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Abstract

We consider a coupled, logistic predator—prey system with delay. Mainly, by choosing
the delay time 7 as a bifurcation parameter, we show that Hopf bifurcation can occur as
the delay time 7 passes some critical values. Based on the normal-form theory and the
centre manifold theorem, we also derive formulae to obtain the direction, stability and
the period of the bifurcating periodic solution at critical values of 7. Finally, numerical
simulations are investigated to support our theoretical results.
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1. Introduction

In the last few decades, the study of dynamical systems of population models has
received much attention by theoreticians and experimentalists. In order to observe
the effect of the past information on the system, a time delay is incorporated into
the population models. Among these models, the delayed predator—prey system has
an important role. Especially, the Hopf bifurcation of periodic solutions of delayed
systems has received great attention. In particular, the properties of periodic solutions
appearing through the Hopf bifurcations in delayed systems are of great interest
(see [1, 4, 7-18, 22] and the references therein). In 1973, May [15] first proposed
and briefly discussed the following delayed predator—prey system:

x(0) = x(O[r) — anx(t = 7) — any(®)],
(0 = y@)[—r2 + an x(t) — any®)],

where x(¢#) and y(f) are the population densities of prey and predator at time ¢,
respectively; 7 > 0 is the time delay of the prey to the growth of the species itself;

(1.1)
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r1 > 0 denotes the intrinsic growth rate of the prey and r, > 0 denotes the death rate
of the predator; the parameters a;; (i, j = 1,2) are all positive constants. System (1.1)
shows that in the absence of the predator species, the prey species is governed by
the well-known delay logistic equation X(#) = x(¢)[r; — a1, x(¢ — 7)] and the predator
species decreases in the absence of the prey species.

In many of these studies, the authors have mainly considered the boundedness of
the solutions, persistence, local and global stabilities of equilibria, and existence of
nonconstant periodic solutions.

In 2005, Song and Wei [19] worked on the dynamics of the system (1.1) by
considering the delay time 7 as the bifurcation parameter, and obtained that the
positive equilibrium is asymptotically stable under certain conditions. However, it
is conditionally stable under some other conditions and Yan and Li [20] considered
the same delay time 7 in the population density of the predator in the second equation
of system (1.1), namely,

X(6) = x(O)[r) — apx(t — 1) — anpy®)],
¥(®) = y(Ol=r2 + ax x(t) — any(t — 1)].

They found that the unique positive equilibrium of system (1.2) is no longer absolutely
stable and the switches from stability to instability and again back to stability
disappear. Moreover, by using the normal-form theory and the centre manifold
theorem, they obtained the properties of bifurcating periodic solutions.

In addition, Faria [3] studied the following system with two different discrete
delays:

(1.2)

x(1) = x(O)[r1 — anx(t) — apy(t — 1),

V(1) = y(O[-r2 + an x(t — 12) — any(®)],
where 71 > 0 and 7, > 0. Mainly, the author took 7, as the bifurcation parameter to
analyze the stability of the interior positive equilibrium, and also obtained the existence
of the local Hopf bifurcation and the direction of the stability of bifurcating periodic
solutions from the Hopf bifurcation.

Furthermore, Yan and Zhang [21] combined the models (1.2) and (1.3) and

considered the following delayed predator—prey model with a single delay:

x(0) = x(Or1 — anx(t — 1) —apy(r - 1),
(@) = y(@O[—ry + an x(t — 1) — any(t - 7)].
In system (1.1), if we consider the time delay of the predator species to the growth

of the species itself and also the delay 7, then system (1.1) should be modified as the
following delayed predator—prey system:

(1.3)

(1.4)

x(1) = x(Olr — anx(®) — apy(t - 1),
(1) = y(O[—r2 + an x(t) — any(t — 7)1,
where 7 > 0 is the feedback time delay of the predator species to the growth of the

species itself, r; > 0 denotes the intrinsic growth rate of the prey and r, > 0 denotes
the death rate of the predator.

(1.5)
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Our aim is to investigate the stability of the delayed predator—prey system (1.5) and
investigate how the delay time 7 affects the dynamics of this system. To analyze the
system, first we study the local stability of the equilibrium point of the corresponding
characteristic equation of the system and obtain the general stability criteria involving
the time delay. Second, by choosing the delay 7 as bifurcation parameter, we show that
the positive equilibrium loses its stability and the equation exhibits Hopf bifurcation.
Then, based on the approach of normal-form and centre manifold theory introduced
by Hassard et al. [6], we derive the formula for determining the properties of Hopf
bifurcation of the model. More specifically, it is shown that the Hopf bifurcation is
subcritical and the bifurcating periodic solutions are unstable under certain conditions.
Finally, to support these theoretical results, we illustrate by numerical simulations.

This paper is organized as follows. In Section 2, we first focus on the stability
and Hopf bifurcation of the positive equilibrium and, in Section 3, we determine the
direction and stability of Hopf bifurcation by using normal-form and central manifold
theory. In Section 4, numerical simulations are performed to support the stability
results. Finally, concluding remarks are presented in Section 5.

2. Stability analysis and Hopf bifurcation

Note that the system (1.5) has equilibria E; = (0,0), E; = (r1/a11,0), Ez =
(0, —ry/ayy) and always has a unique positive equilibrium E* = (x*, y*), provided that
the condition

(H) riax —nrap >0

holds, where

riax + nap riax — nan

*_

- - .
apjax + appany appax +apdan

*_

Under the hypothesis (H), and assuming u;(¢) = x(f) — x* and u,(¢) = y(¢t) — y*, we can
rewrite (1.5) as the following equivalent system:

i1 (1) = (u1(0) + xM)[—anui(t) — apus(t — 7)1,

(1) = (u2(t) + y)laziui (1) — axux(t — 7)]. @D
The linearization of (2.1) at (0, 0) is
b:tl(t) = —a11IX*M1(t) —apx'uy(t — 1), 2.2)
(1) = any ui(r) — any us(t — 7).
Its characteristic equation is
2+ pl+(gl+s)e =0, (2.3)

where p = aj1 X", g = any” and s = (ajjaxn + apaz)x*y*.
When there is no delay, that is, 7 = 0, the corresponding characteristic equation
(2.3) reduces to
A+ pl+gl+s=0,
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and the corresponding eigenvalues are A, = {—p — g = /(p + ¢)*> — 4s}/2. Since
p=anx’,qg=aypy and s = (ajjaxn + ajpax)x*y* are positive constants, we first have
the following result for equation (2.3).

Levma 2.1. The two roots 12 = {—p — q £ \(p + q)* — 4s}/2 of equation (2.3) with
7 =0 have always negative real parts, that is, the equilibrium point (0,0) for the
linearized system (2.2) with T = 0 is asymptotically stable.

By the Hartman—Grobman theorem [5], since eigenvalues of the linearized system
(2.2) have nonzero real parts, the qualitative behaviour of solutions for the nonlinear
system (1.5) is the same as the linearized system (2.2) in a neighbourhood of the
equilibrium point £* = (x*, y*).

Now we investigate the distribution of roots of the transcendental equation (2.3),
since the stability of the point (0, 0) of the linear system (2.2) depends on the locations
of the roots of the characteristic equation (2.3). By the roots of 4> + pA + (g1 +
$)e™* =0 and Lemma 2.1, there exists 7o > 0 such that ReA(t) < 0 for 7e [0, 7).
Since a loss of asymptotic stability of (x*,y*) arises when ReA(t) = 0, we examine
whether there exists a 7° > 0 for which ReA(7*) = 0, that is, we would like to know
when equation (2.3) has purely imaginary roots. In this section, we first obtain the
conditions of local stability of the equilibrium point.

Suppose that for 7 = 7%, we have A = iw with w > 0; then we have the following
result.

Lemmva 2.2. For the system (2.1), transcendental equation (2.3) has one purely
imaginary root.

Proor. For 7 = 77, let A = iw be a root of equation (2.3) with w real and without loss
of generality w > 0. Then

(iw)* + p(iw) + (g(iw) + s)e” 7 =0,

that is,
—w [i(qw) + s][cos(wT) — isin(wT)] + ipw = 0.

Separating real and imaginary parts,
w* = qwsin(wt) + scos(wt) and —pw = qw cos(wT) — s sin(wT),

which is equivalent to
wr+ (P - P + 52 =0.

Let w? = ¢; then
P+ -+ =0, (2.4)

which implies that this equation governs the possible values of 7 and w for which
A2 + pA + (g + s)e™*" = 0 can have purely imaginary roots.
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Without loss of generality, we denote w = V and, solving the equation (2.4) for w,

[—(p2 -+ W]I/Z
w =

2
and
2
Ty = larctan(ps-'-¢)+ ”—k, k=0,1,2,...,
w ws(1 - pg) w
which completes the proof of the lemma. O
We denote
[—(p2 ~ )+ NP -+ 4s2]1/2
woy =
2
and suppose that 4x(7) = @ (1) + iwi(7) denotes the root of (2.3) near T = 7y satisfying
() = 0 and wi(Ty) = wo, k =0,1,2,.... Then we have the following transversality
conditions.

Lemma 2.3. The following transversality conditions are satisfied.

d Re/lk(‘l'k)
dr

that is, system (1.5) undergoes Hopf bifurcation at the positive equilibrium point
(x*y) fort=1,k=0,1,2,...

>0 fork=0,1,2,...,

Proor. Differentiating the characteristic equation (2.3) with respect to T,

da da da daA da
2= [_ AT _ pl —/IT(_ /l):| we —/l‘r(_ /l) — O,
dr+q d‘re e dTT+ +pdr se dTT+
that is,
(d/l)" _ T, 20+ qge "+ p
dr] A Aet(gl+s)’
Thus,
-1 . —iWo Ty
Re(d—/l) = Re[—.T—k] + Re[ ,2lw0 + ¢ - rp
dt)  aziw, iwo iwpe T (qiwy + §)

sp sin(woTy)

wo(g*w] + 52)

By using Rouche’s theorem [8], we observe that the transversality condition holds
and the conditions for Hopf bifurcation are satisfied at Tt =14, k=0, 1,2, ..., which
completes the proof of the lemma. O

Summarizing the results above, we have the following theorem on stability and
Hopf bifurcation of system (1.5).
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THEOREM 2.4. For system (1.5), the following hold:

(1) if tel0, 1), then the equilibrium point of system (1.5) is asymptotically stable;
@i1) if T > 1, then the equilibrium point (x*,y*) of system (1.5) is unstable;
(i) ift=1, (k=0,1,2,...), then system (1.5) undergoes a Hopf bifurcation at the
equilibrium point (x*,y").

Remark 2.5. It must be pointed out that Theorem 2.4 cannot determine the stability
and the direction of bifurcating periodic solutions. In the following section, we
investigate the stability of bifurcating periodic solutions by using the normal-form
theory and the centre manifold theorem due to Hassard et al. [6], and prove that the
Hopf bifurcation is subcritical and bifurcating periodic solutions are unstable.

3. Direction and stability of Hopf bifurcation

We study the direction and stability of Hopf bifurcation for which we obtain the
necessary conditions for bifurcating periodic solutions in Section 2. For determining
the direction and stability of bifurcating periodic solutions, we apply the normal-form
theory and the centre manifold theorem by Hassard et al. [6].

Throughout this section, we suppose that the system (1.5) undergoes Hopf
bifurcation at the positive equilibrium point (x*,y*) for 7 = 7, and iwg is the
corresponding purely imaginary root of the characteristic equation at the positive
equilibrium point (x*, y*). For the sake of simplicity, we use the notation iw for iwy
and /7 for t.

We first consider the system (1.5) by the transformation

() =x(tt) = x*,  wp(@) =y(tt) =y, T=Tp +u,

which is equivalent to the following functional differential equation (FDE) system in
C =C([-1,0],R?):

i1 (1) = 7(u1 (1) + x)[—apu () — appus(t = 1],
() = T(ua(t) + y)lasiui(t) — anus(t — 1)].

For ¢ = (¢1, ¢») € C, the functions L, : C — R, f : R x C — R are defined as

(3.1)

—anx*$1(0) — appx"¢o(-1)
L =
K= | 1 361(0) - amy*da(-1) }
and
_|7a1191(0)¢1(0) — a12¢1(0)p2(-1)
T 9= [ a21¢2(0)¢1(0) — ax2(0)pa(—1) ]

respectively. By the Riesz representation theorem [2], there exists a function 7(6, () of
bounded variation for 8 € [—1, 0], such that

L= ﬁ dn(6,0)¢0) for ¢ € C,
-1
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where the bounded variation function 7(8, 1) can be chosen as

_ —apx* 0 0—apx*
77(97#) - (Tk +,Ll)|: a21y* 0:| + (Tk + /l) 0 —6122)’*] .
For ¢ € C'([-1,0],R?), we define
de(0)
—W, 0 e [—1, O),
A =1
fl dn(u, $)é(s),0 =0
and
R = {0, 6e[-1,0),
9. 0=0.
Then the system (3.1) is equivalent to
i = A(u; + R(pwuy, (3.2)
where u,(6) = u(t + 6) for 8 € [-1,0). For ¢ € C'([-1, 0], (R?)*), we define
—%, s€(0,1],
A"Y(s) = 0

f dn’ (t,00(~1),s =0
-1

and a bilinear inner product

0
W(s), $(0)) = P(0)$(0) — f 1 f; . W(€ - 0)dn(0)$(€) dé,

where 1n(0) = 7(8,0). Then A(0) and A* are adjoint operators. Suppose that g(6) and
q"(s) are eigenvectors of A and A corresponding to iwTy and —iwTy, respectively. Then
suppose that g(0) = (1, a)” ¢“™? is the eigenvector of A(0) corresponding to iwty; then
A(0)q(0) = iwTrg(6). It follows from the definition of A(0), L,¢ and 1(6, 1) that
q(g) — (1’ a,)TeinkG’

where @ = —iw/ay x* and ¢(0) = (1, a)l.

Similarly, let g*(s) = D(B, 1)e'“™* be the eigenvector of A* corresponding to —iwTy.
By definition of A%,

4'(s) = DB, e = *
—apnx

To satisfy (g*(s), g(6)) = 1, we need to evaluate the value of D. From the definition of
the bilinear inner product,

(q"(s).q(6) = DB, DL, @) ~ ﬂ j: 0D(,E, De™ ™ dn@)(1, )" ¢ de

* ,—iWT, _ 7
_a22y € lwe—iw‘rk 1)eiw‘rks
_— , .

_ D{a +B- ﬁ @, 10 dn()(1, a)T}
-1

Dia + B + Ti(—apay*)e ™},
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Thus, we can choose D as

_ 1
D=

— R s
a + B+ tp(—axnay*)e W

such that (g*(s), ¢(6)) = 1 and {(g"(s), g(6)) = 0
In the following, we use the theory by Hassard et al. [6] to compute the coordinates
describing the centre manifold Cy at = 0. We define

2(t) ={q", ur), W(t,0)=u, — 2Rez(t)q(0). (3.3)

On C(),
Z2 22
W(2,0) = W(z(®),2(0),0) = Wao(0) = + Wi ()22 + Won(0) 7 + -,

where z and Z are local coordinates for the centre manifold Cy in the directions of ¢
and g*, respectively. Note that W is real if u, is real. We consider only real solutions.
For the solution u, € Cy, since u = 0 and from (3.2),

z=iwtiz +{q"(0), f(0, W(z,Z,6) + 2Rezq(0)))
=iwtiz+ G (0)fo(z,2)
=iwtz + g2, 2),

where

2 52 2z

_ _x _ Z _ Z
8z,2) =g (0)fo(z,2) = 820> +811zZ + g0 + 821 - +e (3.4)

By using (3.3), we have u,(u1,(6), uy(6)) = W(t, 6) + zq(6) + zq(6) and ¢(6) =
(1, )T €™ and then

i (0)=z+7+ W§3;<0>£ + Wi (0)2z + Wg‘;(0>i +0((z.2)P),

u2(0) = za + 7@ + W(z)(O)— + W2(0)2z + W(z)(O)— +0(z2)P),
ur(=1) = ze7 ™0 4z 1 Wi(~ 1)— + W“’( D2z + W (- 1)— +0((z, 2)P),
ur(~1) = zae ™ 1 zae ™ + WD(~ 1) + W (=Dzz + WS (- 1) +0((z. DP).
To simplify the notation, let

* / * ,—1WTy :
anx +iw ; ay- e —lw _;
M=——————2¢“% agnd N=-—""F—— ',

(112x* —alzx*
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Thus,
TNAT . Z2 . 22
8(z,2) = DNTk{z(—an - alee_""Tk)E +2(—ay; — aleelek)E
+2(-2a;; — alzRe{Mei‘“Tk Nzz

+ [Wéé>(0)(—2a“ — alZMeiam‘) _ Cl]z[Wé%))(—l) + 2W(2)( 1)]
-2
+ W(l)(o)( 2a;,Me ™ — 4a11)}% +.. }

2 =2
+ DTk{Z(a21 - azzMe”“’”)M% + 2(6121 - azzMelek)M%

+2(ay1 (M + M) — an|M|*Re{e“™})zz
+ W5 (0)(a21 = anMe“™) + 2W P (0)(az1 — anMe ™)
+ax [W) ()M + 2W () (0)M]
~ an (W= DM + 2W D (DMIZ + -},
By comparing the coefficients with the equation (3.4),
820 = _2m7'k((111 + alee_ink) + 25Tk(a21 - azzMe_ink)M,

811 = —ZWTk(ZaH + alzﬁeimk) + ZBTk(Zalee{M} - a22|M|2Re{ei‘“T" }),

802 = —ZWTk(an + alzﬂeiwrk) + 25Tk(a21 — azzﬂemk )M
g1 = ~DNT[ Wi (0)2a1; + aiMe™™) + an(Wyg (=1) + 2WP (1)
+2W( ) (0)anMe™™ + 2a11)] + Dr[Wiy (0)(azr — anMe™™)
+2W D (0)aa1 — anaMe ™) + ay (W ()M + 2W' ) (0)M)
—an(WS(=DM +2W3 (= 1HM)].
Here

i_OZ B . .
8 q(O)@ iwti0 + E1€21w7k9’
31w
ig11

Win(0)= = g0 + f{—gqm)eﬂW + B,

Wan(6) = 22 (00" +

and E; (E(l) (2)) eR?and E, = (E(l) (2)) € R? are constant vectors with

2D 2(=ay — appMe %) appxte e

1 A1 2M(az; — anMe ™) 2w + azzy*e_Zi“'T" ’
£ 1 Riw +apx*  appxteHom

VAL —anyt 2iw + apyteien|’

where )
A 2wi+apx*  appxte
1= . . Yy
—any*  2wi+axpny'e 2w
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and
E(zl) - a 4ayy + 2aRe(Me™™) ~ alz4a21Re(M) - 2a22Re(eiWT’<)|M|2’
apnanx* + apax;x* apaxny* + apany*
E;z) —ay )C_* 4021R€(M) - 2a22Re(e””k)|M|2 —ay 4d|] + 2a12Re(MeiWT’f) '
y* ananx* + apax;x* ananx* + apaxx*

We determine the following values to investigate the quantities of the bifurcating
periodic solution in the centre manifold at the critical value 7;. For this purpose, we
express the g;; in terms of the parameters and delay, and then we evaluate the following

values:
i lg02l*\ 821
c1(0) Yo, 820811 — 2lg1l 3 >
o = — Re{c(0)}
Re{ (1)}

B2 = 2Refc1 (0)},
7, = _Imic10)} + poIm{d' (7o)
2 - b
wWTy

which are the quantities for determining the bifurcating periodic solutions in the centre
manifold at 74, so that u, determines the direction of Hopf bifurcation, and 8, and T,
state the stability of the bifurcating periodic solution and the period of the bifurcating
solution, respectively. Hence, we have the following result.

TueorEM 3.1. The ratio uy determines the direction of Hopf bifurcation; if u, > 0,
then the Hopf bifurcation is supercritical and the bifurcating periodic solution exists
for T > 1y and, if uy <0, then the Hopf bifurcation is subcritical and the bifurcating
periodic solution exists for T < 1y. The value of B, determines the stability of the
bifurcating periodic solution; the bifurcating periodic solution is stable if B, < 0 and
unstable if B, > 0. The ratio T, determines the period of the bifurcating solution; the
period increases if Ty > 0 and decreases if T, < 0.

4. Numerical simulations

We illustrate the numerical simulations to support our theorems that we obtained
in previous sections by using the MATLAB-DDE (delay differential equation) solver.
As anumerical example, we consider the following logistic predator—prey system (4.1)
with the parameters r| = 1.5, r, = 0.6, a;; = 0.7, a1 = 0.8, ap; = 0.45 and ay; = 0.006,
that is,

x(t) = x(H[1.5 = 0.7x(z) — 0.8y(t — 7)1,
¥(®) = y(@®)[-0.6 + 0.45x(r) — 0.006y(t — 7)],

which has a positive equilibrium E* = (x*, y*) = (1.3427,0.7001). Following the
discussions from Section 2, we derive the formulae determining the direction of a
Hopf bifurcation and the stability of the bifurcating periodic solution at the critical
value 7.

4.1)
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25 T T T T T
R S O S S s s
b ! ! 4 ! : : :
15_.‘l‘....:...‘...:......‘.l ....... :..._.‘....‘......I....‘.‘-I ........ : ........
1 : . : : : :

b

Prey den sity (x(t))

5 i I I i i i | i
0 10 20 a0 40 50 60 70 a0 90
Timef(t)

Ficure 1. The trajectory of prey density x(7) versus time with the initial conditions xo = 50, yo = 25 and
T=3<1.

We evaluate that

~(P* =)+ PP =P + 45
“’(’:[ 2

and, hence, 79 =3.5813. So, by Theorem 2.4, the equilibrium point E* is
asymptotically stable when 7 € [0, 79) = [0, 3.5813) and unstable when 7 > 3.5813,
and also the Hopf bifurcation occurs at 7 = 79 = 3.5813, as is illustrated in the graphs
below.

By the theory of Hassard et al. [6], we may also determine the direction of the Hopf
bifurcation and the other properties of bifurcating periodic solutions for this numerical
example, which implies that

,U2<09 ﬁ2>0, T, > 0.

1/2
] = 0.34227

Hence, the Hopf bifurcation of system (4.1) occurring at 7o = 3.5813 is subcritical,
and the bifurcating periodic solution exists when 7 crosses 7y to the left; also, the
bifurcating periodic solution is unstable, which is illustrated in the figures below.

In the numerical simulations, the initial conditions are taken as (xy, yo) = (25, 10)
and the MATLAB-DDE solver is used to simulate the system (4.1). Figures 1-3 clearly
show that the equilibrium point E* is asymptotically stable when 7 € [0, 3.5813). We
first take 7 = 3 < 7y and, by graphing the density functions x(¢) and y(¢) in Figures 1
and 2, we verify that the equilibrium point E* is asymptotically stable for 7 < 7.

In Figure 3, again taking the delay parameter T = 3 < 79, we demonstrate the phase
portrait of prey density x(f) versus predator density y(f), which also illustrates the
asymptotic stability of the equilibrium point £* in two dimensions.

https://doi.org/10.1017/51446181116000055 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181116000055

456 C. Celik and G. Cekig [12]

Predator density (y(t))

Time(t)

FiGure 2. The trajectory of predator density y(f) versus time with the initial conditions xp = 50, yp = 25
and =3 < 1.

o6 08 1 12 14 18
x(t)

Ficure 3. The phase portrait of predator y(f) and prey x(r) densities with initial conditions xy = 50 and
yo = 25. The graph of the solution of the model (4.1) when 7 = 3 < 7(, which shows that the equilibrium
point £* is asymptotically stable.

The numerical simulations for 7 = 3.8 > 7 that is sufficiently close to 7y are shown
in Figures 4-06, and these graphs show that the bifurcating periodic solutions from the
equilibrium point E* occur and are unstable.
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Ficure 4. The trajectory of prey density x(f) versus time 7 with the initial conditions xy = 50, yp = 25 and
7=3.8>T1.
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Figure 5. The trajectory of predator density y(f) versus time ¢ with the initial conditions xy = 50, yo = 25
and 7 = 3.8 > 19.

More importantly, in Figures 7 and 8, we construct the bifurcation diagrams for prey
and predator densities, respectively. We observe that the bifurcation diagrams allow
us to visualize changes in the behaviour of the system as the bifurcation parameter
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y(t)

Ficure 6. The phase portrait of predator density y() versus prey density x(7) for the same parameters
when 7 = 3.8 > 7, which shows that the periodic solutions are bifurcating from E*.

1.8+¢

2.5 3 3.5 4
T

Figure 7. Bifurcation diagram for prey density x(f) when the value of 7 is from 2.5 to 4.

T passes through the first critical value 73. So, we can conclude that the numerical
simulations agree with analytical results on the impact of time delay for the stability
of the equilibrium point.
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Ficure 8. Bifurcation diagram for predator density y(¢) when the value of 7 is from 2.5 to 4.

5. Conclusion

In this paper, we have investigated the local stability of the positive equilibrium
point (x*, y*) and Hopf bifurcation of a nonlinear predator—prey system with discrete
time delay 7. We have shown that if the condition (H) holds and 7 € [0, 7¢), then the
positive equilibrium point (x*, y*) is asymptotically stable. When 7 > 7, the positive
equilibrium point (x*, y*) loses its stability, and the sequence of Hopf bifurcations
occurs at the positive equilibrium point if 7 =7, (k=0,1,2...), that is, a family
of periodic orbits bifurcates from the positive equilibrium point (x*,y*). Also, the
direction of Hopf bifurcation and the stability of the bifurcating periodic orbits
are discussed by applying the normal-form theory and the centre manifold theorem
introduced by Hassard et al. [6]. Finally, the numerical examples verifying our
theoretical results are presented. For future studies, we would like to consider the same
model under the diffusion effect, which will be a PDE (partial differential equation)
model by incorporating the time delay into the system.
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