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Abstract

Consider a sample X, = {Xi,...,Xn} of independent and identically distributed
variables drawn with a probability distribution Py supported on a compact set M C R¢.
In this paper we mainly deal with the study of a natural estimator for the geodesic distance
on M. Underrather general geometric assumptions on M, we prove a general convergence
result. Assuming M to be a compact manifold of known dimension d’ < d, and under
regularity assumptions on Py, we give an explicit convergence rate. In the case when M
has no boundary, knowledge of the dimension d’ is not needed to obtain this convergence
rate. The second part of the work consists in building an estimator for the Fréchet
expectations on M, and proving its convergence under regularity conditions, applying
the previous results.
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1. Introduction

Let Px be a probability distribution supported on a compact set M C R¢, d > 2; that
is, M is the smallest closed set in RY of probability 1. Let X, = {Xy, ..., X, } be a sample of
independent and identically distributed (i.i.d) variables drawn on M with the distribution Py.
Our first aim is the study of a rather classical estimator of the geodesic distance on the unknown
set M.

The way to build this estimator is quite intuitive (see, for example, [18]): given r > 0, build
a graph interconnecting all the pairs (X;, X ;) of the sample X, such that || X; — X ;|| < r. The
geodesic distance between any two points X and X; of the sample is then estimated by the length
of the shortest path connecting X; and X; in the graph (see Definition 2.1 for details). This path
(and its length) can be computed with optimal complexity by using Dijkstra’s algorithm (see,
for example, [3] for a presentation of this algorithm). As usual in such problems, » = r,, must
be a conveniently chosen sequence. First, it must converge to 0 as n — oco. Moreover, this
convergence has to be slow enough for the path realizing the estimator to be smooth enough.
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To the best of the authors’ knowledge, the asymptotic behavior of such an estimator has not
been studied yet. In a similar framework, the estimator

K

Zp(XivXj) =min{z 1 Xior — XiplIP, iy =1, ig = j}, p=>1,
k=1

was studied in [8], generalizing the results in [7] when M is a compact manifold without
boundary. The minimum was computed on all the paths in the graph connecting X; to X;.
The estimator studied in this paper roughly reads as follows (see Definition 2.1):

mln{z I X,y — Xicll, i1 =i, ig = jfor all k such that || X;,,, — X, |l < rn},

where (7,,) is a conveniently chosen sequence converging to 0 as n — co. Here the minimum
is then computed over the paths whose vertices satisfy a proximity criterion.

As mentioned earlier, L p is computed on the whole graph. We have L1(X;, X;) = || X; —
Xjl|l, whereas a power p > 1 tends to ‘select’ a path in the graph which is ‘close to’ the
manifold. When M is a d’-manifold without boundary, and the probability distribution Px has
a density fx, Hwang et al. [8] proved that, for p > 1,

Ly(Xi, Xj)

Co a(—pd Ly(Xi, X)) 2o, for all (i, j), n — oo,
d.,p

where Cy ), 1s a posmve constant and L, (x, y) is the geodesic distance on M endowed Wlth
the metric fx (=p)/d 1y (where Iy is the identity matrix of size d’). Thus, the estimator L
can only estimate the canonical geodesic distance (that is, M endowed with the identity) when
observations are uniformly drawn, while our estimator does not requires such an hypothesis.
Moreover, we obtain convergence rates while none are provided for L.

We will show, under quite general assumptions on the support M, that choosing r, =
dp(%,, M)?*/3 appears to be convenient (Theorem 2.1). Here and throughout the paper,
djp (A, B) denotes the Hausdorff distance between the sets A and B; that is,

dn(A, B) = max{sup(inf lla — b||), sup(inf lla — b||)}.
acA \beEB beB \A€A

Assuming that M is a d’-manifold, d’ < d, and assuming some regularity for the dis-
tribution Py, we show that d,(X,, M) = O(n n/n)l/d/ everywhere almost surely (e.a.s.),
allowing us to find the convergence rate of our estimator when the dimension d’ is known
(Corollary 2.1). When d’ is unknown, and M is supposed to have no boundary, Corollary 2.2
contains an estimator of r,, which allows us to obtain the same convergence rate.

Eventually, we will apply these results to the estimation of the Fréchet expectations, as
defined in [13], of the distribution Py on M (Theorem 2.2).

Using the estimated geodesic distance in place of the Euclidean distance has become frequent
in different fields of application in order to take the nonlinearity of the data into account. In [18],
the authors proposed to apply the multidimensional scaling (see, for example, [9]) to the array
of geodesic distances between points. This idea opened the way to the use of the geodesic
distance in dimension reduction (see [5], [10]-[12], and [16]). In [2] and [6], the question of
intrinsic dimension estimation using graph-based statistics was studied. In particular, in [6] the
authors proposed a generalization of the correlation dimension where the Euclidean distance is
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replaced by the (estimated) geodesic distance. This approach has the advantage that it is less
sensitive to the (difficult) question of the choice of parameter (see also [17]). In [13], the author
raised the question of the generalization of classical statistical quantities (such as the mean and
median) to the case of data supported on Riemannian manifolds.

The paper is organized as follows. In Section 2 we state the general framework, main
definitions, and results. In Section 2.1 we present the results concerning the estimation of
the geodesic distance on the support M (Theorem 2.1 and Corollaries 2.1 and 2.2), while
in Section 2.2 we present the theorem for the Fréchet expectations estimator (Theorem 2.2).
Section 3 is devoted to the proofs of the results.

2. General framework and main results

2.1. Estimating geodesic distances

Let us first start with the definition of our estimator.

Definition 2.1. Let X,, = {X1, ... X,} be a set of n i.i.d. random variables with distribution
Px supported on a compact set M C R?, d > 2. With r, > 0 being a given number, let
G, (X,) be the graph whose edges are the segments [X;, X ;] such that || X; — X || < ry.

For (i, j) € {1, ..., n}2, let, if it exists, 7, (X;, X ;j) be the shortest path (in the Euclidean
norm) connecting X; and X; in §,,(X,), and |y, (X;, X ;)| its length.

We aim to prove, for a class of convenient compact sets in R?, that |7, (Xi, X ;)| is an
estimator of the geodesic distance y (X;, X ;) on M, with good convergence properties.

Definition 2.2. Let M C R be a compact set, M is said to be K y;-geodesically smooth (GS)
for some positive number Ky if:

@) forall (x,y) e M 2 there exists a geodesic path yy_, y of class ¢! that links x to v;

(i) thereexists areal function 8 such thatlim,_,¢ 8(t) =0and, forall (x, y) € M2, |yc— yl <

Blx —y:

(iii) let Ty y: [0, [Yxsyll — R4 be the parametrization of yx_,y such that I'y_, ;(s) is the
point of y,_, that is at a (curvilinear) distance s from x (along the geodesic curve). For
all (x,y) e M 2 the gradient of I'y_, , denoted I'_, y, is Ks-Lipschitz continuous.

A compact manifold of class @2 with no boundary satisfies the assumptions of Definition 2.2,
but we can build more general examples of such sets (that is, compact sets with ! geodesic
curves which have Ks-Lipschitz tangent maps). As an example, in Figure 1 we present two
examples of GS-sets (sets 1 and 2), and one which is not. Note that the middle panel in Figure 1,
while satisfying the GS property, is not a manifold.

hd = b

FIGURE 1: The sets are the shaded areas. Left: this is GS (with some geodesic curves depicted). Middle:
this is also GS (but is not a manifold). Right: this is not GS: some geodesic curves are not smooth enough.
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Theorem 2.1. Let p,, be the estimator introduced in Definition 2.1. Assume that there exists
a sequence pp 230 such that Oon = dpn(X,, M) (e.a.s), and let (r;) be a sequence such that
rn > 20, and p, /1y 220. Then

2
max |17, (Xi, X))l = |yx,-x,1l = (max(rn, %)) e.as. @1
’ n

Assuming that r,, > 2p, ensures the existence of |y, (X;, X ;)| for all i and j. The first part
of the proof will clearly illustrate this fact (see Section 3.1).

We can then assume that the sequence r,, = dn(X,, M )2/ 3 isan optimal choice. However,
even though it is known that dj, (X,,, M) %0 (see [4]), the rate of this convergence is unknown
in general. Thus, in order to obtain a convergence rate for our estimator, we need to make extra
assumptions on the set M and the probability distribution Py.

Definition 2.3. Let § > 0. A probability measure Py supported on M C R< is said to
be §-standard with respect to a measure p if there exists A > 0 such that Px(B(x, ¢)) >
Su(B(x,¢e)) forall x € M and € €]0, A].

We then have the following result.

Corollary 2.1. Let M C R?, d > 2, be a d'-dimensional compact manifold of class C!
satisfying the GS property for some number Ky; > 0. Let Px be a probability distribution
on M. Assume, for some number § > 0, that Px is §-standard with respect to the measure
induced on M by the Lebesgue measure in RY.

If the sequence (ry,) in Definition 2.1 is such that

Inn\2/3d Inn\2/3d
Ap— <rm|A1— ,
n n

with Ag > 0and Ay > 0, then

Inn

2/3d’
ma,x”)’)rn(xi, Xj)|_ |VX,~%XJ-|| 20((7> ) e.a.s.
L]

As usual when dealing with estimation problems, the sequence of radii () in the previous
theorem remains abstract. In particular, the dimension d’ of the support is generally unknown.
However, making extra assumptions on the support M and the density of the distribution, we
can accurately estimate the sequence of radii, with no need for estimating d’. This last fact is
indeed worth emphasizing, since knowledge of the geodesic distance is known to be useful for
a good estimation of the dimension of a manifold (see, for example, [6]).

Let L, = max; (min;x; || X; — X;||) and let 6, be the longest edge of the minimal spanning
tree of the sample. Up to arescaling of the data, we can suppose that max; (max; || X; — X ;[|) <
1. Then we have L, = max;(min;4; [|X; — X;|) < 1and 6, < 1; hence, L;/” > L, and
62" > 6,.

Choosing a sequence of radii satisfying r, > 6, ensures the existence of the estimator
|7, (X, X j)|. Conjecturing that the results of [14] can be generalized to the case of data drawn
on a smooth manifold with a density close to the uniform one leads to the choice of r,, = c.G,% /3
with ¢ > 1. If the conjecture is correct, this would guarantee the existence of the estimator
and provide optimal convergence rates. More practically, in order to prove a theoretical result,
we are led to choosing r, in relation to L,. This only ensures the existence of our estimator
asymptotically.
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Corollary 2.2. Let M € R?, d > 2, be a d'-dimensional compact manifold, d < d of class
C? with no boundary, and Py be a probability distribution on M with continuous probability
density fx bounded from below on M by a positive constant fy. Then, for any ¢ > 0, setting
rp = c(max; (minj; | X; — X 1)3/3 in Definition 2.1, we have

Inn 2/3d’
rIilZ;X v, (Xi, Xj)| — |VX,'—>X/-|| = 0((7) ) e.a.s.

The assumptions of this corollary imply those of Theorem 2.1; they allow us to explicitly
build a convenient sequence of radii (r,,) only from the sample. To prove Theorem 2.1 we use
a result due to Penrose (see [15]) which applies only in the case when M has no boundary.
However, numerical simulations on € sets with a boundary satisfying the GS assumption lead
us to think that the result is also true for such sets.

The question of the choice of the sequence (r,,) remains a difficult subject. In our framework,
we propose the following decision rule: first, in the absence of a priori knowledge on the data,
and when the support M can have several arcwise connected components (that is, data classes),
we choose r,, of order Lﬁ/ 3. This sequence of radii will converge to 0 and allow us to identify
the different classes in the data with optimal convergence rate (although the existence of the
estimator is only ensured asymptotically). If we know a priori that the support is arcwise
connected, choosing r, = ¢.6,’~ with ¢ > 1 may be a convenient choice, even if the asymptotic
properties of the estimator are conjecture-based.

2.2. Estimating Fréchet expectations

In this section we assume the set M to be a compact d’-manifold of class G2. Following
the ideas of Pennec (see [13]), we consider the Fréchet expectations of the random variable X
(which distribution is supported on M), that is,

]Egr(X) = argmin, E(lys—x %), k € N¥, (2.2)

which are generalizations of the expected value for k = 2 and of the median (or depth) for
k = 1. As pointed out in [13], these expectations are not necessarily unique. For example,
if M is a sphere and Py the uniform distribution, then obviously all the points of M realize the
minimum in (2.2) (for any & > 1).

To avoid dealing with such situations, we are going to make the following assumption,
considering that k is fixed:

(A) ®(x) = E(|yx— x|*) admits a unique minimum x* € M, ® is of class C2ina neigh-
bourhood of x*, and He (x*) is positive definite,

where Hg denotes the hessian matrix of ® (thatis, (He);,j = 82¢/(8xi, 0x;)).

Remark 2.1. We must note that & is a continuous function on M. Indeed, the triangle and
Minkowski inequalities yield |® (x)!/* — & (y)!/¥| < |y, y| for any (x, y) € M?. The extra
(local) regularity in assumption(A) is required for the sake of simplicity, allowing us to apply
basic differential calculus results at the optimal point x*.

The first part of this assumption is very strong, but the second part is not. For example,
when d’ = 1 and M is homeomorphic to a segment, explicit computations show that (A)
holds for k = 1 if and only if fx(x*) # 0. For k = 2, when M is a bounded closed convex
set of dimension d, the geodesic distance on M coincides with the Euclidean distance, the
expectation E(X) lies in M, it minimizes the function ®(x), and assumption (A) is satisfied
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(with He = 21;). This leads us to think that, for k = 2, this condition is general enough and
may hold for a wide class of regular submanifolds of R?.
In this section we study the behavior of the natural estimator of Efr(X ), that is,

; : . )
IEE,rrn(xn) = argminy, e — Z [Vr, (Xiy, XI". (2.3)
j

Theorem 2.2. Assume that M C R¢, d > 2, is a d'-dimensional manifold, d' < d of class
C? with no boundary, and that Px is a probability distribution on M with a continuous and
bounded from below probability density fx. Moreover, suppose that assumption (A) holds.
Then, choosing r, = c(max; (min; || X; — X | |))2/3 in the definition of yy,, we have

. 1o\ min(1/4.1/3)
IEL"(X) — & (%n)| = 0((7) ) e.a.s.

3. Proofs of the results

Let us start with a result which is a direct consequence of the regularity of the set consid-
ered here.

Proposition 3.1. If M C R is K yy-geodesically smooth then there exist ryy > 0 and Ay > 0,
depending only on M, such that

Ix =yl <ru = Iyl < lx =yl + Amlix = yI* forall (x,y) € M*.

Proof. Let (x,y) € M?. Consider the parametrization I'_, y of the geodesic curve y,—y

as in Definition 2.2. The map I" being K y/-Lipschitz continuous, for all #y € [0, |yx_ y|], there
exists & : [0, [yx—y|] = RY such that

['() =T (t0) + Kpmlt — toleqg (1), e (DI =1 forallz € [0, [yx—yl].

Thus,
[Vr>yl o x>yl o
/ I'(r)ds =/ (T'(10) + Kmlt — toleg (1)) dz;

0 0

that is,
° |Vx%)'|
y—x =Pl 4 Ku [ 1= nley@)dr.
0

Choosing tg = % |yx—s !, and noting that with the chosen parametrization we have ||T"(fp)|| = 1,
we obtain

Ix = ¥l = 1yamsyl — §Kmlyamsyl® forall (x, y) € M.
Now assuming that ||x — y|| < K ;11, the following alternatives hold:
(i) either |yx—y| = 2+ 21— Kyllx —yI)/Knm,
(i) or [yx—yl = (2 —2J/1— Kuyllx —yID/Km-

For ||x — y|| small enough, the case (i) is impossible due to Definition 2.2(ii). Therefore, there
existsry < K A_/Il such that, for ||x — y|| < rp, the alternative, case (ii), holds. Making a Taylor
expansion of ||x — y|| completes the proof. O
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3.1. Proof of Theorem 2.1

Let (i, j) € {1, .. .n}z, i # J, and let y;; be the geodesic curve between X; and X ;.
Consider a partition {xo, ..., xg } of y;; such that

x0 = Xi, xg =X, 3.1
K = [—W""”ﬂ, 3.2)
Tn — 20n
lyxi—x;]
Vg1 | = —x = (3.3)
so that
|yxk%xk+1 =r,—20,, k=0,...,K-2, |VxK,1%xK < Ty —2pp. 34
We have
K—1 K—1
Yxiox;1 = D Waoxen | = D 1% = xiq - (3.5)
k=0 k=0
From the definition of p,, for any k € {0,..., K}, there exists iy € {l,...,n} such that
| X, — x|l < p,. For the sake of simplicity, denote
Xk — Xk+1
Y = X, ek = Yk — Xp, Up = ———.
llxk — xg1]]
Recall that
llexll < pn, k=0,...,K -1 (3.6)

Fork € {0,..., K — 1},

1Yk = Yirr I = llex + ok — Xk41) — ek |12
= llovk = Xt 117 + 2006 — X1 | ek — exr1) + llex — el
(Ur | ex — exr1) | llex — sk+1||2>_
lxk — X1l lxe — xe+102 )

= [lxx — xxp1/1? ¥ (1 +2

that is, taking the square root of this equality, and noting that /1 +¢ < 1 + %t, t>—1,

(Ui | ex —exe1) 1 e —8k+1||2>
Ive = xeetll 2 ok — X112

1 llex = 41|17

2 Ik = xpq1ll

1Y — Yir1ll < llxk — xpg1ll ¥ (1 +

< lxk = X1l + Uk | &k — k1) +

In view of (3.1)—(3.4), the length of the last segment, that is, ||xx—1 — xk ||, is not bounded
from below, hence, we shall treat the cases k < K — 1 and k = K — 1 separately. From (3.5),

we have
K-2
1
i x| 2 ek =2l + Y 1Y = Yiewtl = 581 = S, 3.7
k=0
with
2 llew = eI =
Si=Y) ————,  Si=) (U |e&—eq). (3.8)
= e = e paard
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We first study S;. From (3.4) and Proposition 3.1, we have for k € {0, ..., K — 2},
(3.9

Tn — 200 — Ap(ry _Z)On)2 < xk — X1l 70— 200 < 1,

with Ay > 0 depending only on M.
Then, for n large enough to have u, = 2p,, /r, + Ay ((ry, — 2pn)2/r,,) < 1 and applying the
factthat 1/(1 —u) <1+ u whenu € [0, 1[, we have, forall k € {0, ..., K — 2},

2 2 2 2
& — & 4 4 2 -2
ek — ex+l - O < On <1+ Pn +AM(rn On) ) (3.10)
lxe — xk1ll Tn —2pp — Ap(rn — 2p04) I'n I'n I'n
Thus,
2 2
& — €& 4
llex — extrll < %01 4 o).
lxx — xeq1 |l Tn
The definition of p, implies that r, — 2p, ~ r,. Moreover, since the set M is compact and
satisfies the GS assumption, yx,;— x f is uniformly bounded for all (i, j) € {1, ..., n}2. Hence,
there exists a constant Lj; > O such that
L
0<kK <=M (3.11)
I'n

where K is defined by (3.2), and we have
4 2 2
S SLM< “ +o<p—;>>. (3.12)
r r

n n

Note that the bound in (3.10) is uniform in (i, j); therefore, the same holds for (3.12).
Now, since the set M is K s-geodesically smooth we obtain, reasoning as in the beginning

of the proof of Proposition 3.1,
k41 — Xl (Ui = (n = 20T 5y Ol < 5K pg (r — 2p0)*.

Thus, applying Proposition 3.1 for k € {0, ..., K — 2}, we have Uy = 'y —x,,,(0) + Z;
with | Z¢]| < (Am + %KM)(rn — 2pp) uniformly in (7, j). Now, noting that 'y, ., (0) =
Ixy—xx (k(rp, —2py)) and due to the Lipshitz continuity of I, we have

Uk = Uil < (Am + 3 Ku) (rn — 2p0). (3.13)

We can now write S> as

K-2
Sp=Y (Ur—Us-1 | &)+ (Uo | e0) — (Uk 2 | ex—1):

k=1
hence, in view of (3.6), (3.9), (3.11), and (3.13) we have
1S2] < (Lat(Am + 3Km) +2) pn.

Combining this last inequality with (3.7), (3.8), and (3.12), we obtain the existence of explicit
constants By > 0 and Cy; > 0 depending only on M such that, for large enough n and for all

@ ),
K-2 2
Pu
Vx| 2 3 ¥k = Yieral = Bypn — Cu 5
k=0 n
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Thus,
K-1 02
i X1 2 3 e =Yl = 1Yk -1 = Yk | = Bupn — Cu 5
k=0 n
Recall that, forall k € {0, ..., K —1}, wehave ||[Yx — Yit1 || = [|(xk —xk+1) — (6x — x5

hence, the triangle inequality, (3.4), and (3.6) yield
1Yk = Yipill < rmy k€40, ..., K —1}. (3.14)

Applying (3.14) for k = K — 1, we first obtain

K—1 2
0

|VX,-—>Xj| = E ”Yk_yk—H”_rn_BMpn_CMr_;- (3.15)
k=0 n

From (3.14), the path Yy, ..., Yk belongs to the graph §,, (X, ), so we clearly have

K—1
17 (X X1 < Y WYe = Yeqa s
k=0

therefore, since p, = o(r,) and in view of (3.15), we have, for large enough n,

2
- P
[Vr, (Xi, X )| < |VXi—>Xj|+rn+BMpn+CMr_Z- (3.16)
n
We now prove the following inequality:
Ve (Xis XD = lyx,—>x;| —2AmLyry. (3.17)

For the sake of clarity, we omit the superscripts in Definition 2.1 and denote Zy = X;, Zy, ...,
Zy,,Z; = X; the nodes of the graph G, realizing the path ¥, (X;, X ;). Proposition 3.1

yields
L—-1 L-1
Vxix;)| <D Wzszen| < YU Zk = Zipill + Aml| Zi — Zin IP).
k=0 k=0

Noting, from Definition 2.1, that || Zy — Z+1]| < r,, we obtain
|7 (Xi, X = lyx,—x;| — AuLr;. (3.18)

We now obtain a bound for the number of nodes L in the path ¥, (X;, X ;). Necessarily, by
construction, we have

1 Zk = Zk+1ll + 1 Zk+1 — Zis2ll > ras k=0,...,L—2. (3.19)

Indeed, if this was not the case, we would have || Zy — Zy42|| < ry; hence, the path {Zy, Z;42}
would be shorter in the graph §,;” than the path {Zy, Zi1, Zx+2} which is impossible. There-
fore, summing up (3.19) for k € {0, ..., L — 2}, we obtain

Lr2 <29, (Xi, X )| + 12

hence, in view of (3.16), (3.18), and recalling that |yx,—x;| is uniformly bounded, we
obtain (3.17).
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This inequality and (3.16) finally imply that

2
- P
Yr, (Xis XDl = lvx;—x,;1l < Dm maX(—r;,rn>,
n

where the constant Dy; > 0 only depends on the manifold M. This yields the estimate (2.1)
and concludes the proof.

3.2. Proof of Corollary 2.1

Reasoning as in [1], since M is of class C!, we can cover M with v, < Cn (with C > 0)
deterministic balls of radius &, = (l/n)l/d/ with centers x; € M, i € {1,...,v,}. Let wy
be the volume of the d’-dimensional unit ball. Recall that Py is §-standard with respect to the
d’-dimensional measure. We then classically have, for all a > 0,

2 I l/a'/
Px<dh(xn,M> > (—“ﬂ) )

dwg n

. 2a Inn lyd'
= Px | there exists x e M; Bl x, | ——— NnNX, =a).

Swy n
The triangle inequality thus implies

2a Inn\ ¥
Px(dh(xn,M>z(—“ﬂ> )

Swygr n

L 2a Inn ld'
< Px| there exists i; B x;, | — — - | NX,=9).
dwg n

Since Py is standard, we have, for large enough n, ((2a/5wy) (In n/n))l/d/ < M. Thus,

2a Inn Ly 2a Inn 1/d’ d'\ n
Px|dn(Xpn, M) 2 | —— <V l—awd/ P — —&n .
Swg n Swygr n

A Taylor expansion of the right-hand side of the above inequality yields
2a Inn\"?
Px <dh(Xn, M) > (_a_n) ) < cn'2t°M forany a > 0.
dwgr n
Applying the Borel-Cantelli lemma, we deduce that, for any a > 1,
2a Inn\"Y¥
dp(Xn, M) < | —— e.a.s.
Swygr n
Eventually, applying Theorem 2.1 completes the proof.

3.3. Proof of Corollary 2.2

Let
= max(min I1X; — Xj||>.
L J

Applying [15, Theorem 5.1, p. 958], we have

nogtd s £
— = fy -

Inn

https://doi.org/10.1017/jpr.2018.66 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.66

Estimators of geodesic distances and Fréchet expectations 1011

Therefore, we easily deduce that

( 1 1nn>1/"’ ( 2 1nn>1/"’
—_— <ty < — e.a.s.
2fowar n Jowa n

Since we have r, = (ct,)*/3, the assumptions of Corollary 2.1 are fulfilled, which allows to
conclude the proof.

3.4. Proof of Theorem 2.2

In view of assumption (A) and (2.3), we introduce the estimators

— 1
b == (rexilh),

1
() = D (19, (. X)), (3.20)

First, we prove that there exists a deterministic constant D > 0 such that

Inn

max |®(X;) — ®(X;)| = D(—
i n

min{2/3d’,1/2}
) e.a.s (3.21)

Indeed, the manifold M being compact, one can apply the Hoeffding inequality and obtain

2

— 2ne;
Px(|®(x) — P(x)| = &) <2exp| — 1k forallx e M,

where L > 0 is the constant introduced in the proof of Theorem 2.1. Hence,

_ 2ne?
Py (there exists i € {1,...,n}; |[P(X;) — P(X;)| > &,) <2n exp(— z;,(">

Setting &, = /2L*\/Inn/n in this last inequality yields
Px (max [B(X;) — (X)) = &) <207
1

so that the Borel-Cantelli lemma allows to conclude that

_ Inn\'?
max |P(X;) — O(X;)| = (9(—) e.a.s. (3.22)
i n

Now, noting that the assumptions of Corollary 2.2 are fulfilled, we have

R B Inn\23
max |P(X;) — ¢(X;)| = (9(—) e.a.s.
i n

Combining this with (3.22), we obtain (3.21).

Next, since @ is continuous on the compact set M, and in view of assumption (A), the gradient
of ® vanishes at the (unique) minimum point x*; hence, there exist ro > 0,co > 0,c; > 0,
and &g such that

D(x) > d(x*) +¢e9 forallx € M N BC, (3.23)
collx = x*12 < (x) — d(x*) < cyllx —x*||> forallx e MNB, (3.24)
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where B = B(x*, rg) is the open ball in R of center x* and radius ro. The second inequality
holds due to the positiveness of the Hessian matrix Heg (x*).
Now, since the assumptions of Corollary 2.2 are satisfied, there exists C > 0 such that

dn(X,,, M) < C(In n/n)l/d/. Thus, e.a.s., there exists ig € {1, ..., n} such that
N Inn\ "/
IXi, —x"| =C Py .

For large enough n, we have ro > C(In n/n)l/d/; hence, in view of (3.24), X;, satisfies

| 2/d’
D(X;)) < D) + clcz(ﬂ> ,
n

and from (3.21),

R . »(Inn 2/d’ Inn\2*
(X)) < P(x) +c1C W +D| — )

n
with
. 11
o =min{ —, — ¢;
3d" 4
that is, for large enough n, there exists igp € {1, ..., n} such that
A . Inn\**
O(X;) < P(x")+2D(— | . (3.23)
n
Assume now that n is large enough so that &g > 4D (In n/n)2"‘. Foranyi € {1, ..., n}such that
1x ‘o= 2D (Inn\*“
oy = (=),
i ol \/C_O

in view of (3.23) and (3.24), this point satisfies

. <lnn>2°‘
P(X;) > d(x*)+4D .

n

Thus, in view of (3.21), we have

. 2D (Inn\*“ R . Inn\>*
I1X;i —x¥|| > — [ — = OX;)>d")+3D— ) . (3.26)
Jeo \ n n
Finally, let i* € {1,...,n} such that X;« realizes the minimum (2.3). From (3.20) and

(3.25), it is clear that

Inn

2a
d(Xj+) < D(x*) +2D(—> ,
n

and (3.26) allows us to conclude the proof.
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