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A NOTE ON THE EXTREMAL INDEX
FOR SPACE-TIME PROCESSES
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Abstract

Let {X(s, 1), s = (s1,s2) € R%, t € R} be a stationary random field defined over a
discrete lattice. In this paper, we consider a set of domain of attraction criteria giving the
notion of extremal index for random fields. Together with the extremal-types theorem
given by Leadbetter and Rootzen (1997), this will give a characterization of the limiting
distribution of the maximum of such random fields.
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1. Introduction

We consider the asymptotic distribution of the maximum of a stationary random field defined
over a discrete lattice in R3. We will take the first two coordinates as space and the third
coordinate as time; hence, we call this random field a spatiotemporal process. We are motivated
by the extremal properties of linear spatiotemporal autoregressive moving average processes
(Cliff and Ord (1975); see also Cressie (1993, pp. 449-450)) given by

p q
X(t)- Y BiX(t—k)=e@t)— > Epe(t -1,

k=0 =0
where X (1) = (X(s;,1),i = 1,2,...,n)7, is a vector process defined at spatial locations
si, i =1,2,...,n,and at time points t = 1,2, ..., T; By and E; are matrices of constants
satisfying certain restrictions; and e(¢) = (e(s;,t), i = 1,2,..., n)T, t=1,2,...,T, are

independent and identically distributed random variables at space—time locations (s;, 7).
The traditional way of obtaining limiting results for the maximum of a stationary sequence
is as follows.

1. Prove an extremal types-theorem, which shows that under a long-range dependence
condition the maximum of the field is the maximum of an approximately independent
sequence of submaxima.

2. Obtain domain of attraction criteria, which characterize the limiting distribution function
of the maximum in terms of the tail of the common marginal distribution and local
dependence behavior of the sequence, given in terms of the extremal index.

Leadbetter and Rootzen (1997) proved an extremal-types theorem for random fields in R2,

under a weak coordinatewise-mixing (CW-mixing) condition. Although we will generalize
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this result to R3 (which is straightforward), our main contribution will be to obtain a set of
domain of attraction criteria. We will show that the asymptotic distribution of the maximum
of the spatiotemporal process defined over a lattice in R3 can be characterized in terms of the
tail of the distribution function of the process, as well as three coordinatewise conditions that
describe the propensity of consecutive large values of the process to cluster in each coordinate
direction.

Hence, the outline of the paper is as follows. In Section 2, we give the CW-mixing condition
of Leadbetter and Rootzen (1997), adapted for spatiotemporal processes. We also prove the
extremal-types theorem under this condition. Although the proof is a straightforward extension
of the extremal-types theorem given by Leadbetter and Rootzen (1997), we give the full proof for
completeness and the reader’s convenience. In Section 3, we define the notion of coordinatewise
extremal indices, which resembles the definition of the extremal index given by O’Brien (1987)
for stationary sequences, and prove the validity of a set of domain of attraction criteria based
on these three coordinatewise conditions.

2. Extremal-types theorem

Let X (s, t) be a stationary spatiotemporal process defined over a discrete lattice
E,={G j,k),i=0,1,....n1, j=0,1,...,n2, k=0,1,...,n3},

with n = (n1, n2,n3). Here, we take (i, j) = s and k = ¢ respectively to be the position
in the (x, y)-plane and the time at which the random field X (s, ¢) is evaluated. Let F(x) =
P(X (0, 0,0) < x) be the marginal distribution function of the process.
For any subset B € Ej,, define
M(B) = max X(, j, k).
(i,j.k)EB

We are interested in the asymptotic distribution of M (E,), when suitably normalized, as n| —
00, ny — 00, and n3 — 0o (we write lim,_, oo for limy,, — 00, ny— o0, n3—00); that is, in

Jim P(M(En) < un(x)),

for some suitably chosen normalizing constants b,, and a, such that u, = a,x + by,.
The following extension of the CW-mixing condition of Leadbetter and Rootzen (1997)
yields the extremal-types theorem needed to characterize the limiting distribution of M (E,).
Let r1, ra, and r3 be integers defining the lengths of blocks of cubes

Bijk = [ — Dry,ir1] x [(j — Dra, jr2] x [(k — Dr3, kr3],

which will be used for subdivision of E,,. Assume that as ny — oo, np — 00, and n3 — 00,
r1, 2, and r3 all tend to co in such a way that r; = o(n;), i = 1,2,3. Let m; = [n;/r],
i =1, 2,3, be integers such that E,, contains m, = mjmym3 complete blocks and no more
than (m; 4+ my + m3 + 1) incomplete blocks. (Note that [-] denotes the integer-part function.)
Without loss of generality, we assume that, for every i, m;r; = n;, in order that there be
no incomplete blocks. This assumption eases notational difficulties and should not effect the
asymptotic results. Let [; = [;(n;), i = 1,2, 3, be integers tending to oo in such a way that
l; = o(r;). With this notation, the random field is said to satisfy the CW-mixing condition
(Leadbetter and Rootzen (1997)) for a given family of levels u, and separation constants /; if
the following conditions are satisfied.
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Condition 1. (¢-direction condition.) For eachi and j withO < i <nyand 0 < j < np, and
for cubes
By =10,i] x [0, j] x [0,a] and B; =10,i] x [0, j] x [b, c]

withO <a <n3,a+13 <b <c <ns, andc —b < r3, we have
[P(M(B1) < un, M(B2) < up) —P(M(B1) <up) P(IM(B2) < up)| <as(rs,lz), (1)

where the t-coordinate mixing function a3 satisfies maoz(r3, [3) — 0 as n3 — oo. Note
that, with this condition, maxima defined over the cubes of size n1 X ny X r3 (or smaller in the
(x, y)-plane) separated along the time direction by cubes of size n1 x ny x Iz are asymptotically
independent as n3 — o0.

Condition 2. (x-direction condition.) For each j, 0 < j < no, and cubes
B1 =1[0,a] x [0, j1 x[0,73] and By =1[b,c] x [0, j] x [0, r3]
withO <a <nj,a+1li <b<c<ny,andc—b <ry, we have
[P(M(B1) < un, M(B2) < un) —P(M(B1) < up) P(IM(B2) < un)| <ai(ri,r3, 1), (2)

where the x-coordinate mixing function a1 satisfies mymsza(ry, r3, 1) — 0 as n3 — oo and
ny — o0o. The x-coordinate mixing condition says that maxima defined over strips of cubes of
size r1 X ny X r3 (or smaller) are asymptotically independent, provided that they are separated
along the x-direction by strips of cubes of size | X ny X r3.

Condition 3. (y-direction condition.) For cubes
By =1[0,r1] x [0,a] x [0,r3] and By =[0,r1] x [b, c] x [0, r3]
withO <a <np,a+1, <b <c<ny andc — b < rp, we have
[P(M(B1) < un, M(B2) < un) —P(M(B1) < uy) P(IM(B2) < un)| < ar(ri,r2, 13, 1),
where the y-direction mixing function oy satisfies
mymam3aa(ry, ra,r3,12) = 0 (3)

asn; — 0o, np — 00, and n3 — 00. Again, under the y-direction mixing condition, the
maxima of the process over cubes of size r1 X ry X r3 are asymptotically independent, provided
that these cubes are separated along the y-direction by cubes of size r1 x Iy X r3. Note that, as
we cut out smaller cubes, we need stricter conditions on the corresponding mixing functions
and, hence, stricter conditions on the asymptotic independence of the maxima over smaller
cubes.

The following result, due to Leadbetter and Rootzen (1997), essentially says that, under
the above separate mixing conditions on each of the three directions, for i = 1,...,mq,
j=1,...,my,andk =1, ..., m3 the mymoms processes X (i, j, k) defined over the blocks

Bjji = [0 — Dri,ir] x [(j = Dra, jra] x [(k = Dr3, kr3],

each of size rirpr3, are asymptotically independent.
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Lemma 1. Assume that the stationary random field X (i, j, k) satisfies the CW-mixing condition
given above, for an appropriately chosen level uy. Then, for

Eﬂ = [07 n]] X [07 n2] X [07 I’l3]
= [0, myr1] x [0, mar2] x [0, m3r3]

my my m3

=UUU i

i=1j=1k=1

we find that
P(M(Ey) < un) =P"""(M(J) < un) + on(1),

where J = Bi11 = [0, r1] x [0, r2] x [0, r3], as n1, ny, and n3 all tend to oo.

Proof. With the above notation, write

Ji,i =10, mir1] x [0, mara] x [(( — Dr3,irs],
Jri = [0, myr1] x [0, maro] x [(( — Dr3 + I3, ir; — 3],
Ji* =Ji1,i — .

Then E, = U:";l Ji1,i and, using stationarity, for 2 < m < ma3,

m—1 m
0< P<M(U Jl,i> <y, M(J2.m) < un) - P<M<U J],i) =< Mn)
i=1 i=1

<P(M(J,) > un)

=P(MJS) > up). “)
Furthermore,
m—1 m—1
‘P(M(U Jl,i> < tty, M(J2m) < u) - P(M(U Jl,,-) < u) P(M(Ja,m) < n)
i=1 i=1
< as3(r3, [3) 5)
and
0 <P(M(J2m) <up) —P(MJ1m) <up) <PM(,) > un); (6)

hence, it follows, using stationarity, that

m m—1
IP(M(U Jl,l-> < u) - P<M<U Jl,l-) < u) P(M(1.1) < un)
i=1

i=1

< a3(r3,13) + 2P(M(J{) > up). @)
By applying (6) repeatedly, from CW-mixing we obtain
[P(M(En) < un) —P"(MJ1,1) < up)l <2m3P(M(J]) > un) + on(1). ®)
We will now show that

P(M(En) < un) —P"(M(J1,1) < un) — 0. ©))
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It is sufficient to show that this holds as n — oo in a manner such that P"™3 (M (J{) < up)
converges to some p, 0 < p < 1. If p = 1 then P(M(Jl*) > uy) — 0, and since
m3logP(M(J{) < un) — 0 it follows that m; P(M(J{) > u,) — 0 and that (9) is a
consequence of (8).

On the other hand, if p < 1 then, since m3a3(r3, [3) — 0 and I3 = o(r3), there exists a
Brn — oo such that m3B,a3(r3,3) — 0 and B,l3 = o(r3). Hence, for sufficiently large n, 8,
cubes congruent to J;* and mutually separated by at least a distance /3 in the ¢-direction may
be chosen in J> 1. Arguments parallel to those yielding (4)—(8) then imply that

P(M(J1,1) < up) < PPr(M(J}) < un) + Buats (3, 13), (10)
whence

P (M(J1,1) < un) < P™P(MIY) < up) + Bumsaz (s, 13)

= (p + o(1))Pn
— 0. (11

Hence, the second term of the difference in (9) tends to 0. Finally, it follows similarly that
P(M(En) < un) <P™(M(J2,1) < un) + m3az(l3, r3),

which tends to 0 since (10) and, hence, (11) apply with M (J> 1) in place of M(Jy,1). Both
terms on the left-hand side of (9) therefore tend to 0 if p < 1, and the convergence again holds.
To complete the proof of the lemma it is sufficient to establish that

P (M(J1,1) < up) —P™"(M([0, r1) x [0, n2] x [0,r3]) <un) — 0

and
PP (M ([0, r1) x [0, n2] x [0, 73]) < up) — P (M (J) < up) — 0.

We do this by splitting first the cube Jj; into cubes [(Q — 1)ry,ir1] x [0, n2] x [0, r3],
1 <i < my,and repeating the above argument, then splitting the cube [0, 71) x [0, n2] x [0, 73]
into cubes [0, r1) X [(j — Dro, jra] x [0,73], j = 1, ..., my, and repeating the argument a
final time.

3. Domain of attraction criteria: the notion of extremal index in space—time
We now approximate P(M (J) < u,), where
J={(j.0,0=i=<r,0=j=<nr, 0<k=r
for some normalizing constants a, and b, such that u, = a,x + b, with
lim n1nyn3 P(X(0,0,0) > u,) =1t(x) > 0.
n—>00
Note that if the random field is independent as well as stationary, then
P(M(J) < up) =P""3(X(0,0,0) < un).

Our aim is to study the asymptotic effect on P(M (J) < uy) of the local dependence structure
of the random field.
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Fork=0,1,...,r3let
Lk = max X, j, k),

0<i<ry,0<j<r;
and for0 <i <rjlet
v; = max X(i, j,0).

0<j<r

Note that the ¢; are the maxima over the (spatial) coordinates {(i, j), 0 <i <ry, 0 < j <}
at each time point k = 1, ..., r3. We will call them the maxima of time plates. For each fixed
i=0,1,...,r,thev; are the maxima over the coordinates {(i, j), 0 < j < rp}atfixedk = 0.
We will call them the maxima of y-arrays.

The local dependence structure of the stationary spatiotemporal process will be characterized
by three conditions, which represent the propensity of the large values of the process to cluster
along the -, x-, and y-coordinates.

Assume that the following limits exist.

1. t-coordinate clustering propensity:
lim P(¢1 Sun, & <tn,.... 8, <un| o> uy) =61 (12)
n—oo

for some 61, 0 < 6; < 1. This condition indicates how the largest values over the
(x, y)-plane cluster at consecutive time points.

2. x-coordinate clustering propensity:
lim P(vi <up, v2 <ttp, ...,V <ty | V0 > uy) =6 (13)
n— o0

for some 65, 0 < 6, < 1. This condition indicates how largest values in the y-columns
cluster along the x-direction at a fixed point of time.

3. y-coordinate clustering propensity:
llm P(X(O,I,O)Sun, X(01270)Sunv"'1X(09r210)Sun|X(01070)>un)
n—o0
= 63 (14)

for some 63, 0 < 03 < 1. This condition indicates how the large values of the process
cluster along the y-direction at a fixed x-coordinate and a fixed time.

We will show, by extending the results of O’Brien (1987), that these coordinatewise clustering
conditions uniquely characterize how the process clusters in time and space and give us domain
of attraction criteria.

Theorem 1. Assume that u,, = upx + by is chosen such that

Iim ninyn3(l — F(uy)) — 7(x).

n— o0
Assume that the process {X (i, j, k), (i, j, k) € E,} satisfies the CW-mixing condition given in
(1), (2), and (3) forl;, i = 1,2,3 and u,, chosen as above. Assume further that the limits in
(12), (13), and (14) exist. Then

lim [P(M(Eyn) < un) — exp(=0162637(x))| = 0.
n— oo
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Proof. We extend O’Brien’s (1987) technique to random fields. Let

M% = max and M’ , = max ;
3 0<k<rs X kike = g flsisky N
then
¢
M = .
0.r3 lrfl}cafxm Sk
Similarly, define
MY = ; MY . = .
n = omax vioand M, =, max i
then
M} = i
O.r1 lrfniaf)il Vi
Finally, let
X . X .
= max X(0,7,0) and M: . = max X(, j,O0);
2 o0<j<n ©.7.0) T2 i< ©.7.0)
then
MY = X(0, j,0).
0.r2 1rSr}aSXr2 ©.7.0
Thus,
P(M(J) > up) = P( max & > u,,)
0<i<rs
3
= P(U(;,- > u,.>>
i=0
r3
=Y P > un, M, <up),
i=0
which follows from the fact that, for any events Ay, ..., A,,
n n n
. — . C
Uar=U(ain N )
i=1 i=1 k=i+1
and the events A; N ﬂzziﬂ Ai., i =1,...,n, are mutually exclusive.
Now,
P& > up, Mim Sup) =P > un, Siv1 Sun, ..., Gy < un)
= P(;O > Un, Cl S Un, .-, C}‘}fl' S ul’l)
EP(EO > uns ;1 Suns"";m S un)
=P({o > tn, Mg, < un).
and we have

P(M(J) > tty) = r3P(Go > tn, M§,, < up). (15)
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Hence,

P(M(J) <up) =1—P(M(J) > un)
<1 —=r3P(Go > up, Mg, <up)

=1—r3P(M{,, <un | o> un) P(Z0 > tn). (16)

Using the arguments leading to (15), we also have

Pty > u,) = P( max v; > u,,)

0<i<r;
= P(M, > uy)
> r1P(vo > un, My, < un)
=rP(Mpy,, <un|vo>un)Po > un), (17

and repeating the argument for P(vy > u,) gives
P(vo > ity) = P( max X (0, j,0) > u,,)
0=j=<r
=P(MJ > un)
> r2P(X(0,0,0) > up, Mg, < un)

=rP(M{,, <uy | X(0,0,0) > uy) P(X(0,0,0) > uy). (18)
By combining (16), (17), and (18) we obtain

P(M(J) < up) < 1—rirorsP(M, <ug | S0 > un) P(MY,, < un | v0 > )

r3 —

x P(M{,, < un | X(0,0,0) > uy) P(X(0,0,0) > up).
Hence, from the CW-mixing condition, as n — oo,

P(M(Ep) < up)
= P (M(T) < up) + on(1),
< —rirpr3 P(Mé,r3 <un | o> un) P(Mg,, < tn | vo > ttn)

x P(M{,, < g | X(0,0,0) > uy) P(X(0,0,0) > uz))"""5 4 0,,(1)
— exp(—60162037(x)).
We will now prove the opposite inequality, namely
P(M(E,) < up) > exp(—60162031(x)) asn — oo.
Let n1, 12, and 13 be sequences of integers converging to 0o, as B — 00, in such a manner that
ri=o0(n), n = o(n1), r2 = 0(n2), N2 = 0(n2), r3 = 0(n3), and 13 = o(n3). Let vy, v, and

vs be integers such that v; = [n1/n1], va = [n2/n2], and v3 = [n3/n3]. Furthermore, let

J={0<i<n,0<j<m 0<k<ns).
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For such choices of integers, it follows from the CW-mixing condition that
P(M(En) < un) = P> (M (J) < un) + 0n (D).

Now assume that
br = max X, j, k),

0<i<ni,0<j<m

Yi = max X(, j,0).

0<j=<m
Then

P(M(J) > up) = P( max ¢p > u,,)

0<k=<n3
=P(M}, > up)
=P((M?, > up} U{ME, < un} 0 {MS | > un})
=P(MY, > up) + PUME, < up} 0 (M| > un})

=P(M? > uy) +P(MD,_,, > un, M?

13—r3 T up) (by stationarity).

Note that, since r3 = o(n3),

PM(J) > up) = P(Mﬂ; > Up) = o(P(M(f) > u,)) asniz — o0.

Hence, A
P(M(J) > un)(1+ 0a(1) = P(MY, . > up, MO\ < uty).
By writing the event
n3—r3
{M:fz—m = Un, sz3—r3+l,n3 = un} = U {6 > un} 0 B,
i=0

where B = {M¢

< M ‘ . b
na—ra+1.y5 = Un}, in the ‘mutually exclusive’ form

n3—r3 n3—r3
U (({¢,- >uayNB)N [ (¢ sun}UB°)>,

i=0 j=i+1

we obtain

n3—r3 n3—r3
P(MY, > g, MOy <) =Y P({qsi >un} N () Sun}ﬂB)

i=0 j=i+1
n3—r3
¢
= Y P> un, MYy, <ttn).

i=0

Since, foreveryi =0, 1,...,n3 —r3, we have n3 > i 4+ r3 and

{M¢ <up} < {M¢ < Up}

i+1,n3 nj = i+1,r3 nj,
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we then obtain

n3—r3

P(MY, o > tn, MO <) < Y P > un, MYy, o < i)
i=0
n3—r3
=Y P(go > ttn. M{,, <un)
i=0
<3 P(¢o > un, MY, < up)
=13 P(MY,, < un | ¢o > tn) P(¢0 > ttn).
<mP(M{,, <un | fo>un)P(go > uty).  (19)
The final inequality in (19) follows from the fact that, for every k = 1, ..., r3, ¢r > ¢ almost
surely.

If we now start with
P(do > utn) = P( max ¥; > u,,)

0<i<mn

and apply the steps leading to (19), we find that
P(po > un) < mPMy,, <un | vo>un)P(vo > un). (20)
By applying the steps yet again, to P(vo > u,) = P(M,i‘2 > uy,), we obtain
P(My, > un) < mP(Mg,, < ttn | X(0,0,0) > un) P(X(0,0,0) > un). (21

From Lemma 1 and the CW-mixing condition, with 1, 72, 3, U1, U2, and v3 as defined above,
as n — oo we find that

P(M(Ep) < un) = P23 (M(J) < up) + 0u(1),
and from (19), (20), and (21) we have

P(M(Ey) <up) > [1 —ninn3 P(X(0,0,0) > u,,)P(Mfr3 <un | &o > uy)
x P(MY, < un | vo > un) P(M{,, < un | X(0,0,0) > uy)
X (14 0a (1] + 0n(1)

— exp(—60162037(x)).

The choice of the indices 61, 82, and 63 is not unique. For example, we could first have sliced
the cube J along the x-direction, into plates parameterized by j and k, and looked at how the
largest values over these plates cluster along the x-direction; then looked at how large values
of the process cluster along the y-direction; and finally considered how the large values cluster
in time.

Let y; = maxo<j<n, 0<k<r; X (i, j, k) and t; = maxo<x<r; X (0, j, k), and assume that the
following limits exist, where 0 < 6", 65, 93* < 1.

1. x-coordinate clustering propensity:

lim P(y1 <un, y2 <Un,...,¥r <un| Yo > un) =05.
n— oo
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2. y-coordinate clustering propensity:

lim P(ty <up, 2 <y, ..., T, <up | 10 > un) =0;.
n—o0

3. t-coordinate clustering propensity:

llm P(X(0703 1) S Uny X(0,0,Z) S an"'3X(0»Osr3) S Un | X(0,0,0) > Mn)
n—o0
— 03,
If the process is stationary but not isotropic (in the sense that the process X (i, j, k) is a
subsampled version of an isotropic, continuous-parameter random field), then, in general,
91‘* # 0;, 1 = 1,2,3. However, provided that the limits exist, the extremal index of the

stationary process 6 will be unique, i.e. 06505 = 016,05.

Example 1. Consider the spatial process
XU, j)=¢X0—-1,))+e(,)), Lhj=12,...,n, (22)

where |¢| < 1 and {e(i, j)} are independent, identically distributed random variables with
regularly varying tails such that, as x — oo,

P(e(0,0) > x) ~ x~*L(x)
for some « € (0, 2) and a slowly varying function L (x). Furthermore, we assume that

P(e(0,0) > x)
im ———— =
x—00 P(le(0, 0)| > x)

The stationary solution to (22) is given by
o
X@, j) =Y ¢eli —k j).
k=0
From Resnick (1987), X (0, 0) and £(0, 0) are tail equivalent; that is, as x — oo,
P(X(0,0) > x) ~ cx “L(x)

for some constant c. Let a, = n%/®

and u,2> = u,2(x) = a,x; then, for x > 0,
n?P(X(0,0) > u,2) ~ t(x) asn — oo.

Note that X (i, j) is an independent sequence along the y-direction. Let

vi = max X(, j), i=0,1,...,r,
Of.lfrn
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andletr; = r, and m; = my, i = 1,2. Thenn = r,m, and, asn — oo,

Tn
n E P(vi > u,2, vi > u,2)

i=1

=n P(U{X(l,j) > uph, | JIX G k) > unz}>
i=1 j=0 k=0

n Th TIn

<n Y Y D PX(LJ) > u, X3 k) > u,2)
i=1 j=0k=0

'n Tn Tn

nY Y N PX(LJ) > u2) PX LK) > up) i £k,
_ i=1 j=0k=0 (23)

'n Tn

nZZP(X(l,j) > w0, X(3i, j) > u,2) if j = k.

i=1 j=0

The first term in (23) (for j # k) is of order O (1/ mfl), whereas the second term (for j = k)
can be written as

n
ey Y PX(L 1) > un, X@i, 1) > u,p).
i=1

1/a

fu, =n"%x (oru,2 = n%/®x) then

T'n I'n

nY PX(L 1) > w2, XG0 1) > up) =nr » PXA, 1) > up, XG0 1) > un)gali),

i=1 i=1

where
P(X(1,1) > u,2, X(i,1) > u,)
P 1) > uy, XG 1) > uy)
P(Yio 0 el —k 1) > u,2)
TP el — k. 1) > uy)

(i)

uniformly ini = 1,2, ..., r,. Since X (i, 1) is an (autoregressive) AR(1) process, we have

gn(i) =

n

niP(X(l, D) >u,, X0 1) >u,) = O(L)

i=1

Hence, it follows from (23) that v; satisfies the D’(u,2) condition and 6; = 1.
Note that (X (0, j), j = 0,1,...,r,) is an independent sequence. It is easy to see that
0r=1and 0 := 616, = 1.
On the other hand, with ¢; = maxo<;<y, X (i, j), we see that {¢;} is anindependent sequence,
and that
0F = lim P(&1 < w2, ..., &, <upe | ¢ >up)=1
n— o0
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Similarly,

63 = lim P(X(1,0) <., X, 0) <2 | X(0,0) > ) = 1,

since the maximum of the array X (1, 0), X(2,0),...,X(n,0)is O)p (n'/®) and cannot cluster
above the level n2/*. Hence, again 6 := 6705 = 1.

In general, the calculation of the extremal index for STARMA processes using this char-
acterization would not be easy. However, it permits the adaptation of the runs method (see,
for example, Embrechts et al. (1997, pp. 422-423)) to estimate the extremal index for these
processes.
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