K. Shikishima-Tsuji and M. Katsura
Nagoya Math. J.
Vol. 125 (1992), 93-103

HYPERTRANSCENDENTAL ELEMENTS OF
A FORMAL POWER-SERIES RING
OF POSITIVE CHARACTERISTIC
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§0. Introduction

Throughout this paper, we denote by N, Q and R the set of all
natural numbers containing 0, the set of all rational numbers, and the
set of all real numbers, respectively.

Let K be a fixed field of positive characteristic p and K, an algebraic
closure of K. We denote by K[X] the formal power-series ring and by
d = (d,; p e N) the formal derivation of K[XT, i.e., for every A = > 72,0,X’
e K[X], the p-th derivative d,A of A is defined by

dA =5, <;>aX

For differential rings and differential fields of positive characteristic, see
Okugawa [4].

This paper contains three theorems. Let A be an element 7 ,a,X’
of K[X]. We say that A is hypertranscendental over K, if, for every
reN, A dA, . .., dA are algebraically independent over K(X). When
the characteristic of the field is zero, the existence of hypertranscendental
elements is well-known (see D. Hilbert [1], O. Hélder [2], F. Kuiper [3]).
Theorem 1 shows the existence of hypertranscendental elements in case
of positive characteristic.

Let L be a differential field and S a subset of a differential extension
field of L. We say that S is differentially independent over L or all the
elements of S are differentially independent over L, if for every peN
and elements s, ---,s, of S, there are no nonzero differential polynomial
FX, ---,X)eL{X, ---,X,} such that F(s;, ---,s,) = 0.

Theorem 2 states that there are infinitely many hypertranscendental
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elements in K[X] over K which are differentially independent over K.
If an element of K[X] is differentially quasi-algebraic over K (see
K. Shikishima-Tsuji [5]), then

lim L tr deg (d,A; 4 < s}/K(X) = 0.
soe0 8§

If A is hypertranscendental over K, then

lim L tr deg {d,A; < s}/K(X) = 1.
s—w 8

Let A be hypertranscendental over K. It can be easily shown that,
for every 0 <r <p, the formal power series B = d, ,A satisfies the
equation

lim L trdeg {d,B; ;< s}/K(X) = L .
p

§—o 8§
For every a«eR (0 < « < 1), there exists a formal power series B,

of K[X] such that

lim L tr deg {d,B,; x < s}/K(X) = .
s—e0 8§

This is Theorem 3.

§1.

. !
For m, n e N, the binomial coefficient <rrrLz) equals m:

in case
n!(m — n)!

m > n, otherwise zero.

LEmMAa 1. Let m,neN. If m= >¢ ,mp' and n= > np' are the
p-adic expressions of m and n respectively, then

()= () (z) oot

ne
Proof. By expanding both sides of the identity over the prime field
of characteristic p:

1+ 2" =1+ )"l + x?)"™ (1 4 x?)" - . (1 4 x7)",
and comparing the coefficients of x", we obtain the congruence (1). q.e.d.

LeEMMA 2. Let m, n, e, t be natural numbers. For t < p¢, we have the
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following statements:

(1) If m = n (mod p*), then (’;‘) = (’t‘) (mod p).

2) If m=r (modp®) and 0 <r <t —1, then (?) = 0 (mod p).

3) If m =t (mod p°), then (’?) = 1 (mod p).

Proof. (1) Let m = > i ym;p', n= > % np* and t = > 7 ,t,p* be the
p-adic expressions of m and n respectively. Since m = n (mod p®), we
have my=ny, -+, M,y = n,.,. Lemma 1 implies that

()= ) (2)(8) - 5)
() () (5)= ()

(2) Since r <t — 1, we have <:) = 0. By (1), we have

(1)=() oot

(3) By (1), we have

(’?) = (i) (mod p). q.e.d.

Let B be a formal power series of K[X]. We denote the leading
degree of B by v(B) (i.e., if B= >, b,X" and b, £ 0, then v(B) = r and
if B =0, then v(B) = o).

THEOREM 1. Let A be an element > 7.,a,X™ of K[X] with nonzero
a,c K (ieN) and my < m;, <my< --- be natural numbers. If A satisfies
the following condition, then A is hypertranscendental over K.

For any e,seN, there exist natural numbers i, < i, <i,< ... such
that
€] m;, = s (modp®) and lim My oo
d=e My,

Proof. Suppose A is not hypertranscendental over K,. Then, there

is a positive integer y such that A, d,A4, - - -, d,A are algebraically depend-
ent over K,(X), that is, there exists a non-zero polynomial F(X, Y, ---, Y,
e K,[X,Y,, ---, Y,] which satisfies the following two conditions:
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(2 F(X A dA, . . -, dA) =0
3 If GX Y, --,Y,) is non-zero polynomial such that G(X, A, d,A, - - -,
d,A) = 0, then the total degree of G is not smaller than that of F.
We see that F is irreducible by the condition (3).
Let ¢, and c, be the degrees of ' on X and on Y, - -, Y,, respectively.
We take a natural number e such that ¢ < p®. By the assumption (1),
there exist kj, k;, ---,k,€ N such that the following conditions hold for
every s (0 < s < p);
4 my,>ca+p
(5) my, > (c, + 1)mk,-1,
(6) m,, = s (mod p*), and,

D my, > U(??(X, A,dA, ... d,,A)) + 2y, for every ¢t (0 <t < p) such

a;’; (X, A, dA, ---,d,A) £ 0.

t

that

Let
G, = >ksta,X™ and B, = Y 7,0X™ (0<s<p).
By Taylor’s expansion, we have
0=F(X AdA, - --,d,A)
= FXG,dG, ---,d,G) + >}t,dB,

oF
X, A, d,A, --.,d,A) —E,
aYl( o ) E

where E, is a sum of terms of degree >2 in {B,,d,B,, --.,d,B}. We

y Wutls

have

deg F(X’ G.w les9 Tty d”Gs) S ¢ + Ckas—l ’

o(a.B, jf; (X, A, dA, -, d,4)) > ud,B) > m, —t,
and
® wE,) > min {v(d,Bd,B)} > 2(m,, — p).

0<t1yta<p

Hence, by (4) and (5), we have

v(zz;o d,B, §§ (X, A,dA, -, d,4) — E,)

>my, — p> (c; + 1)mk,—1 2
__>_ czmk,—l + ¢ 2 deg F(X, Gs? les) Tty d G )-

s
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Therefore, F(X, G,,d,G,, ---,d,G,) =0 and

©) o dﬁ%ﬁ—(x, AdA, - dA)=E, (s=01,-.-, ).

Let

” ” 2
and
B, dB,.--d,.B, E, d,,B,---dMB,
Vz = det( .................. .
B, dB,---d,..B, E, d,B,---d,.B,
On the other hand, d,B, = > 7., ("Zi>a1X”"i“, and by (6) and Lemma 2,

(rr;k) _1, <snj_k,1) = (”;k) ~0.

Hence, the coeflicient of the leading form of the power series Wis a,, - - - a,

and v(W) = my, + -+ + my, — ‘“(_”;_ﬁ Therefore, W = 0. By Cramer’s
rule, (9) implies

(10) W-é’-f,-‘(x, AdA, -, dA) =V,
We have

o(V,) > min {(m by, — #(Ltll) — (m, — 0 + v(Es)}

0<s<y 2

> (W) + Or?i:l {(E) — m,}.

If -gg (X, A, dA, ..., d,A) +#0, then by (7), (8) and (10), we have

v( ai X A dA ... dﬁA)) = u(V)) — u(W)
> min {W(E,) — m,}

0<s<p

> min {m,, — 24} > v( oF x A dA, ... d#A)> ,
0<s<p oY,

which is a contradiction. Therefore, we have
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oF
oY,

(X, A dA, -, dA) =0 0<t<p).

By the assumption (3), we have

Since F is irreducible, it follows that F(X, Y, ---, Y,)e K, [X, Y%, - -, Y]
and there exist Fy, ---, F,_, € K,[X?, Y%, ..., YZ] such that

F(X, Yo, R Yp) = FO(X7 K), M Yy) + XFl(X, Yo’ N} Yp)
+ - +Xp—l p—l(X’ YM S ) Yp)

Since F(X,d,A, ---,d,A) =0 and F(X,d\A, ---,d,A)eK,[X*]C=0,- -,
p — 1), we have

F((X,dA,...,d A =0 (i=0,---,p—1).
Since K, is perfect, there exist G, ---,G,_, e K,[X, Y,, - - -, Y,] such that
F(X, Y, -, Y)=GX, Y, --,Y) (G=0,.---,p—1).
Since G(X,d\A, ---,d,A)=0(G=0, ---,p — 1), (3) implies that
GX Y, ---,Y)=0 (i=0,---,p—1).
It follows that F(X, Y, ---,Y,) = 0. This is a contradiction. q.e.d.
By this theorem, the power series
m X Y= Xieioand Ym X+
are hypertranscendental.
§2.
Let A = 37,0, X* be a formal power series of K[X]. For ee N and

ke{0,1, ---,p* — 1} we denote the power series > 7,a.,.,,.X"" by AQ.
Then, Ay, ---, A, are elements of K[X**] and we have
A=A + XAP + ... 4 X7 1AQ

pe~1°*

THEOREM 2. Let A = 32,0, X% be hypertranscendental. For each
tt=1---,p—1) and seN — {0}, le

Bs,t = (Az(;)s—;)l'—s —_ Z;’;o(a‘p,_,”p‘)p—ﬂXt .
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Then, {B,,; seN — {0}, t =1, ..., p — 1} are differentially independent over
K (X).

Remark. Let my, < m, < m,< ... be a sequence of natural numbers
satisfying the condition (1) of Theorem 1. The power series A = > ¢, X*
where a;, = 1 if i equals some m, (j € N), otherwise 0, is hypertranscenden-
tal over K by Theorem 1. Therefore, by Theorem 2, B, , = > %, o1, X"
(seN—{0}, t=1, --,p — 1) are differentially independent over K(X).

Proof of Theorem 2. By A{™" = > ;i X' 7Af._,, we have

A= AP 4 TSI X AR,
Hence, for 1 < p < p* — 1,
dA=dAP + 250000 Y =@ X P T AL

For every u, d,A{” + 0 implies p"|v. Then, d,Aec K(X, d,,A%; s =1,
2, --,et=12 .- p—1v=0,1,...,p¢"* — 1). Hence,
K(X, d/zA; "= 19 21 T _,pe - 1)

CK(X dAD-;8=12, -, e,t=12--,p—1v=0,1,---,p* —1).
Since A is hypertranscendental,

tl‘deg{d,,pr&)s—l; s=1,2,---,e,t =1, 2, - wsp—Lv=1, 2’ Tty
P — I K(X)
2 trdeg{d,,AQ U= 1’ 2’ vt .,pe - 1}/Ka(X) :pe —1.

However, the cardinality of the set {(s,t,v); s=1,2,-.-,¢,t=1,2, ---,

p—1Lv=01 -, p—=1is(p—D@P ' +p*t+ - +p+1)=p°—1L
Hence’ {dUPsAé{;?)s"l; § = 1’ 21 e, t= 1, 2, e, P 17v = 0’ 1, ot '1pe—s—‘ 1}

are algebraically independent over K, (X). Since, d,,A{ . = d,,(B, )"

= (d,B,.,)”, we see that
{des,t; 321,2, "'7e,t:1;2, "‘,p‘“l,vzo,l, ---,pe"s—l}

are algebraically independent over K,(X). Thus, we have the conclusion.

q.e.d.
§3.

For ke N, we associate the real number (k) as follows: If
k=k+kp+ - +k_p" O0OZ<Ek<p-—1

is the p-adic expression, then
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ks

3

(Ry=tFop kg g
b b

For a set S, the cardinal number of S is denoted by #S.

LemMMA 3. Let acR (0 < a<1). Then,

lim L aeN; A<s—1, () <a}=a (seN).

s—e0 8§
Proof. Let a = S + -0% + --. be the p-adic expression of «, where
p p
there is no n such that ¢, = «,,, = --- =p — 1. We fix a natural number

s and associate e = e(s) e N with s by p¢~' < s < p°. The set

€

{zeN;zgs—l, <<2>><<;—°+ +m“e“}

is the disjoint union of the following sets:

sz={2=20+21p+ te +le—1pe_1; 2():“05 2lzal’ "')zi—lzlxi—h
Zzzjyzgs‘_l} (i=0,1,"',e—“1,j=0,1,"‘,0.'.;—'1)-

Let s=s +sp+ -+ +s,.,p°! be the p-adic expressions of s. If
a+op+ o o ptt +jpt < sy + &p A+ - -8,pf, then

T, = 81 + SiseD + -+ + S, p° 2.
Ho+ap+ - +a,p™ +jp' =8+ 8p+ - + sp', then
#sz =8, + S+ -+ 8, pttt—1,

In any case, we have

It follows that
1
(o= i) = (b = Det)
ss(%+§‘7+ -~+5';—;;—‘)—<ao+al+ )

= a()(i - 1) + “1(*%* — 1) + ae—l(‘f'— - 1)
b p p°

< DRt 4 Ty,
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<t{1eNz<s -1 (< B4 Bg g S
D p
<t(eN1<s —1, () < o}
<t{reNp<s— 1L, ()< B G g Gy
b p

7

< >unontdT; + 1

<a ot + 1
p p

:3(&4_3‘2__*_...4_3261)_}_1
b p

D
<sa -+ 1.
Since lim <ae S (Lil_)e@) = lim (oc + l) — @, we have the
s—00 pet S §—00 S
conclusion. q.e.d.

LEMMA 4. A power series A is hypertranscendental over K if and
only if {A{P, -, AY_\} is algebraically independent over K(X) for every
eeN.

Proof. It is easy to see that if p < p®— 1, then
d‘uAIEC(') = d,;(Z?:o ak+ip¢Xipe) =0

for ke {0,1, ---, u}. Since A = Af? + XA + .. 4+ X*'AY ,, the vector
space spanned by A, XdA, .., X*"'d,..,A over K coincides with the
vector space spanned by A{’, XA®, ... X" 1A® , over K. q.e.d.

THEOREM 3. For any acR (0 < a < 1), there exists a formal power
series B of K[X] such that

lim - tr deg (B, d,B, -- -, d,.B}/K(X) = « (seN).

s—o0 8

Proof. Let A = > 7,a,X* be hypertranscendental. We consider the
formal power series B = > 5,60, X" with ¢, =0 if (i) > « and ¢, =1 if

@y <a Leta= % 4 ﬁ‘g— + ... be the p-adic expression of «, where
p p
there is no n such that ¢, = «,,;, = --- =p — 1. We fix a natural number
s and associate
e=e(s)eN by p' <s<p
t=a+ap+ - 4+ a,.p°!

https://doi.org/10.1017/50027763000003913 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000003913

102 KAYOKO SHIKISHIMA-TSUJI AND MASASHI KATSURA

and

B=(th =2+ B4 Temt
b p b

For every ke N (k < p°) such that (&) > « and every ie N, we have
(ip® + k) > (k) > a. By the definition of B, we have

B = 3 ek ipe O ipe X P = 0.
Therefore,
1) if (k) >« then BP =0.
For each jeN (j < p°), either (k) > (j) or else {j) > @ In the

former case, we have (;e) = 0 by Lemma 1. In the latter case, we have

B¥ =0 by (1). Hence we have
d,B = S (;;)B;‘”Xf-k =0.

Therefore,

(2 if (k) >a then dB=0.
It follows that

KX, B,dB,d,B, ---,d, \B) = K(X)(d,B; Rk <s—1, (k) <a).

Hence

(3 trdeg{B,d\B,d,B, ---,d,_ B}/K(X) < #{keN;k<s —1, (k) < a}.

For every ke N (k < p°) such that (k) < p and every ie N, we have
(ipe + kY < (RY + 1 < a. By the definition of B, we have
pe

ipe (e)
By = Z?:oemipeaknpexw = Ap.

Therefore,
4 if (k)< p then BP = AP.
For any ke N with £ < p° and (k) < 8 it follows from (1) and (4) that

d,B= AL + (IZ)BEe)Xz_k + 3 (Ilg)A’(:e)Xi—k

where the summation ranges over all i with & <i < p*, (i) < B. Therefore,
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KX, B®)dB;k<s—1k+ A" s <i<p° ) <P
= K(X, B")(AY; k< p*, (k) < P).
Since {A{P; 0 < k <p°, (k) < p} is algebraically independent over K(X)

by Lemma 4, we have
tr deg {B, d,B, d,B, - - -, d,_;B}/K(X)
> trdeg{d,Blk < s — 1, k + t}/K(X, B¥)
>4keN;R<s—1, (k) < B} —1.

Since {keN;k<s—1, (k)< ={keN; k<s—1, (k) <a} — {t}, we

have
(5) tr deg {B, dlB’ dZB, ] ds—lB}/K(X)
> 4keN;k<s—1, (k) <a} — 2.
Now the conclusion follows from (3), (5) and Lemma 3. q.e.d.

The problem treated in this paper has been derived from a subject
suggested by Professor Hideyuki Matsumura, for whom the authors are
grateful.
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