x,,. Suppose on the contrary that there exist
Z1,...,2Zm € H such that

af(zi,....zm) #0forallk =1,2,....

Notice that H is a simple ring with nonzero socle. By Litoff’s theorem [5], there

exists an idempotent e € H such that a, z, . . ., z,, € eHe. Moreover, eHe = eRCe =
M, (D) for some division ring D = gRCg and for some integer p > 1. By Lemma[2.1]
we see that

(2.3) af(xi,...,xu)? =0forallxi,...,x, € RNeRCe.

Case 1. Assume that C is a finite field. Pick an ideal I # 0 of R such that IC C R.
Then eRCe = eICe C R by the simplicity of eRCe. So (Z.3) holds for all x1, ..., x,, €
eRCe. In particular, af(zi, ..., z,)? = 0, a contradiction.

Case 2. Assume that C is an infinite field. Pick an ideal I # 0 of R with ele C R.
Then ([2.3]) holds for all x;, . . . , x,, € ele. Note that C is infinite. If we further choose
I with aI C R for sufficiently, but finitely many, a € C, then by a Vandermonde
argument holds for all x;,...,x, € elCe. Then eICe = eRCe follows by the
simplicity of eRCe. So af(zy, ..., z,)? = 0, a contradiction again.

This proves our claim. Set V &t gRC and D def gRCg. Then, by the density

theorem, H acts densely on pV. Suppose first that dim pV = oco. Choose a vector
v € V such that va # 0. By Theorem [[1] there exist xi,...,x, € H such that
vaf(xi,...,%,) = vaand so vaf(xi,... . Xm)* = va # 0 for all k > 1, a contradic-
tion. Thus dim pV' < oo, implying that R = RC = H = M, (D) for some integer
p > 1. By Lemmal21l af(xy,...,x,)? = 0 for all xi,...,x, € R. The subset
T of R consisting of all elements f(xy,...,x,)? for x1,...,x, € R clearly satisfies
uTu~! C T for all invertible elements u € R. Since a # 0, Lemma 2.7] asserts
that f(x,...,x,)? = 0forall x,...,x, € R. Applying [11], we see that either
flx1,...,%x,) = 0forall x,...,x,, € Ror R is a finite matrix ring over a finite
field. [ |
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