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Existence of singular rotationally symmetric
gradient Ricci solitons in higher dimensions
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Abstract. By using fixed point argument, we give a proof for the existence of singular rotationally
symmetric steady and expanding gradient Ricci solitons in higher dimensions with metric
_ _da’
g - h(ZZ)
in R" for any n > 2. More precisely, for any A > 0 and co > 0, we prove that there exist infinitely
many solutions k€ C2((0,00);R*) for the equation 2r?h(r)h,(r) = (n-1)h(r)(h(r) -1) +
rh(r)(rhe(r) = Ar — (n—1)), h(r) >0, in (0, c0) satisfying liII(l) V" 1h(r) = ¢o and prove the

r—
higher-order asymptotic behavior of the global singular solutions near the origin. We also find
conditions for the existence of unique global singular solution of such equation in terms of its
asymptotic behavior near the origin.

+a? gs» for some function h where gg» is the standard metric on the unit sphere S"

1 Introduction

Ricci flow is an important technique in geometry and has a lot of applications in
geometry [10, 12, 14, 15]. For example, recently, Perelman [14, 15] used Ricci flow to
prove the Poincaré conjecture. In the study of Ricci flow, one is interested to study
the Ricci solitons which are self-similar solutions of Ricci flow. On the other hand, by
a limiting argument, the behavior of the Ricci flow near the singular time is usually
similar to the behavior of Ricci solitons.

Hence, in order to understand Ricci flow, it is important to study the Ricci solitons.
In [3], Brendle used singular rotationally symmetric steady solitons to construct
barrier functions which plays an important role in the proof there that confirms a
conjecture of Perelman on three-dimensional ancient  solution to the Ricci flow.
We refer the reader to the papers by Alexakis, Chen, and Fournodavlos [1], Brendle
[2], Bryant [4], Cao and Zhou [5, 6], Feldman, Ilmanen, and Knopf [8], Hsu [9],
Li and Wang [11], Munteanu and Sesum [13], Petersen and Wylie [16], and so forth
and the book [7] by Chow et al. for some recent results on Ricci solitons.

We say that a Riemannian metric g = (g;;) on a Riemannian manifold M is a
gradient Ricci soliton if there exist a smooth function f on M and a constant A € R
such that the Ricci curvature R;; of the metric g satisfies

(11) Rijzvivjf_kgij on M.
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Existence of singular rotationally symmetric gradient Ricci solitons 843

The gradient soliton is called an expanding gradient Ricci soliton if A > 0. It is called a
steady gradient Ricci soliton if A = 0 and it is called a shrinking gradient Ricci soliton
if A <0.

Existence of rotationally symmetric steady and expanding three-dimensional gra-
dient Ricci solitons were proved by Bryant [4] using the phase method and by Hsu [9]
using fixed-point argument. On the other hand, as observed by Bryant [4] for n = 2
and Chow et al. (cf. Lemma 1.21 and Section 4 of Chapter 1 of [7]) for n > 2, for any
n > 2,if (M, g) isan (n + 1)-dimensional rotational symmetric gradient Ricci soliton
which satisfies (1.1) for some smooth function f and constant A € R with

(1.2) g=dt* +a(t)* gon,
where gg» is the standard metric on the unit sphere §” in R", then the Ricci curvature
of g is given by

nag(t)

(13)  Ric(g) = o)

dt* + (n—1-a(t)au(t) - (n-Dai(t)*) gs»

and

(1.4) Hess(f) = fue(t) dt* + a(t)a,(t) fi(t) gsn.
Hence, by (1.1), (1.3), and (1.4) (cf. [1, 4, 7]), we get

(15) —na(t)ay(t) = a(t)(fu(t) - 1)

and

(1.6) n—1-a(t)a;(t) - (n-1)a;(t)* = a(t)a,(t) fi(t) - Aa(t)*.
By eliminating f from (1.5) and (1.6), we get that a(¢) satisfies
a(t)*a;(t)au(t) =a(t)a,(t)an(t) + a(t)*an(t)* - (n —1)a(t)a,(t)
1.7) —Aa(t)an(t) - (n=1Da,(t)* + (n-1)a,(¢)*.
Note that we can express g as
da?
£ ()

where h(r), r = a* > 0, and a = a(t) satisfies

(1.9) ai(t) =/ h(a(1)?).

Then, by (1.7) and a direct computation, h satisfies

(1.8) +a? gsn,

(1.10)
2% h(r)hyy (1) = (n =D h(r)(h(r) = 1) + rh(r)(rh,(r) = Ar = (n =1)), h(r) > 0.

We are now interested in rotational symmetric gradient Ricci soliton which blows up
at r = 0 at the rate

(11) limr*h(r) = ¢co

r—0
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for some constants & > 0 and ¢y > 0. Let

(112) w(r)=rh(r) Vr>0.

By (1.10), (1.12), and a direct computation, w satisfies

2w (r)wy (1) = 2arw(r)we(r) + (n = 1) (a = Dr*w(r) + adr*w(r)
—(n=D)r""w, (1) = Ar*w . (r) + Pw,(r)?
(1.13) —(a* +2a - (n-1))w(r)%.
Unless stated otherwise, we now let & = \/n —1> 0 for the rest of the paper. Then
a? +2a — (n—1) = 0. Hence, by (1.13), w satisfies
2w (r)wy, (1) = 2arw(r)we(r) + (n = 1) (a = Dr*w(r) + adr* M w(r)

(114) —(n =D w, (1) = Ar* 2w (r) + Pw,(r)?
with & = \/n — 1> 0. We also impose the condition
(L15) 111(1)1 a(t) =0.

t—0*

Then, by (1.9) and (1.15),

a(t) dp
(116) - [0 Vot

In the paper [4], Bryant by using power series expansion around the singular point at
the origin gave the local existence of singular solution of (1.10) near the origin which
blows up at the rate (1.11) for the case n = 2. On the other hand, by using phase plane
analysis of the functions

1 X:ﬁwat(t) Y:\/zn—l)W)

G e a()’ a0

Alexakis, Chen, and Fournodavlos [1] gave a sketch of proof for the local existence of
singular solution (a(t), f(t)), of (1.5) and (1.6), near the origin and its asymptotic
behavior as t — 0% for the case n >2. When A =0, the existence of global solu-
tion (a(t), f(t)), of (1.5) and (1.6), in (0, 00) is also mentioned without detailed
proof in [1].

In this paper, we will use fixed-point argument for the function w given by (1.12)
to give a new proof of the local existence of solution & of (1.10) satisfying (1.11) for
any constants A € R, ¢g > 0,and 2 < n € Z*. For A > 0, we will then use a continuation
method to extend the local singular solutions of (1.10) and (1.11) to global solutions of
(1.10) and (1.11). We will also prove the higher-order asymptotic behavior of the local
solutions of (1.10) and (1.11), near the origin.

The main results we obtain in this paper are the following.
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Theorem11 Let2<neZ*',A>0,a=+n-1c¢9>0,c; R, and
_(n-D(a-1) _ (n-D(/a-2)

Cy = 2 = ) .

There exists a unique solution h € C*((0, 00)) of (1.10) in (0, co) which satisfies (1.11)
and (2.4) in (0, €) with w given by (1.12) for some constant € > 0.

(117)

Theorem 1.2 Let4<neZ", 120, a=+/n-1,¢ >0, c; €R, and c, be given by
(L17). Then there exists a constant 0 < 8y <1 such that (1.10) has a unique solution
h e C*((0,00)) in (0, 00) which satisfies (1.11) and

1 c c al al
h(r) -~ - ir“ i 1 _ rlx+1 + ra+1 logr
re o a+l 2(a+1)? 200+2

2+ (n-1
(118) (=0 au gyl yo o, e,
dcpa(a-1)
Moreover,
1 a a’) al
he(r)=——{-aco+| —— + ————— | r*" + M ogr
() r‘”l{ 0 (oc+1 2(a+1)? 200+ 2 &
2+ (n-1
(119) yarm-Do 5 o)} V0 <r<d.
4C0((X—1)

Theorem 1.3 Let n€{2,3,4}, a=/n—1, 1 >0, ¢g >0, c; €R, and c, be given
by (1.17). Let h € C*((0,00)) be given by Theorem 11. Then there exists a constant
0 < 8¢ < 1 such that

(1.20)
1 +n-1
ey peelearnh pa gy e yocrcs, ifn-23,
re o 4coa(l-a)
ZCR A
f(co+Zr210gr+0(1)r2|logr|), VO<r<dy ifn=4.
;
Moreover,
(1.21)
1 -1
caeg— 22D e gy ) o cr sy ifn- 2,3,
rotl 4co(1-a)
h(r) =

1 (—co + %rz logr + o(1)r*|log r

2 ) YO<r<d, ifn=4.

Note that the singular solutions & of (1.10) in (0, co) given by Theorems 1.1-1.3 sat-
isfy (1.11) with & = /% — 1. Moreover, by (1.2), the solitons constructed in Theorems 1.1
and 1.2 are complete at ¢ = +oco. A natural question to ask is that does there exist any
other singular solution of (1.10) in (0, ¢) for some constant ¢ > 0 which blow-up at a
different rate at the origin. We answer this question in the negative. More precisely,
we prove the following result.
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Theorem 1.4 Let2<neZ*, AeR, >0, and ¢y > 0. Suppose h € C*((0,¢)) is a
solution of (1.10) in (0, &) which satisfies (1.11) for some constant a > 0. Then a = \/n — 1.

The plan of the paper is as follows. In Section 2, we will prove the local existence
of infinitely many singular solutions of (1.10) and (1.11), in a neighborhood of the
origin, and conditions for uniqueness of local singular solutions are given. We will also
prove the higher-order asymptotic behavior of these local solutions near the origin.
In Section 3, we will prove the global existence of infinitely many singular solutions
of (1.10) and (1.11) and conditions for uniqueness of global singular solution are given.
In Section 4, we will prove the asymptotic behavior of a(t) near the origin.

2 Local existence, uniqueness, and asymptotic behavior of singular
solutions near the origin

In this section, forany 2 < n € Z*, A € R, and ¢y > 0, we will prove the local existence
of infinitely many singular solutions of (1.10) in (0, €) which satisfy (1.11) for some
constant ¢ > 0. Under some mild conditions on the singular solutions of (1.10) in
(0, ¢), we will also prove the uniqueness of local singular solutions of (1.10) in (0, ¢)
satisfying (1.11). We first observe that if h € C*((0,¢];R*) is a solution of (1.10) in
(0, €] for some constant ¢ > 0 which satisfies (1.11) for some constant ¢y > 0 and w is
given by (1.12) with a = /% — 1, then by (1.11), (1.12), and (1.14), w > 0 satisfies

(n=1D(@=1) s @d oy (1=Dr ()
2

wi (1) =?w,(r) + 2 2w(r)

CArtwe(r)  we(r)?

@1) 2w(r) 2w(r)
in (0, ¢] and
(22) w(0) = co

if we C([0,¢];R"). Hence, the existence of solution h € C*((0,e];R*) of (1.10)
in (0,¢] which satisfies (1.11) is equivalent to the existence of solution w e
C*((0,e];R*) n C([0,e];R*) of (2.1) in (0, £] which satisfies (2.2). Note that (2.1) is
equivalent to

(2.3) (r—“wr)r(r)zqr—er“%r—l_(”—l)r‘lwr(r) Awi(r)  rw,(r)?

2w(r) ~ 2w(r) 2w(r)
— e pl
< rw(r)=-—cor v+ “—Alogr+ (n=1) [ pwilp) dp
2 2 r w(p)
r £ A~ 2
A )y LT R)” g g
2Jo w(p) 2Jr w(p)
-1 e 1 .
< we(r) == car* 4 o + @r“ logr+r* (n-1) pwilp) dp
2 2 r w(p)

(2.4) -

A ’wr(p)d ! sptxwr(mde} VOo<r<e
2Jo w(p) 2Jr w(p) -
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for some constant ¢; € R. This suggests one to use fixed-point argument to prove
the existence of solution w € C2((0, e];R*) n C([0,e];R*) of (2.1) in (0, e] which
satisfies (2.2).

Proposition Let 2<neZ*, a=/n—1, A, ci€R, ¢y >0, and let ¢, be given by
(117). Then there exists a constant 0 < & <1 such that (2.1) has a unique solution
we C*((0,e;R*Y) n C([0,e];RY) in (0, €] which satisfies (2.2) and (2.4). Moreover,

(2.5) lim rl’“wr(r) =—C

r—0%

holds.

Proof  For any ¢ > 0, we define the Banach space

X :={(w,v) :w e C([0,e];R"),v € C((0,e]; R) such that ' “v(r) can be
extended to a function in C([0, ¢];R)}

with a norm given by

| (w,v)]

For any (w,v) € X, we define

xc, = max (| wl = fo.e)» [~ V(r) = ([0.e]) ) -

O(w,v) = (O1(w,v), Dr(w,v)),

where

Qu(w) () =co+ [ v(p)dp,

-1 e 1
(2.6) (Dz(w,v)(r):—czr“_1+c1r“+?r“logr+r“{(n2 ) i PWE};I;) dp

A rrv(p) L repv(p)’
2o 3l S d”}

forany 0 <r < e. Let
(2.7) D = {[(w,v) = (co, —c2r* )|z, < €0/10} .

Since (co, —c2r%) € D, D, # ¢. We will show that there exists ¢ € (0,1/2) such that
the map (w,v) » ®(w,v) has a unique fixed point in the closed subspace D,. Let

. 1 oo e
g =min|-,| ——— .
2"\ 10|cy| + o
We first prove that ®(D,) c D, for sufficiently small ¢ € (0, ¢;). For any ¢ € (0, &),

(w,v) € D, 0 <7 <& by (2.7), we have

9 11
(2.8) ﬂgw(r)sﬁ Vo<r<e
10 10
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and

(2.9) v(r)| < csr®! Vo<r<e,

where c3 = |cz| + (¢o/10). Hence, by (2.9),

|©;(w,v)(r) — co < L cap®tdp = (c3/a)r* < (c3/a)e* <cp/10 VO<r<e

(2.10)
= | O;(w,v) -co HLeo([O)g]) <¢o/10 and Hq)l(W>V)HL°°([O,£]) < 1lcp/10.

We now choose ¢4 > 1 such that
(2.11) llogr| < cyr™? VO <r<1/2.
Then, by (2.8), (2.9), and (2.11), forany 0 < r < ¢,

10c3r(rot + e271)

_ , ifn+4
¢ p7ly(p) J ‘<1OC37’ fg 2 gy ¢ 9co|a — 1

r w(p) - 9 10csr(|logr| +[loge) 4
9¢y
20c3e*
s L ifn #4,
(2.12) 9cola -1
’ 20 1/2
26GUET g,
960
(2.13) f v(p) 4| 10esr / ’ P dp 10c3r**! B 10c;%+!
W(P) 9¢co Jo 9coa 9coa
and
10c5r(r* !+ &7t "
€ p*av(p)z 10C§r € o 9C0|(X _ 1| 5 itn+ 4,
' / ( ) dp : 9 f pa dpS 20 2 1 1
w c
r p 0o Jr csr(|logr| + |loge|) —_—
9C0
20 2.
ﬁ ifn+4,
Co|lx —
(2.14) -
S L
9C()
Let
4 +c2 p)
(e C3)+CS| |, ifn+4,
cola =1 coX
“ ) anc (c3+¢3) sl
= 2 : + > > ifn = 4

Co CoX
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By (2.6) and (2.11)-(2.14),

e |d)2(w v)(r) + czr""1|

-1 -1 A r -« 2
<la|r+ oA ‘r|log | + )r / p V(P) ‘ | |r / V(P) ‘ v(p) ‘
w(p) 2 |[Jo w(p) w(p)
(2.15)
A
S|C1|£+ %81/2+C5(8a +£1/2) VO<r<e.
Let

1 2
& = min €1 c ,( ‘o ) > ‘o
g 30(|ci| +1) " \30cs )~ 900(a|A|cs + c5)2
and ¢ € (0, &;). Then, by (2.15),
P Dy (w, V) (1) + 2 < co/10 VO<r<e
(2.16) = r (@2 (w,v) (1) + 2" ) 1= (fo,e]) < €0/10.
By (2.10) and (2.16),
(2.17) [®(w,v) = (o> —c2r* ") |, < co/10.

Hence, ®(D.)cD.. Let (wi,v1),(wsv2)eD,, 0<e<ey, & =|(w,v)-
(w2, v2) | x,. Then

(2.18) 9C° <wi(r )_ﬁ VO<r<ei=12
and

(2.19) [vi(r)| < c3r*™' YO<r<ei=1,2.
Now

10w, 1) (1) = a(wa ) (] < [ (o) = va(p)] dp
<[ i (r) = va () = ((0,e1) forp“‘l dp

(2.20) <(61/a)e® VO<r<e,
and by (2.11), (2.18), and (2.19), forany 0 < r < ¢,

“pmlp) f pva(p) ‘

r wi(p) w2(p)
-1
p~vi(p) —va(p)| ‘
<rf d +rf ) d
wi(p) P pv(p) 1(p)  walp)
S10HP17“|V1—V2|(P)HL°°( o,s)rf 2 dp
9C()
100 = ((0.c
C3HW1 8114/2HL ([o, )7[ p“ de
Co
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10 100c3
+

9cola -1 8lck|ar —1]

10 100

—+—‘;3 87| logr|, ifn=4

9¢yp 8lc;
c601%
-1

)81r(r“_1 +e* ), ifn+4

if n 4,

(2.21)

IA

c4c661£1/2, if n =4,

where

B E N 200c¢3
N 9¢yp 8lcg ’

. "wlp) 7 valp)
Jo eyl oy ‘

AN L C) R 7Tl Py SN IS S S
0 B e AL '“’”"wl(p) waip)|

10]pt%v, — v - rorr
< HP | 1 92|(P)HL ([0,e]) f Pa—l dp
Co 0

Ce

100c3||wy — Wy 1 r r
N 3w 22HL ([0,¢]) f pa—1dp
8lcj 0

a+l
10 N 100C3 S T’DH'I < C661€
9coa  8lcja

(2.22) = (

o
and

“pnp) o rep ()’

|

r wi(p) r wa(p)
£ pilp) = v2(p) (I (p)| +[v2(p)I)
Sr[r wi(p) dp

oo [P s - s @

20 I-a, — o
< csllp w1 = val(p) | =0,y fep"“zdp
9C0 r

. 100¢3 || w1 — w2 o= (0,e]) " fepMZ dp
8lcg r
( 20e3 100¢3
9cola —1|  8lc3|a—1]
( 2065 100¢?
9¢y 8lc]

) Sir(r* e, ifnz4

)61r|logr|, ifn=4
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2636661£a
(2.23) <{ la-1|

2c3c4c68181/2, ifn=4

ifn+4,

By (2.6) and (2.21)-(2.23),

(2.24) Dy (wi, vi) (1) = @2 (wa, v2) (1) < c781(e% + €/2) Vo< r<e,

where
1 A
C6 MJrU s ifn+4,
e = 1] o
C7 =
c6(nc4(1+c3)+| |), ifn=4
Let

e3 = min (&5, (¢/6)"%, (6¢,) 7%, (6¢,)72)
and 0 < ¢ < &5. By (2.20) and (2.24),
(225) H(D(Wl,‘lil) —@(Wz,Vz)er < 81/2

Hence, ® is a contraction map on D,. Therefore, by the contraction map theorem,
there exists a unique fixed point (w,v) = ®(w,v) in D,. Thus,

wr)=co+ [ v(p)dp,

(n-1) repv(p)
2w °

Arvle) L eptve)?
f wip) f w(p) }
By (2.26), v(r) = w,(r) forany 0 < r < e and w € C*((0,e];R*) n C([0,¢], R") sat-

isfies (2.2) and (2.4). Hence, w satisfies (2.1). By (2.4) and (2.12)-(2.14), we get (2.5)
and the proposition follows. [ ]

A
(2.26) v(r)=—cr* !+ art+ %r“ logr+ra{

By an argument similar to the proof of Proposition 2.1, we have the following result.

Proposition Let n€Z", n>4, a=/n-1 A c €R, ¢y >0, and let ¢, be given
by (1.17). Then there exists a constant 0 < € <1 such that (2.1) has a unique solution
we C2((0,e;R*) n C([0,e];RY) in (0, e] which satisfies (2.2) and

_ r 51
w,(r) :—czr“_1+clr“+“—lr"‘logr+r“ _(n=1) p—wr(p) d
2 2 o w(p)
r r =& 2
(2.27) —& Md +1 Pwr(P)d} YOo<r<e.
w(p) 2Jo w(p)

Moreover, (2.5) holds.
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Corollary Let2<neZ',a=+/n-1 A c1 €R, ¢y >0, and let c, be given by (1.17).
Then there exists a constant 0 < € <1 such that (1.10) has infinitely many solutions
h e C*((0,¢€]) in (0,¢] which satisfies (111). Moreover, (1.10) has a unique solution
h e C*((0,¢]) in (0,¢] which satisfies (1.11) and (2.4) with w being given by (1.12).
Moreover, (2.5) holds.

Corollary Let neZ*, n>4, a=+/n-1 A, ci€R, ¢y >0, and let ¢, be given by
(1.17). Then there exists a constant 0 < & <1 such that (1.10) has a unique solution
h e C*((0,¢]) in (0, ] which satisfies (1.11) and (2.27) with w being given by (1.12).
Moreover, (2.5) holds.

Proposition LetneZ*, n>4, a =y/n-1 A, c; €R, ¢g >0, and let c; be given by
(1.17). Then there exists a constant 0 < & <1 such that (1.10) has a unique solution
h e C*((0,¢€]) in (0, ] which satisfies (1.11) and (1.18) for some constant 0 < 8y < e.
Moreover, (1.19) and (2.5) hold with w being given by (1.12).

Proof Sincen >4, a >1andc; > 0. Let w be given by (1.12). By Corollary 2.4, there
exists a constant 0 < & < 1such that (1.10) has a unique solution h € C*((0, ¢]) in (0, €]
which satisfies (1.11), (2.5), and (2.27). Let

2
(2.28) 0<8 <minfe 2 2,
260 2C()

By (1.11) and (2.5), there exist constants & € (0, ¢) and cg > 0 such that

1-a
(2.29) 2 g T 9y vo<r<s,
Co w(r) Co
and
2 1-a 2 2
(2.30) 2 5T G s vocr<s

o w(r) o

holds. Then, by (2.29) and (2.30),

=) rrpttwelp) A rrwe(p) L7 p T we(p)?
R REY v LAY M el

n-1)(c Toae Afc : " e
() [ a3 ) [
2 r
+1(C2+8l)/ p*dp
2\ co 0
a(n-1+c) o1 Az 4 nd a1 MO 4
r o+ r + r
2¢p(a—1) 2cpa 2(a-1) 2a

(231) < VO <7< 3
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and
_ R | r rpT« 2
B (n-1) p~we(p) dp—& wr(p) dp+1 Md
P o wip) 2 Jo w(p) 2 Jo w(p)
2@(2_51)f p""zdp-r&(z—sign()t)&)f p*dp
2 Co 0 2 Co 0
1 C% r -2
e f a2 g
+2(C0 1) o P p
@z >ellre) e Aa om0 eq WMha gy s
’ ~ 2c0(a-1) 2co0 2(a-1) 2a o

Hence, by (1.11), (2.27), (2.31), and (2.32),

a(n-1+¢) 5,

+o()(r**)

A
(2.33)  w,(r) = —er® Vg + %r“ logr +

2C0((X - 1)
A A
= r“h(r):co—c—zr“+ a % e, @ r“logr
o a+l 2(a+1)? 200+ 2
Mi’” +o(1)r* V0o<r<d,
4coa(a—1)
and (1.18) follows. Since
(2.34) we(r) = ar* ' h(r) + r*h.(r) Vr>0,

by (1.18) and (2.33), we get (1.19).
Suppose hy € C*((0, ¢)) is another solution of (1.10) which satisfies (1.11) and

1 ca a al ald
hi(r)=—{cog — =71% + o Tu+1+77‘a+110 r
() r“{o « (a+1 2(oc+1)2) 20 +2 8
-1+
(2.35) + M;‘z“ + o(l)rz"‘} V0 <1< 8.

4cpa(a—1)

Let wy(r) = r*hy(r). Then w; satisfies (2.3). Integrating equation (2.3) for w; over

(0,7), we get
—_ r 51
wi (1) == cor* et + %Ar“ logr +r® {— (n2 D P WE"gp) d
0 wilp
r r A& 2
(2.36) A rwp) g L PW“(P)dp} Vo<r<e
2Jo Ty P2l )

for some constant ¢j € R. By (2.36) and a similar argument as before, we get

1 I c! al al
h](r) :; {CO—0(7"0“”(“_‘1_1_2(“_‘_1)2 ra+1+ TaHlOgT’
-1+
(2.37) L enm1r0) o o)} VO<r<d,.
4coa(a—1)
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By (2.35) and (2.37),
a-c=o0()(r*") VYO<r<d = c=¢ asr—0".

Hence, both w and w; satisfy (2.27). Then, by Proposition 2.2, w = w; on [0, ¢]. Thus,
h = hj on [0, ¢] and the solution A is unique. [

Proposition Let n€{2,3,4}, a =/n-1 A, c; €R, ¢q >0, and let c, be given by
(1.17). Let 0 < € < 1, and let h € C*((0, €]) be the unique solution of (1.10) in (0, €] given
by Corollary 2.3, which satisfies (1.11), (2.4), and (2.5) with w being given by (1.12). Then
there exists a constant 0 < 8¢ < € such that (1.20) and (1.21) hold.

Proof Note that a <1,1/(1-a) <4, and ¢, <0 when n=2 or 3, and « =1 and
c2 =0, when n = 4. Let §; satisfy (2.28) when n = 2,3 and 0 < §; < ¢ when n = 4. By
(1.11) and (2.5), there exists a constant 0 < §y < € such that (2.29) and (2.30) hold.
Hence, by (2.29) and (2.30), for any 0 < r < §y,

2 b w7 wip) P72 ) wip)

(nz_l)(—*“sl)f P2 dp +&(—+51gn(/1 51)fpa1dp

_ e 51 r £ - 2
(n-1) rep=wlp) _A wr(p)d _Loreptwe(p)”

2 Co
(2.38)
Cz(C2+}’l 1) a-1 a-1 e nd a-1 a1
© 2c0(1-a (7 =o)+ 2606 2(1—oc)(r ~%)
s , ifn=2,3
< +$r“+c8
2
A0 ifn=4
2
and
(n-1) r<p”wi(p) , & ’wr(p)d “pwip)”
dp - p-
2 Jr w(p) w(p) 2Je wip)

(nz—l) (_i_al)f PazdpJ(i_SlgnWl)f S dp

(2.39)
_ C2(C2 +n- 1) (rtx—l _ axx—l) 4 /\62 o 1181 (rot—l _ 8(1—1)
2¢0(1- ) 0 2coa 2(1-«) o7
s ifn=2,3,
2 - ﬁr“ + Cs,
2a

0 Al
- %(log&) —logr) - %r+c8, itn =4,
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where
-1 ¢ p7ly, 1 +(p)?
Cs:(ﬂ ) [P W(P)dp—f “wip)”
2 Ja  w(p) 2 W(P)
Thus, by (1.11), (2.4), (2.38), and (2.39),
(2.40)
— e - w 2o (P Vo<r<do, ifn=2,3,
wi(r) = co(1-a)
Erlogr+o(1)(r|logr|) VO<r<do, ifn=4,
(2.41)

CO_Era_cz(cz+n 1) 2

+o(1 VO<r< o, ifn=2,3,
a dcoa(1- ) o(Dr™ reoe B

= w(r) =r"h(r) =
co+1r210gr+ o(1)7*|log 7| VO<r<d&y, ifn=4,

and (1.20) follows. By (1.20), (2.34), and (2.40), we get (1.21) and the proposition
follows. u

3 Global existence and uniqueness of singular solutions

In this section, we will use a modification of the technique of Hsu [9] to prove the
global existence of infinitely many singular solutions of (1.10) and (1.11) in (0, oo ). We
will also prove the uniqueness of the global singular solution of such equation in terms
of its asymptotic behavior near the origin.

Lemma3.1 Let2<neZ* LeR,andL > 0. Suppose h € C*((0,L)) satisfies (1.10)
in (0,L). Then

(3.1)

hr(r1)="r_11+A+ ZEZ; (hr(rz)_”;l_) (n—l)\/h(_nf; h(plz—Pl

holds for any 0 < r, <r; < L.

Proof By (1.10),

_1/2 B (n-1)(h-1) B (n—=1+Ar)h,
(h"he)r = 2r2hl/2 2rh3/2 v

= hy(n) =R he(r2) (n-1) rn h(p)-1 ,  rn(n-1+Ap)he(p)
hr(n) = Vh( {\/h(rz 2 Jn p\/h(pd r 2ph(p)*? dp}

he(r2)  (n-1) rn h(p)-1 n-1 1
=/ h(n dp A —
A s L e ()

(n-1 1 dp <
(rz +/\)7\/m (n- )r2 7}) h(p)} VO<r<n<lL

and (3.1) follows. L

r>0
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We now observe that by an argument similar to the proof of Lemmas 2.3-2.6 of [9]
but with (1.10) and (3.1) replacing (1.6) and (2.25) of [9] in the proof there, we have
the following results.

Lemma 3.2 (cf. Lemmas 2.3 and 2.4 of [9]) Let 2<neZ* and A € R. Suppose
heC*((0,L)) satisfies (1.10) in (0,L) for some constant L€ (0,00) such that
L<—(n-1)/Aif A <0. Then there exist constants C, > C; > 0 such that

(3.2) Ci<h(r)<Cy, VL/2<r<L.

Lemma 3.3 (cf. Lemmas 2.5 and 2.6 of [9]) Let 2<neZ* and A € R. Suppose
heC*((0,L)) satisfies (110) in (0,L) for some constant L€ (0,00) such that
L<—(n-1)/Aif A <0. Then there exist constants C4 > C; such that

(3.3) C3<h(r)<Cy VL[2<r<L.
We next observe that by standard ODE theory, we have the following result.

Lemma 3.4 (cf. Lemma 2.7 of [9]) Let 2<neZ*, LeR, L>0, bye (Cy,Cy),
by € (Cy, C3) for some constants C, > C; > 0, and C3 > Cy. Then there exists a constant
0 < &) < L/4 depending only on Cy, C,, Cs, C4 such that for any ro € (L/2, L), (110) has
a unique solution h € C*((ro — 81,10 + &1)) in (ro — 1, ro + &1) which satisfies

(3.4) h(ro) =by and Th.(ro) = by.

We are now ready for the proof of Theorem 1.1.

Proof of Theorem 1.1 ~ We will use a modification of the proof of Theorem 1.1 of [9]
to prove the theorem. We first observe that by Corollary 2.3, there exists a constant
0 < ¢ < 1 such that (1.10) has a unique solution i € C*((0, ¢]) in (0, ¢] which satisfies
(1.11) and (2.4) with w being given by (1.12). Moreover, (2.5) holds. Let (0, L) be the
maximal interval of existence of solution & € C*((0,L)) of (1.10) in (0,L) which
satisfies (L.11). Suppose L < oco. Then, by Lemmas 3.2 and 3.3, there exist constants
C, > C; > 0and C3 > Cy4 such that (3.2) and (3.3) hold.

Then, by Lemma 3.4, there exists a constant 0 < §; < L/4 depending only on
C1, Cy, C3, Cy such that forany ry € (L/2, L) (1.10) has a unique solution /1 € C*((r —
01,79 + 61)) in (ro — 8y, ro + 81) which satisfies (3.4) with by = h(r) and by = h, (7).
We now set rg = L — (8;/2) and extend k to a function on [0, L + (8;/2)) by setting
h(r) = h(r) forany r € [L,L+ (8;/2)). Then h € C2((0,L + (8;/2))) is a solution of
(1.10) in (0, L + &;) which satisfies (1.11) and (2.4). This contradicts the choice of L.
Hence, L = oo and there exists a solution h € C*((0, 00)) of (1.10) which satisfies (1.11)
and (2.4).

Suppose h; € C*((0, 0)) is another solution of (1.10) which satisfies (1.11) and (2.4)
with w being replaced by w; = r*h; (7). Then both w and w; satisfy (2.3). Hence, both
w and wy satisfy (2.1) and (2.2) in (0, ¢]. Therefore, by Proposition 2.1, w(r) = w;(r)
in (0, €]. Hence, h(r) = hy(r) in (0, €]. Then, by standard ODE theory, h(r) = hy(r)
in [g, 00). Thus, h(r) = hi(r) in (0, c0) and the solution 4 is unique. |
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Proof of Theorem 1.2 By Corollary 2.4 and an argument similar to the proof of
Theorem 1.1, there exists a unique solution & € C2((0, 00)) of (1.10) in (0, o) which
satisfies (1.11) and (2.27) in (0, ¢) with w given by (1.12) for some 0 < € < 1. By (2.27)
and the same argument as the proof of Proposition 2.5, we get (1.18) and (1.19). Suppose
hy € C?((0, 00)) is another solution of (1.10) in (0, co) which satisfies (1.11) and (1.18).
Then, by an argument similar to the proof of Proposition 2.5, hy(r) = h(r) in (0, ¢].
Hence, by standard ODE uniqueness theory, (1) = h(r) in [¢, 00) and the theorem
follows. ]

Finally, by Theorem 1.1 and an argument similar to the proof of Proposition 2.6,
we get Theorem 1.3.

Proof of Theorem 1.4 ~ Without loss of generality, we may assume that € = 2. Let w

be given by (1.12) and
rh,(r)
3.5 = .
(3.5) q(r) n(r)
We first claim that there exists a decreasing sequence {r;}52; c (0, €) such that
(3.6) lim q(r;) = —a.

i—o00
To prove the claim, we note that by (1.12),

67 wilr) = ar () + () = )

. (a+q(r)) Vo<r<e.

For any i € Z* by the mean value theorem, there exists r; € (1/(2i),1/i) such that
(3.8) wi(ri) = 2i(w(1/i) - w(1/(2i)).
By (1.11), (3.6), and (3.8),

@+ qlri)| < 2irilw(1/i) ~w(1/ )| _ 2Aw(1/D) ~w(/@))] .
i w(r;) - w(r;)

= lim|a+q(r;)|=0

and the claim follows. By (1.10) and a direct computation, q satisfies

(3.9)
qr(r) + (—i + Zh)zr) + Z:h_(rl) ) q(r) = —% (q(r)2 - (n=1(h(r) 1) I)h((hr()r) — 1)) VO<r<e.
Let
B Aprdp n-1 7 dp
(3.10) F(r)—exp(2 ; h(P)+ 5 /0 Ph(P)) VO<r<e.
Then, by (3.9),

(a0, =52 (a2 - DD o

G1) = q(r):r_Tl(r)(F(l)q(l)JrIl(r)) Vo<r<e,
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where

(3.12) L(r) = f Elp) ( (p)* - (n—l)h((};()p)—l)) dp VO<r<e.

We now divide the proof into two cases.
Case L: lim sup|I; (r;)| < oo.

i—o00

By (3.6) and (3.11),
—a = lim q(r;) =0,

which contradicts the assumption that « > 0. Hence, Case 1 does not hold.
Case 2: lim sup|I;(r;)| = oo
i—o0
Then, we may assume, without loss of generality, that lim;_, . |I;(r;)| = oo. Since
a > 0, by (1.11), (3.6), (3.11), and the I'Hospital rule,

F(f 2 _ (n=1)(h(r)-1)
. ( (ri)” - =50 ) a’—(n-1)
—a = lim q(r;) = lim ; TN " 5
i—o0 i—>o0 _ri—zF(T,')+Ti_ F(T,)(m+#(r'))
= a*+2a-(n-1)=0
= a=+/n-
and the theorem follows. [ |

4 Asymptotic behavior of the function a(t) near the origin
In this section, we will prove the asymptotic behavior of a(t) near the origin.
Proposition Let 2<neZ*, a=/n-1, 12>0,c1€R, ¢y >0, and let c; be given
by (1.17). For n >4, let h € C*((0,00)) be the unique solution of (110) in (0, o),
which satisfies (1.11) and (1.18) for some constant 0 < 8, < 1 given by Theorem 1.2. For

ne{2,3,4}, let h e C*((0,00)) be given by Theorem 1.1, which satisfies (1.20) for some
constant 0 < 8y < 1. Then

(4.1) a(t) ~ (Vrcot)™V" ast 0"

Proof By (1.18) and (1.20),

1/2

ity 2] P 0GP)) ifn =4
1/2p(1+O(p llogpl*)) /2, ifn=4

42) ~ col/ (p*+0(p*)), ifn+4,
' g™ (p+ 0(p*| log pl? ifn=4
¢ (p+0O(p°|logpl)), if n=4.
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By (1.16) and (4.2),
ONG
- \/NCo

and (4.1) follows. u

ast— 0"

By a similar argument, we have the following proposition.

Proposition Let2<neZ" a=+/n-1A,¢c €R, cy>0,andletc, begiven by (1.17).
Forn > 4,leth € C*((0, €]) be the unique solution of (1.10) in (0, &], which satisfies (1.11)
and (1.18) for some constants 0 < 8y < € < 1, given by Proposition 2.5. For n € {2,3,4},
let h € C*((0,¢€]) be given by Corollary 2.3, which satisfies (1.20) for some constants
0 < 8y < &< 1. Then (4.1) holds.
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