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Abstract

We derive a sufficient condition for a sparse random matrix with given numbers of non-zero entries in the
rows and columns having full row rank. The result covers both matrices over finite fields with independent
non-zero entries and {0, 1}-matrices over the rationals. The sufficient condition is generally necessary as
well.
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1. Introduction
1.1 Background and motivation

Few subjects in combinatorics have had as profound an impact on other disciplines as combi-
natorial random matrix theory. Prominent applications include powerful error correcting codes
called low-density parity check codes [47], data compression [1, 52] and hashing [19]. Needless to
mention, random combinatorial matrices are of keen interest to statistical physicists, too [40]. It
therefore comes as no surprise that the subject has played a central role in probabilistic combina-
torics since the early days [31-34]. The current state of affairs is that the theory of dense random
matrices is significantly more advanced than that of sparse ones with a bounded average number
of non-zero entries per row or column [50, 51]. This is in part because concentration techniques
apply more easily in the dense case. Another reason is that the study of sparse random matri-
ces is closely tied to the investigation of satisfiability thresholds of random constraint satisfaction
problems, an area where many fundamental questions still await a satisfactory solution [4].
Perhaps the most basic question to be asked about any random matrix model is whether the
resulting matrix will likely have full rank. This paper contributes a succinct sufficient condition
that covers a broad range of sparse random matrix models. As we will see, the condition is essen-
tially necessary as well. The main result can be seen as a satisfiability threshold theorem as the full
rank property is equivalent to a random linear system of equations possessing a solution w.h.p.
This formulation generalises a number of prior results such as the satisfiability threshold theorem
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for the random k-XORSAT problem, one of the most intensely studied random constraint satis-
faction problems (e.g. [2, 19, 21, 28, 44]). In addition, the main theorem covers other important
random matrix models, including those that low-density parity check codes rely on [47].

The classical approach to tackling the full rank problem is the second moment method
[3, 4]. This technique was pioneered in the seminal work on the k-XORSAT threshold of Dubois
and Mandler [21]. Characteristic of this approach is the emergence of complicated analytic opti-
misation problems that encode entropy-probability trade-offs resulting from large deviations
problems. Tackling these optimisation problems turns out to be rather challenging even in rel-
atively simple special cases such as random k-XORSAT, as witnessed by the intricate calculations
that Pittel and Sorkin [44] and Goerdt and Falke [23] had to go through. For the general model
that we investigate here this proof technique thus appears futile.

We therefore pursue a totally different proof strategy, largely inspired by ideas from spin glass
theory [40, 41]. In statistical physics jargon, the second moment method constitutes an ‘annealed’
computation. This means that we effectively average over all random matrices, including atypical
specimens apt to boost the average. By contrast, the present work relies on a ‘quenched’ strategy
based on a coupling argument that implicitly discards such pathological events. In effect, we will
show that a truncated moment calculation confined to certain benign ‘equitable’ solutions suffices
to determine the satisfiability threshold. This part of the proof is an extension of prior work of
(some of) the authors on the normalised rank and variations on the random k-XORSAT problem
[6, 10]. In addition, to actually compute the truncated second moment we need to determine the
precise expected number of equitable solutions. To this end, we devise a new proof ingredient
that combines local limit theorem techniques with algebraic ideas, particularly the combinatorial
analysis of certain integer lattices. This technique can be seen as a generalisation of an argument
of Huang [27] for the study of adjacency matrices of d-regular random graphs.

Let us proceed to present the main results of the paper. The first theorem deals with random
matrices over finite fields. As an application we obtain a result on sparse {0, 1}-matrices over the
rationals.

1.2 Results

We work with the comprehensive random matrix model from [10]. Hence, let d > 0, k> 3 be
independent integer-valued random variables with P(d =0) <1 and E[d*t"] +E [k”"] <00
for an arbitrarily small n > 0. Let (d;, k;);>1 be independent copies of (d, k) and set d =E[d], k=
E[k]. Moreover, let 0 and £ be the greatest common divisors of the support of d and k, respec-
tively. Further, let #n > 0 be an integer divisible by £ and let m be a Poisson variable with mean
dn/k, independent of (d;, k;);>1. Routine arguments reveal that the event

Zdi: ij (1.1)
i=1 =1

occurs with probability Q(n=1/2) for such n [10, Proposition 1.10]. Given (1.1), we then define
the simple random bipartite graph G = G,(d, k) on a set {a; . .., am} of check nodes and a set
{x1, ..., x4} of variable nodes as a uniformly random simple graph such that the degree of a;
equals k; and the degree of x; equals d}, for all i, j. The existence of such a graph is proven in [10,
Proposition 1.10]. Following coding theory jargon, we refer to G as the Tanner graph. The edges
of G are going to mark the positions of the non-zero entries of the random matrix. The entries
themselves will depend on whether we deal with a finite field or the rationals.

1.2.1 Finite fields
Suppose that g > 2 is a prime power, let [F,; signify the field with g elements and let x be a random
variable that takes values in the set [y =, \ {0} of units of Fg. Moreover, let (x;;)ij=1 be copies
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of x, mutually independent and independent of the d;, ki, m and G. Finally, let A =A,(d, k, x)
be the m x n-matrix with entries

Aij=1{aix; € EG)} - Xij

Hence, the i-th row of A contains k; non-zero entries and the j-th column contains dj non-zero
entries.

The following theorem provides a sufficient condition for A having full row rank. The con-
dition comes in terms of the probability generating functions D(x) and K(x) of d and k. Since
E[d?] + E[K?] < oo, we may define

®:[0,1] >R, z+— D (1-K'(2)/k) — % (1-K(@-01-2K'(2). (1.2)

Theorem 1.1. Let d > 0, k > 3 and q be a fixed prime power such that 0 = gcd(supp(d)) and q are
coprime. If

d(z) < ©(0) forall0 <z <1, (1.3)
then A has full row rank over Fy w.h.p.

Observe that the function ® does not depend on q. Hence, neither does (1.3).

The sufficient condition (1.3) is generally necessary, too. Indeed, ref. [10, Theorem 1.1]
determines the likely value of the normalised rank of A:
rk(A) LN 1 — max ¥(z) as n — oQ. (1.4)

n z€(0,1]
Since k > 3, definition (1.2) ensures that ®(0) =1 — d/k and thus n®(0) ~ n — m w.h.p. Hence,
(1.4) implies that rk(A) <m — Q(n) w.h.p. unless ®(z) attains its maximum at z=0. In other
words, A has full row rank only if ®(z) < ®(0) for all 0 < z < 1. Indeed, in Section 1.3 we will
discover examples that require a strict inequality as in (1.3). The condition that g and 0 be coprime
is generally necessary as well, as we will see in Example 1.7 below.

Let us emphasise that (1.4) does not guarantee that A has full row rank w.h.p. even if (1.3) is
satisfied. Rather due to the normalisation of the Lh.s. (1.4) only implies the much weaker statement
rk(A) = m — o(n) w.h.p. Hence, in the case that (1.3) is satisfied, Theorem 1.1 improves over the
asymptotic estimate (1.4) rather substantially. Unsurprisingly, this stronger result also requires a
more delicate proof strategy.

We finally remark that condition (1.3) in combination with (1.4) enforces that d < k. Moreover,
if d =k, then ®(0) =0 < D(0) = ®(1), such that condition (1.3) also cannot be satisfied for such
d, k. Thus, d < k for all matrices to which Theorem 1.1 applies, and the subject of Theorem 1.1
is the rank of rectangular matrices with asymptotically more columns than rows. For sparse and
square Bernoulli matrices, Glasgow, Kwan, Sah and Sawhney [24] recently provided precise com-
binatorial descriptions of the exact real rank. The method of [24] applies to both symmetric and
asymmetric Bernoulli matrices and relates the real rank to the Karp-Sipser core of the associated
graph models. Theorem 1.1 also does not make a quantitative statement about the rate of con-
vergence. While such a quantification could in principle be obtained from our proof, we do not
expect it to be very close to optimal and have therefore not pursued this.

1.2.2 Zero-one matrices over the rationals

Apart from matrices over finite fields, the rational rank of sparse random {0, 1}-matrices has
received a great deal of attention [50, 51]. The random graph G naturally induces a {0, 1}-
matrix, namely the m x n-biadjacency matrix B = B(G). Explicitly, B;; = 1{a;x; € E(G)}. As an
application of Theorem 1.1 we obtain the following result.

Corollary 1.2. If (1.3) is satisfied then the random matrix B has full row rank over Q w.h.p.
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Since (1.4) holds for random matrices over the rationals as well, Corollary 1.2 is optimal to the
extent that B fails to have full row rank w.h.p. if max,¢[g,1] @(x) > ®(0). Moreover, in Example
1.4 we will see that B does not generally have full rank w.h.p. unless x = 0 is the unique maximiser
of ®.

1.2.3 Fixed-degree sequences

In Section 2.3, we consider a more general model for A, where the sequences (d;);>1 and (k;);> are
specified instead of being obtained by taking i.i.d. copies of d and k. Under analogous conditions
like (1.3) together with some additional ‘smoothness’ conditions for di, ..., d, and ki, ..., ky,
we also show that the matrix A corresponding to the fixed-degree setting has full row rank (see
Proposition 2.1).

1.3 Examples

To illustrate the power of Theorem 1.1 and Corollary 1.2 we consider a few instructive special
cases of distributions d, k, x.

Example 1.3 (random k-XORSAT). In random k-XORSAT we are handed a number of indepen-
dent random constraints ¢; of the type

i =Yy XOR - -- XOR)’ik, (1.5)

where each y; is either one of n available Boolean variables x1, . . ., x, or a negation —xi, . . ., =x;.
The obvious question is to determine the satisfiability threshold, that is, the maximum number of
random constraints that can be satisfied simultaneously w.h.p.

Because Boolean XOR boils down to addition over [F,, this problem can be rephrased as the
full rank problem for the random matrix A with g =2, k= k fixed to a deterministic value and
d ~Po(d) for a parameter d > 0. To elaborate, because the constraints ¢; are drawn uniformly
and independently, we can think of each as tossing k balls randomly into # bins that represent
X1, . . .»Xy. If there are m ~ Po(dn/k) constraints ¢;, the joint distribution of the variable degrees
coincides with the distribution of (dj, ..., d,) subject to the condition (1.1). Furthermore, the
random negation patterns of the constraints (1.5) amount to choosing a random right-hand side
vector y for which we are to solve Ax =y.

Since the generating functions of d, k work out to be D(z) = exp(d(z — 1)) and K(z) = Z*, we
obtain

®y4(2) = exp( — dF 1) — % (1 — kT (k- l)zk> :

Thus, Theorem 1.1 implies that for a given k>3 the threshold of d up to which random
k-XORSAT is satisfiable w.h.p. equals the largest d such that

Dyx(2) < Pyr(0)=1—d/k forall0 <z <1. (1.6)

A few lines of calculus verify that (1.6) matches the formulas for the k-XORSAT threshold derived
by combinatorial methods tailored to this specific case [19, 21, 41, 44]. Theorem 1.1 also encom-
passes the generalisations to other finite fields I, from [6, 23]. (For d = 6.5 and k =7 see the left
of Fig. 1.)

Example 1.4 (identical distributions). An interesting scenario arises when d, k are identically
distributed. For example, suppose that P[d = 3] = P[d = 4] =P[k=3] =P[k=4] = 1/2. Thus,
D(z) =K(z) = (2> + z*)/2 and

_2562'2 +7682"" + 864z'% — 18082° — 4959z° — 3780z” + 61112° + 105842° — 3234z* — 48022

O]
(@) 4802
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Figure 1. Left: The function ® from Example 1.3 with D(z) = exp(6.5(z — 1)) and K(z) =Z'. Right: The function ® from
Example 1.4 with D(z) = K(2) = (22 + 2%)/2.
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Figure 2. Left: The function @ from Example 1.5 with D(z) = 23, K(z) = 2. Right: The function & from Example 1.6 with D(z) =
302, ¢(3.5)7 24735 and K(x) = x°.

This function attains two identical maxima, namely ®(0) = (1) = 0 (See the right of Fig. 1). Since
the degrees ki, d; are chosen independently subject only to (1.1), the probability that A has more
rows than columns works out to be 1/2 4 o(1). As a consequence, A cannot have full row rank
w.h.p. This example shows that the condition that 0 be the unique maximiser of ®(x) is generally
necessary to ensure that A has full row rank. The same applies to the rational rank of B.

Example 1.5 (fixed d, k). Suppose that both d = d, k = k > 3 are constants rather than genuinely
random. Then

D(z) = (1 - z’H)d - % (1 — k4 (k- l)zk> .

Clearly, A cannot have full row rank unless d < k, while Theorem 1.1 implies that A has full row
rank w.h.p. if d < k (See the left of Fig. 2). This result was previously established via the second
moment method [42]. But in the critical case d = k the function ®(z) attains its identical maxima
at z=0 and z = 1. Specifically, 0 = ®(0) = ®(1) > &(z) for all 0 < z < 1. Hence, Theorem 1.1
does not cover this special case. Nonetheless, Huang [27] proved that the random {0, 1}-matrix B
has full rational rank w.h.p. The proof is based on a delicate moment computation in combination
with a precise local expansion around the equitable solutions.
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Example 1.6 (power laws). Let P(d = ¢) o< £7¢ for some « > 3 and k = k > 3. Thus,
1 Xzt
Di)=——» —, K=z
f@

¢ Ha)t (@ —1)

<I>(z)=D(1 —zk_1> — 3

(1 kR (k- 1)zk) .
Since

¢ Ha)t (@ —1)
k

the function ®(z) is strictly decreasing on (0, 1). Therefore, (1.3) is satisfied (For @« = 3.5and k=3
see the right of Fig. 2).

' (2) = —(k — 1) 2D/ (1 — zk_1> + (k(k — 1) - zk_z)) <0,

Example 1.7 (zero row sums). Theorem 1.1 requires the assumption that q and the g.c.d. 0 of the
support of d be coprime. This assumption is indeed necessary. To see this, consider the case that
q=2, x =1, d=4 and k = 8 deterministically. Then the rows of A always sum to zero. Hence,
A cannot have full row rank.

2. Overview

In contrast to much of the prior work on the rank problem, random k-XORSAT and random con-
straint satisfaction problems generally, the proofs of the main results do not rely on an ‘annealed’
second moment computation. Such arguments appear to be far too susceptible to large deviation
effects to extend to as general a random matrix model as we deal with here. Instead, we proceed by
way of a ‘quenched’ argument that enables us to discard pathological events. As a result, it suffices
to carry out the moment calculation in the particularly benign case of ‘equitable’ solutions.

This proof strategy draws on but substantially generalises tools that were developed towards
the approximate rank formula (1.4) and variations on random k-XORSAT [6, 10]. In addition, to
actually prove that A has full rank with high probability we will need to carry out a meticulous,
asymptotically exact calculation of the expected number of equitable solutions. A key element
of this analysis will be a delicate analysis of the lattices generated by certain integer vectors
that encode conceivable equitable solutions. This part of the proof, which generalises a part of
Huang’s argument for the adjacency matrices of random d-regular graphs [27], combines local
limit techniques with a whiff of linear algebra.

To describe the proof strategy in detail let us first explore the ‘annealed’ path, discover its pit-
falls and then apply the lessons learned to develop a workable ‘quenched’ strategy. The bulk of the
proof deals with the random matrix model from Section 1.2.1 over the finite field F4; the rational
case from Corollary 1.2 comes out as an easy consequence.

In order to reduce fluctuations we are going to condition on the o -algebra 2 generated by
m, (ki)i>1, (d;)i>1 and by the numbers m(x1, . .., x¢) of checks of degree £ > 3 with coefficients
T () eIFZ.Wewrite]P’Ql =P[. |A]and Egy =E[- | ] for brevity.

2.1 Moments and deviations

We already alluded to how the full rank problem for the random matrix A over [F; can be viewed
as a random constraint satisfaction problem. Indeed, suppose we draw a right-hand side vector
y € Fg' independently of A. Then A has full row rank w.h.p. iff the random linear system Ax =y
admits a solution w.h.p. For if kA <m, then the image AFy is a proper subspace of F7* and
thus the random linear system Ax = y has a solution with probability at most 1/4. Naturally, the
random linear system is nothing but a random constraint satisfaction problem with m constraints
and n variables.
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Over the past two decades the second moment method has emerged as the default approach
to pinpointing satisfiability thresholds of random constraint satisfaction problems [3, 4]. Indeed,
one of the first success stories was the random 3-XORSAT problem, which boils down directly to a
full rank problem over F, [21]. In fact, as we saw in Example 1.3, to mimic 3-XORSAT we just set
q=2,d="Po(d) for some d > 0 and k = 3 deterministically. In addition, draw y € " uniformly
and independently of everything else.

We try the second moment method on the number Z = Z(A, y) of solutions to Ax =y given
2. Since y is independent of A, for any fixed vector x € [} the event Ax = y has probability 27™.
Consequently,

Eg[Z] = 2™ (2.1)

Hence, (2.1) recovers the obvious condition that we cannot have more rows than columns. Since
m ~ Po(dn/3), (2.1) boils down to d < 3.

The second moment method now rests on the hope that we may be able to show that Eg[Z?] ~
E[Z]?. Then Chebyshev’s inequality would imply Z ~ Eg[Z] w.h.p., and thus, in light of (2.1),
that Ax = y has a solution w.h.p.

Concerning the computation of Eg [Z?], because the set of solutions is either empty or a
translation of the kernel, we obtain

Ea[2’]= Y Pyu[Aoc=Ar=y]= ) Py[Ao=y|Pylo—1eckerA]

n n
a,re]Fq c,re]Fq

— g [Z] Eg| ker Al (2.2)

To calculate the expected kernel size we notice that the probability that a vector x is in the kernel
depends on its Hamming weight. For instance, the zero vector always belongs to the kernel, while
the all-ones vector 1 does not w.h.p. More systematically, invoking inclusion/exclusion, we find
that for a vector x of Hamming weight w we have Py [x € ker A] ~ [(1 + (1 - 2w/n)3)/2]m . Since

the total number of such vectors comes to (:’V), we obtain
n m
n 14+ (1—2w/n)’
E = _) . )
o| ker A| Z <w> ( 3 (2.3)
w=0
Taking logarithms, invoking Stirling’s formula and parametrising w = zn, we simplify (2.3) to
14+ (1 —22)°
log Eg(| ker A| ~n- max —zlogz — (1 —z)log (1l —2z)+ n log u (cf. [21]).
2€[0,1] n 2

(2.4)

If we substitute z=1/2 into (2.4), the expression further simplifies to (n — m) log 2. Hence, if
the maximum is attained at another value z # 1/2, then (2.4) yields Eg(| ker A| > 2"7™ and the
second moment method fails.

Figure 3 displays (2.4) for d =2.5 and d = 2.7. While for d = 2.5 the function takes its max-
imum at z=1/2, for d = 2.7 the maximum is attained at z~ 0.085. However, the true random
3-XORSAT threshold is d ~ 2.75 [21]. Thus, the naive second moment calculation falls short of
the real threshold.

How so? The expression (2.4) does not determine the ‘likely’ but the expected size of the kernel,
avalue prone to large deviations effects. Indeed, because the number of vectors in the kernel scales
exponentially with #, an exponentially unlikely event that causes an exceptionally large kernel may
end up dominating Eq(| ker A|. Precisely such an event manifests itself in the left local maximum
in Fig. 3. Moreover, as we approach the satisfiability threshold such large deviations issues are
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Figure 3. Ther.h.s. of (2.4) for d = 2.5 (blue) and d = 2.7 (red) in the interval [0, %].

compounded by a diminishing error tolerance. Indeed, while for d = 2.5 the value at z=1/2 just
swallows the spurious maximum, this is no longer the case for d =2.7.

For random k-XORSAT Dubois and Mandler managed to identify the precise large devia-
tions effect at work. It stems from fluctuations of a densely connected sub-graph of G called the
2-core, obtained by iteratively pruning nodes of degree less than two along with their neigh-
bours (if any). Dubois and Mandler pinpointed the 3-XORSAT threshold by applying the second
moment method to the minor A® induced by G® while conditioning on the 2-core having its
typical dimensions.

The technical difficulty is that the rows of A®) are no longer independent. Indeed, A® is dis-
tributed as a random matrix with a truncated Poisson d® ~ Pos,(d") with ' =d'(d, k) > 0 as
the distribution of the variable degrees. Unfortunately, the given-degrees model leads to a fairly
complicated moment computation. Instead of the humble one-dimensional problem from (2.4)
we now face parameters (z;);>2 that gauge the fraction of variables of each possible degree i set
to one. Additionally, on the constraint side we need to keep track of the number of equations
with zero and with two variables set to one. Of course, these variables are tied together through
the constraint that the total Hamming weight on the variable side matches that on the constraint
side.

With a deal of diligence Dubois and Mandler managed to solve this optimisation problem.
However, even just the step on to check degrees k > 3 turns out to be tricky because now we need
to keep track of all the possible ways in which a k-ary parity constraint can be satisfied [19, 44].
Yet even these difficulties are eclipsed by those that result from merely advancing to fields of size
q=3[23).

Not to mention entirely general degree distributions d, k and general fields F; as in Theorem
1.1. The ensuing optimisation problem comes in terms of variables (z;);csuppa that range over
the space Z(IF;) of probability distributions on ;. Additionally, there is a second set of vari-
ables (Zy,,....x,)eesuppk, x1,... xcesuppy t0 g0 with the rows of A whose non-zero entries are precisely
X1>- - -» X¢- These variables range over probability distributions on solutions o € Fg to 101+
-+« + xgo¢ = 0. In terms of these variables we would need to solve

https://doi.org/10.1017/5S096354832400021X Published online by Cambridge University Press


https://doi.org/10.1017/S096354832400021X

Combinatorics, Probability and Computing 651

max » " E[(d - 1)z4(0) log za(o)]

o€ly

d N N
- EE Z ZX1,1»-~:X1,k(61’ ...,0x) log Zx 1 1o Xl,k(al’ ) (2.5)

X1,101+ -+ X1k0k=0

st. Eldzg(z)]=E Z k1l {o1 =1} 2X1,17---’X1,k(o.1’ e 0k) forall T € IF,.

01,0k €Fg
X1,101++X 1 x0k=0

On an high level, (2.5) is not so different from (2.4): The first summand in (2.5) corresponds
to the number of vectors with a specified number of components of each field element, taking
into account the different numbers of non-zero entries of the columns. The remaining part cor-
responds to the probability that any such vector satisfies all equations, taking into account the
number of field elements of each type in a random equation. Finally, while the frequencies of
the field elements appear decoupled for rows and columns in the first line of (2.5), the second
line ensures that only compatible frequencies are considered after all. As in random 3-XORSAT, a
simple calculation shows that the value of (2.5) evaluated at the ‘equitable’ solution

-1 12

zilo)=q 2y (015 o5 00) = qlf forall i, x1,..., x¢ (2.6)

hits the value (1 — d/k) log g, which matches the normalised first moment n1 log Ey [Z].

In summary, the second moment method hardly seems like a promising path towards Theorem
1.1. Not only does (2.5) seem unwieldy as even for very special cases of d, k an analytic solution
remains elusive [23]. Even worse, just in the case of ‘unabridged’ random k-XORSAT large devi-
ations effects may cause spurious maxima. In effect, even if we could miraculously figure out the
precise conditions for (2.5) being attained at the uniform solution, this would hardly determine
for what d, k the random matrix A actually has full row rank w.h.p.

2.2 Quenching and truncating

The large deviations issues ultimately result from our attempt at computing the mean of | ker A|,
a (potentially) exponential quantity. The mathematical physics prescription is to compute the
expectation of its logarithm instead [40]. In the present algebraic setting this comes down to com-
puting the mean of the nullity nulA = dim ker A, or equivalently of the rank rkA =#» — nulA.
This ‘quenched average’ is always of order O(n) and therefore immune to large deviations effects.
In fact, even if on some unfortunate event of exponentially small probability exp( — €2(n)) the
kernel of A were quite large, the ensuing boost to Eg [nulA] remains negligible.

Yet computing the quenched average Eg([nulA] does not suffice to prove Theorem 1.1. Indeed,
(1.4) already provides an asymptotic formula for Eg[nulA]. But as we saw due to the normalisa-
tion on the Lh.s. (1.4) merely implies that rkA = m — o(n) w.h.p. To actually prove that rkA =m
w.h.p. we will combine the quenched computation with a truncated moment argument calcula-
tion. Specifically, we will harness an enhanced version of (1.4) to prove that under the assumptions
of Theorem 1.1 the only combinatorially meaningful solutions to (2.5) asymptotically coincide
with the equitable solution (2.6), around which we will subsequently expand (2.5) carefully.
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To carry this programme out, let xp = (x4,;)ic[n] € IFZ be a random vector from the kernel
of A. Consider the event

OD=1A: Z Z‘]P’[xA,iza, xA,j=r|A]—q_2}=o(n2) . (2.7)
o,1ely i,j=1
Then by Chebyshev’s inequality on O w.h.p. we have
n
Z 1 {d,- =4{, xp;= a} =Pld={]n/q+ o(n) forallo € IF;, £ € suppd.
i=1
Hence, on O the only combinatorially relevant value of z;(c) from (2.5) is the uniform 1/g for
every £, o, because for every £ asymptotically almost all kernel vectors set about an equal number

of variables of degree £ to each of the g possible values. Thanks to this observation will prove that
w.h.p.

Exy[Z-1{AeO}]~Ey [Z]~q"™ and (2.8)
Ego [Z2* - 1{A € O} ~Ex [Z)*, (2.9)

provided that (1.3) is satisfied. Theorem (1.1) will turn out to be an easy consequence of (2.8)-(2.9)
and Corollary 1.2 of Theorem 1.1.

Thus, the challenge is to prove (2.8)-(2.9). Specifically, while the second asymptotic equality
in (2.8) is easy, the proof of the first is where we require knowledge of the ‘quenched average’
(1.4). In fact, instead of just applying (1.4) as is we will need to perform a ‘quenched’ compu-
tation for a slightly enhanced random matrix from scratch. Second, the key challenge towards
the proof of (2.9) is to obtain an exact asymptotic equality here, rather than the weaker esti-
mate g [Z2 -1{Ae D}] = O(Eg( [Z]?). This will require a meticulous expansion of the second
moment around the uniform solution, which will involve the detailed analysis of the lattices
generated by integer vectors that encode conceivable values of z;, Z,,, .5, from (2.5).

.....

2.3 Specifiedd,,...,d,and ki, ..., kny

Given two positive integers n and m = m(n), consider now two arrays (dg"))ls,-g, and (kl(.m))lsifm
of non-negative integers such that for all ,

) _ N )
"=y K".
SRk

We aim to find conditions on the arrays (df"))lfisn and (kl(»m))ls,-sm and the sequence
(m(n))n>1 which guarantee full row rank for the corresponding matrix in this fixed-degree setting

as n — 0o and are analogous to (1.3). Throughout, we abbreviate m(n) = m. Let d,, denote a uni-
formly chosen element from the sequence (dl(") )1<i<n and k, a uniformly chosen element from the

sequence (kgm))ls,-fm. Assume that (dl(-”))ls,'fn and (kl(-m))ls,-sm satisfy the following conditions in

terms of the uniformly chosen degrees d,, and k,,:
(P1) There exist (integer-valued) random variables d, k > 0 with P(d =0) < 1 and P(k > 3) =1
such that d, —% d and k, —% k;
(P2) E[d],E[k] < oo and E[d,] — E[d], E[k,] — E[k] as n — oc.
(P3) E[d?],E[k*] < oo and ]E[dﬁ] — E[d?], E[ki] — E[k?*] as n — oo.
(P4) For some 1 > 0, E[d*T"] < 0o and E[di+n] — E[d*t7].
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(P5) m~E [d] n/E [k].
(P6) Forallmandje [m], kJ(-m) >3,

(P7) Forall n, ged (supp(d)) = ged (d™)1<i<n).

Conditions (P1)-(P3) correspond to standard regularity conditions for the non-bipartite version
of the configuration model (see Condition 7.8 in [25], for example).

Let D(x) and K(x) denote the probability generating functions for d and k, respectively. We
also abbreviate d = E [d] and k = E [k] as before. We may then define

®:[0,1] >R, z+— D (1—K'(2)/k) — % (1-K(z) — (1 -2)K'(2)). (2.10)

Finally, to make the difference to the i.i.d. degree case apparent, we denote the random matrix
constructed by generating a uniformly random simple Tanner graph based on the fixed-degree

sequences (dgn))lgign and (kgm))liifm by A. Again, the non-zero entries of A are i.i.d. copies of
the random variable .

Proposition 2.1. Suppose that (d") <<, and (K™)1<i<p satisfy Y1, d"” = YL k](.”)for alln
and properties (P1)-(P7). Let 0 = gcd (supp(d)). If q and 0 are coprime, and

(a) AeOwhp,;
(b)) P(z) < P(0) forall0 <z <1;

then A has full row rank over Fg w.h.p.

Remark 2.2. As mentioned above, conditions (P1)-(P3) are natural when considering the con-
figuration model on general specified degree sequences (df"))lgiﬁn and (kgm))lsigm. In particular,
these are sufficient and necessary conditions to allow translation of results from the pairing model.
A more detailed discussion and references can be found below Lemma 3.6. Conditions (P4) and
(P7) are needed in the proof of a local limit theorem for the random vector p, € Z¥a, where
po(s):= >_i_, dil{o; = s} for auniformly random ¢ € IFZ and s € [F;. While m = ©(n) is essential
throughout the whole proof, the precise asymptotics in (P5) are only used in the final conclusion in
the proof of Proposition 2.1. Finally, we chiefly employ condition (P6) in the proof of Claim 7.12.

We first prove Proposition 2.1. Then, we prove Theorem 1.1 by showing that w.h.p. A€ O
if m~ Po(dn/k), (d;)i=1 and (k;j);>1 are i.i.d. copies of d and k. Theorem 1.1 then follows from
Proposition 2.1.

In the current case, 2 simply is the o -algebra generated by the numbers m(x1, . . ., x¢) of equa-
tions of degree £ > 3 with coefficients xi,..., x¢ € IFZ, since all degrees are deterministic. When

2 is used as a subscript, it serves as a notation that suppresses explicit mentioning of m, (dg"))?zl
and (kgm))lfifm. As discussed above, it suffices to prove (2.8) (with m = m) and (2.9) in the more
general model A. We observe that (2.8) follows immediately by hypothesis (a) of Proposition 2.1,
as w.h.p.,

Ex[Z-1{Ac0)]

= Z Z Z Py [A=Ay=y]1{Ac =y} =g"" Z Py [A=A]~qg""™. (2.11)

AeO o eF" yeFm AeO

Thus, to complete the proof for Proposition 2.1 it suffices to prove (2.9).
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2.4 The truncated first moment

We start our discussion by verifying condition (a) of Proposition 2.1 for i.i.d. d; and k;. Hence, let
us restrict to the ‘i.i.d. version’ of A, that is, dy,...,d, and ky, . . ., ks, are i.i.d. copies of d and
k. Although we know the approximate nullity (1.4) of A already, this does not suffice to actually
prove that O is a ‘likely” event. To this end we need to study a slightly modified matrix instead.
Specifically, for an integer ¢ > 0 obtain A[; from A by adding t more rows that contain precisely
three non-zero entries. The positions of these non-zero entries are chosen uniformly, mutually
independently and independently of everything else, and the non-zero entries themselves are
independent copies of x. We require the following lower bound on the rank of A[;.

Proposition 2.3. If (1.3) is satisfied then there exists §o = §o(d, k) > 0 such that for all 0 < § < &
we have

lim sup lIE[nulA[L(g,,“] <1l-— é — 4. (2.12)
n—oo N k

The proof of Proposition 2.3 relies on the Aizenman-Sims-Starr scheme, a coupling argument
inspired by spin glass theory [5]. The technique was also used in ref. [10] to prove the rank formula
(1.4). While we mostly follow that proof strategy and can even reuse some of the intermediate
deliberations, a subtle modification is required to accommodate the additional ternary equations.
The details can be found in Section 4.

How does Proposition 2.3 facilitate the proof of (2.8)? Assuming (1.3), we obtain from (1.4)
that nulA/n ~ 1 — d/k w.h.p. Hence, (2.12) shows that nearly each one of the additional ternary
rows added to Af|s, ) reduces the nullity. We are going to argue that this is possible only if A € O
w.h.p.

To see this, let us think about the kernel of a general M x N matrix A over F; for a short
moment. Draw x4 = (x4,i)ic[n] € ker A uniformly at random. For any given coordinate x4,
i € [N] there are two possible scenarios: either x4 ; = 0 deterministically, or x4 ; is uniformly dis-
tributed over [F4. (This is because if we multiply x4 by a scalar ¢ € F; we obtain txs € ker A.) We
therefore call coordinate i frozen if x; = 0 for all x € ker A and unfrozen otherwise. Let §(A) be the
set of frozen coordinates.

If A had many frozen coordinates then adding an extra random row with three non-zero entries
could hardly decrease the nullity w.h.p. For if all three non-zero coordinates fall into the frozen
set, then we get the new equation ‘for free’, that is, nulA[;) = nulA. Thus, Proposition 2.3 implies
that |F(A)| = o(n) w.h.p. We conclude that x4 ; is uniformly distributed over IF,; for all but o(n)
coordinates i € [1n]. However, this does not yet imply that x4 ;, x4 ; are independent for most i, j,
as required by O. Yet a more careful argument based on the ‘pinning lemma’ from [10] does. The
proof of the following statement can be found in Section 5.

Proposition 2.4. Assume that (1.3) is satisfied. Then w.h.p. A € O.

2.5 Expansion around the equitable solution

In this part, we consider the more general model A, that is, the model in Proposition 2.1. As
outlined earlier, given that we know (2.8), we can establish (2.9) by expanding (2.5) around the
uniform distribution (2.6). At first glance, this may not seem entirely immediate because (2.8) only
appears to fix the variables (z;(0));» of (2.5) that correspond to the variable nodes. But thanks to a
certain inherent symmetry property the optimal Z,,, , to go with the check nodes end up being
nearly equitable as well. This observation by itself now suffices to show without further ado that

Eo (2 1{A € O}] =0 (Ea[Z - 1{A € O}]?). (2.13)
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Yet the estimate (2.13) is not quite precise enough to complete the proof of Proposition 2.1.
Indeed, to apply Chebyshev’s inequality we would need asymptotic equality as in (2.9) rather than
just an O(-)-bound; Huang [27] faced the same issue in the case d = k constant and g prime. The
proof of this seemingly innocuous improvement actually constitutes one of the main technical
obstacles that we need to surmount.

As a first step, using a careful local expansion we will show that the dominant contribution to
the second moment actually comes from (z¢), such that

" Udi=¢
> ¥ > lzele) =g =0m" ). (2.14)

>0 i=1 Gqu

But even once we know (2.14) a critical issue remains because we allow general distributions
of degrees di, . .., dy, ki, . . ., ki and matrix entries x. In effect, to estimate the kernel size accu-
rately we need to investigate the conceivable frequencies of field values that can lead to solutions.
Specifically, for an integer ko > 3 and x1, . . ., Xk, € Fy let

ko
FaX1s -5 Xk) = UGFZO: ina,:o (2.15)
i=1
comprise all solutions to a linear equation with coefficients xi,..., xx, € F4. For each o €
Z4(X1> - -+ > Xk,) the vector
ko
G=[> 1{oi=3} e 7 (2.16)
i=1 seFs

tracks the frequencies with which the various non-zero field elements appear. Depending on
the coefficients xi,. .., xx,, the frequency vectors 6 may be confined to a proper sub-grid of
the integer lattice. For example, in the case g =ko =3 and x; = x2 = x3 = 1 they span the sub-
lattice spanned by (}) and (g) The following proposition characterises the lattice spanned by the
frequency vectors for general ko and x1, . . ., Xk,

Proposition 2.5. Let ko > 3, let x1,. .., Xk, € IFZ and let My(x1, - - > Xky) 7%4 be the Z-module

generated by the frequency vectors & for o € Sy(x1,.. > Xk,)- Then My(x1>- .., xk,) has a
basis (b1, ..., bg—1) of non-negative integer vectors with ||b;||1 <3 for all 1 <i<q— 1 such that

dety, (b] cee bq—l) = qjl{Xl:m:XkO}.

A vital feature of Proposition 2.5 is that the module basis consists of non-negative integer vec-
tors with small £;-norm. In effect, the basis vectors are ‘combinatorially meaningful’ towards our
purpose of counting solutions. Perhaps surprisingly, the proof of Proposition 2.5 turns out to be
rather delicate, with details depending on whether ¢ is a prime or a prime power, among other
things. The details can be found in Section 6.

In addition to the sub-grid constraints imposed by the linear equations themselves, we need
to take a divisibility condition into account. Indeed, for any assignment o € F” of values to vari-

ables, the frequencies of the various field elements s € I are divisible by the g.c.d. 0 of dy, ..., dy,
that is,
n
0 Zdi]l {o; =s} forall s € ;. (2.17)
i=1

To compute the expected kernel size we need to study the intersection of the sub-grid (2.17) with
the grid spanned by the frequency vectors & for o € (X1 1,-- ., X1x)- Specifically, by way of
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estimating the number of assignments represented by each grid point and calculating the ensuing
satisfiability probability, we obtain the following.

Proposition 2.6. Assume that q and 0 are coprime. Then (2.9) holds w.h.p.

We prove Proposition 2.6 in Section 7. Combining Propositions 2.3-2.6, we now establish the
main theorems.

Proof of Proposition 2.1. Assumption (1.3) implies that 1 — d/k= ®(0) > (1) =P (d=0) > 0.
Combining (2.11) and Proposition 2.6, we obtain (2.8)-(2.9) for the matrix A. Hence, Chebyshev’s
inequality and assumption (P5) imply that Z> (1 —0(1))q"™™" = q”(l’d/k“’(l)) >0 w.hp.
Consequently, the random linear system Ax=y has a solution w.h.p., and thus rkA =m

w.h.p. U
Proof of Theorem 1.1. This is now an immediate consequence of Proposition 2.4 and
Proposition 2.1. O

Proof of Corollary 1.2. Let g be a prime that does not divide ? and let x = 1 deterministically.
Obtain the matrix B e 3" by reading the {0, 1}-entries of B as elements of Fy. Then the dis-
tribution of B coincides with the distribution of the random [F4-matrix A. Hence, Theorem 1.1
implies that B has full row rank w.h.p.

Suppose that indeed rkB=m. We claim that then the rows of B are linearly indepen-
dent. Indeed, assume that z' B=0 for some vector z= (z15. .. ,zm)T € Z™. Factoring out
ged (21, . .., zm) if necessary, we may assume that the vector z € ]Fq"’ with entries z; = z; + qZ

is non-zero. Since z' B =0 implies that z' B =0, the rows of B are linearly dependent, in
contradiction to our assumption that B has full row rank. U

2.6 Discussion and related work

The present proof strategy draws on the prior work [6, 10] on the rank of random matrices.
Specifically, toward the proof of Proposition 2.3 we extend the Aizenman-Sims-Starr technique
from [10] and to prove Proposition 2.4 we generalise an argument from [6]. Additionally, the
expansion around the centre carried out in the proof of Proposition 2.6 employs some of the tech-
niques developed in the study of satisfiability thresholds, particularly the extensive use of local
limit theorems and auxiliary probability spaces [12, 13].

The principal new proof ingredient is the asymptotically precise analysis of the second moment
by means of the study of the sub-grids of the integer lattice induced by the constraints as sketched
in Section 2.5. This issue was absent in the prior literature on variations on random k-XORSAT
[6, 10, 15] and on other random constraint satisfaction problems [12, 13]. However, in the study
of the random regular matrix from Example 1.5 Huang [27] faced a similar issue in the special case
d =k constant and x =1 deterministically. Proposition 2.5, whose proof is based on a combina-
torial investigation of lattices in the general case, constitutes a generalisation of the case Huang
studied. A further feature of Proposition 2.5 absent in ref. [27] is the explicit £;-bound on the
basis vectors. This bound facilitates the proof of Proposition 2.6, which ultimately carries out the
expansion around the equitable solution.

Satisfiability thresholds of random constraint satisfaction problems have been studied exten-
sively in the statistical physics literature via a non-rigorous technique called the ‘cavity method’.
The cavity method comes in two installments: the simpler ‘replica symmetric ansatz’ associated
with the Belief Propagation message passing scheme, and the more intricate ‘replica symmetry
breaking ansatz’. The proof of Theorem 1.1 demonstrates that the former renders the correct pre-
diction as to the satisfiability threshold of random linear equations. By contrast, in quite a few
problems, notoriously random k-SAT, replica symmetry breaking occurs [14, 20].
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An intriguing question for future work might be to understand the ‘critical’ case of @ that attain
their global max at 0 and another point left open by Theorem 1.1. While Example 1.4 shows that
it cannot generally be true that A has full row rank w.h.p., the regular case where d =k =d are
fixed to the same constant provides an intriguing example. For this scenario Huang proved that
the random {0, 1}-matrix B has full rank w.h.p. [27]. The proof, based effectively on a moment
computation over finite fields and local limit techniques, also applies to the adjacency matrices of
random d-regular graphs.

While the present paper deals with sparse random matrices with a bounded average number
of non-zero entries in each row and column, the case of dense random matrices has received a
great deal of attention, too. Komlos [34] first shows that dense square random {0, 1}-matrices are
regular over the rationals w.h.p.; Vu [50] suggested an alternative proof. The computation of the
exponential order of the singularity probability subsequently led to a series of intriguing articles
[30, 48, 49]. By contrast, the singularity probability of a dense square matrix over a finite field
converges to a value strictly between zero and one [35, 36, 38, 39].

Apart from the sparse and dense case, the regime of intermediate densities has been studied as
well. Balakin [7] and Blomer, Karp and Welzl [8] dealt with the rank of such random matrices of
intermediate densities over finite fields. In addition, Costello and Vu [16, 17] studied the rational
rank of random symmetric matrices of an intermediate density.

Indeed, an interesting open problem appears to be the extension of the present methods to the
symmetric case. In particular, it would be interesting to see if the present techniques can be used to
add to the line of works on the adjacency matrices of random graphs, which have been approached
by means of techniques based on local weak convergence or Littlewood-Offord techniques [9, 22].
Several core ideas of [10] have recently been used to study the asymptotic rank of a special class of
symmetric random matrices [26].

2.7 Organisation

After some preliminaries in Section 3 we begin with the proof of Proposition 2.3 in Section 4. The
proof relies on an Aizenman-Sims-Starr coupling argument, some details of which are deferred to
Section 8. Section 5 deals with the proof of Proposition 2.4. Subsequently we prove Proposition
2.51in Section 6, thereby laying the ground for the proof of Proposition 2.6 in Section 7.

3. Preliminaries

Unsurprisingly, the proofs of the main results involve a few concepts and ideas from linear algebra.
We mostly follow the terminology from [10], summarised in the following definition.

Definition 3.1 ([10, Definition 2.1]). Let A be an m X n-matrix over a field F.

o A set @ #I1C [n] is a relation of A if there exists a row vector y € F1*™ such that @ #
supp(yA) C I.

o If I=V{i} is a relation of A, then we call i frozen in A. Let F(A) be the set of all frozen i € [n]
and let

f(A) = 15(A)|/n.

o AsetC [n]isaproperrelation of A if I\ F(A) is a relation of A.

« For 8 >0, £>1 we say that A is (8, £)-free if there are no more than 8n® proper relations
I C [n] of size |I| = £.

Thus, a relation is set of column indices such that the support of a non-zero linear combination
yA of rows of A is contained in that set of indices. Of course, every single row induces a relation on
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the column indices where it has non-zero entries. An important special case is a relation consisting
of one coordinate i only. If such a relation exists, then x; = 0 for all vectors x € ker A, which is why
we call such a coordinate i frozen. Furthermore, a proper relation is a relation that is not just built
up of frozen variables. Finally, we introduce the term (6, £)-free to express that A has ‘relatively
few’ relations of size £ as we will generally employ this term for bounded £ and small § > 0.

The following observation will aid the Aizenman-Sims-Starr coupling argument, where we will
need to study the effect of adding a few extra rows and columns to a random matrix.

Lemma 3.2 ([10, Lemma 2.5]). Let A, B, C be matrices of size m X n, m’ x n and m’ x n’, respec-
tively, and let I C [n] be the set of all indices of non-zero columns of B. Moreover, obtain B, from B
by replacing for each i € I N §(A) the i-th column of B by zero. Unless I is a proper relation of A we
have

A0
nul —nulA =# —rk(B, C). (3.1)
BC

Apart from Lemma 3.2 we will harness an important trick called the ‘pinning operation’. The
key insight is that for any given matrix we can diminish the number of short proper relations by
simply expressly freezing a few random coordinates. The basic idea behind the pinning operation
goes back to the work of Montanari [43] and has been used in other contexts [11, 46]. The version
of the construction that we use here goes as follows.

Definition 3.3 ([10, Definition 2.3]). Let A be an m X n matrix and let 0 > 0 be an integer. Let
i1, 12, ..., 19 € [n] be uniformly random and mutually independent column indices. Then the matrix
A[0] is obtained by adding 60 new rows to A such that for each j € [0] the j-th new row has precisely
one non-zero entry, namely a one in the ij-th column.

Proposition 3.4 ([10, Proposition 2.4]). For any § > 0, £ > 0 there exists ©g = (5, £) > 0 such
that for all ® > ©g and for any matrix A over any field I the following is true. With 0 € [®] chosen
uniformly at random we have P [A[0] is (8, £)-free] > 1 — 6.

At first sight, it might appear surprising that Proposition 3.4 does not depend on the matrix A
at all. It is here where the randomness in the number of added unit rows @ comes into play: On
a heuristic level, the proof of Proposition 3.4 is based on tracing the effect of adding unit rows
over a sufficiently large number of steps. Throughout this process, irrespective of the underlying
matrix A, there cannot be too many steps where the expected increase in the size of the set of
frozen variables is large, since their number is trivially bounded above by n. Thus, when choosing
a uniformly random number of unit rows to append, we have to be truly unlucky to hit exactly
one of these few steps. On the other hand, a multitude of proper linear relations at any given point
increases the chances to freeze a large number of variables upon addition of one more unit row,
and therefore there also cannot be too many such moments throughout the process of adding
unit rows. Of course, the precise details of the proof are more involved, and we refer the interested
reader to [10].

As a fairly immediate application of Proposition 3.4 we conclude that if the pinning operation
applied to a random matrix over a finite field leaves us with few frozen variables, a decorrelation
condition akin to the event © from (2.7) will be satisfied. For a matrix A we continue to denote by
x4 a uniformly random vector from ker A.

Corollary 3.5 ([6, Lemma 4.2]). For any ¢ > 0 and any prime power q > 0 there exist £ > 0 and
©¢ > 0 such that for any © > O for large enough n the following is true. Let A be a m x n-matrix
over IFy. Suppose that for a uniformly random 6 € [®] we have E|F(A[0])| < &n. Then

n
Z ZE|P[xi=a, xj=r|A]—q72’<§n2.

o,7eF, ij=1
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As mentioned earlier, at a key junction of the moment computation we will need to estimate
the number of integer lattice points that satisfy certain linear relations. The following elementary
estimate will prove useful.

Lemma 3.6. [37, p. 135] Let M < R be a Z-module with basis by, . . ., be. Then

lim l{xeM:|Ix|| <r}| _ 1
r—00 yol ({xe R ||x|| < r}) | det (by - - - by)|”

The definition of the random Tanner graph in Section 1.2.1 provides that G is simple.
Commonly it is easier to conduct proofs for an auxiliary random multi-graph drawn from a pair-
ing model and then lift the results to the simple random graph. This is how we proceed as well.

Given (1.1) we let G be the random bipartite graph on the set {x1, . .., x,} of variable nodes and
{a1,...,am} of check nodes generated by drawing a perfect matching I' of the complete bipartite
graph on

-

iy x[d]  and | J{ai} x [k]
i=1

i=1

and contracting the sets x; x [d;] and a; x [k;] of variable/check clones. We also let A be the
random matrix to go with this random multi-graph. Hence,

ki dj
Aj=x;; Y Y L{{(ai ), (x,v)} €T).
u=1 v=1
Similarly, given fixed-degree sequences (dy,...,d,) and (ki,...,ky) with Y1, d;= Z;ll kj,
we may define a random bipartite graph G and the corresponding matrix A. The deviating
notation only emphasises that the underlying degrees have been fixed in contrast to the ii.d.

model. Moreover, if the degree sequences (d, . . ., dy) and (k1, . . . , ky,) satisfy (P3), then routine
arguments (e.g. see [29]) show that G is simple with non-vanishing probability.

Proposition 3.7 ([25, Theorem 7.12]). Suppose that the degree sequences (di,...,d,) and
(k1, ..., km) satisfy (P3). Then, P [Q is simple] =Q(1).

If (dy,...,dy) and (ki, ..., kn) are iid. copies of d and k with E[d*] + E [k*] < oo as in
Section 1.2.1, then a standard Azuma-Hoeffding argument shows that w.h.p. they satisfy (P3).

Corollary 3.8 ([10, Lemma 4.3]). P [G is simple | Y 1, di =Y "1 | ki] = Q(1).

When working with the random graphs G or G we occasionally encounter the size-biased
versions d, k of the degree distributions defined by

P[azz]zm[dze]/d, P[l}zz]zm[kzz]/k (=0). (32

In particular, these distributions occur in the Aizenman-Sims-Starr coupling argument. In that
context we will also need the following crude but simple tail bound.

Lemma 3.9 ([10, Lemma 1.11]). Let (A;)i>1 be a sequence of independent copies of an integer-
valued random variable . > 0 with E [L"] < oo for some r > 2. Furthet, let s be a sequence such that
s = 0O(n). Then for all § > 0,

]P [
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Finally, throughout the article we use the common O(-)-notation to refer to the limit n — oco.
In addition, we will sometimes need to deal with another parameter ¢ > 0. In such cases we use
O¢(+) and similar symbols to refer to the double limit ¢ — 0 after n — oo.

4. Proof of Proposition 2.3
4.1 Overview

The first ingredient of the proof of Proposition 2.3 is a coupling argument inspired by the
Aizenman-Sims-Starr scheme from mathematical physics [5], which also constituted the main
ingredient of the proof of the approximate rank formula (1.4) from [10]. Indeed, the coupling
argument here is quite similar to that from [10], with some extra bells and whistles to accom-
modate the additional ternary equations. We therefore defer that part of the proof to Section 8.
The Aizenman-Sims-Starr argument leaves us with a variational formula for a lower bound on the
rank of A[|s,;. The second proof ingredient is to solve this variational problem. Harnessing the
assumption (1.3), we will obtain the explicit expression for the rank provided by Proposition 2.3.

Let us come to the details. As explained in Section 3, we will have an easier time working with
the pairing model versions G, A of the Tanner graph and the random matrix. Moreover, to facili-
tate the coupling argument we will need to poke a few holes, known as ‘cavities’ in physics jargon,
into the random matrix. More precisely, we will slightly reduce the number of check nodes and
tolerate a small number of variable nodes x; of degree less than d;. The cavities will provide the
flexibility needed to set up the coupling argument. Finally, to be able to assume that the matri-
ces we are dealing with are (6, £)-free with probability close to one, we also add a random, but
bounded number of unary checks p;, . . ., pg, as described in Proposition 3.4. While this measure
does not affect the asymptotic rank, quite crucially, it enables our bound on the rank difference in
the coupling argument of Section 8.

Formally, let ¢, § € (0, 1) and let ® > 0 be an integer. Ultimately ® will depend on ¢ but not on
n or §. We then construct the random matrix A [, &, 8, ®] as follows. Let

m, ~ Po((1 — &)dn/k), mgs ~ Po(dn), 6 ~ unif([®]). (4.1)
The Tanner multi-graph G [n,¢,8,®] has variable nodes xi,...,x, and check nodes
15> Amy> s - - <> tmg> P1> - - - > Po- To connect them draw a random maximum matching I [#, €]

of the complete bipartite graph with vertex classes

i=(Jta}d x (k] and Vo= {x} x [4)].
j=1

i=1

For every matching edge {(a;, h), (xj, £)} € T'[n, &], h € [k;], € € [d;], between a clone of x; and a
clone of a; we insert an a;-xj-edge into G [n, ¢, §, ©]. Moreover, the check nodes 1, . . ., tm, each
independently and uniformly choose three neighbouring variables i; 1, i;2, i;3 with replacement
among {x1, . . ., X, }. Further, check node p, for £ € [@] is adjacent to x; only. Finally, to obtain the
random (0 + m, + ms) X n-matrix A [n, &, 8, ©] from G [n, ¢, §, O] we let

A(n,,8,0],,, =1{i=h} (i€[0],he[n]), (4.2)
ki dy
An,e,8,0], . = Xin Z Z 1{(xp, s), (a;, )} € T [n, ]} (i€ [mg],hen)]), (4.3)
=1 s=1
3
Aln,e,8,0), . = Xm+in Y Hie=h) (ielms),heln)).  (44)
=1
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Applying the Aizenman-Sims-Starr scheme to the matrix A[n, ¢, §, ®], we obtain the following
variational bound.

Proposition 4.1. There exist 5§ > 0, ©g(e) > 0 such that for all 0 < § < 8y and any ® = O(¢g) >
®o(e) we have

1
lim sup lim sup —E [nul(A [n,¢,5,0])] < max P(a)
n

£e—>0 n—>00 a,B€[0,1]

+ (exp(—388%) — 1) D(1 — K'()/k) — 6 + 388> — 28B°. (4.5)

The proof of Proposition 4.1, carried out in Section 8 in detail, resembles that of the rank formula
(1.4), except that we have to accommodate the additional ternary checks ¢;. Their presence is the
reason why the optimisation problem on the r.h.s. comes in terms of two variables «, 8 rather
than a single variable as (1.4).

To complete the proof of Proposition 2.3 we need to solve the optimisation problem (4.5). This
is the single place where we require that ®(z) takes its unique global max at z = 0, which ultimately
implies that the optimiser of (4.5) is « = 8 = 0. This fact in turn implies the following.

Proposition 4.2. For any d, k that satisfy (1.3) there exists o > 0 such that for all 0 < < &y we
have

;rsn?())(u ®(a) + (exp(—3552) —1) DA — K'(a)/k) — 6 + 3882 — 288° =1 — % s

The proof of Proposition 4.2 can be found in Section 4.2. Finally, in Section 4.3 we will see that
Proposition 2.3 is an easy consequence of Propositions 4.1 and 4.2.

4.2 Proof of Proposition 4.2
Let

®s(ar, B) = () + (exp(—388%) — 1) D(1 — K'(a) /k) — 8 + 388> — 268> (e, B € [0, 1]).
Assuming (1.3), we are going to prove that for small enough 8,

max ®s(a, B) = $s(0,0)=1— g -4, (4.6)
a,B€[0,1] k

whence the assertion is immediate.

The C!'-function @5 attains its maximum either at a boundary point of the compact domain
[0, 1]% or at a point where the partial derivatives vanish. Beginning with the former, we consider
four cases.

Case 1: o =0 We have
®5(0, B) = ®5(0,0) + 388> — 288 — (1 — exp(—3587) ). (4.7)

Expanding the exponential function, we see that 388% —288° —(1—
exp(—38,32) )= —28B° 4+ 0s5(8%2B*). Since —288>+ 0s(562B*) is non-positive
forall B € [0, 1], (4.7) yields maxg @;(0, B) = (0, 0) for all small enough § > 0.
Case2: B =0 The assumption (1.3) ensures that & is maximised in 0. Therefore, as
®s5(a, 0) = P(a) — §, the maximum on {(c, 0) : @ € [0, 1]} is attained in & = 0.
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Case 3: o =1 We obtain
®s(1, B) = (1) + (exp(—388°) — 1) D(0) — & + 368> — 268> = exp(—388°) D(0)
+8(3p%—28°—1).

Again, expanding the exponential, we see that for sufficiently small §, ®5(1, 8) <
®5(1,0) = &(1) — §. Thanks to assumption (1.3), this yields maxg &Dg(l,ﬂ) =
(0, 0) for all small enough § > 0.

Case4: S =1Wehave

Bs(a, 1) = D(ar) — (1 — exp(—38) )D (1 . K/I(C“)) . (4.8)

Because D and K’ are continuous on [0, 1] due to the assumption E[d*] + E[K?] <
00, for any ¢ > 0 there exists & > 0 such that D(1 — K'(«)/k) > 1 —¢ for all 0 <
a < a. Therefore, (4.8) shows that for small enough § >0 and 0 <« < & we have
Os(a, 1) < Ds(a, 0) < Ds(0,0). On the other hand, for & <« <1 the difference
®(a) — P(0) is uniformly negative because of our assumption (1.3) that ® attains
its unique global maximum at « = 0. Hence, for § small enough and & <o <1 we
obtain ®s(a, 1) < ®5(0, 0).

Combining Cases 1-4, we obtain

max  ®Ds(a, B) = Ps(0,0). (4.9)
(a,B)€d[0,1]2

Moving on to the interior of [0, 1]?, we calculate the derivatives

8&)5 K" (er)

=@+ (1- exp(—388%)) — D -K(@)/k)
= K”k(oz) (d1 —a)— exp(—38,32) D'(1— K’(oz)/k)) ,

8&)5 2 /

B 6B (1 — B — exp(—388°) D(1 — K'(a)/k)) .

Hence, potential maximisers («, 8) in the interior of [0, 1]? satisfy

d(1 —a)=D'(1 — K'(«x) /k) exp(—356?) and  1-—p=exp(—388%) D(1 — K'()/k).

~ (4.10)
Substituting (4.10) into ®;, we obtain
Ds(at, B) = (o) — 8 + (exp(—388%) — 1) D(1 — K'() /k) + 388> — 268°
= ®(ar) — 8+ (1 — B)(1 — exp(358%) ) + 358> — 258°
< ®d(a) — 8 —388%(1 — B) +388% — 28B° = ®(a) — 8 + 88°. (4.11)

To estimate the r.h.s. we consider the cases of small and large « separately. Specifically, by
continuity for any ¢ > 0 there is 0 < & < § such that D(1 — K'(@)/k) > 1 — ¢ forall 0 < & < &.

Case 1: 0 <a < @& Since D(1 — K'(a)/k) > 1 — ¢, (4.10) implies that for 8 > 0
1—-8>(1-35)1-¢)=1-¢—386°(1-20).
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In particular, small & implies that also 8 is small. More precisely, after choosing
8, ¢ small enough, we may assume that g < ,3 for any fixed ,é > 0. In this case, we
may thus restrict to solutions (o, B) € (0, 1)? to (4.10) where both coordinates are
sufficiently small. Also here, we distinguish three cases that all lead to contradictions.

(A) If the solution satisfies « = 8, consider the function
x> 1—x— exp(—38x2) D(1 — K'(x)/k)
whose zeros determine the solutions to the right equation in (4.10) under the assump-
tion o = B. Its value is zero at x = 0 and it has derivative
K//(x)
k bl
which is negative in a neighbourhood of x = 0. Thus («, o) cannot be a solution to (4.10)

for o € (0, ).
(B) Assume now that o < 8. Then the right equation of (4.10) yields

—1+ 68x exp(—38x%) D(1 — K'(x)/k) + exp(—38x*) D'(1 — K'(x)/k)

1— B >exp(—33%) D (1 - K'(B)/k) > (1 — 388%) (1 - %K’(ﬂ)> :

Now since k > 3, K'(8) = Og (B82). But then the above equation yields a contradiction

for B small enough and thus («, 8) € (0, &) x (0, ,3) with & < 8 is no possible solution.
(C) Finally, if @ > B, the left equation of (4.10) yields

E[d?
d(1—a) > exp(—38a) D' (1 — K'(a)/k) > d (1 — 36?) (1 - %K’(a)) .
Now since k > 3, K'(a) = O, (). But then the above equation yields a contradiction

for a small enough and thus («, B) € (0, &) x (0, ﬁ) with « > 8 is no possible solution.
Hence, (4.10) has no solution with 0 < « < a.
Case 2: @ <a <1 because ®(a) < (0) forall 0 < o <1, (4.11) shows that we can choose &
small enough so that ®s(c, B) < ®s(0,0) forall > @ and all 8 € [0, 1].

Combining both cases and recalling (4.9), we obtain (4.6).

4.3 Proof of Proposition 2.3
Combining Propositions 4.1 and 4.2, we see that
1 d
limsup —E [nul(A [n,6,8,0])] <1— - — 8§+ 0.(1). (4.12)
n—oo N k

The only (small) missing piece is that we still need to extend this result to the original random
matrix A[s,) based on the simple random factor graph G. To this end we apply the following
lemma.

Lemma 4.3 ([10, Lemma 4.8]). For any fixed © > 0 there exists a coupling of A and A [n, ¢, 0, O]
such that

E|nulA — nulA [n, &,0, ®] | = O, (gn).

Let A[ss)) be the matrix obtained from A by adding [én] random ternary equations.
Combining (4.12) with Corollary 4.3, we obtain

1 d
;E [nul(A[LgnJ])] <1- i 8+ o(1). (4.13)
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Furthermore, since changing a single edge of the Tanner graph G or a single entry of A can
change the rank by at most one, the Azuma-Hoeffding inequality shows that nul(A[;5,)) is tightly
concentrated. Thus, (4.13) implies

1 d
P [—nul(A[L(gnJ]) <1-— i S+ 0(1)] =1—o0o(1/n). (4.14)
n
Finally, combining (4.14) with Proposition 3.7, we conclude that

P [%nul(A[Lgm) <1-— g -4 +o(1)] =1—o0o(1/n),

which implies the assertion because nul(A[|s,]]) < #n deterministically.

5. Proof of Proposition 2.4

We now go on to prove that if the matrix A[f(] obtained from A by adding a few random unary
checks had many frozen coordinates, then the nullity of As,); would be greater than permitted
by Proposition 2.3; we use an argument similar to [6, proof of Proposition 2.7]. Invoking Corollary
3.5 will then complete the proof of Proposition 2.4.

Lemma 5.1. Assume that for some ® > 0 and 6y ~ unif([©]) we have
1
lim sup —E [F(A[6o])] > 0.
n—oo N
Then for all § > 0 we have
1 d
lim sup —E [nul(A[LgnJ])] >1———3.
n—oo N k

Proof. For an integer £ > 0 obtain A[¢[6¢] from A[fo] by adding £ random ternary equations.
Since nulA (|5, = nulA[5,)1[00] = nulA[|5,)) — 0o, for any fixed © > 0,

ENHUIA[LMJ][OO] —nulA[\_gnJ” =0(1). (5.1)
For fixed large n, we now estimate the nullity of A[s,)[fo] under the assumption that
PIFA[Oo])] > ¢n] > ¢ for some ¢ > 0. (5.2)

Because adding equations can only increase the set of frozen variables, we have F(A(s[6¢])
§(A[¢41)[00]) for all £ > 0. Therefore, (5.2) implies that

P[|3(A[00])| > ¢n] > ¢ forall £ > 0. (5.3)
We now claim that for any § > 0
1
—E [nulA(s,[00]] > 1 —d/k — 8 +8¢* + o(D). (5.4)
n
To prove (5.4) it suffices to show that for any £ > 0,
E [nulA(e4+1)[00] — nulA[0o]] > ¢* — 1. (5.5)
Indeed, we obtain (5.4) from (5.5) and the nullity formula nilE[nulA[o] [00]] = n 'E[nulA] +
o(1)=1—d/k+ o(1) from (1.4) by writing a telescoping sum.
To establish (5.5) we observe that nulAp,1;[6o] —nulA[[6] > —1 because we obtain
Afg41)[00] from A[¢)[00] by adding a single ternary equation. Furthermore, if |§(A[¢;[00])] = ¢n,
then with probability at least ¢* all three variables of the new ternary equation are frozen

in Afg[0o], in which case nulA[;111[00] = nulA[,[0o]. Hence, (5.4) follows from (5.5), which
follows from (5.3). Finally, combining (5.1) and (5.4) completes the proof. O
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Proof of Proposition 2.4. The proposition follows from Proposition 2.3, Corollary 3.5 and
Lemma 5.1. U

6. Proof of Proposition 2.5

The proof proceeds very differently depending on whether the coefficients xi,..., xi, are
identical or not. The following two lemmas summarise the analyses of the two cases.

Lemma 6.1. For any prime power q and any x € Fy the Z-module MMq(x, X, x) possesses a basis
(b1, ..., bg—1) of non-negative integer vectors b; € 7Fs forallie [q— 1] such that

161 <3 and Z biss=0 inlF,forallic[q—1], and dety (bl e bq_l) =q.

SE]FZ
Furthermore, for any ko > 3 we have My (x, ..., x) = My(X, x> X)-
———
ko times

Lemma 6.2. Suppose that q is a prime power, that ko >3 and that xi,..., xk, € Fy satisfy
HX1s- > Xio}| = 2. Then

F*
Ma(X1s -+ s Xig) =204
Furthermore, My(X1, - . . » Xk,) possesses a basis (by, . . ., by_1) of non-negative integer vectors b; €
Z%4 such that

Ibilli <3 and Zbi,ss=0 inFy forallie[q—1].

.
se]Fq

Clearly, Proposition 2.5 is an immediate consequence of Lemmas 6.1 and 6.2 . We proceed to
prove the former in Section 6.1 and the latter in Section 6.2.

6.1 Proof of Lemma 6.1
Because we can just factor out any scalar, it suffices to consider the module

M=, (1,...,1).
~——

ko times

Being a submodule of the free Z-module 7F4, M is free, but it is not entirely self-evident that a
basis with the additional properties stated in Lemma 6.1 exists. Indeed, while it is easy enough
to come up with g — 1 linearly independent vectors in 91 that all have £;-norm bounded by 3, it
is more difficult to show that these vectors generate 9. In the proof of Lemma 6.1, we sidestep
this difficulty by working with two sets of vectors #; and %,. The first set % is easily seen to
generate M1, while %, is a set of linearly independent vectors in 91 with £;-norms bounded by 3.
To argue that %, generates 9, too, it then suffices to show that the determinant of the change of
basis matrix equals one.

To interpret the bases as subsets of Z97! rather than 7F4 in the following, we fix some notation
for the elements of F,. Throughout this section, we let g = p* for a prime p and £ e N. If £ = 1,
we regard IF; as the set {0, ..., p — 1} with mod p arithmetic. If £ > 2, the field elements can be
written as

{a0+a1X+...+ag,1X€71:ajeIprorjzo,...,K—l},
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with mod g(X) arithmetic for a prime polynomial g(X) € F,[X] of degree £. Exploiting this
representation of the field elements as polynomials, we define the length len(ag + a1 X+ ...+
ar_1 X4 1) of an element of [F; to be the number of its non-zero coefficients. Finally, let

FZ2 = {h e Fy:len(h) > 2} (6.1)

be the set of all elements of F; with length at least two. Of course, if £ = 1, ]F;Zz) is empty.
Recall that we view 90 as a subset of Z"1 that is generated by the vectors

ko
> lioi=s) , oeS1,...,0).
i=1 SGF;

In the above representation, the generators are indexed by F; rather than by the set [q — 1]. But
to carry out the determinant calculation, it is immensely useful to represent both %), and %,
as matrices with a convenient structure. Hence, there is ambiguity in the choice of a bijection
f:Fg—{1,...,q— 1} that maps the non-zero elements of F, to coordinates in 7%, To put a
clear structure to the matrices in this subsection, we will soon choose f in a particular way. With

the above notation, we will from now on fix a bijection f that is monotonically decreasing with
respect to the length function on IFZ : Iflen(hy) <len(hy) for hy, hy € F%, then f(h;) > f(hy). More

precisely, f maps the (p — 1) elements in ]FZ of maximal length ¢ to the interval [(p — 1)¢], the

£(p — 1)*~! elements of length £ — 1 to the interval {(p — 1) +1,...,(p — ) +£(p — 1)¢71},

and so on. For elements of length one, we further specify that
f@XY=q—1-(—i)p—1)+a forie{0,...£—1}andac[p—1].

For our purposes, there is no need to fully specify the values of f within sets of constant length
greater than one, but one could follow the lexicographic order, for example. The benefit of such
an ordering will become apparent in the next two subsections.

6.1.1 First basis %,

The idea behind the first set 2, is that it consists of vectors whose coordinates can be easily seen
to correspond to element statistics of a valid solution while ignoring the ¢, -restriction formulated
in Lemma 6.1. We build %, from frequency vectors of solutions of the form

-1
(a() +auX+...+ a[_1X6_1> + Z a; - ((p — 1)Xi) =0.
i=0

That is, we take any element ag + a1 X + ...+ a1 X! from IFZ and cancel it by a linear com-
bination of elements from {p — 1, (p — DX, ..., (p — DX} C IF3. Formally, let ey, ..., e

denote the canonical basis of Z4~!. The set of statistics of all frequency vectors of the form
described above then reads

-1 £—1
._@1 = {ef( 15;01 ;X + Z a,-ef(,xi) : Z a,-X’ € }FZ .
i=0 i=0

A moment of thought shows that [%;| =g — 1. Indeed, it is helpful to notice that for any h
IFZ \{—1,..., —Xe_l}, there is exactly one element with a non-zero position in coordinate f(h),
and this coordinate is 1. That is, there is basically exactly one element in %, associated with each
element of 7. Generally, the elements of %) can be ordered to yield a lower triangular matrix M.
To sketch this matrix, we first consider the case £ = 1. In this case, with our choice of indexing
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1 2 . . . . p-1
1(1
1
1
M, =
1
p—1\1 2 3 p-2 p
Figure 4. The matrix Mp.
q
X X
3 f Tl
v — Q X ) X =
1
1
1
1 0
1
1
1o 0
My = H I P, 0 M, 0
p—l Koeososorasasontnsasnasasasas *
X0 oo 0
H I 0 M,
(P=DX] #eeereeiin *
B oeer ettt e e *
NGt | PP 0 0
oo 0 M,
(p—l)X[’l et e e, %

Figure 5. The matrix M for £ > 2.

function f, the elements of B; can be ordered to give the matrix displayed in Fig. 4. For the case of
fields of prime order, this basis is already implicitly mentioned in [27].

Note that this reduces to M, = (2) in the case p = 2. In this representation, rows are indexed by
the field elements they represent, while columns are indexed by the field elements they are associ-
ated with. For £ > 2, we can use the matrix M), for the compact representation of M, displayed in
Fig. 5.

In the matrix My, the upper left block is an identity matrix of the appropriate dimension, the
upper right is a zero matrix, the lower left is a matrix that only has non-zero entries in rows that
correspond to —1, ..., —X*~1 while the lower right is a block diagonal matrix whose blocks are
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given by Mp. In particular, M, is a lower triangular matrix. Because M, has determinant p the
following is immediate.

Claim 6.3. We have det (M,) =pt=q

Let B; denote the Z-module generated by the elements of ;. Then the lower triangular
structure of M, also implies the following.

Claim 6.4. The rank of %, isq — 1.
The following lemma shows that the module 901 is contained in 8.
Lemma 6.5. The Z-module 9N is contained in the Z-module B;.

Proof. We show that each element of 91 can be written as a linear combination of elements of
2. To this end it is sufficient to show that every frequency vector of a solution to an equation
with exactly ko non-zero entries and all-one coefficients can be written as a linear combination

of the elements of 4. Let thus x € N9—! be such a frequency vector, that is, ?:_11 xif “1())=0in
[F,. Before we state a linear combination of x in terms of %1, observe that for each j € [q — 1] \
fg—1—-—-1Dp—-1,9q—1—«—=2)(p—1),...,q9— 1}, there is exactly one basis vector with a
non-zero entry in position j. Moreover, the entry of this basis vector in position j is 1. On the other
hand, the basis vectors corresponding to the remaining £ columnsg—1—({ —1)(p —1),g — 1 —
(€—2)(p—1),...,q9— 1of My are actually integer multiples of the standard unit vectors, as

ep((p—nxi) + (P = Degxiy = per(p—1yxi)

fori=0,...,¢ — 1. With these observations, the only valid candidate for a linear combination of
x in terms of the elements of %, is given by

-1
x= Z Xt aixy | G axiy T Z 3j€f(—x)
Do aiXieFH\(—1,..,—X(-1) j=0

1 X — sz;ol aXIEF\(~1,...—Xt=1) B aix)
+ P . pe]f(_xj).

j=0

It remains to argue why the coefficients of the basis vectors pes(_1), . . ., pes_x¢-1) in the second
sum are integers. At this point, we will use that x is a solution statistic: Because

> Xy IX’)Z“J =0 in F
o aiXieFs

and the additive group (IF;, +) is isomorphic to ((Fp)(, +), all ‘components’ in the above sum
must be zero and thus

Z Xy 0@ = 0 in T,

(2o aiXieFs
forallj=0,...,¢— 1. However, isolating the contribution from {—1,.. ., —X*~1} yields
0= Z X axiy @ = TX(-x) T Z YL aix in Fp,
2o aiXieF; 2o aiXieFs\{~1,..,— X1}

(6.3)
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as the coefficient a; of X/ in —X' is zero unless i =j. Therefore, the right-hand side in (6.3) is

divisible by p and the claim follows. U
6.1.2 Second basis %,
In this subsection, we define a candidate set for the vectors (by, ..., bq_l) in the statement of

Lemma 6.1. That is, we define a set %, all whose elements have non-negative components and
£1-norm at most three. In other words, we are looking for solutions to

X1+ ..+ x, =0 (6.4)

with at most three different non-zero components.

Here again, our construction basically associates one basis vector to each element of .
However, due to the £;-restriction, there is less freedom in choosing the remaining non-zero
coordinates. Our approach to design a set that satisfies this restriction while retaining a represen-
tation in a convenient block lower triangular matrix structure is to distinguish between elements
of length one and of length at least two. We will therefore construct %, via two sets Z1) and
B such that %, is given as

B, = BV U BZD, (6.5)

Let us start with an element h = Zf;ol ;X' of length at least two in F,. Assume that its leading
coefficient is a, for r € [£ — 1]. If a variable in (6.4) takes value h, we may cancel its contribution
to the equation by subtracting the two elements a,X" and h — a,X", both of which are shorter
than h:

-1 -1
Z a; X! — a, X" — (Z a; X! — arX’> =0.
i=0 i=0
This solution corresponds to the vector
€f(h) T €f(—a,X") T €f(~h+a,X"):

This idea for field elements h € F, 5122) of length at least two then yields the g — 1 — £(p — 1) integer
vectors

r
B = €f(h) T €f(—a,Xr) T €f(—h+a,Xr) T € [l —1]and h= Z a,'Xi € Fézz) witha, 207 .
i=0

For a field element h of length one, an analogous shortening operation would correspond to
the vector

€f(h) T €f(~h)-

If p = 2, this procedure applied to all field elements of length one yields £ distinct vectors and we
are done. However, if p > 2, employing this idea for all elements of length one would only lead to
£(p — 1)/2 rather than £(p — 1) additional vectors, as i and —h are distinct and obviously give rise
to the same statistic. As a consequence, for p > 2, we need to deviate from the above construction
and come up with a modified ‘short-solution’ scheme. Let & = a,X" be an element of length one.
Ifa, €{1,...(p—1)/2}, we simply associate the vector ef(,) + ef(_p) to it, as indicated. If on the
other hand a, € {(p + 1)/2,...,p — 1}, we let h correspond to the vector

ef(h) T ef(—xr) t €f(—h+Xr)-
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1 0 0 0 0
0 1
0
0
a4 = 0 - - 0 1 0 1 0 0
P~ 10 0 1 2 0
0 0 1
: 0 1 0
1 0 0 1 1 2

Figure 6. The matrix Ap.

With this, for p > 2, the part of %, that corresponds to field elements of length one is given by the

set
-1
%(1) = U ({ef(arxr) —+ ef(_arxr) cay € [(p — 1)/2]}
r=0
U {ef(—arX') +ef(—xr) + €f(a,Xr+Xr) 1 Or € [(p—1)/2] }) . (6.6)

If p =2, in line with the above discussion, we simply let

(-1

2 = U {Zef(xr)} . (6.7)
r=0

Again, a moment of thought shows that in any case, |%,| = |%1| = q — 1. Let ‘B, denote the Z-
module generated by the elements of %,. Our choice of %, has the advantage that again, its
elements may be represented in a block lower triangular matrix. For this representation, it is
instructive to consider the case £ =1 first. In this case and with our choice of f, the elements
of %, can be arranged as the columns of a matrix A, as in Fig. 6.

Here, as in the construction of Mp, column i corresponds to the unique vector associated to
i € [F4. In the special case p = 2, this matrix reduces to

Ay =(2).

For £ > 2, the elements of %, may then be visualised in the matrix from Fig. 7.

In Ay, column i€ [q — 1] corresponds to the unique vector that is associated with the field
element f~1(i). Moreover, at this point, a moment of appreciation of our indexing choice f is in
place: Because f is monotonically decreasing with respect to length, there are no entries above
the diagonal in the first |IF£122)| columns, as we only cancel field elements by strictly shorter ones.
Moreover, the remaining £(p — 1) columns are governed by a simple block structure. As a concrete

example, (6.8) with p =7 reads
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J
X X
S — '_l‘ — '_l‘
N [ <
T —_ QX & X B,
1
* 1
x % -,
* * 1
[FEIZZ) P * 1 0
K oere e e * 1
S *
S * 1
Tl sk oo *
Aq = 1 IPUTTUUUTU TR U ORI . Ay 0
p—l Koottt et e *
Xk oeee i *
ok * Ap
(p_l)x K et e e e *
o *
X[_l ................................. * 0
ok * Ap
(,g_l)xf*1 B e e %

Figure 7. The matrixAq for ¢ > 2.

100000
010001
001010
001200

010010

100112

and Ay would be used as a block matrix in any field of order 7¢ as shown in (6.9).
As each element of %, corresponds to a solution with at most 3 < ky non-zero components,
we obtain the following.

Claim 6.6. The Z-module B, is contained in the Z-module ).

Thus far we know 95, C 9t C B;. Moreover, %, has the desired £;-property. On the other
hand, in comparison to %, it is less clear that %, generates 9. It thus remains to show that in
fact B, =B;. We will do so by using the following fact, which is an immediate consequence of
the adjugate matrix representation of the inverse matrix.
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Fact 6.7. If M is a free Z-module with basis X1, . . . , Xy, a set of elements y1, . . ., y, € M is a basis of
M if and only if the change of basis matrix (c;j) has determinant £1.

We will apply Fact 6.7 to M =B with {x1,...,x,} =% and {y1,...,yu} = %>. Let Cy €
74=-Yx(@=1 be the matrix whose entries comprise the coefficients when we express the ele-

ments of %, by %, (recall that B, C ‘B;) when we order the elements of %), %, as done in
the construction of My and A,. Thus A; = M;C,. As

det (A4) = det (M;C;) = det (M) - det (Cy),

we do not need to compute C; explicitly to apply Fact 6.7, but instead it suffices to compute
det (M) and det (A,). From Claim 6.3, det (M) is already known. Moreover, for A, the compu-
tation will not be too hard, as A is a block lower triangular matrix. Therefore, we are just left to
calculate the determinant of the non-trivial diagonal blocks.

Lemma 6.8. For any prime p we have det (Ap) =p.

Proof. The case p =2 is immediate. We thus assume that p > 2 in the following. We transform

Apinto a lower triangular matrix by elementary column operations. To this end, let a5, . . ., ag—1
be the columns of A,. The first (p + 1)/2 columns already have the right form, so we do not alter
this part of the matrix. For any j= (p +3)/2,...,p — 1, subtract column a,;; from column g;.
This yields the matrix

1 0 0 0 0 O 0 0

01 0 0 0 O 0 0

00 .00 O .©° 0

00 0 1 0 O 0 0

o0 0 1 2 -1 0 0

0 0 o0 1 -1 0

01 0 0O -1

1 0 0 0 1 1 1 2

Next, we swap column (p + 1)/2 successively with columns (p + 3)/2, ... up to p — 1, yielding

1 0 0 0 O 0 0 O
01 0 0 O 0 0 O
00 . 0 O 0 0
00 0 1 O 0 0 O
o0 0 1 -1 0 0 2
0 0 0 1 -1 0 O
01 0 O 0 0
1 0 0 0 1 1 2 1

This changes the determinant by a factor of ( — 1)?~3/2, Finally, in order to erase the entry 2 in
row (p + 1)/2 and column p — 1, we add twice the sum of columns (p + 1)/2, ..., p — 2 to column
p — 1. We thus obtain the matrix
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1 0 0 0 O 0 0 O
01 0 0 O 0O 0 O
0 0 0 0 0o .-~ 0
00 0 1 O 0 0 O
0 0 01 -1 0 0 Of
0 0 0o 1 -1 0 O
01 0 O 0 0
1 0 0 0 1 1 2 p

with determinant ( — 1)%?~3/2p, Multiplying with ( — 1)%?~3/2 from the column swaps yields the
claim. 0

Corollary 6.9. For any prime p and £ > 1, we have det (Ag) = q.

Finally, Claim 6.3 and Corollary 6.9 imply that det (C4) = 1. Thus, by Fact 6.7, %, is a basis of
B1, which implies that B = B, = 9. The column vectors by, . . ., b1 of A, therefore enjoy the
properties stated in Lemma 6.1.

6.2 Proof of Lemma 6.2

Assume w.lo.g. that x; = 1. Moreover, by assumption, the set {x1, ..., xk,} contains at least two
different elements, and so we may also assume that x3 # 1 (recall that ky > 3).

We define (by, . . ., by—1) by distinguishing between three cases:

Casel:p=2and x, = 1.

Denote the order of X3_1 in (F%, -) by o, so that the elements 1, X3_l) AU X3 —=1 4re pairwise
distinct. Sincep =2 and o0 | g — 1, 0 is an odd number. Moreover, because y, 1 £1,0>3.Wenow
partition IFZ into orbits of the action of ({1, Xgl, RN X;(U_l)}, ) on IFZ such that

 (g-1)/o
* —_— .
IF‘Z - Uj:1 DJ’
where each orbit O; contains exactly o elements. Suppose that 0; = {g(] L ga } where the

elements are indexed such that gl(_]gl =X ! gl(’ )

To each O, we associate a set of potential basis vectors whose union over different j then yields

the full set (b, .. ., bq_l). More precisely, the set corresponding to Dj is defined as
U ol o ol

In this definition, we have used that for x; = —x2 =1 and any h € Fy,

X1 h+x2-0+x3-x; 'h=0 as well as X1 h+x2 x5 th+x - (3 th+ x5 2h) =0.

Note that the element

&+ g? =1+ xNgd

0l (OING) )]

is non-zero and distinct from both g;” and g(]) It might be one of g;", g, . .., &g -
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"
We next argue that the union of the different %; generates zFa. By linear transformation and
using that o is odd, 95’]- has the same span as

egteg.eqp—eqg,e >+e ---e<')—e'>}U{e('> (')}-
{g’ &) gl T g Cgl O T 8 +g)

Now, there are two cases.

(J) ) )

1. Forallje[(q—1)/o], & (]) €{g ,g4 »...»&o }. In this case, either € g0 = €li> OF
we can subtract eg(, 1 from or add it to the element egg + eg(,) o to obta1131 e 20" After
isolating e (02 straightforward linear transformation yields a set of o distinct umt vectors
whose non zero components are given by O;. Thus, the union over all %; constitutes a set

.
of linearly independent elements that generates 75,

2. For all je[(g—1)/0], g(J) (J) ¢ {gij),gg), e ,ggj)} In this case, consider the union

Uj(q 1 D7° 2. which has the same span as

(@—1)/o

e»—i—e',e'—e-,e-+e~,...,e»—e'}U{e }
U oo tepep—eapaoren op el g
]:

Since for each j, the element g(] )+ g(] ) must be contained in some D for j#7j, asin case

(1), e ) can be used to isolate e /. After isolating e ) for all §/ these elements can be
+¢5 (J )’ 8 T

stralghtforwardly used to linearly transform the union over all %; into the standard basis
(en)ners of Z"4.

. -1
Finally, set U](-il /o Bj=1{b1,...,bg1}.
Case2:p#2and x, =—1.
We proceed almost exactly as before, only the choice of the ‘cyclic’ basis vectors is different:
Denote the order of X3_1 in (%, -) by o, so that the elements 1, x3_1, c X3 ~0D are pairwise
distinct. Then o | ¢ — 1, and since x5 ' £ 1, 0 > 2. We now partition IF into orbits of the action of

({1,X3_1,...,X3 (o= 1)} ) on I} such that

- (g=1)/o
* _— .
Fq - Uj:1 DJ ’
where each orbit O; contains exactly o elements. Suppose that O; = {gY), ces g0 } where the

elements are indexed such that g({gl = X3 ! gl(] ),

To each O, we assoc1ate a set of potential basis vectors whose union over different j then yields
the full set (by, . .., by—1). More precisely, the set corresponding to ; is defined as

0—1
B; = e-e-U{e-e-e-}.
J U1 { ot gf.’ﬁl} o) TP ¥ gl
i=
Here, we have used that for x; = —x, =1and p #2,

X1-0+x2-h+xs-x;'h=0 and  xi-h+x2-2h+x3-x; 'h=0.

Note that the element Zg? is distinct from gf] ) 1t might be one of g(] - , géj ),
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We next argue that the union of the different %; generates 7. By linear transformation, %;
has the same span as

el)—l—e~,e~—e(-,e(-—|—e',...,ev)j:el}U{e }
{&0 g e T S ) T ) g = gl 2}

Now, there are two cases.

1. Forallje[(qg—1)/0],2 ') 1S {g % o ,g0 } As in case 1, we can then subtract e, (, from

oraddittoe ) * e o to 1solate e o- After isolating e o0 a straightforward linear transfor—
1
mation yields a set of o distinct unit vectors whose non zero components are given by O;.

Thus, the union over all %; constitutes a set of linearly independent elements that generates
z,
2. Forallje[(g—1)/o], 2g§j) ¢ {g(j), e ,g0 } In this case, consider the union U
which has the same span as
(q=1)/0
U g raggn—apepraoqotep]viog)

(q—1)/0 B,

>

Since for each j, the element 2g§] ) must be contained in some D/ forj#j,asincasel, e 2
1

can be used to isolate e /. After isolating e ) for all j/, these elements can be straightfor-

(/ )’
wardly used to hnearly transform the union over all %; into the standard basis (eh)he]p* of
z,
In any case, set U(q /e o Bi={b1,...,bg1}.
Case 3: x» # —1.

Denote the order of —Xgl in (IFZ, -) by o, so that the elements 1, —Xgl, (= )(271)071 are
pairwise distinct. Then o | g — 1, and since —x; ' # 1, 0 > 2. We now partition I into orbits of
the action of ({1, —x; ', ..., (— x; )°"'},-) on I} such that

- (g=1)/o
* P— .
F} = szl 0,
where each orbit O; contains exactly o elements. Suppose that O; = {g(] L g,(aj )} where the
elements are indexed such that g(ﬂzl =—X ! g(])

To each O;, we associate a set of potential basis vectors whose union over different j then yields

the full set (b, .. ., bq_l). More precisely, the set corresponding to Dj is defined as

PBj= U {e o +e0 } lng) +ep + e(l—X3)gY)} -

8it1

In the above, we have used that for y; =1,

x 'h+X2'(_Xz_1)h+X3'O=0 and  x1- (L= xa)h+ 2 (= x; Dh+x3-h=0.
Note that the element (1 — )(3)g1 is distinct from gf’ )1t might be one of g(l) ey gg).

We next argue that the union of the different %; generates 7. By linear transformation, %;
has the same span as

egteg.en—em,empntem....eq ie(')}U{e (')}-
{ g ) el T ) ) T g %y (1—x3)gV
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Now, there are two cases.

1. Forallje[(g—1)/0], (1 — X3)g is one of the elementsg(/) e ,gg) As in case 1, we can

then subtract e e fromoraddittoe o0 + ¢ o to isolate egg After isolating e 20>

a straightforward hnear transformation ylelds a set of o distinct unit vectors whose non—
zero components are given by O;. Thus, the union over all %; constitutes a set of linearly

«
independent elements that generates 75,

2. For all je[(g—1)/o], (1 — X3)gi is none of the elements g(]) ...,gl(,]). In this case,
consider the union U;i:l)/ ? %j, which has the same span as
(q=1)/0

Since for each j, the element (1 — X3)g(j ) must be contained in some D s forj #7,asin case
(1), €1 o) €D be used to isolate e (/) After isolating e ) forallf, these elements can be

stralghtforwardly used to linearly transform the union over all %; into the standard basis
(en)ner; of Z%4.

In any case, set U](i_ll)/o Bj={by,...,bg_1}.

7. Proof of Proposition 2.6

7.1 Overview

Recall that Proposition 2.6 concerns the model A with fixed numbers of non-zero entries per col-
umn and row, where both m and the degree sequences (dg”))lg,gn and (kgm))lgl‘ﬁm are specified.
For the sake of readability, throughout this section, we will omit the superscript from dg") and
kl(m). Let 2 be the o -algebra generated by the numbers m(x;, . . ., x¢) of equations of degree £ > 3
with coefficients x1,..., x¢ € FZ. Let A = 2?21 d; denote the total degree. As before, we let A be
the random matrix arising from the pairing model in this setting.

The aim in this section is to bound the expected size of the kernel of A on O from (2.7), that is,
| ker A| - 1{A € O}. This is related to Proposition 2.6 through the identities Z>=2Z7-|kerA| and
Eq[Z? - 1{A € O} =Eg[Z]Eq[| ker A| - 1{A € O}]. Let us first observe that it suffices to count
‘nearly equitable’ kernel vectors, in the following sense. For a vector o € Fy and s € Iy define the
empirical frequency

pa(s) =) dil {o;i=s) (7.1)

i=1
and let p; = (05 (5))seF ” If O occurs, then p, is nearly uniform for most kernel vectors. Formally,
we have the following statement.

Fact 7.1. For any e>0 and n large enough, we have 1{Ae O} |kerAl<(1+
e)|{o ekerA:llps —q 'ALly <eA}|.

Proof. Observe that to prove the claim, it is enough to show that for A € O, w.h.p. for all
selFg, > i, dil {xé,i = s} — A/g < eA. Choose § =6(s, g) > 0 small enough. Thanks to con-
dition (P1), A=Y"" , d; = Q(n). Moreover, (P3) ensures that the sequence (d,), is uniformly
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integrable, such that

n
A > /8n and Z 1{d; > d*}d; < SA (7.2)
i=1

for a large constant d* and all n large enough. On the other hand, for any degree ¢ < d*, a random
vector x4 € ker A satisfies

Z Z {d; =d; =t} ’IP’ [xé,i =5, xaj=t]| A] - q—2’ =o(n®) forAe®. (7.3)
s,tEIFq ij=1
Again by (P1), for all £ € supp(d), 2}1:1 1{d; = £} = Q(n) and consequently (7.3) shows that

n

Z 1 {di :E} |]P> [xA,,« =S|A] — 1/q| =o(n) forallseFy, £ <d*and A€ O. (7.4)
i=1

Combining (7.2) and (7.4) with the definition (7.1) of p; completes the proof. O

We proceed to contemplate different regimes of ‘nearly equitable’ frequency vectors and
employ increasingly subtle estimates to bound their contributions. To this end, let 33, be the set
of all possible frequency vectors, that is,

Py = {pg o EFS}.
Moreover, for ¢ > 0 let

Bale)={p €Byg:lp —q ALl <eA}.

In addition, we introduce

%, =|{o ekerA: ps = p}] (0 €By)
%= ) % (¢ > 0),
pEP(e)
Q‘Z’E/:Q’;/—% (e,¢' > 0).

The following lemma sharpens the A error bound from Fact 7.1 to wn™'/2 A,

Lemma 7.2. For any small enough & > 0, for large enough w = w(¢) > 1 we have Eo( [ Z,,,-12 .| <
eq" ™.

The proof of Lemma 7.2, which can be found in Section 7.2, is based on an expansion to the second
order of the optimisation problem (2.5) around the equitable solution. Similar arguments have
previously been applied in the theory of random constraint satisfaction problems, particularly
random k-XORSAT (e.g. [4, 6, 21]).

For p that are within O(n~'/2A) of the equitable solution such relatively routine arguments do
not suffice anymore. Indeed, by comparison to examples of random CSPs that have been studied
previously, sometimes by way of the small sub-graph conditioning technique, a new challenge
arises. Namely, due to the algebraic nature of our problem the conceivable empirical distributions
px given that x € ker A are confined to a proper sub-lattice of Z49. The same is true of B, unless
0 =1. Hence, we need to work out how these lattices intersect. Moreover, for p € 3; we need
to calculate the number of assignments ¢ such that p, = p as well as the probability that such
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an assignment satisfies all equations. Seizing upon Proposition 2.5 and local limit theorem-type
techniques, we will deal with these challenges in Section 7.3, where we prove the following.

Lemma 7.3. Assume that 0 and q are coprime. Then for any € > 0 for large enough w = w(e) > 1
we have Eg([Z,,-1/2] < (14 €)q"™™ w.h.p.

Proof of Proposition 2.6. This is an immediate consequence of Fact 7.1, Lemma 7.2 and
Lemma 7.3. O

7.2 Proof of Lemma 7.2
As we just saw, on the one hand we need to count o € Fy such that p; hits a particular attainable
p € By(e). On the other hand, we need to estimate the probability that such a given o satisfies
all equations. The first of these, the entropy term, increases as p becomes more equitable. The
second, the probability term, takes greater values for non-uniform p. Roughly, the more zero
entries p contains, the better. The thrust of the proofs of Lemmas 7.2 and 7.3 is to show that the
drop in entropy is an order of magnitude stronger than the boost to the success probability.
Toward the proof of Lemma 7.2 we can get away with relatively rough bounds, mostly
disregarding constant factors. The first claim bounds the entropy term. Instead of counting
assignments we will take a probabilistic viewpoint. Hence, let ¢ € Fg be a uniformly random
assignment.

Claim 7.4. There exists C > 0 such that w.h.p. Py [||,0¢, —q 'AL|; > t\/Z] < Cexp(—t*/C) for
allt > 1.

Proof. This is an immediate consequence of (P3) and Azuma-Hoeffding. U

Let us move on to the probability term. We proceed indirectly by way of Bayes’ rule. Hence, fix
p€Pyandlet § = (Eij)i j>1 be an infinite array of [F;-valued random variables with distribution

A~!p, mutually independent and independent of all other randomness. Moreover, let

ki

ki
=D 1{gs=s]=p0){., ©=1vietm: Y} xg=0r. @5
j=1

sefy | i=1 j=1

In words, R(p) is the event that the empirical distribution induced by the random vector &,
truncated at i = m and j = k; for every i, works out to be p € 3. Furthermore, & is the event that
all m checks are satisfied if we substitute the independent values §; for the variables.

Crucially, & ignores that the various equations share variables, or conversely that variables
may appear in several distinct checks. Hence, the unconditional event & effectively just deals with
a linear system whose Tanner graph consists of m checks with degrees ki, ..., k, and Y 1", k;
variable nodes of degree one each. However, the conditional probability Py [S | R(p)] equals the
probability that a random assignment o lies in the kernel of A given that p; = p:

Claim 7.5. With the previous notation, for any p € By,
Po [& [ R(p)] =Py [0 €ker A | ps = p]. (7.6)

Proof. We relate both probabilities in (7.6) to the same random experiment. For this, let p € By
be an empirical distribution that is compatible with the fixed vertex degrees, and additionally fix
non-zero coefficients (xy,. .., Xx,) for every equation. Thus, we consider the linear system as
fixed.

We first take a look at the left hand side of (7.6): Conditionally on the empirical distribution of
the variables (§13, ..., § 14> §21> - - - » § ik, ) Deing p, by exchangeability, every possible assignment
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of values to the A positions in the linear system has the same probability (ﬁ)_l. The left hand side
of (7.6) is thus equal to the number of all satisfying assignments with p(s) s-entries for each s € F,
divided by (7).

On the other hand, and turning to the right-hand side of (7.6), in the pairing model, variable
clones are matched to check clones in a uniformly random manner. In such a uniform matching,
for any fixed assignment o with empirical distribution p, the probability to end up with a specific
assignment of values to the A positions in the linear system has probability (ﬁ) ! The right-hand
side of (7.6) is thus equal to the number of all satisfying assignments with p(s) s-entries for each
s € Fg, to positions in the fixed linear system, divided by (ﬁ). O

We are going to see momentarily that the unconditional probabilities of 93(p) and & are easy
to calculate. In addition, we will be able to calculate the conditional probability Py [& | J3(p)] by
way of the local limit theorem for sums of independent random variables. Finally, Lemma 7.2 will
follow from these estimates via Bayes’ rule.

Claim 7.6. For any & >0, there exists C=C(g) >0 such that for all p € By(e), Py [6] <
qm(C Yoer, 1871 0(5)-1/9 —1+¢%)

Proof. Forany p € By, h > 3 and any xi,. .., x; € suppx we aim to calculate
. p(oy)
PhZIOgZ]l ZX,‘O‘,’ZO | Tt
O'GIF}; i=1 i=1

With this notation, Py [S] =[], ki, We regard Py, as a function of the variables ( p(s))squ and
will use Taylor’s theorem to expand it around the constant vector p =g ' A1l:

1
Pu(p) = Pu(p) + DP, (5)T (0 — p) + (o= p) ' D*Py (5) (p — p) + R;5(p) (7.7)

for an appropriate error term

o1 3°Py, A N A A
Bosl0)= g 2 e (p ©- E) (p )= E) (p - E) ’
q

’
55,5 €F

where z is some point z on the segment from p to p. Firstly, P;(p) = — log q. The derivatives of
P;, work out to be

h h i
Py, Zj:l ZaeF{; 1 {Zi:l xioi =0, o;j =5} Hi;éj %

9p(s) AePn (s€Fy),
h (oi)
92, Ljpf Loew: L [Sh xioi=0, =50, =5} 1,7 2%
9p(s)9p(s") A2ePn
opP, 0P
_ Tk h (s, €Fy).

dp(s) ap(s)
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Evaluating the derivatives at the equitable p = q_1 A1 we obtain for any h > 3,

aPy, . hq_l B h
Ip(s) | 5 AN
3%pP h(h—1)q ' K h

h / _ ( )61 E—— (S,S/EFq).

9p(s)dp(s) 5 A2g~1 A2 A2

Hence, the Jacobi matrix and the Hessian work out to be
_ h 5 _ h
DPy, (p) = K]lqa D°Py (p) = _quxq- (7.8)

For all h < h* and p € *B,4(¢), the third partial derivatives are clearly uniformly bounded, that is,
there is a constant C(g, h™) such that

9*Py o A3
0p()0p()ap(") Cle, b - A 79)
Finally, for any € > 0, because of assumptions (P1) and (P3), we can choose i* large enough such
that for n large enough, there are at most £>m equations with more than h* variables. For these,
we trivially bound e < 1. For the remaining equations of uniformly bounded degree, we use the
previously described approach based on the Taylor expansion: Since p — p L 14, (7.7), (7.8) and
(7.9) imply the assertion. U

Claim 7.7. For any & > 0, there exists C = C(g) > 0 such that for all p € B4 (¢), Py [R(p)] = C(e) -
(1-9)/2
n .

Proof. Since the §;; are mutually independent, the probability of 9R(p) given 2 is nothing but

_ A p(s)\"?
Py [RR(p)] = <(p(5))seJFq> sle_F[q <T> |

The claim therefore follows from Stirling’s formula, together with assumption (P1). U
Claim 7.8. For all ¢ > 0 small enough and for all p € *B4(e), Poy [R(p) | G] = o(n1—9/2),

Proof. The claim follows from the local limit theorem for sums of independent random variables
(e.g. [18]). To elaborate, even once we condition on the event & the random vectors (& zj)jE[ki]’ 1<
i < m, remain independent for different i € [m] due to the independence of the (’;',-]-),- j- Indeed, &
only asks that each check be satisfied separately, without inducing dependencies among different
checks. Thus, the vector

m ki

Z 1 {E,-jzs} given &

i=1 j=1

selfy

. . m ki :
is a sum of m independent random vectors. We first argue that () 7", > im1 HEjj = sDsers given
G satisfies a central limit theorem (note that we removed one coordinate from each vector). For

this, let © € R"*F4 be defined by setting €'(s,s') = L{s =+ }%1 - qiz. Then, thanks to the con-

ditioning, for p € P, (e), for all n, i, all entries of C; = Cov(( ZJk’zl 1= s})SE]F;|6) will have
distance at most § from the corresponding entries of the matrix k; - €, where § = §(¢) and can
be made arbitrarily small by choosing & smaller. In particular, for & small enough, all covariance

matrices C; are positive definite.
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By the Lindeberg-Feller CLT, the standardised sequence (( 37, C)~V/2 Y1, Z]k’:l (1{&;; =
s} — p(s)/ A))SE]F; given G converges in distribution towards a multivariate standard Gaussian
random variable if for every § > 0,
2
y A
2 2

(7.10)
To show (7.10), it is sufficient to show that for every §’ > 0,

i=1

o)

i=1 j=1

m —-1/2 ki k ()
iP\S
C,‘ 1 Ei-=S -
<§ ) (ng: { J } A )se[[*‘j‘l

m
K (k> ) =E [R1 (k> 5y} | — 0.
i=1

However, since m = ®(n), this follows from the dominated convergence theorem via assumption
(P3). Thus, the Lindeberg-Feller CLT applies. Moreover, since p € By(e), P <§ ij = s) e(l/q—

&,1/q+ ¢) for all s € IF, so also the second condition of [18, Theorem 2.1] is satisfied: The local
limit theorem therefore implies that the probability of the most likely outcome of this random
vector is of order n1=9/2; in symbols,

max Py [R(r) | 6] = O(n1~9/2), (7.11)
rePq(e)
The assertion is an immediate consequence of (7.11). O

Proof of Lemma 7.2. Fix p € P4(e) such that VA < Zsqu |p(s) — A/q| < eA. Combining
Claims 7.6-7.8 with Bayes’ rule, we conclude that

Py [6] Py [R(p) | & m 9/A—1/qP) e —
Py [ | R(p)] = 2 [ IP])gl ?gé(p()/;)l I _ oy (6]) = g Eicg 100/ A=1/aPy+e*~1+00)
(7.12)

Consequently, (7.6) and (7.12) imply that

Py [0 e ker A| py = p] =Py [G | 9(p)] = g" O sety P/ A-VATEDL0M 7 15
Hence, combining Claim 7.4 with (7.13) and Lemma 7.17 and using the bound Zsqu lp(s) —
A/q| < eA, we obtain

Py [0 € ker A, py = p] = an(83+O( 2sey lp(s)/ A=1/q1*)—(K( 2sery lp(s)/A=1/g*)=1)+0(1)

= " e, lp(9)/A=1/41)+0(1) (7.14)

Multiplying (7.14) with g" and summing on p € %,(¢) such that wn™12A < Zsqu lo(s) — A/ql,
we finally obtain

Eg [gwn—l/z’g]

=q"mow > exp| =2 [n Y o)A —1/q | | <eq" ™™,

PEP, selfy
wn_l/zAfzse]Fq lp(s)—A/ql<eA

provided @ = w(e) > 0 is chosen large enough. U
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7.3 Proof of Lemma 7.3

By comparison to the proof of Lemma 7.2, the main difference here is that we need to be more
precise. Specifically, while in Claims 7.7 and 7.8 we got away with disregarding constant factors,
here we need to be accurate up to a multiplicative 1 4 o(1). Working out the probability term
turns out to be delicate. As in Section 7.2, we introduce auxiliary [F;-valued random variables
& = (§))ij>1. These random variables are mutually independent as well as independent of all other
randomness. But this time all §;; are uniform on Fy. Let R(p) and & be the events from (7.5).

Similarly as in Section 7.2 we will ultimately apply Bayes’ rule to compute the probability of &
given 2R(p) and hence the conditional mean of Z,. The individual probability of Ji(p) is easy to
compute.

Claim 7.9. For any p € B, we have Py [R(p)] = (ﬁ)q‘A.

Proof. This is similar to the proof of Claim 7.7. As the §; are uniformly distributed and
independent, we obtain

_( A o) _ (B) b
Fa e ”‘((Ms))sewq)n 7" _(p)q ’

se]Fq
as claimed. O

As a next step we calculate the conditional probability of & given Pi(p). Similar to (7.1), for
s € F; define the empirical frequency

p(s):iiﬂ {g,.]:s} (7.15)

i=1 j=1

and let p = (p(S))SGFq as well as p = (p(s))se]}r;. Of course, Proposition 2.5 implies that for some

p € By the event & may be impossible given :R(p). Hence, to characterise the distributions p for
which & can occur at all, we let

L= {reZFZ Py [i):r] > 0 and ||r—q_1A]lH1 §a)n_1/2A}, (7.16)
Lo={rel:Py[p=r|6]>0}, (7.17)
L, ={reL:Py[ps=r]>0}. (7.18)

Thus, £ contains all conceivable outcomes of truncated frequency vectors. Moreover, £y com-
prises those frequency vectors that can occur given &, and £, those that can result from random
assignments o to the variables. Hence, £ is a finite subset of the Z-module generated by those
sets Z4(X15 - - -» X¢) from (2.15) with m(x1, . . ., x¢) > 0. The following lemma shows that actually
the conditional probability & given JR(p) is asymptotically the same for all p € £, that is, for all
conceivably satisfying p that are nearly equitable.

Lemma 7.10. W.h.p. uniformly for all r € £o we have Py [& | p = r] ~ gtUseppxi=1i=m,

We complement Lemma 7.10 by the following estimate of the probability that a uniformly
random assignment o € IF¢ hits the set £ in the first place.

Lemma 7.11. Assume that 0 and q are coprime. Then w.h.p., Py [ﬁaeﬁo]f(l—l—
0(1))q—]1{|SUPPX\=1}‘

We prove Lemmas 7.10 and 7.11 in Sections 7.4 and 7.5, respectively.

Proof of Lemma 7.3. Formula (7.6) extends to the present auxiliary probability space with uni-
formly distributed and independent §;; (for precisely the same reasons given in Section 7.2).
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Hence, (7.6), (7.16) and (7.17) show that

Eo[Z,,-12] < Z 1{ps € £} Po[S | p=ps]|= Z 1{ps € Lo} Pu [S|p=ps]. (7.19)

UEFZ; aeIFg
Finally, combining (7.19) with Lemma 7.10 and Lemma 7.11, we obtain

EylZ,,-12] <(1 +0(1))q1{|suppx|=1}—m Z 1 {po € L)

(TGF:;
= (1 + o(1))g" "+ Hiswexl=lipy [5, € £9] < (1 +0(1))g" ™,

as desired. O

7.4 Proofof Lemma 7.10

Given @ > 0 (from (7.16)) we choose g9 = go(w, q) sufficiently small and let 0 < & < g9. Moreover,
recall that the degree sequences (dy, . ..,d,) and (ky, ..., k) satisfy properties (P1)-(P3). The
proof hinges on a careful analysis of the conditional distribution of p given &. We begin by
observing that the vector p is asymptotically normal given &. Let I(;—1)x(4—1) the (g — 1) x (g —

"
1)-identity matrix and let N € R4 be a Gaussian vector with zero mean and covariance matrix

C=q Tg-1)xg-1) — 4 " Lg-1)x(g-1)- (7.20)

Claim 7.12. There exists a function o = a(n, q) = o(1) such that for all axis-aligned cubes U C R
we have

[Py [A™2(p—q'AL) e U|S]-P[NeU]| <.

Proof. The conditional mean of p given G is uniform. To see this, consider any i € [m] and h €
[ki]. We claim that for any vector (;)je(k]\(h}>

Pa Vi€ I\ (h) =71 6| =g, (721)

Indeed, for any such vector (7))jc(k;)\(n) there is exactly one value §;;, that will satisfy the equation,
namely

-1
gih:_xih Z XijTj

Jjelki\{h}

Hence, given G the events {Vj € [k;] \ {h} : & i = 7;} are equally likely for all 7, which implies (7.21).
Furthermore, together with the definition (7.15) of p, (7.21) readily implies that Eg [ﬁlG] =

g 'A1L. Similarly, (7.21) also shows that A~!/2 has covariance matrix € given &.

Finally, we are left to prove the desired uniform convergence to the normal distribution.
To this end we employ the multivariate Berry-Esseen theorem (e.g. [45]). Specifically, given a
small @ > 0 choose K = K(gq, ) > 0 and my = m(K), no = no(K, myp) sufficiently large. Assuming
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n > ny, since m = O(n), we can ensure that m > myg. Also let

ki/ = ]]-{kl =< K}kia ki” = ki — ki/,
k,‘ ki
PO= 2 D U= Pro= ) D UE=sh
1<i<m:k;<K j=1 1<i<m:k;>K j=1

m

m
A = Z ki/) A = Z ki”'
i=1

i=1

Now again, assumption (P3) implies that the sequence (k;,), is uniformly integrable, such that for
large enough n,

A" <aBA. (7.22)

Moreover, by the same reasoning as in the previous paragraph the random vectors p’ and p”
have means g~!A’ and g7!A” and covariances A’¢ and A"'%, respectively. Thus, (7.22) and
Chebyshev’s inequality show that

A1 71A//]l
Py [ pq—H > aZ‘G] <a?. (7.23)
VIN
Further, the Berry-Esseen theorem shows that
A —lAll
Py [”q— c U‘G} _P[NeU]=0K-n"Y?)  forall cubes U. (7.24)
VA

Here, O(-) refers to an n- and K-independent factor. Combining (7.24) and (7.23), we see that

p—g AL
Py [L c U‘6:| —P[Ne U]‘ <a. (7.25)

JA

The assertion follows from (7.25) by taking & — 0 slowly as # — oo. For example, it is possible to
choose o = logf1 nand K=0 (n1/4) thanks to assumption (P3). O

The following claim states that the normal approximation from Claim 7.12 also holds for the
unconditional random vector p.

Claim 7.13. There exists a function « = a(n, q) = o(1) such that for all convex sets U C R¥4 we

have
[Py [A72(p—q'AL) e U] -P[NeU]|<a.
Proof. This is an immediate consequence of Claim 7.9 and Stirling’s formula. U
Let ko = min supp(k). In the case that [suppx|=1 we set x; =---= xi, to the single ele-
ment of suppx. Moreover, in the case that [suppy| > 1 we pick and fix any x1,. .., xx, € suppx

such that [{x1,..., xx,}| > 1. Let Jo be the set of all i € [m] such that k; = ko and Xij = X; for
j=1,...,koandlet J; = [m] \ Jo. Then |Jy| = ©(n) w.h.p. Further, set

ro@=> > 1{&=s, n@=> > 1]&=5 (s F%).

i€Jo jelki] i€Jy jelki]

Then p =1y +r1.
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Because the vectors §; = (§;,, . .., §;,) are mutually independent, so are ro = (7’0(5))5ng and
r = (1‘1(5))seIF;- To analyse r( precisely, let

ko
= UEFSO: ZXiUiZO

i=1

Moreover, for o € . let R, be the number of indices i € Jg such that §; = 0. Then conditionally
on G, we have

ko
ro(s)zz Z 1 {Eij=5}= Z ZIL {ojzs} R, given G,

i€Jg jelki] oceS j=1

which reduces our task to the investigation of R = (R )sc. -

This is not too difficult because given & the random vector R has a multinomial distribution
with parameter |Jo| and uniform probabilities |.#| 1. In effect, the individual entries R(c), o €
S, will typically differ by only a few standard deviations, that is, their typical difference will be of

order O(+~/A). We require a precise quantitative version of this statement.
Recalling the sets from (7.16) to (7.18), for r, € £p and 0 < & < &g we let

Lo(ry, &) = {re£<):||r—r>,<||oo <8\/K} .

Furthermore, we say that R is t-tame if |R, — |.%| ™} Jo|| < t/A for all o € .%. Let T(t) be the
event that R is t-tame.

Lemma 7.14. W.h.p. for every 1, € Lo there exists r* € £o(r, €) such that

1
Pylp=r|6|>——— and Py [T(—loge)|S, p=r]>1—¢" (7.26)
2 [P | 6] Lo e)] a [ ge)l6, p ]

Proof. Recall that the event {p = r} is the same as JR(+’) with r/(s) = r(s) for s € IFZ and '(0) =
A — ||r]|1. As a first step we observe that R given & is reasonably tame with a reasonably high
probability. More precisely, since R has a multinomial distribution given 2 and &, the Chernoff
bound shows that w.h.p.

Py [T(—loge) | &] =1 — exp( — Q¢ (log? (&))). (7.27)

Further, Claim 7.12 implies that Py [i) € Lo(ry, &) | 6] > Q.(e971) > e w.h.p., provided e < g9 =
£o(w) is small enough. Combining this estimate with (7.27) and Bayes’ formula, we conclude that
w.h.p. for every r, € £,

Py [S( —loge) |G, pe So(r*,e)] >1—¢° (7.28)

To complete the proof, assume that there does not exist r* € £y(r, ) that satisfies (7.26). Then
for every r € £y(rx, &) we either have
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1
Pylp=r|6|< ——m or 7.29
alo=ri®]<3gea 729
Py [T(—loge) |6, p=r] <1— e, (7.30)

Let Xy be the set of all r € £y(r4, &) for which (7.29) holds, and let X; = £ (74, &) \ Xo. Then
(7.29)-(7.30) yield

Py [T(—loge) | S, p € Lo(rs, e)]
_Pa [peXo S|+, cx, Pa[T(—loge) |6, p=r]Py [p=r1| 6]
a Py [ € Lo(rs, €) | 6]

<Pm[ﬁexo|6]+(1—84)lp’m[f’€3€1|6] o1
Py [p € Lolrsre) | 6] ’

provided that 1 — g% > 1 in contradiction to (7.28). O

Let M =9M4(x1> - - -» Xk,) and let by, ..., by—1 be the basis of 9 supplied by Proposition 2.5.
Let us fix vectors TV, . .., 70~V € % whose frequency vectors as defined in (2.16) coincide with
b1,..., bqfl, that is,

f(i)zb,- fori=1,...,9—1.

Also let T(r, t) be the event that p = r and that R is t-tame. The following lemma summarises the
key step of the proof of Lemma 7.10.

Lemma 7.15. W.h.p. for any r, € £9, any 1 <t <logn and any r,v’ € Lo(r+, €) there exists a one-
to-one map ¥ : T(r, t) — (', t + Og(€)) such that for all (R, r1) € X(r, t) we have

g IPQ[ [(R; rl) = (R> 7'1) | 6]
Po [(R,r) =¥ (R, 1) | 6]
Proof. Since r,7 € M, we have r — ' € I w.h.p. Indeed, if suppy > 1, then Proposition 2.5

= O, (e(w + 1)). (7.31)

shows that 9t = 7% w.h.p. Moreover, if suppx =1, then 91 is a proper subset of the integer
lattice Z 1. Nonetheless, Proposition 2.5 shows that the modules

My(1,...,1)
——
£ times

coincide for all £ > 3, and therefore 9t coincides with the Z-module generated by £y. Hence, in
either case there is a unique representation

q—1
r—r=>" b (hi € Z) (7.32)
i=1
in terms of the basis vectors. Because r, ¥’ € £o(ry, €) and
Al
-1
=(b1 -+ bg1)  (r—7),
hg1
the coefficients satisfy
Al = O0g(ev/A)  foralli=1,...,q—1. (7.33)
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Now let Ag = — ?z_ll A, obtain the vector R’ from R by amending the entry Rj corresponding to

the zero solution 0 € .% to
R'o =Ry + Ao, R.o'=R,»+A; forallie[gq—1] and R,’ =R,
forallo ¢{0,7V,..., <@ V).

Further, define (R, r) = (R, r1). Then ¥ (R, r1) € T(r',t + O(g)) due to (7.32) and (7.33).
Moreover, Stirling’s formula and the mean value theorem show that

=exp Z O, (Ry log R, — R logR'5)

Po [(Rr)=(Rr1)|S] (mm) (|3o|)‘1

Py [(R,r1) =¥ (R, 1) | 6] ~\R R oeS
Rs/1J0l
=exp| 0:(|F0)) Z log zdz
0eS J/‘jo‘

=exp| O:(|Fo|) Z < ol |JO|) log (cll O (%>)

R,
=exp| O:(1%0) Y_ O <w+t<|30| w)). (7.34)

oceS

Since |Jo| = O (A) = O (n) w.h.p, (7.34) implies (7.31). Finally, v is one to one because each
vector has a unique representation with respect to the basis (b, ..., bg—1). O

Roughly speaking, Lemma 7.15 shows that any two tame r, 7" € £¢(rs, €) close to a conceivable
1« € £9 are about equally likely. However, the map v produces solutions that are a little less tame
than the ones we start from. The following corollary, which combines Lemmas 7.14 and 7.15,
remedies this issue.

Corollary 7.16. W.h.p. for all . € £y and all r,v" € £¢(r4, €) we have
Py [K(r, —3loge) | 6] = (14 0.(1))Py [i(r/, —3loge) | 6] .

Proof. Let r* be the vector supplied by Lemma 7.14. Applying Lemma 7.15 to r* and r € £o(r, €),
we see that w.h.p.

Po [T(r, —2loge) | 6] = (14 O; (¢ loge)) Po [T(r*, —log ) | &]

1

> for all Lo(ry, €). 7.35
Z 3200 o) orall r € £o(ry, &) (7.35)

In addition, we claim that w.h.p.

Py [S(r, —4loge) \ T(r, —3loge) | G] <ePy [Q(r*, —loge) | 6] forall r € £o(ry, €).

(7.36)
Indeed, applying Lemma 7.15 twice to r and r* and invoking (7.26), we see that w.h.p.
Py [S(r, —2loge) | 6] > exp(Og (¢ log &) Py [S(r*, —3loge) | (‘5]
> (1—Og(cloge)) Py [p=r"| 6], (7.37)
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Py [T(r, —4log &) \ T(r, —3log ) | ]
< exp(Og (¢ log ))Py [T(r*, —3loge) \ T(r*, —2loge) | G] O, (eHPy [f) =r"| 6] . (7.38)

Combining (7.37) and (7.38) yields (7.36).
Finally, (7.26), (7.35) and (7.36) show that w.h.p.

Py [T(—310g8)|f):r, G]zl—\/g,
Py [S( —3loge) | p=7, (‘5] >1—./¢ forallr,7 € £o(r«, €), (7.39)

and combining (7.39) with Lemma 7.15 completes the proof. U

Proof of Lemma 7.10. We are going to show that the conditional probability Py [ =7 | &] of
hitting some particular r € £y coincides with the unconditional probability Py [# =r] up to a
factor of (1 + 05(1))q1{‘suppx I=1}, Then the assertion follows from Bayes’ formula.

The unconditional probability Py [ =r] is given precisely by Claim 7.9. Hence, recalling
the (¢ — 1) x (g — 1)-matrix ¢ = q_II(q,l)X(q,l) — q_zl(q,l)x(q,l) from (7.20) and applying
Stirling’s formula, we obtain

Pyl[p=r (7.40)

] q7/? (r—q 'AD)TE(r—q 'AL)
(2w A)a-1)/2 P 2A

w.h.p.

Next we will show that the conditional probability Py [ = r | &] works out to be asymptoti-
cally the same, up to an additional factor of g*{I*"PPXI=1} Indeed, Claim 7.12 shows that for any
r € £y the conditional probability that p hits the set £y(r, ¢) is asymptotically equal to the proba-
bility of the event {||N — A~V2(r — g 'Al)|x < &}. Moreover, Corollary 7.16 implies that given
p € £o(r, &), p is within 0,(1) of the uniform distribution on £¢(r, ¢). Furthermore, Lemma 3.6
and Proposition 2.5 show that the number of points in £y(r, €) satisfies

| Lo(r, €)]
Hze 78711 |z = lloo < edZH

~ g~ Ulsuppx|=1}

Therefore, w.h.p. for all r € £y we have

Po[p =11 &S] = (1 + 0g(1))g {IsuppxI=1}

qq/2 (r—q_lAIL)T%_l(r—q_lAIl)
exp|— .
(2m A)a-1/2 2A
(7.41)

Finally, we observe that

Py (6] =g~ ™. (7.42)
Indeed, since the & jj are uniform and independent, for each i € [m] we have Z]k’zl Xij€ ij=0 with
probability 1/q independently. Combining (7.40)-(7.42) completes the proof.

7.5 Proofof Lemma 7.11
We continue to denote by o € Fj a uniformly random assignment and by I(g—1)x(g—1) the (9 —
1) x (g — 1)-identity matrix. Also recall p, from (7.1) and for p = (,O(S))se]];‘q obtain p = (p(s))se]}r‘fg
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by dropping the 0-entry. The following claim, which we prove via the local limit theorem for sums
of independent random variables, determines the distribution of pg. Let p =g ' Al,_;.

Claim 7.17. Let € be the (9 — 1) x (q — 1)-matrix from (7.20) and Ay =Y 1, d?. Then w.h.p. for
all p € P, we have

4/2p9-1 5 NTep—l(s _ =
Py [py = p] = — 10 (_(p ) (p p))+0(n(1_q)/2)

————— - €
(2m Ay)a—1/2 * 2A,

The proof of Claim 7.17 is based on local limit theorem techniques similar to but simpler than
the ones from Section 7.4. In fact, the proof strategy is somewhat reminiscent of that of the well-
known local limit theorem for sums of independent random vectors from [18]. However, the
local theorem from that paper does not imply Claim 7.17 directly because a key assumption (that
increments of vectors in each direction can be realised) is not satisfied here. We therefore carry
the details out in the appendix.

Claim 7.17 demonstrates that p, satisfies alocal limit theorem. Hence, let N’ € R7~! be a mean-
zero Gaussian vector with covariance matrix €. Moreover, fixe > 0andlet U =v+ [ —¢g,g]971 C
R9~! be a box of side length 2¢. Then w.h.p. we have

Py [A27*(ps — g 'AL) € U] =Py [N € U] + o(1), (7.43)

where A; is as in Claim 7.17. This can be seen as in the proof of Lemma 7.8. Indeed, Claim 7.17
implies that ps is asymptotically uniformly distributed on the lattice points of the box A,(U +
g~ ! A1) whose coordinates are divisible by 0 w.h.p. Thus, w.h.p. forany z,z’ € Ay(U + ¢ A1) N

274 we have
Py [,60 = Z] = (14 0:(1))Pgy [,50 = Z/] . (7.44)
Let U = A,(U + qil A1). Moreover, we claim that

‘fmx:omazmz

’fmzmmaZFZ
<

Py [fo € L0 | po € U] ~ < (14 o(1))g~ Lsuppxi=1}

(Umazﬁ

B ‘UHDZF”E

(7.45)

Indeed, if [suppy| > 1, then (7.45) is satisfied w.h.p. for the trivial reason that the r.h.s. equals
1+ o(1). Hence, suppose that [suppy | =1, let M D £y be the module from Proposition 2.5 and

let by, ..., by—1 be its assorted basis. Clearly, 2T N 0zF1 > oo Conversely, Cramer’s rule shows
thatany y e N 0ZF4 can be expressed as
det(by---bj—1 ybiy1---bg—1)

(by --- bq_1)Z, with z; =
q

In particular, all coordinates z; are divisible by 0 because y € 27F4. Hence, y € 00 because 0 and g
are coprime. Lemma 3.6 therefore implies (7.45). Finally, the assertion follows from (7.43)-(7.45).

8. Proof of Proposition 4.1

We prove Proposition 4.1 by way of a coupling argument inspired by the Aizenman-Sims-Starr
scheme from spin glass theory [5]. The proof is a close adaptation of the coupling argument used
in [10] to prove the approximate rank formula (1.4). We will therefore be able to reuse some of
the technical steps from that paper. The main difference is that we need to accommodate the extra
ternary equations ;. Their presence gives rise to the second parameter 8 in (4.5).
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8.1 Overview

The basic idea behind the Aizenman-Sims-Starr scheme is to compute the expected difference
E[nulA[n + 1,¢,8, ©]] — E[nulA[n, ¢, §, ®]] of the nullity upon increasing the size of the matrix.
We then obtain (4.5) by writing a telescoping sum. In order to estimate the expected change of the
nullity, we set up a coupling of A[n, ¢,5, ®] and A[n + 1, ¢, 5, ©].

To this end it is helpful to work with a description of the random matrix model that is different
from the earlier definition of the model in Section 4, which is closer to the original matrix model.
The present modification is owed to the fact that it will turn out beneficial to actually order the
check variables according to their degree: Specifically, let M = (M;)j>1, A = (Aj)j>1, A and 7 be
Poisson variables with means

E[M;] = (1 — )P [k=j] dn/k, E[Aj]=(1— )P [k=j]d/k, E [A] = én,
E[n]=4. (8.1)

All these random variables are mutually independent and independent of 6 and the (d;)i>1.
Further, let

M =M; + A, Men =Y M, mi, =Y M, AT =1+ (82)
jz1 jz1
Since ijl M; ~ Po((1 — ¢)dn/k), (8.2) is consistent with (4.1).

We define a random Tanner (multi-)graph G [n, M, L] with variable nodes x1, . . . , x, and check
nodes a;j,i>1,j€ [M;], t1,...,tx and py,. .., pg. Here, the first index of each check variable a;;;
will indicate its degree. The edges between variables and the check nodes a;; are induced by a
random maximal matching I [n, M] of the complete bipartite graph with vertex classes

n M;
Utz < i) and | taij x .
h=1

i>1j=1

Moreover, for each j € [A] we choose ij1,ij2,1;3 uniformly and independently from [n] and
add edges between Xij 1> Xij 5> Xi 5 and ¢;. In addition, we insert an edge between p; and x; for every

ie[0].
To define the random matrix A [n, M, 1] to go with G [n, M, ], let

An, M, =1{i=h} (i8], heln), (8.3)

i dy
Al MLy =Xin Y Y W), (@i Oy €Topy (= 1€ Ml heln),  (84)

=1 s=1

3
Al M, M, = X, vin Y Lise =h) (ie Al heln]). (8.5)

=1

The Tanner graph G[n+1,M*,A%] and its associated random matrix A [n+ 1, MT,A "]
are defined analogously using 7 + 1 variable nodes instead of n, M™ instead of M and A"
instead of A.

Fact 8.1. Forany ¢,8 > 0 we have
E[nuld [n,¢,8,0] ] =E[nulA [n,M,A]], E[nulA [n+1,¢,8,0]]=E[nulA[n+1,M",11]].

Proof. Because the check degrees k; of the random factor graph G [#, ¢, §, ®] are drawn inde-
pendently, the only difference between G [, ¢, 5, ©] and G [n, M, A] is the bookkeeping of the
number of checks of each degree. The same is true of G [n+ 1, ¢, 68, ®] and G [n + 1, M, A]. O
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To construct a coupling of A [n, M, L] and A [n +1,MT, X+] we introduce a third, intermedi-
ate random matrix. Hence, let y; > 0 be the number of checks a; JJ € [M;r], adjacent to the last
variable node x,, in G [n +1,MT, )ﬁ']. Set y = (¥;)i>3. Also let

3
A" =8(n+1)- (nLH) (8.6)

be the expected number of extra ternary checks of G [n +1,M™, )f] in which x,4; does not
appear (recall that each of the Po(§(n + 1)) ternary checks chooses its variables independently
and uniformly at random from all (n + 1)? possibilities). Let

i =WM;—y;) Vo, as well as A~ ~Po(L7). (8.7)

Consider the random Tanner graph G’ = G [n, M~, A~ | induced by a random maximal matching
I" =T [n, M~ ] of the complete bipartite graph with vertex classes

U{xh [dy] and UU aij} x (8.8)

i>1 j=1

Each matching edge {(xp,s), (ai;, £)} €T [n M_] induces an edge between x; and a;; in the
Tanner graph. Foreachje [A7] and i 1] 1 ] 9 i3 uniform and independent in [#], we add the edges
between i X Xy and tj. In addition, there is an edge between p; and x; for every i € [#]. Let
A’ denote the correspondmg random matrix.

For each variable x;, i=1,...,n, let ¥ be the set of clones from Uie[n]{xi} x [d;] that

r [n, M‘] leaves unmatched. We call the elements of € cavities.
From G', we finally construct two further Tanner graphs. Obtain the Tanner graph G” from
G’ by adding new check nodes a; for each i > 3, j € [M; — M; | and ternary check nodes t/'for

i€ [\'], where
2
A ~Po(8n — A~) = Po <8n (1—(1111) )) (8.9)

The new checks af} are joined by a random maximal matching I'"’ of the complete bipartite graph

on
¢ and | |J @j}xIi

21 je[M;—M; ]

Moreover, for each j e [A"'] we choose i] 1 i] 2 i] 3 € [n] uniformly and independently of every-
thing else and add the edges between xj;, xi,, xj, and t}. Let A” denote the corresponding
random matrix, where as before, each new edge is represented by an independent copy of x.

Finally, let
3
A" ~Po(8(n+1)—Ar")=Po (8(11 +1) (l — (L) )) . (8.10)
n+1

We analogously obtain G”’ by adding one variable node x,,11 as well as check nodes ai}, i > 1,

jelylbii=1,je [M;r —M; —y;],t/",ie[\"']. The new checks a;} and b} are connected to

G’ via a random maximal matching I’ of the complete bipartite graph on

¢  and Ul U @ xti-1u U oI

izl \jelril jEMT =M; —yi]
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Figure 8. Visualisation of the construction of the auxiliary matrices A’ and A"’ from A’. The matrices are identified with their
Tanner graph in the graphical representation.

For each matching edge we insert the corresponding variable-check edge and in addition each
of the check nodes a}/ gets connected to x,,11 by exactly one edge. Then we connect each ;" to
xi> Xi, and x,11, with i1, i3 € [n + 1] chosen uniformly and independently. Once again each
edge is represented by an independent copy of x. Let A’ denote the resulting random matrix.

The following lemma connects A”,A”’ with the random matrices A [n, M,1],
A[n+1,M",1"] and thus, in light of Fact 8.1, with A[n,&,8] and A[n+1,6,8] (See
Fig. 8).

Lemma 8.2. We have E[nul(A”)] =E[nul(A[n, M, A])] + 0o(1) and E[nul(A””)] = E[nul(A[n +
LMY, A])] + o(1).

We defer the simple proof of Lemma 8.2 to Section 8.5.

The core of the proof of Proposition 4.1 is to estimate the difference of the nullities of A”” and
A’ and of A” and A'. The following two lemmas express these differences in terms of two random
variables o, B. Specifically, let o be the fraction of frozen cavities of A’ and let 8 be the fraction of
frozen variables of A’.

Lemma 8.3. For large enough ©(¢) > 0 and small enough 0 < § < §y we have

E[nul(4”") — nul(4")] =E [exp(—38ﬂ2) D(1 — K’(oc)/k)] + %E [K’(oc) + K(oc)]

d(k: D _ s [1— 8]+ 0.(D).

Lemma 8.4. For large enough ©(¢) > 0 and small enough 0 < § < 89 we have

E[nul(A") — nul(A")] = —d + %E [k (@)] — 28E [1— B%] + 0:(1).

After some preparations in Section 8.2 we will prove Lemmas 8.3 and 8.4 in Sections 8.3
and 8.4.
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Proof of Proposition 4.1. For any ¢, § > 0, by Fact 8.1 and Lemma 8.2, we have

1
lim sup —E [nul(A[#n, ¢, 5, ©])] <limsup E [nul(A[n +1,MT AT, @])] — E [nul(A[n, M, A, ©])]

n—oo N n—00

<limsupE [nul(A”’) — nul(A/)] —-E [nul(A”) — nul(A/)] .
n—oo
For large enough ®(¢) > 0 and small enough 0 < § < 8, we can further upper bound the last
expression via Lemma 8.3 and Lemma 8.4. Taking the maximum over all possible realisations of
the random variables o, § finishes the proof of Proposition 4.1. U

8.2 Preparations

To facilitate the proofs of Lemmas 8.3 and 8.4 we establish a few basic statements about the
coupling. Some of these are immediate consequences of statements from [10], where a similar
coupling was used. Let us begin with the following lower bound on the likely number of cavities.

Lemma 8.5. W.h.p. we have | €| > edn/2.

Proof. Apart from the extra ternary check nodes f1, . . . t,/, the construction of G’ coincides with
that of the Tanner graph from [10]. Because the presence of t, . . . N does not affect the number
of cavities, the assertion therefore follows from [10, Lemma 5.5]. U

As a next step we show that w.h.p. the random matrix A" does not have very many short linear
relations. Specifically, if we choose a bounded number of variables and a bounded number of
cavities randomly, then it is quite unlikely that the chosen coordinates form a proper relation.
Formally, let Z(¢1, £,) be the set of all sequences (iy, . ..,i,) € [n]%, (U, 1) - - > (Ueys jo,) €C
such that (i1, ..., d¢,, U1, . . ., Ug,) is a proper relation of A". Furthermore, let 2R(¢, £) be the event
that | Z(£1, £2)] < cn'1| €)% forall 0 < €1, €, < L.

Lemma 8.6. For any { >0, £ > 0 exist ©g = Oq(e, {,£) > 0 and ng > 0 such that for all n > ny,
® > Q¢ we have P [R(¢,0)] >1—¢.

Proof. Fix any {1, £, < £ such that £; + ¢, > 0 and let PR(¢, €1, £2) be the event that | Z(¢1, £2)| <
¢n1|C|%2. Then it suffices to show that P [9R(¢, £1, £2)] > 1 — ¢ as we can just replace ¢ by ¢ /(€ +
1)? and apply the union bound. To this end we may assume that ¢ < Zo(e, £) for a small enough
{0(8, 5) > 0.

We will actually estimate |%(€1, £2)| on a certain likely event. Specifically, due to Lemma 8.5 we
have || > en/2 w.h.p. In addition, let .27 be the event that A’ is (¢* /LY, £)-free. Then Proposition
3.4 shows that P [¢/] > 1 — ¢ /3, provided that n > ny for a large enough np = no(¢, £). To see
this, consider the matrix B obtained from A’ by deleting the rows representing the unary checks
pi. Then Proposition 3.4 shows that the matrix B[#] obtained from B via the pinning operation is
(¢*, LY)-free with probability 1 — ¢ /3, provided that ® is chosen sufficiently large. The only dif-
ference between B[#] and A’ is that in the former random matrix we apply the pinning operation
to @ random coordinates, while in A’ the unary checks p; pin the first @ coordinates. However, the
distribution of A’ is actually invariant under permutations of the columns. Therefore, the matrices
A’ and B[#] are (¢*, LY)-free with precisely the same probability. Hence, Proposition 3.4 implies
that P[«&/] > 1—¢/3.

Further, Markov’s inequality shows that for any L > 0,

“ 2
P {Z d;1{d; > L} > £¢ ”] < 16tE [d1{d > L)]
i=1

16¢ |~ 2
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Therefore, since E [d] = O,(1) we can choose L = L(¢, ¢, £) > 0 big enough such that the event

16E
i=1

has probability at least 1—¢/3. Thus, the event &= N.ZN{|€|>en/2} satisfies
P [£] > 1 — ¢. Hence, it suffices to show that

\Z (01, £2)| < cnt |6 > if the event & occurs. (8.11)

To bound Z(£,,¢;) on & we need to take into consideration that the cavities are degree
weighted. Hence, let %'(£1, £2) be the set of all sequences (i1, ..., iz, (U1,j1)s - - > (Ueysje,)) €
Z(£1,£2) such that the degree of some variable node u; exceeds L. Assuming ¢, > 0, on & we
have

Y .E{Z ; a
164 2

2
| (L1, &) <01 -6+ 1627 IZdﬂ > L <n1)2 . — %12, (8.12)

provided that ¢ > 0 is small enough. Here, we have used that on &, |%|>¢en/2 and thus

n|¢|t <nrjg)f2. 2

Finally, we bound the size of %" (€1,£2)=%({1,42)\ % (£1,£;). Since for any

(15 - -iey U1 J1)s - - -5 (Ueysey)) € B (£1,€2) the sequence (iy,...,ip,U1,...,Up,) I a
proper relation and since there are no more than L2 ways of choosing the indices ji, . . . , j,, on
the event & we have
4
|2 (L1, 7)) < Ié:_‘f .Lbnt [because A’ is ¢*/L¢, £)-free]
2\"
<t (-) A [because |€| > en/2]
€
§ n"1%|%, (8.13)

provided that ¢ < ¢o(e, £) is sufﬁc1ently small. Thus, (8.11) follows from (8.12) and (8.13). O

Let (lAci)izl be a sequence of copies of k, mutually independent and independent of everything
else. Also let

duio R
pi=>_1 {ki=j}, 7 =@j=1.
i=1
Additionally, let (Aj)jzg be a family of independent random variables with distribution
Aj=Po ((1-&)P[k=j]d/k). (8.14)

Further, let £’ be the o -algebra generated by G, A", 0, A7, M~, T s, (X )ijh=1 and (di)ie(n)
In particular, & and B are ¥’-measurable.

Lemma 8.7. With probability 1 — exp (—2:(1/¢)), we have

dry(P[{y € }12].7) +drv(P[(A -} 127, A) = 0.(vo).
Proof. Because G’ is distributed the same as the Tanner graph from [10], apart from the extra

ternary checks t;, which do not affect the random vector y, the assertion follows from [10,
Lemma 5.8]. O
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Let £, = [exp(1/e*)] and 8, = exp( — 1/&*) and consider the event
& =R(8y, y). (8.15)

Further, consider the event
é‘”:{|‘€|28dn/2/\maxdi§nl/2}. (8.16)
i<n

Corollary 8.8. For sufficiently large ©® = O(g) > 0 we have P [A’ € cf] > exp( — 1/&*). Moreover,
P[&]=1-o(1).

Proof. The first statement follows from Lemma 8.6. The second statement follows from the choice
of the parameters in (8.1), Lemma 3.9 and Lemma 8.5. O

With these preparations in place we are ready to proceed to the proofs of Lemmas 8.3 and 8.4.

8.3 Proof of Lemma 8.3

Let
X=) A, Y=Y iA; Y=Y iy,

i>1 i>1 i>1
Then the total number of new non-zero entries upon going from A’ to A" is bounded by Y +
Y’ 430" Let
E"={XvYVvY VLN <1/e}.
Claim 8.9. We have P [cg’”] =1—0g(e).

Proof. Apart from the additional ternary checks the argument is similar to [10, Proof of Claim
5.9]. The construction (8.1) ensures that E[X], E[Y] = O,(1). Therefore, P [X > 1/¢] = O¢(¢),
P[Y > 1/¢] = O,(&) by Markov’s inequality. Further, a given check node of degree i is adjacent to
xn41 with probability at most id,41/ Y 1, di > n < id,41/n. Consequently,

E[Y]=EY ip;<E Y Kdu/n=0:).
i~1 ie[mgtn]
Moreover, (8.10) shows that E[A”/] = O.(1). Thus, the assertion follows from Markov’s
inequality. ]

We obtain G’ from G’ by adding checks aj/,i > 1,j € [y;], b}, i>1,j€ [MiJr —M; —y;land
t/ ie[A]. Let

111

A
2" = U daif\ s} | U b | ulJar \ xusa)
iz1j=1 izl je[Mf —M; —p,] i=1
be the set of variable neighbours of these new checks among x1, . . ., x,. Further, let

& — |'%///|:Y+Z(i_ 1))’1“‘1‘1/”

i1
be the event that the variables of G’ where the new checks connect are pairwise distinct.
Claim 8.10. We have P [éo”’ | &' N éa”] =1-—o0(1).

Proof. By the same token as in [10, proof of Claim 5.10], given that & occurs the total num-
ber of cavities comes to €2(n). At the same time, the maximum variable node degree is of order
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O(4/n). Moreover, given the event & no more than Y + Y’ = O,(1/¢) random cavities are cho-

sen as neighbours of the new checks aj//, b7/. Thus, by the birthday paradox the probability that

the checks ai}, bi/ occupy more than one cavity of any variable node is o(1). Furthermore, the

additional ternary nodes t/" choose their two neighbours among x, . . ., x, mutually indepen-
117

dently and independently of the a;}, b7/. Since A" is bounded given 1/e, the overall probability of
choosing the same variable twice is o(1).

The following claim shows that the unlikely event that & N &” N &' N &"" does not occur does
not contributed significantly to the expected change in nullity.

Claim 8.11. We have E [|nul(A”/) - nul(A/)| 1-1&Nn&'NE' N é”/”)] =0.(1).

Proof. We modify the proof of [10, Claim 5.11] to accommodate the extra ternary nodes.
Since A" results from A’ by adding one column and no more than X +d,4; + 1"’ rows,
we have |nul(A’”) — nul(A’)| <X+d,1 +1" + 1. Because X, diH, A’"" have bounded second
moments, the Cauchy-Schwarz inequality therefore yields the estimate

E [[nul(4”) — nul(4")] (1 = 16")] <E [(X + dys1 + 17+ ]2 (1 =P [67])/* = 0. (D).
(8.17)
Moreover, combining Corollary 8.8 and Claims 8.9-8.10, we obtain
E [|nul(4”) — nul(4")| 16\ ] < O(e™") exp( — 1/6*) = 0,(1), (8.18)

E [|nul(A”) — nul(4")| 1"\ €], E [|nul(A”) — nul(4")| 16" N &\ "] =0(1).  (8.19)

The assertion follows from (8.17) to (8.19). U

Recall that & denotes the fraction of frozen cavities and B the fraction of frozen variables of A’.
Further, let ¥/ O £’ be the o -algebra generated by 0, G, A’, M_, (d))ic(nt1], ¥» M, A, L7, 1",
Then &, B as well as &, &, & are T”-measurable but & is not.

Claim 8.12. On the event & N &' N & we have

E[@ul(4”) — nul(4)) 16" | 2] = 0s(D) + (1 = B* [J =1y =Y (1 —ai Ny,

i>1 i1

—V(1=BH) =) (1 —a )M —M; — ).
i~1
Proof. We modify the proof of [10, Claim 5.12] by taking the additional ternary checks into
consideration. Let

o ={alj:i=1, jely])}, Z={bjj:i=1, jeMf —M; -y}, T={t:iecN"]}.

We set up a random matrix B with rows indexed by &/ U2 U .7 and columns indexed by
Vio={x1,...,%x4}. Forachecka e &/ U2 U .7 and a variable x € V,, the (a, x)-entry of B equals
zero unless x € 9 G 9 Further, the non-zero entries of B are independent copies of x. Additionally,
obtain B, from B by zeroing out the x-column for every variable x € F(A’). Finally, let C ¢
F“Y2Y7 be a random vector whose entries Cg, a € &/ U .7, are independent copies of x, while
C,=0forallbe A.

If &' occurs, B has row full rank because there is at most one non-zero entry in every column
and at least one non-zero entry in every row. Hence,

tk(B)= |/ UZU T| =Y MS —M; +1".

i>1
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Furthermore, since the rank is invariant under row and column permutations, given & N &’ N
&" N & we have

A0
nuld”” = nul
B C

Moreover, given &” the set 2" of all non-zero columns of B satisfies | 2| <Y+ Y + 1" <3/e
while |€’| > edn/2. Therefore, the set of cavities that I'"” occupies is within total variation dis-
tance o(1) of a commensurate number of cavities drawn independently, that is, with replacement.
Furthermore, the variables where the checks from .7 attach are chosen uniformly at random
from x1, . . ., x,. Listing the neighbours of .7 first and then the cavities chosen as neighbours of
checks in &7 U 4, the conditional probability that 2"’ forms a proper relation of A’ can be upper
bounded by the number of such choices that yield proper relations, divided by the total number
of choices of variables and cavities. Given &”, we had observed that |.2”"”'| < 3/e. Moreover, on
(8.15), for all 0 < £1, £, < £, = [exp(1/&*)], the proportion of proper relations among all choices
of £ variables and £, cavities is at most 8, = exp( — 1/&*). Therefore, on & N &’ N & the condi-
tional probability given &’ that 2" forms a proper relation is bounded by O, ( exp( — 1/&%)).
Consequently, Lemma 3.2 implies that on the event & N &”" N &,

E [(nul(A”") — nul(4)) 18" | £"] =1 = E [tk (B4 C) | =] + 0,(1). (8.20)
We are thus left to calculate the rank of Q= (B, C). Given &’ this block matrix decom-

poses into the &7 U .7 -rows Q. & and the Z-rows Q4 such that rk(Q) = rk(Qy7) + rk(Q).
Therefore, it suffices to prove that

E [tk (Qp) | Z"]=) " (1-a) (M| —M; —y)+0(1), (8.21)
i>1
E[k(Quuz) | Z]=2"1 -+ (1—a )y,
i>1
+1-a - [T(=a)" +o). (8.22)
i>1

Towards (8.21) consider a check b € Z whose corresponding row sports i non-zero entries. Recall
that the fraction o of frozen cavities of A’ is ©”/-measurable and can thus be regarded as constant.
Moreover, we may pretend (up to o(1) in total variation) that these i entries are drawn uniformly
and independently from the set of cavities, so that the probability that these i independent and
uniform draws all hit frozen cavities comes to &’ + o(1). We emphasise that this calculation only
requires the draws to be independent and uniform, but makes no assumption on the underly-
ing dependencies between cavities. Since there are M;” — M; — y; such checks b € %, we obtain

(8.21).
Moving on to (8.22), consider a € &/ whose corresponding row has i — 1 non-zero entries,
and recall that V,, = {x1, ..., x,}. By the same token as in the previous paragraph, the probabil-

ity that all entries in the a-row correspond to frozen cavities comes to a1 4+ 0(1). Hence, the
expected rank of the <7 x V,-minor works out tobe »",_, (1 - a"’l) y; + o(1), which is the sec-
ond summand in (8.22). Similarly, a t € 7 -row adds to the rank unless both the variables in the
corresponding check are frozen. The latter event occurs with probability 82. Hence the first sum-
mand. Finally, the C-column adds to the rank if none of the &/ U .7 -rows become all zero, which

occurs with probability (1 — /32))‘”/ [Iis1 (1- ot"*l)y" + o(1). a
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Proof of Lemma 8.3. Letting € =& N &' N&"” N & and combining Claims 8.9-8.12, we obtain

E[E [nul(a”) - nul(4) | 2] - (1= g2 [[a -y =3 (1 —a Yy,

i>1 i>1

=Y (= ah(Mf = M7 —y) = X1 - B7))1€| =o.(1). (8.23)

i>1

On € all i with Ml+ — M; — y; > 0 are bounded. Moreover, w.h.p. we have M; ~ E[M;] = Q(n)

1
for all bounded i by Chebyshev’s inequality. Hence, (8.7) implies that M;” =M; —y; w.h.p.
Consequently, (8.23) becomes

E[E [nul(a”) - nula) | =] = (1= 8" [T -y = 3" (1 -y,

i>1 i>1
~Sa—aha -1 —/32))1@) — 0. (1). (8.24)
i>1

We proceed to estimate the various terms on the r.h.s. of (8.24) separately. Since P [€] =1 —
0£(1) by Corollary 8.8 and Claims 8.9 and 8.10, Lemma 8.7 yield

E|l1¢-(1—8 l_[(l—oc Wiz

i>1

—E| - [V 2" | +0.)

i>1
= exp( — 388%)D(1 — K'(at) /k) [by (3.2) and (8.10)]. (8.25)
Moreover, since ) ,.; ¥; < dn+1 and d,; has a bounded second moment, Lemma 8.7 implies
that B
d
E|1l¢. 1—a'~ | =E (1—a' T 4+0:.(1)=d— =K'(ar) + 0.(1).
; il ; 7l : p .
(8.26)
Further, by Claim 8.9, Lemma 8.7 and (8.14),
E M:-Z(l —a)A; | |=E Z A —a)A; | =" | 4+ 0.(1) = 0,(1) + d_ éE[K(a)]
' 1 ‘ 1 &€ &€ k k .
i>1 i1
(8.27)
Finally, (8.10) yields
E[1€ 1" (1 — %) | =] =38(1 — B*) + 0:(1). (8.28)
Thus, the assertion follows from (8.24)-(8.28). O

8.4 Proof of Lemma 8.4

We proceed similarly as in the proof of Lemma 8.3; actually matters are a bit simpler because we
only add checks, while in the proof of Lemma 8.3 we also had to deal with the extra variable node
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Xn+1. Let &, & be the events from (8.15) and (8.16) and let & = {dn-H +A1'< 1/8}. As a direct

i-&-l] = Og,»(1) and of (8.9), we obtain the following.

consequence of the assumption E[d
Fact 8.13. We have P [éo”] =1— 0.(£2).

Let

x//
2= dgraiul oty
U U dgajol

i=1

21 je[Mi—M; ]

be the set of variable nodes where the new checks that we add upon going from A’ to A" attach.
Let & be the event that in G” no variable from 2" is connected with the checks {afj:i>1,j €

[M; — M; 1} U {t/:i e [\"”]} by more than one edge.

Claim 8.14. We have P [é”” | &' N éo”] =1-—o0(1).

Proof. This follows from the ‘birthday paradox’ (see the proof of Claim 8.10). O
Claim 8.15. We have E [|nul(A”) — nul(A")| (1 — 1N E NE'NE")] = 0s(1).

Proof. We have |nul(A”) — nul(A/)| <d,;1+L" as we add at most d,,;1 + A" rows. Because
E[(dy+1 +1")?] = O.(1) by (8.9), Claim 8.13 and the Cauchy-Schwarz inequality yield

E [|nul(A”) — nul(4")]| (1 = 16")] <E [(dus1 +1)2]> (1 =P [£]) 2 =0.(1).  (829)
Moreover, Corollary 8.8 and Claim 8.14 show that
E [|nul(A”) - nul(A’)| 187\ é‘)] JE [|nu1(A”) - nul(A’)| 18"\ é"/] ,

E [|nul(A//) — nul(A/)| 187\ éa///] = 0.(1). (8.30)
The assertion follows from (8.29) and (8.30). O

The matrix A"’ results from A’ by adding checks 4}, i > 1, j € [M; — M; ] that are connected to
random cavities of A’.

Moreover, as before let £ O £’ be the o -algebra generated by 8, G', A’, M_, (di)ic[n+1)> ¥> M,
A, L7,1" . Then &, &', & are ©''-measurable, but & is not.

Claim 8.16. On & N &' N & we have
E [(nul(A”) —nul(4))1&"" | Z”] =0.(1) — Z (1—a')(M; — M;)—A"(1— B.

i>1

Proof. Let o/ ={af;:i>1, je [M;— M; ]}. Moreover, let .7 be the set of new ternary checks
ti, i€ [\']. Let B be the [F;-matrix whose rows are indexed by &/ U 7 and whose columns are
indexed by V,, = {x1, .. ., x,}. The (a, x)-entry of B is zero unless 4, x are adjacent in G”, in which
case the entry is an independent copy of x. Given & the matrix B has full row rank rk(B) =
7| =1"+ "o M;r — M;, because no column contains two non-zero entries and each row has
at least one non-zero entry. Further, obtain B, from B by zeroing out the x-column of every x €
F(A).
On&NE NE" NE" we see that
A/
nulA” = nul . (8.31)
B

Moreover, let .# be the set of non-zero columns of B. Then on & N&” we have |.9| <d,+1 +
A" <1/e.Hence,on & N& NE” N E" the probability that .# forms a proper relation is bounded
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by exp( — 1/&*). Hence, Lemma 3.2 shows
E [(nul(A”) — nul(4)) 16" | "] = 0,(1) — E [tk (B,) | £"].. (8.32)

We are thus left to calculate the rank of B,. Recalling that ¢ stands for the fraction o_f frozen
cavities, we see that for a € &7 of degree i the a-row is all zero in B, with probability &' + o(1).
Similarly, for a € .7 the a-row of B gets zeroed out with probability 2. Hence, we conclude that

E [tk (By) | "] = 0.(1) + A"(1 — B°) + Z (1—o') (M; —M;). (8.33)
i>1
Combining (8.32) and (8.33) completes the proof. O
Proof of Lemma 8.4.Let E=& N &' NE’ NE'". Combining Claims 8.15-8.16, we see that

E |E[nul(A”) — nul(4’) | ="] + l//(l—ﬁ3)+Z(1—oci)(Mi—Mi_) 1€ =0.(1). (8.34)

i>1

On € all degrees i with M;" — M; > 0 are bounded. Moreover, M; = Q(n) w.h.p. for every
bounded i by Chebyshev’s inequality. Therefore, (8.7) shows that M; — M; =y, for all i with
M1+ — M, > 0 w.h.p. Hence, (8.34) turns into

E |E[nul(A”) — nul(4) | =1+ [ 271 = )+ > (1 — )y, | 1€ =0.(D). (8.35)

i>1

We now estimate the two parts of the last expression separately. Since P [€] =1 — 0.(1) by
Corollary 8.8, Fact 8.13 and Claim 8.14, the definition (8.9) of A” yields

E[A"(1 - B*)1¢| =281 — E[B]) + 0. (D). (8.36)
Moreover, because D ;o1 ¥; < dut1, E[dyi1] = Oc(1),

E Z (1- ai)yiME

i>1

=E Z(l—oci);?i]l )»”-1—2;71-5871/4 +0:(1) [by Lemma 8.7 and Claim 8.13]

i>1 i>1
=dE[1 —ai‘] +0:(1)=d — dE[aK'(a)]/k + 0¢(1) [by (3.2)]. (8.37)
Combining (8.36) and (8.37) completes the proof. O

8.5 Proof of Lemma 8.2

The proof is relatively straightforward, not least because once again we can reuse some technical
statements from [10]. Let us deal with A" and A"’ separately.

Claim 8.17. We have E[nul(A”)] = E[nul(A[n, M, A])] + o(1).

Proof. The matrix models E[nul(A[n, M,)])] and A" coincide with the corresponding mod-
els from [10, Claim 5.17], except that here we add extra ternary checks. Because these extra
checks are added independently, the coupling from [10, Claim 5.17] directly induces a coupling
of the enhanced models by attaching the same number A" of ternary equations to the same
neighbours. U
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Claim 8.18. We have E[nul(A”")] = E[nul(A[n + 1, M+, A T])] + o(1).

Proof. The matrix models E[nul(A[n + 1, M™,A*])] and A" coincide with the corresponding
models from [10, Section 5.5] plus the extra independent ternary equations. Hence, the coupling
from [10, Claim 5.17] yields a coupling of the enhanced models just as in Claim 8.17. U

Proof of Lemma 8.2. The lemma is an immediate consequence of Claims 8.17 and 8.18. U
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A. Appendix

In this appendix we give a self-contained proof of Claim 7.17, the local limit theorem for sums of
independent vectors. We employ a simplified version of the strategy of the proof of Lemma 7.10.
Recall that the degree sequences (dy, . . ., d,) and (ki, . . ., ky,) satisty (P1)-(P7) and the notation
Ay =", d?. Finally, we set

sni= /As. (A.1)

As in the proof of Lemma 7.17, given w > 0, we choose gy = go(w, q) sufficiently small and let
0 < & < g9. With these parameters, we set

Lo = {re 7¥a : Py (,6‘, = r) > 0and ||r— q71A1||1 < a)nil/zA} and
Lolre, &) ={re Lo:|lr — relloo < €sn}.
Then
£, c oz,

We begin by observing that the vector j, is asymptotically normal given 2(. As before we let

I(4—1)x(g-1) the (g — 1) x (g — 1)-identity matrix and let N € RF be a Gaussian vector with zero
mean and covariance matrix

C=q Tg-1)xg-1) —q4 " Lg-Dx(g-1)- (A.2)

Claim A.1. There exists a function 1 = 1(n, q) = o(1) such that for all axis-aligned cubes U C R
we have

by — g 1A1
Py [Meu]—ﬂwwe U]'ft.
Sn
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Proof. Given 2, the mean of pg(7) clearly equals A/q for every t € Fy. Concerning the
covariance matrix, for distinct s # t we obtain

Em[ﬁé(sn:Z q Z Zlq leq<1——)
i=1 ij= i=

i,je[n]:i#j

Eat[ho ()56 (1)] = Z Z - - Z <.

i,je[n]:i;ﬁ] i,j=1

Hence, the means and covariances of (0 — q_l A1)/s, and N match.

We are thus left to prove that (6, — g~ 'A1)/s, is asymptotically normal, with the required
uniformity. Thus, given a small ¢ > 0 we pick D; = D;(q, t) > 0 and ny = no(D;) sufficiently large.
Suppose 1 > ng and let

d/=1{d; < D}d;, di=d; — d,
Pe(e) = 1{o;=s)d;, Py (s) = Z o = s}di,
i=1 i=1

n

12 2 : 72 12 _ 2 /2
Sﬂ - di > Sﬂ - di >

i=1 i=1

_ Z " A = Z d
i=1 i=1

By construction, we have A = A’ + A", s2 = =32+ aswellass,” < Dzn Moreover, by (P3) and
(P4), both the sequences (d,), and (di)n are uniformly integrable, such that for n large enough,

A" < 8n, i <8, (A.3)
also provided that D, is large enough. Hence, the multivariate Berry-Esseen theorem (e.g. [45])

shows that w.h.p. for all U,

/
n

A —1 A/]l
Py [% € U] ~P[NeU]=0n"). (A4)
Furthermore, combining (A.3) with Chebyshev’s inequality, we see that w.h.p.
Al _IA”]I
Py |: Po — 4
Sn
Thus, combining (A.4) and (A.5), we conclude that w.h.p.

e —q AL
'Pm[%eu]—P[NeU] <u

Sn

‘ > 12j| <2 (A.5)

(A.6)

Finally, the assertion follows from (A.6) by taking the limit ¢ — 0 slowly enough as n — c0. U

Let 0 = gcd (supp(d)), where d is the weak limit of (d,,),. Then there exist g € N, ay, ..., a4y € Z
and 8y, . .., §g in the support of d such that the greatest common divisor of the support can be
linearly combined as

g
0= Z a;b;. (A.7)
i=1
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We next count how many variables there are with degree §;. For i € [g], let J; denote the set
of all j e [n] with dj=24; (the set of all variables that appear in §; equations). Set Jo = [n] \

(31U...U5g).Then
joU...Ung[i’l]

and [J1], ..., |Jg| = ©(n) because of assumption (P1). We further count how many entries of
value s € F7 all variables of degree §; generate under the assignment ¢, and the contribution from
the rest, yielding

ro(s)= Y _ djl {o;=s}, ri(s) =Y dil{oj=s}. (iclglseTF)

j€Jo jeTi

Then summing the contributions, we get back g, = 1o + Z‘:?;l 8;rj, where r; = (ri(S))SE]FZ.
Because 01, . . ., 0, are mutually independent given 2, so are rp, 1, ..., rg. Moreover, given

2, for i € [g], r; has a multinomial distribution with parameter |J;| and uniform probabilities g .
In effect, the individual entries r;(s), s € I, will typically differ by only a few standard deviations,

that is, their typical difference will be of order O(/|J;[). We require a precise quantitative version
of this statement.

Furthermore, we say that r; is t-tame if |r;(s) — g~ 1|J;|| < t4/]7;] for all s IFZ. Let €(¢) be the
event thatry, ..., ry are t-tame.

Lemma A.2. W.h.p. for every ry € £ there exists r* € £(r«, ) such that

L1
2[Lo(rs, &)|

Proof. Since r; has a multinomial distribution given 2 the Chernoff bound shows that for a large
enough ¢ = c(gq) w.h.p.

Py [ﬁa = r*] and Py [T( —loge) | ps = r*] >1—¢h (A.8)

Py [T(—loge)] > 1 — exp( — Q:(log’ (&))). (A.9)

Further, Claim A.1 implies that w.h.p. Py [/60 € Lo(ry, 8)] > Q:(e971) > ¢4, provided & < g9 =
£o(w) is small enough. Combining this estimate with (A.9) and Bayes’ formula, we conclude that
w.h.p. for every r, € £,

Py [T(—loge), pg € Lo(rim )] =1 —¢’. (A.10)

To complete the proof, assume that there does not exist r* € £o(rx, ) that satisfies (A.8). Then
for every r € £o(r4, €) we either have

R 1
Palbe =11 < 50

Py [T( —loge)|pe = r] <1-—¢* (A.12)

or (A.11)
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Let X be the set of all r € £y(r, &) for which (A.11) holds, and let X; = £o(r4, €) \ Xo. Then
(A.11)-(A.12) yield

Py [:50 € %0] + Zre%l Py [‘3:( —log &)l pe = 7’] Py [;60 = r]
Py [:50 € Lo(rs 8)]

Py [/30 € xo] +(1 - 84)]P)QI [,60 € xl]

Py [T(—loge) | po € Lo(rss )] <

= = <1-—¢%
PQ{ [pa S ’SO(r*> 8)]
provided that 1 — ¢* > 1 in contradiction to (A.10). O
Also let T(r, t) be the event that oy = r and that ry, . . ., ry are t-tame. We write (ro, . .., 7g) €

T(r, t) if rg + Z‘lg:l 8iri=r and |r;(s) — q’1|3,-|| < t/|J;| for all se FZ. The following lemma
summarises the key step of the proof of Lemma 7.10.

Lemma A.3. W.h.p. for any r, € £9, any 1 <t <logn and any r,v’ € Ly(ry, &) there exists a one-
to-one map ¥ : X(r, t) — (v, t + O (€)) such that for all (rg, . . ., rg) € T(r, t) we have

Po [(ro, ..., 1) = (ro, ..., 1g)]
Po [(ro, s ... 1) =¥ (ro, ..., 15)]

Proof. Since r,7’ € £y(r4, €), thanks to assumption (P7), we have r—+' € DZFZ;. Hence, with

log = O¢(e(w +1)). (A.13)

e, .. .,eq—1 denoting the standard basis of R4, there is a unique representation

q—1

¥ —r= Z Aie; (A.14)

i=1

with A1, ..., A4—1 € Z. Because r, r' e Lo(ry, €) and
Al
A= =07 - ),
hg1

the coefficients satisfy
[Ail = Og (esp) foralli=1,...,9—1. (A.15)

Now recallg e N, ay,...,a, € Zand 8y, . . ., &, in the support of d with

Firi € [g], we set

a;
rh=ri+—A\
0
as well as ro’ = ro. Further, define ¥ (o, . . ., 7g) = (ro/, . . ., 1g). Then clearly
g g a8
Y1
ro+;8,-r{:r+;Tkzr—i-r’—r:r/. (A.16)
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and due to (A.15), we have ¥ (ro, . . ., 7g) € T(r', t + O¢(g)). Finally, for i € [g] set

r(0) =131 = Y _r(s),  rO)=13 =) ri(s).

selFy selFy
Moreover, Stirling’s formula and the mean value theorem show that

Py [(ro, oo rg)=(ro,. .., rg)]
PQ{ [(1‘0, ey rg) = W(T’o, cees rg)]

(( ‘(:(I)il )) ’ (( l(j§| )) :
r N e ro(0),r,
= 1m“ ﬂjf =exp| Y > O (ri(s) log ri(s) — ri(s) log ri(s))
((/1(0),/1)) T ((rg(O),ré)) =1 s<ky
g ri()/13
=exp| 0.9 Y. f _ logzde
= seF, ri(s)/17i
() _ri(s) 1 (@ + Dsy
SEIF

_ (w+ sy (ri(s)  rils)
=€exp Zoa(u D Z O, <T <|ji| - m)) . (A.17)

selfy

Since |J1), ..., |Jg| = 0.(n), (A.17) implies (A.13). Finally, ¥ is one to one because each vector
has a unique representation with respect to the basis (e, . . ., e-1). O

Roughly speaking, LemmaA.3 shows that any two tame r, 7’ € £¢(ry, €) close to a conceivable
1« € Lo are about equally likely. However, the map v produces solutions that are a little less tame
than the ones we start from. The following corollary, which combines Lemmas 7.14 and 7.15,
remedies this issue.

Corollary A.4. W.h.p. for all v, € £y and all v, 1" € £y(ry, ) we have
Py [T(r, —3log 8)] = (14 0.(1))Py [‘Z(r/, —3log 8)] .

Proof. Let r* be the vector supplied by Lemma A.2. Applying Lemma A.3 to r* and r € £y(r4, &),
we see that w.h.p.

A [i(r, —2log 8)] > (14 O, (e log €))Py [‘I(r —log 8)] > m for all r € £o(r+, €).
(A.18)
In addition, we claim that w.h.p.
Py [S(r, —4loge) \ T(r, =3 log 8)] <ePy [‘Z(r*, —log 8)] forallr € £o(rs,¢). (A.19)
Indeed, applying Lemma 7.15 twice to r and r* and invoking (7.26), we see that w.h.p.
Py [i(r, —2log 8)] > exp(O¢ (e log &) Py [T(r*, —3log 8)]

> (1 — Og(eloge)) Py [,5‘, = r*] , (A.20)
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Py [‘Z(r, —4loge) \ T(r, —3log 8)] < exp(O (¢ log €))Py [‘I(r*, —3loge) \ T(r*, —2log 8)]

0. (eMPy [ o =1*]. (A.21)

Combining (A.20) and (A.21) yields (A.19).
Finally, (7.26), (A.18) and (A.19) show that w.h.p.

Po [T(—3loge) | fo =] =1 - V&,

Py [S( —3loge) | ps = r/] >1—./¢ forallr,7 € £o(ry, €), (A.22)
and combining (A.22) with Lemma A.3 completes the proof. U
Proof of Claim 7.17. Claim A.1 shows that for any r € £y and N ~ .47(0, ¥)

Py (,60 € So(r,s)) =Py (HN— r_sﬂu < 8) + o(1).

Moreover, Corollary A.4 implies that given py € £o(r,€), o is within o0.(1) of the uniform
distribution on £y(r, ¢). Furthermore, Lemma 3.6 applied to the module 9t = 7% with basis
{de1, ..., 0e4—1} shows that the number of points in £o(r, &) satisfies

[£o(r, &)]

1—q
|{z€Z‘1_1 iz = rlloo 585,,H o

Finally, the eigenvalues of the matrix ¢ are q~2 (once) and q~! ((¢—2) times). Hence,
det ¥ = g~ 1. Therefore, w.h.p. for all r € £, we have

q1/*01"! (r—q 'ADTE (r—q ' AL)
exp| — .
(ZnAZ)(qil)/z 27,

(A.23)
(]

Py [/30 = 7’] = (1 +0(1))
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