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OF POSITIVE CHARACTERISTIC
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§ 0. Introduction

Throughout this paper, we denote by N, Q and R the set of all

natural numbers containing 0, the set of all rational numbers, and the

set of all real numbers, respectively.

Let K be a fixed field of positive characteristic p and Ka an algebraic

closure of K. We denote by K[_XJ the formal power-series ring and by

d = (dμ; μ e N) the formal derivation of if [X], i.e., for every A = 2]Γ=o^^'

eKf_XJ, the μ-th derivative dnA of A is defined by

For differential rings and differential fields of positive characteristic, see

Okugawa [4].

This paper contains three theorems. Let A be an element 2Γ=oa%^~i

of K\X\ We say that A is hypertranscendental over K, if, for every

μe N, A, dxA, ., dμA are algebraically independent over K(X). When

the characteristic of the field is zero, the existence of hypertranscendental

elements is well-known (see D. Hubert [1], 0. Holder [2], F. Kuiper [3]).

Theorem 1 shows the existence of hypertranscendental elements in case

of positive characteristic.

Let L be a differential field and S a subset of a differential extension

field of L. We say that S is differentially independent over L or all the

elements of S are differentially independent over L, if for every μ e N

and elements su , sμ of S, there are no nonzero differential polynomial

F(XU .- ,Xμ)eL{XU --,Xμ) s u c h t h a t F(sl9 • . . , * „ ) = ().

Theorem 2 states that there are infinitely many hypertranscendental
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elements in if [X] over if which are differentially independent over if.

If an element of if p f ] is differentially quasi-algebraic over if (see

K. Shikishima-Tsuji [5]), then

lim i- tr deg {dμA μ < s}/K(X) = 0 .
s->~ S

If A is hypertranscendental over if, then

lim 1 tr deg {dμA μ < s}/K(X) = 1.

Let A be hypertranscendental over if. It can be easily shown that,

for every 0 < r < p, the formal power series B — dv_rA satisfies the

equation

lim 1 tr deg {dμB; μ < s}IK(X) = L .
«-«, s p

For every a e R (0 < a < 1), there exists a formal power series Ba

of if [X] such that

lim i- tr deg {dμBa; μ < s}/K(X) = a .

This is Theorem 3.

§1.

For m, n e N, the binomial coefficient ( ) equals ' in case
\nJ n\(m — ή)l

m > n, otherwise zero.

LEMMA 1. Let m, neN. If m = 2]f=o ™>iPι and n = 2f=0 HiP* are the

p-adίc expressions of m and n respectively, then

Proof. By expanding both sides of the identity over the prime field

of characteristic p:

(1 + xγ = (1 + χ)m°(l + xp)1Uί(l + x232)7712 (1 + xpe)m*,

and comparing the coefficients of xn, we obtain the congruence (1). q.e.d.

LEMMA 2. Let m, n, e, t be natural numbers. For t < p\ we have the
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following statements:

(1) If m~n (rnodp6), then (™\ = fr\ (modp).

(2) If m = r (modpe) and 0 < r < t - 1, ί/ierc / ^ = 0 (modp).

(3) If m=Ξt (modpe), then (™\ = 1 (modp).

Proo/. (1) Let m = £]<=<) fl^p*, n = X ^ o ^ P * and ί = 2?=o^P* b e t n e

p-adic expressions of m and 7i respectively. Since m ~ n (modp6)? we

have m0 = n0, , me_! = ne.x. Lemma 1 implies that

(2) Since r < t - 1, we have ί^ = 0. By (1), we have

(3) By (1), we have

Let B be a formal power series of K[XJ. We denote the leading

degree of B by u(B) (i.e., if B = Σΐ=r biX' and br Φ 0, then υ(B) = r and

if S = 0, then v(B) - oo).

THEOREM 1. Let A be an element ]Γ]Γ=o α«-X"m< o/ϋΓ[X] n ώΛ nonzero

ateK (ί e N) ami m0 < m1 < m2< 6e natural numbers. If A satisfies

the following condition, then A is hypertranscendental over K.

For any e, s e N, there exist natural numbers ίQ < ίx < i2 <

(1) m4. = s (modpe) and lim m<J = oo .

Proof. Suppose A is not hypertranscendental over Ka. Then, there

is a positive integer μ such that A, djA, , d^A are algebraically depend-

ent over Ka(X)9 that is, there exists a non-zero polynomial F(X, YQ, , Yμ)

e Ka[X, YQ, - - , 7̂ ] which satisfies the following two conditions:
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(2) μ

(3) If G(X, Yo, , Yμ) is non-zero polynomial such that G(X, A, dλA, ,

dμA) = 0, then the total degree of G is not smaller than that of F.

We see that F is irreducible by the condition (3).

Let c1 and c2 be the degrees of F on X and on Yo, , Yμ, respectively.

We take a natural number e such that μ < pe. By the assumption (1),

there exist k0, ku - , / ^ e N such that the following conditions hold for

every s (0 < s < μ);

(4) mki_x >c, + μ,

(5) mks > (c2 + l ) ^ ^ ^ ,

(6) mks = s (moάpe), and,

(7) mks > v(^~(X, A, d,A, , dμA)\ + 2μ, for every t (0 < t < μ) such

that -91—(X, A, d,A, , ̂ A) =̂ 0.

Let

Gs = X̂ iL̂ 1 Q'iXvlί and .Bs = ]̂jo=fcscϊiwX'mί (0 <Ξ s ^ ^).

By Taylor's expansion, we have

= F(X, G., dfi,, • • .,dμG.) + Σ^odtBs^(X, A , dΛ, ••-, dμA) - Es

where Es is a sum of terms of degree > 2 in {Bs,d1Bri , c^BJ. We

have

άegF(X, Gs, d,Gs, ., dμGs) <cx + c2mks_x,

υ(dtBt^ζ-(X, A, dtA, -,dμA)) > v(dtBs) >mks-t,

and

(8) v(Es)> min {υ{dtβsdtβs)} >2{mks - μ).
0<tUt2<μ

Hence, by (4) and (5), we have

^dtBΛ3L (X, A, dιA, . ., dμA) - E

>mkg-μ> (c2 + Vfm^., - μ

> ctmka^ + €,> deg F(X, Gs, d,Gs, , dμGs).
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Therefore, F(X, G,, dxGΛ, ,dμG,) = 0 and

(9) Σ?=o dtBa-?y-(X, A, dλA, , d,A) = £ s (β = 0,1, , μ).

Let

W = d e t ( ° Z . . 0 . . . . . ' ° | ,
\Bμ diBμ dμBμJ

and

(J50 dxBQ - - - dt_xB^ EQ dt+ίB0 dμBΛ

I .
Bμ d,Bμ • • • d,.λBμ Eμ dl+,Bμ • • • dμBμJ

On the other hand, d,Bs = T]Γ=A ( /)«<-^mi~'» and by (6) and Lemma 2,
\ /

mk\ , / m,. \ /m

Hence, the coefficient of the leading form of the power series W is ako ak

and υ{W) = mko + .. . + mkμ - μ(μ + ^ . Therefore, W φ 0. By Cramer's

rule, (9) implies

(10) W^ζ-(X, A, d,A, •••, dμA) = Vt.

We have

ϋ ( F ( ) > m i n ̂ mta + ••• + mkl, - ^ ^ ') - <jnt, - t) + v(Es)

> v(W) + m i n {v(E8) — mks).
0<s</i

If J^—(X, A, rf,A, , dμA) φ 0, then by (7), (8) and (10), we have

X, A, dxA9 , dμAή = v(Vt) - v(W)

> min {v(Es) - mk}
0<<0<S<μ

> m i n {mkί - 2μ} > vί^Ux, A, d,A, •••, dμA)) ,
0<S<μ \ 3Yt I

which is a contradiction. Therefore, we have
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3F /v A J A
= 0 (Q<t<μ).

By the assumption (3), we have

3F
(X, Yo, . . . , Y μ ) = 0 (0<t<μ).

Since F is irreducible, it follows that F(X, Yo, , Y,) 6 Ka[X, Y?,

and there exist Fo, . ., Fp_x e Ka[Xp, Y%, . . , Yj] such that

7τ»/ v v V\ TΓ ί Y V V \ \ YTP (Y V V \

S i n c e F ( X , d,A, • • ,dμA) = 0 a n d Ft(X, d,A, •••, dμA) e K a [ X » ] ( i = 0, • ,

p — 1), we have

F f(X, d,A, • • -,dμA) = 0 (i = 0, , p - 1).

Since ifα is perfect, there exist Go, , Gj,_, eKa[X, Yo, • • , Y,,] such that

F X x , y 0 , . . . , Y , ) = ( G 4 ( x , y 0 , , y , ) ) ' ( i = o, . -,P - i ) .

S i n c e Gt(X, d^A, •••, d μ A ) = 0 ( i = 0, -,p - 1 ) , ( 3 ) i m p l i e s t h a t

Gt(X,Y0,...,Yμ) = 0 (i = 0, . . . , p _ l ) .

It follows that F(Z, yo, , Ŷ ) = 0. This is a contradiction. q.e.d.

By this theorem, the power series

are hypertranscendental.

§2.

Let A = ΣT=o&tXi be a formal power series of KIXJ. For β e N and

^ e {0,1, -,pe — 1} we denote the power series Σ7=Qak+ipeX
ίpe by A%\

Then, A^e), , A$_λ are elements of K[Xpe] and we have

A = Aέe) + ZA^ + + X^A^U.

THEOREM 2. Let A = 2f=1 α^Z^ 6e hypertranscendental. For each

t (t = 1, .,p - 1) α^d s e N - {0}, feί
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Then, {Bst\ s e N — {0}, t = 1, ,p — 1} are differentially independent over

Ka(X).

Remark. Let m0 < mj < m2 < be a sequence of natural numbers

satisfying the condition (1) of Theorem 1. The power series A = J^^atX*

where ai = 1 if ί equals some πij (j e N), otherwise 0, is hypertranscenden-

tal over K by Theorem 1. Therefore, by Theorem 2, BSit = Σx7^atp,-x+iptX
i

(s 6 N — {0}, t = 1, ,p — 1) are differentially independent over

Proo/ o/ Theorem 2. By A<*-1} = X ^ X ^ - ^ U , we have

A = A<* + Σ - i Σ f

Hence, for 1 < /i < p β — 1,

For every u, dvA[l] Φ 0 implies pr\v. Then, d^A 6UL(X, d ^ A^-x; s = 1,

2, , e, ί = 1, 2, ,p - 1, i; = 0, 1, , p e " s - 1). Hence,

, dt,p.Af

(J).-1; s = 1, 2, . , e, ί = 1, 2, ,p - 1, υ = 0, 1, ,pe~s - 1).

Since A is hypertranscendental,

trdeg{dt,p,At

(*),_1; s = 1, 2, . ., e, ί = 1, 2, ,p - 1, υ = 1, 2, .,

> trdeg {d.A; ^ = 1, 2, ,p* - l}/ϋΓα(X) = p β - 1.

However, the cardinality of the set {(s, t,ϋ); s = 1, 2, , β, ί = 1, 2, ,

p - 1, i; = 0, 1, . , p e " s - 1} is (p - lXp'- 1 + p e " 2 + . . + p + 1) =p« - 1.

Hence, {d,p.A#-i; s = 1, 2, , e, t = 1, 2, . . ,p - 1, i; = 0,1, . , p - s - 1}

are algebraically independent over Ka(X). Since, d^ptA^—i = dvpS(Bs<t)
pS

= (dvBsΛ)
p\ we see that

{dBB.fί; s = 1,2, - . . , e , ί = 1,2, . - . , p - 1, ϋ = 0, 1, •• , P e " s - 1}

are algebraically independent over Ka(X). Thus, we have the conclusion.

q.e.d.

§ 3 .

For keN, we associate the real number ((£)) as follows: If

k = * 0 + hp + + A^-iP6-1 (0 < A, < p - 1)

is the p-adic expression, then
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Jo Jo J>

P P2 Pe

For a set S, the cardinal number of S is denoted by % S.

LEMMA 3. Lβί a e R (0 < a < 1). 7%erc,

l i m i j { i 6 N ; i ^ 8 - U J i » < α } = α (seN).

Proof. Let # = -^- + -^- + be the p-adic expression of a, where
P P2

there is no n such that an = an+ί = = p — 1. We fix a natural number

s and associate e = e(s) e N with s by p6'1 < s < pe. The set

P Pe

is the disjoint union of the following sets:

λt = h * < s - 1} (i = 0, 1, , e - 1, j = 0, 1, , a, - 1).

Let s = s0 + stp + . . . + se.xp
e~x be the p-adic expressions of s. If

a0 + aλp + - - + tfί-iP*"1 + jpι < so + 8tp + -SίP', then

If aQ + αjp + + tfί-iP*"1 + ,/p* > s0 + sxp + .•• + SiP\ then

#Γii = s*+Ί + si+2p + . . + s , .^- '- 2 - 1.

In any case, we have

s _ i < j y.. < s ,

It follows that

— ( p — l)β(s)
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e ϊ φ < s l , p » < + + +
p p2 pe

<%{λeN\λ<s-l,{λ))<a}

+ + +
p p % pe

< S , S

2p pL pe

P P2 P(

Since lim I a - — ί - - ( p ~ 1 )e(gL) = lim (a+—)= a, we have the

conclusion. q.e.d.

LEMMA 4. A power series A is hypertranscendental over K if and

only if {A(

Q

e\ •• ,A^)_1} is algebraically independent over K(X) for every

e e N .

Proof. It is easy to see that if μ < pe — 1, then

for k e {0, 1, , /i}. Since A = Aίe) + XA[e) + . . . + X^-'A^L,, the vector

space spanned by A, XdiA, , Xpe~1rfpe_1A over i ί coincides with the

vector space spanned by A(

o

e\ XA[e\ -,Xve~xA{$_x over K q.e.d.

THEOREM 3. For any a eJl (0 < a < 1), ί/iβre βjcisίs α formal power

series B of K[X] suc/i Z/iαί

lim — tr deg {B, d,B, - , ds^B}jK(X) = a (se N).
β-oo S

Proof. Let A = J^^atX1 be hypertranscendental. We consider the

formal power series B = 2]Γ=oεA^ with εt = 0 if ((i)) > a and e€ = 1 if

((i)) < oί. Let α: = —- + —- + be the p-adic expression of a, where
P P2

there is no n such that an = an+1 = =p — 1. We fix a natural number

s and associate

e = e(s)eN hy pe~ι < s <pe,

t = aQ + a,p + " - + ae_xp
e~ι
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and

β = ««» = -*- + ~ + * * + ~Γ *
P P Pe

For every ft e N (ft < pe) such that ((ft)) > a and every i e N, we have

(ipe + ft)) > ((k)) > a. By the definition of B, we have

Therefore,

(1) if ((k)) > a then B%] = 0.

For each j e N ( < pe)> either ((k)) > ((;)) or else ({;» > a. In the

former case, we have ({) = 0 by Lemma 1. In the latter case, we have

Bf = 0 by (1). Hence we have

Therefore,

(2) if ((ft)) > a then dkB = 0.

It follows that

K(X, B, d,B, d2B, , ds.,B) = K(X)(dkB; ft < s - 1, ((ft)) < α).

Hence

For every ft e N (ft < pe) such that ((ft)) < /j and every ί e N, we have

((ipe + ft)) < ((ft)) + < a. By the definition of B, we have
Pe

Therefore,

(4) if ((ft)) < β then Bίe) = A%>.

For any ft e N with ft < pe and ((ft)) < β it follows from (1) and (4) that

d f c β = A F + ( i ) ^ ^ " * +

where the summation ranges over all i with k<ί<pe, {i} < β. Therefore,
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K(X, BP)(dtB; k<s-l,kΦ t)(Af; s < i < p% «i» < β)

= K(X, J3?0(Ai«; * < p\ «*» < β).

Since {A£e); 0 < k < p\ «Λ» < β} is algebraically independent over K(X)

by Lemma 4, we have

tr deg {B, c^B, d2β, , ds^B}IK(X)

> tr deg {dkB \k<s-l,kφ t}/K(X, Bf)

> #{& e N; k < s - 1, «/e» < β} - 1.

Since { k N K s - 1 , ((A)) < # = {k e N; Λ < s - 1, «A» < α} - {ί}, we

have

(5) tr deg {B, d.β, d2β, , ds.xB}!K{X)

> %{k e N; A < 5 - 1, «*» < }̂ - 2.

Now the conclusion follows from (3), (5) and Lemma 3. q.e.d.

The problem treated in this paper has been derived from a subject

suggested by Professor Hideyuki Matsumura, for whom the authors are

grateful.
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