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Separating H-sets by Open Sets

Jack Porter and Mohan Tikoo

Abstract. In an H-closed, Urysohn space, disjoint H-sets can be separated by disjoint open sets. This
is not true for an arbitrary H-closed space even if one of the H-sets is a point. In this paper, we provide
a systematic study of those spaces in which disjoint H-sets can be separated by disjoint open sets.

1 Introduction

Let X be a Hausdorff topological space and denote the topology by 7(X); clx(A) (re-
spectively, intx(A)) will denote the closure (respectively, the interior) of A in X. The
family {intx clx(U) : U € 7(X)} is an open base for a coarser Hausdorff topology.
The space with the topology generated by the open base is denoted by X, (note that
7(Xs) € 7(X)). The space X; is called the semiregularization of X, and X is called
semiregular if and only if X = X;. Two nonempty disjoint subsets A and B can be
separated by disjoint open sets in X if and only if they can be separated in X;. A
subset A of X is called an H-set [11] (respectively, an N-set) in X if, given any open
cover U of A in X, there exists a finite subfamily {U; : i = 1,2,3,...,n} C U
such that A C |JI_, cl x(U;) (respectively, A C |Ji_, intx clx(U;).) Obviously, every
N-set is an H-set, and N-sets and H-sets in a Hausdorff space are closed. Further,
if A is an N-set in X, then A is compact in X;. Now in a Hausdorff space, any two
nonempty disjoint compact sets can be separated by disjoint open sets. Hence, any
two nonempty disjoint N-sets can be separated by disjoint open sets in a Hausdorff
space. If X is also regular, then N-sets and H-sets are all compact. Hence, in a T3
(i.e., regular and Hausdorff) space, any two nonempty disjoint H-sets can be sep-
arated by disjoint open sets. A space X is called Urysohn if given any two distinct
points x, y in X, there exist open sets U and V in X such thatx € U,y € V, and
cdx(U) Nclx(V) = @. A space X is called H-closed [1] if X is closed in every Haus-
dorft space in which X is embedded. A space X is called completely, i.e., functionally,
Hausdorff if for any two distinct points x and y in X, there exists a continuous map
f: X — [0,1] such that f(x) = 0 and f(y) = 1. H-sets in Hausdorff spaces are
interesting but not completely understood. Here are some basic properties of H-sets.

Proposition 1.1 (1)  An H-set in a Hausdorff space is a closed set.

(ii) IfXisa subspace of Y and A is an H-set in X, then A is an H-set in Y.

(iii) A set A in a space X is an H-set in X if and only if A is an H-set in X,.

(iv)  An H-closed subspace in a Hausdorff space is also an H-set.

(v) A space X is H-closed and Urysohn if and only if X; is compact and Hausdorff.
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(vi) A subset A of a Urysohn H-closed space X is an H-set if and only if A is compact
in X,.

(vii) Two disjoint H-sets in a Urysohn, H-closed space can be separated by open sets.

(viii) Let A be an H-set in a space X and U € 7(X) such that A C U C X. Then A is
an H-setin U.

Proof The results (i)—(vi) are contained in [9,12] and (vii) is an immediate conse-
quence of (vi). To show (viii), let U be 7(U)-open cover of A. Now, U is a 7(X)-
open cover of A. There is a finite subfamily & such that A C clx(US). Thus, A C
U Nclx(US) = cly (US). [ |

Remark In general, the converse of Proposition [[.1(ii) is false. The usual example
is to use an H-set that is discrete in a space. For example, the discrete subspace kw\w
is an H-set in kw as noted in [9] (this follows from the fact that (kw); = Sw and thus
kw\w is an H-set by Proposition [[.1(iii)). However, as noted in Proposition [[.1(v),
the converse is true when the intermediate set is open.

Theorem 1.2 Suppose A is an H-set in a Hausdorff space X and let x € X\A. Then
there exists open sets V and W in X such that A C clx V,x € W,and W Nclx V = @.

Proof For each a € A, there exist open sets O, and Oy such thata € O,, x € O,
and O, N O, = @. The family U = {O, : a € A} is an open cover of the H-set A
in X. Hence, there exists a finite subset B C A such that A C clx |J{O, : a € B} =
U{clx O, : a € B}. Take V = |J{O, : a € B} and W = (\{W, : a € B} to complete
the proof. ]

Theorem [I.2] emphasizes the differences between separating a point from a com-
pact set and separating a point from an H-set.

Corollary 1.3 Suppose A and B are two disjoint, nonempty H-sets in X. Then there
exist open sets U and V in X such that A C clxU, BNU = @, B C cxV, and
ANV =g2.

Theorem 1.4 (i) Suppose X = @{X; : 1 < i < n} is a topological sum of spaces
{X; : 1 <i < n}andA; is an H-set in X; for each i. Then the subspace | J{A; :
1 <i < mn}isan H-setin X.

(ii) The product of two H-sets is an H-set.

Proof The proof of (i) is straightforward. To prove (ii), let A be an H-set in X and B
an H-setin Y. We want to show that A x Bis an H-set in X X Y. Let C be an open cover
of Ax Busing open sets in X x Y. We can assume that € = {U,,xVy, : (a,b) € AXB}
where Uy, is an open set in X containing a and V, is an open set in Y containing b.
Fixa € A. Then {V,, : b € B} is an open cover of B, and there is a finite subset
F, C Bsuchthat BC cly(|{Vu : b € F,}). Let U, = ([{Ug : b € F,}. Note that
acU,.

Then

U, xBCU, x Cly(U{Vab :be Fa}) Cdy U, x Cly(U{ng :be Fa})
= CIXXy(Ua X (U{Vah :be Fa}) = CIXXY(U{Ua X Vah :be Fa}).
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Note that {U, : a € A} is an open cover of A and there is a finite subset G C A
such that A C clx(U{U, : a € G}). Let F = | J{F, : a € G}. Now

AxBCdx(J{U,:a € G}) xB
C dxxy(U{U,:a € G}) x B)
= dyxxy(U{U, x B:a € G})
C clysy ((U{clxsxy (U{Us X Vo : b € E,}) :a € G})
= clxxy (lxxy (U{U{Us X Vo : b € F,} : a € G}))
C dyuy(U{U{Uwp x Vap : b€ F,} :a € G})
C cxxy(U{Ua X Vap : (a,b) € G x F}).

This shows that A x Bisan H-setin X x Y. ]
Corollary 1.5 The finite product of H-sets is an H-set.

Remark We do not know whether the infinite product of H-sets is also an H-set.
Vermeer [12, (4.6)] has conjectured that if A is an H-set in X, there is a compact
Hausdorff space Y and a §-continuous function f: Y — X such that f[Y] = A. If
this conjecture is correct, then the infinite product of H-sets is an H-set.

Example 1.6 ([7]) LetX = RU {p, q} where R is the space of reals with the usual
topology and p, g are elements not in R. A set U is defined to be open if U N R is
openinRand p € U (respectively, g € U) implies that for some m € N, | J{(2n, 2n+
NU(—2n—1,-2n):n = m} C U (respectively, J{(2n—1,2n) U (—2n, —2n+1) :
n 2 m} C U). The space X is an H-closed space but the H-sets {g} and {p} UNin
X cannot be separated by open sets in X. Also, the intersection of two H-sets { p} UN
and {q} U N is N, which is not an H-set in X.

Example 1.7 ([10]) Let

x:{(%%) -1 €N, |m| eN} u{(%o) :neN} u{(0,1),(0,—1)}.

Let V be an ultrafilter on N. Topologize X as follows: a set U C X is open in
X if and only if U N (X\{(0, 1), (0,—1)}) is open in the topology induced by the
usual topology of the plane R? and if (0,1) € U (respectively, (0,—1) € U), then
there is a set K € V such that {(3,+) : n € K,m € N} C U (respectively,
{(%,—i :n € K,m € N} C U). Then X is a non-Urysohn (hence, non regu-
lar), non-H-closed Hausdorff space such that every H-set in X is compact, whence
any two disjoint nonempty H-sets in X can be separated by disjoint open sets in X.

Theorem 1.8 In a completely Hausdorff space X, disjoint H-sets can be separated by
a real-valued continuous function.
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Proof The first step is to show that a point a € X and an H-set B such thata ¢ B
can be separated by a real-valued continuous function. For each point b € B, there
is a real-valued continuous function f; such that f,(b) = 0 and f,(a) = 1. Define
¢ = max{f;, 1} — 1. Note that g;~(0) = f;~[(—o0, {]] is a neighborhood of b.
Let z(g,) = g; (0). Then the neighborhood cover {z(gy) : b € B} of B has a finite
subfamily {z(g,) : b € A} for some finite A C B such that B C |Jclx({z(g) : b €
A}). Letg = min{g, : b € A}. Now z(g;,) C z(g) forallb € A and g(a) = %. Thus,
B C Jcx({z(g) : b € A}) C dx(z(g)) = z(g). Thus, a and B are separated by g.
The final step of separating two disjoint H-sets B and C by a real-valued continuous
function is similar to the first step. ]

By Proposition [[LI(vii), two disjoint nonempty H-sets of a Urysohn H-closed
space can be separated by open sets in X. Actually, more is true, using Theorem [L.8
As X is compact Hausdorff, both X; and X are completely Hausdorff. By Theorem
[L.8] disjoint H-sets in X can be separated by a real-valued continuous function.

A function f: X — Y between two spaces X and Y is 0-continuous [4] at x € X
if for each open neighborhood V of f(x) in Y there is an open neighborhood U of
x in X such that f[clx] C cly V. If f is 6-continuous at each x, then f is said to be
f-continuous on X. A §-homeomorphism is a bijection f: X — Y such that both f
and its inverse f are f#-continuous. A function f: X — Y is called irreducible if f
is onto and for each proper subset A of X, f[A] # Y. A function f: X — Y is called
compact if foreachy € Y, f~(y) = {x € X: f(x) = y} is compact in X; f is called
a perfect map if f is both closed and compact. For any Hausdorff space X there exists
an extremally disconnected zero-dimensional space EX, called the absolute of X and
a perfect, irreducible f-continuous surjection kx: EX — X [6].

Remark By Theorem [L.8] for a Hausdorff space X, disjoint H-sets in EX can be
separated by a real-valued continuous function.

2 Separation Properties

In this section, we examine closely those spaces in which disjoint H-sets can be sepa-
rated by disjoint open sets or disjoint open sets whose closures are also disjoint. We
will use the following symbols to classify spaces with separation properties for H-sets.

A space X has property A (respectively, cA;) if, whenever B is any nonempty H-set
in X and x € X\B, there are open sets U and V in X such thatx € U,B C V, and
U NV = g (respectively, cly U Ncly V = @).

A space X has property A, (respectively, c),) if, whenever A and B are disjoint,
nonempty H-sets in X, there are open sets U and V in X suchthat A C U,B C V,
and U NV = @ (respectively, clx U Nclx V = @).

Recall [8] that a space X is S(3) (respectively S(4)) if for every pair of distinct
points p, g, there are open sets {Uy, Uy, Vp, V,} such that p € Uy C clU, C Uy,
q e VyCdVyCVy,and Uy NVy = @ (respectively, clU; N clVy = @). Also, recall
that S(2) is the same as Urysohn and S(1) is the same as Hausdorff.

Theorem 2.1 (i) AnS(4) space X has property cA,.
(ii) An S(3) space X has property c),.
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(iii) A Urysohn space X has property A;.

(iv) A space X with property c\y is Urysohn and has property X,.

(v) A space X with property Ay is Hausdorff, and a compact set disjoint from an H-set
can be separated by disjoint open sets.

(vi) An H-closed space X is Urysohn if and only if X is A\

Proof The proofs of (iv) and (v) are clear. The proofs of (i)—(iii) are similar. We
provide the proof for (ii). Let A be an H-set in an S(3) space X and p ¢ A. For
each a € A, there are open sets U?, U} and V2,V such thata € U? C cdlU? C U},
peVICdV?C V) andU! NV} = @. There is a finite subset F C A such that
AC|{dU%:aeF}. Let Vo= {V?:a € F}and V; = {V]} : a € F}. Note
that A C | J{U} :a € F},pe Vo CddVy CViand VN (U} :a € F}) = o.
Thus, cl Vo N c(J{U] : a € F}) = @. This shows that X is cA;. To prove (vi), one
direction follows from (iii). To show the other direction, recall [9] that in an H-closed
space, the closure of an open set is H-closed and by Proposition[[.1iv), an H-closed
subspace is an H-set. Thus, it follows that for an H-closed space X with property Ay,
the semiregularization X; is regular, and hence compact. So X is Urysohn. ]

Corollary 2.2 (i) A space that is Ts or completely Hausdorff has property c),.
(ii) A semiregular, H-closed space with property A, is compact.

We now have this implication diagram:

S(4) —— S(3) A Urysohn
cho cAr A2 Al Hausdorff

Remark  Recall [9] that for an open set U in a space X, cly U = clx (intyx clx U).
Now inty clx U € 7(X;). Thus, X has property A; (respectively, Ay, cAy, cAy) if and
only if X, has property \; (respectively, A, cA1, cAz).

Example 2.3 (A space with property \; butnot \,.) Consider the Tychonoff plank
T = (w1 +1) x (w+1)\{(wy,w)} The space T is a zero-dimensional dense subspace
of the compact Hausdorff product space (w; + 1) X (w + 1). A slight modification of
the technique listed in [9, 2R] shows that

(i) IfU isan open setin T, C is a cofinal subset of w and {w; } x C C U, there is
some « € wi such that [a,w;) x C C U and [, w;) X {w} Ccr U.
(ii) IfUisanopensetin T and [a,w;) X {w} C U for some o € wy, then {w; } %
[n,w) C cr U for some n € w.
Nowlet Z = T X w. For a € wy identify (o, w, n) and (o, w, n+1) if nis odd. For
m € widentify (wy, m, n) and (wy, m, n+1) if n is even. Call the resulting space Y. For
n>2,letY, betheimageof T x {0,1,...,n},andlet T; =T x {i},i =0,1,2,....
Let S, = {a,b} UY,, where {ag,b} NY, = @. Aset U C S, is open in S,
if UNY,isopeninY, and a € U (respectively, b € U) implies for some o €
wy, ((a,wy) x w x {0}) C U (respectively, (o, w;) x w x {2}) C U).
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The subspace Y, of S, is a zero-dimensional and locally compact space. To show
that S; is Urysohn, we need to show only that the points a and b can be S,-separated.
Consider the open neighborhoods U = {a}U(w; xwx{0}) ofaand V = {b}U(w; x
wx{2}) of b. Note that cls, U = {a}UTy, cls, V = {b}UT,, and cls, UNcls, V = @.

So S, is A; by Theorem 2.I(iii). The sets A = {a} U ({w1} x w x {0}) and
B ={b} U (w; x {w} x {2}) are disjoint H-sets. By (i), for any open set W of S, that
contains A, cls, W contains [co,w;) X {w} x {2} for some a € w;. So (o, w,2) €
cls, W N B. Thus, A and B cannot be separated by disjoint open sets and S, is not \,.
Since S, is not \,, it cannot be c);.

Example 2.4 (A space with property c\; but not c)\;) We will use the notation of
Example 23] Let S5 = {a,b} UY;, where {a,b} NY; = @. Aset U C S; is open
in S; if U NY3 is open in Y3 and a € U (respectively, b € U) implies for some
a € wy, ((a,w) X w x {0}) C U (respectively, ((o,w;) X w x {3}) CU).

The subspace Y3 is a zero-dimensional and locally compact space. To show that
space S is S(3), we need to show only that the points a and b can be S(3)-separated.
Consider the open neighborhoods Uy = {a} U (w; x w x {0}) and U; = {a} U T, U
(w xwx{1}) ofaand Vy = {b}U(w; xwx {3}) and V; = {b}UT5U(w xw x {2})
of b. Note that U1 NV, = &, cls, Up = {a} U Ty CUj,and cls, Vo = {0} UT5 C V7.
This shows that the points a and b can be S(3)-separated.

So S5 is cA; by Theorem2.1Yii). The subspaces {a} U T, and {b} U T; are H-closed
and disjoint. The sets A = {a} U ({w; } x w x {0}) and B = {b} U ({w } x w x {3})
are H-sets and disjoint. By Example2.3(i) for any open set U of S; that contains A,
cls, U contains [or, w;) X {w} x {2} for some o € w;. By Example2.3(ii) for any open
set V of S5 that contains B, clg, V contains [3,w;) X {w} x {2} for some 5 € w;. So
(max{a, B}, w,2) € cs, U Nclg, V. Thus, A and B cannot be separated by disjoint
open sets whose closures are disjoint and this shows that S5 is not c),.

Example 2.5 (A space with property A\, butnotc);) This space isa modification of
the space described in Example2.3l Let Y, = Y,\(w; X {w} x {0}), S5 = {a,b}UY;,
where {a,b} NY, = @. Let U be a free ultrafilter on w. A set U C S} is open in S
ifUNY, isopeninYy,a € U implies for some a € w; and V € U, ((ov,w1) X V X
{0}) C U,and b € U implies for some o € wy, (o, w;] X w x {2} C U. The space
S5 is Urysohn (and hence A; by Theorem 2.1[iii)), {b} U T is H-closed, and Y; is a
zero-dimensional, locally compact space.

The set B = {b} U (w; x {w} x {2}) is an H-set but the set A = {a} U ({w;} X
w % {0}) is not. Clearly a and B can be separated by disjoint open sets. Let V be an
open set in S, that contains B. By Example 2.3[ii), cls; V meets a tail of A. However,
for any open set U of a, cls; U contains a cofinal subset of A. Thus, a and B cannot
be separated by open sets whose closures are disjoint. This shows that Sj is not cA;.

To show that S} is \,, let C and D be disjoint H-sets. If C or D is compact, we are
done by Theorem ZI(v). If C N {a,b} = &, then C is an H-set in the T3 subspace
S;\{a, b} by Proposition[TI(v). Thus, C is a compact subspace. We can assume that
acCandb e D.

LetS={n € w: (w+1)x{n}x{0}NC # &}. Assume that S € U. Then there is
some R € Usuch that R C Sand S\Ris infinite. Let U = {a}U(wxRx {0}); forn €
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SV, = (w+1)x{n} x{0,1} (note that V, is clopenin S} ); V. = |J{V, : n € S};and
for p € C\({a}UV), thereisa clopen set W), in S such that p € W, C Ty UT,U{b}.
So, UU{V, : n € S}U{W, : p € C\({a}UV) is an open cover of the H-set C. There
are finite subsets F C Sand G C C\({a} UV) such that C C clg; UU(J{V, :n €
FYUU{W, : p € G}. Note thatclg; U C {a}U(w;+1)x Rx{0}. Form € S\(RUF),
CN((w +1) x {m} x {0}) # @. But ((wy + 1) x {m} x {0}) N [cls; U U V., :
n e FyUU{W, : p € G}] = @. This contradiction implies that S ¢ U. Hence there
is some P € U such that ((w + 1) x P x {0}) N C = &. This shows that C\{a} is an
H-set in a T space and hence compact. It follows that C is compact.

Added in Proof R. Hodel [5] has shown that an infinite product of H-sets is an
H-set. This answers the question contained in the remark following Corollary[T.5]
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