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Abstract

This paper deals with 3-forms on six-dimensional manifolds, the first dimension where the classification
of 3-forms is not trivial. It includes three classes of multisymplectic 3-forms. We study the class which is
closely related to almost complex structures.
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1. Introduction

There is growing interest in the study of 3-forms among geometers and physicists in
the recent years. There are various geometrical structures connected with different
types of 3-forms on manifolds.

The connections with totally skew-symmetric torsion, which is a 3-form, play an
important role in the research of Thomas Friedrich (see, for example, [F]).

Nigel Hitchin and his school also show an interest in 3-forms [H, W]. There are
three orbits of the action of the group GL(6, R) on the multisymplectic (full-rank)
3-forms on a six-dimensional vector space. There is either a tangent, complex, or
product structure connected with a 3-form on a six-dimensional vector space. The
kind of structure depends on which of the three orbits the form belongs to. We speak
about the forms of product type, of complex type or of tangent type accordingly. The
notion of a 3-form of the given type on the manifold can be defined in the obvious
way. We study closely the 3-forms of complex type and we construct the associated
complex structure in a different (and we think simpler) way than Hitchin in [H].
Furthermore, we investigate the interplay between the integrability of the complex
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structure associated with a given 3-form of complex type and the existence of the linear
symmetric connection, which preserves the form. The result is stated in Theorem 13,
which can be regarded as the Darboux theorem for the 3-forms of complex type.

THEOREM. Let w be a real 3-form of complex type on a six-dimensional differentiable
manifold M. Let J be the almost complex structure on M such that, for any vector
fields X1, X5, X3 € X(M),

w(J X1, X2, X3) =w(X1, J X2, X3) =w(X1, X2, JX3).

Then there exists a symmetric connection V on M such that Vo = 0 if and only if the
following conditions are satisfied:

i) dw=0;

(i1)  the almost complex structure J is integrable.

2. The orbits of the 3-forms on six-dimensional spaces

Let V be a real vector space. Recall that a k-form @ (k >2) is said to be
multisymplectic if the homomorphism

Vo ARV v o=, .. ),

is injective. There is a natural action of the general linear group GL(V) on A¥V*,
and also on Aﬁ”V*, the subset of the multisymplectic forms. Two multisymplectic
forms are called equivalent if they belong to the same orbit of the action. For any form
w € A¥V* we define a subset

Alw)={veV:(hww) A (yw)=0}.

If dim V = 6 and k = 3, the subset A,%” V* consists of three orbits. Leteq, ..., e
be a basis of V and «y, . . ., ag the corresponding dual basis. Representatives of the
three orbits can be expressed in the form:

(1) wi=a; Aoy Aoz + a4 Adas A g,

2) wm=a1 Aoy Aoz +ap AagAas+ar Aag Adg — o3 Ads A dg;

B) w3=a1 AagANas+ay Aag Aag+ a3z Aas A ag.

We speak of multisymplectic forms of product type (first form), or of complex type

(second form), or of tangent type (third form) depending on which orbit they belong

to. The orbits can be characterized as follows:

(1)  wis of product type if and only if A(w) = V¢ U V? where V¢ and V? are three-
dimensional subspaces satisfying V¢ N V? = {0};

(2) wis of complex type if and only if A(w) = {0};

(3) wis of tangent type if and only if A(w) is a three-dimensional subspace.

The forms w; and w; have equivalent complexifications. From this point of view
the forms of tangent type are exceptional. See [V] for further details.

A multisymplectic k-form on a manifold M is a section of AXT*M such that its
restriction to the tangent space T, M is multisymplectic for any x € M, and is of type
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iinxeM,i=1,2,3, if the restriction to T, M is of type i. A multisymplectic form
on M can change its type as can be seen from the the following example:

o =dxi ANdxy ANdx3z +dx; ANdxg ANdxs+dxy Adxg N dxg
+ sin(x3 + x4) dx3 A dxs A dxe + sin(x3 + x4) dx4 A dxs A dxg

a 3-form on R®. Then o is of type 3 on the submanifold given by the equation
x3+xqa=km, ke N. If x34+ x4 € (kr, (k+ 1)7), k even, then o is of type 1 and
if x3 + x4 € (km, (k + 1)), k odd, then o is of type 2. We point out that ¢ is closed
and invariant under the action of the group (277Z)% and we can factor o to get a form
changing the type on R®/(277Z)°, which is the six-dimensional torus, that is, o is
closed on a compact manifold. The goal of this paper is to study the forms of complex
type. We denote w = w».

3. Three-forms of complex type on vector spaces

In this section, in Proposition 7, we associate a 3-form of complex type on
a six-dimensional vector space V with the complex structure on the vector space
(thereby justifying the name). In Proposition 8 we associate the couple (a 3-form
and the corresponding complex structure) with the unique complex 3-form on the
complexification VC.

We need some results about the decomposition of 3-forms on complex vector spaces
with additional complex structure first.

Let J be an automorphism of a six-dimensional real vector space V satisfying
J? = —1. Furthermore, let VE =V @iV be the complexification of V. There is
the standard decomposition vC=v10g vOl Consider a nonzero form y of type
(3, 0) on VC and set

vo=Rey, yi=Imy.
For any vi e V, v1 +iJv; € Vo1 and consequently y (i (v +iJvy), vz, v3) =0 for
any v, v3 € V. This implies that

vo(@(vy +iJvy), v2,v3) =0 and y1(i(vy +iJvy), v2, v3) =0.
Thus,
0=yo(i(v1 +iJv1), v2, v3) = Yo(ivy, V2, vV3) — Yo(Jur, V2, v3).
A similar argument with y; leads to
vo(ive, v2, v3) = yo(Jur, v2, v3),  y1(iv, v2, v3) = y1(Jvg, v2, V3),
for any v, va, v3 € V. Moreover,

Yo(wi, wa, w3) = Re(—y (i2w1, wa, w3)) = Re(—iy (iwy, wa, w3))
=Im(y ((wy, wz, w3)) = y1((wy, w, w3),

for any wy, wp, w3z € VC, that is, y1(wy, wr, w3) = —pp(iwy, wz, ws). Finally,
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vo(Jui, v2, v3) = po(ivy, v2, v3) = Re(y (ivy, v2, v3)) =Re(@y (v1, v, v3))
= Re(y (v1, ivz, v3)) =Re(y (vi, Jv2, v13)) = Yo(v1, Jv2, V3).

In a similar manner,

vo(Jvy, v2, v3) = yo(v1, Juz, v3) = Yo (v1, V2, JU3)
yi(Jvuy, v2, v3) = y1(v1, Jva, v3) = y1(v1, V2, JU3)

that is, both forms yy and y; are pure with respect to the complex structure J.
We recall that a 3-form @ on a vector space V is called pure with respect to an
automorphism A of V if and only if

w(AX1, X2, X3) =w(X|, AXy, X3) =w(X1, X2, AX3) forall Xi, X5, X3 V.

LEMMA 1. The real 3-forms yo|V and y1|V (on V) are multisymplectic.

PROOF. Assume that vy € V is a vector such that for any vectors vy, vz €V
(»o|V)(v1, vz, v3) =0 or equivalently yp(vi, vz, v3) =0.  There are uniquely
determined vectors wi, wy, w3 € V1.0 such that

vi=w1 +wi, vy=w2+wy, V3=w3+ w3.
Then

0 =1yo(v1, v2, v3) = Re(y (w1 + wy, w2 + w2, w3 + w3))
= Re(y (w1, wa, w3)) = yo(wy, wa, w3),

for a fixed w; and arbitrary ws, w3 € V1.9 Because iw, € V119,
Yoliwy, wa, w3) = yo(wi, iwz, w3) =0.
Moreover, y1(w, w', w”) = —yp(iw, w’, w”) for any w, w’, w” € VC, giving
y1(wi, w2, w3) = —p(iwy, w2, w3) =0,
for arbitrary wy, w3 € V510 Thus,
y (Wi, w2, w3) = yo(wi, wz, w3) + iy1(wi, wa, w3) =0,

for arbitrary wy, w3 € y Lo,

Because y is a nonzero complex 3-form on the complex three-dimensional vector
space V1, we find that w; =0, and consequently v; =0. This proves that the
real 3-form ypp|V is multisymplectic. ~ Similarly, the real 3-form yq|V is also
multisymplectic. O

LEMMA 2. The forms yo|V and y1|V satisfy A(yo|V) = {0} and A(y1|V) = {0}.
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PROOF. The complex 3-form y is decomposable, and therefore y Ay =0. This
implies that, for any w € vC, (twy) A (twy) = 0. Similarly, for any w € vC, (twy)
A (tyy) = 0. Obviously yg = %(y + y). Let v € V be such that (¢,0) A (ty10) = 0.
Then

0= (L)) A ()0) = 2 (WY + WP A (WY + wP) = 3Wy) A (WP).

But ¢,y is a form of type (2, 0) and ¢,y a form of type (0, 2). Consequently the last
wedge product vanishes if and only if either ¢,y =0 or ¢,y =0. By virtue of the
preceding lemma, this implies that v = 0. O

Lemma 2 shows that both forms yy|V and y|V are of complex type. As a final
result of this type we get the following.

COROLLARY 3. Let y be a 3-form on VC of type (3,0). Then the real 3-forms
(Re )|V and (Im y)|V on V are multisymplectic and of complex type.

Let w be a 3-form on V such that A(w) = {0}. This means that forany v € V, v # 0,
(tyw) A (tyw) # 0. This implies that rank (,« > 4. On the other hand, obviously
rank 1, < 4. Consequently, for any v # 0, rank t,&w = 4. Thus the kernel K (1,w)
of the 2-form (,w has dimension two. Moreover, v € K (1,@). Now we fix a nonzero
6-form on 6 on V. For any v € V, there exists a unique vector Q(v) € V such that

(Lyw) N =1tgw)b.

The mapping Q : V — V is obviously a homomorphism. If v # 0 then (tyw) A @ # 0,
and Q is an automorphism. It is also obvious that if v # 0, then the vectors v and Q(v)
are linearly independent (by applying ¢, to the last equality). We evaluate ¢ () on the
last equality and obtain

(tQ(v)Lva)) Aw—~+ (Lyw) A (LQ(U)C()) =0
—(LULQ(U)a)) Ao+ (Lyw) A (LQ(U)(U) =0
—[(towy®) A ] +2(1yw) A (Lowyw) =0.

Now apply ¢, to the last equality:
(tvw) A (lptoyw) =0.

If the 1-form (ytpw)w was not zero then there would exist a 1-form o such that
Ly® =0 A Lylg)®, which would give

(Lyw) A (lLyw) =0 A Lylgy@ A0 A Lylgwye =0,

which is a contradiction. Thus, we have proved the following lemma.

LEMMA 4. Foranyv €V, tigwytvw =0, thatis, Q(v) € K(,yw).

https://doi.org/10.1017/51446788708000426 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788708000426

252 M. Panak and J. Vanzura [6]

This lemma shows that if v # 0, then K(,,w)=[v, Q(v)]. Applying tp) to
the equality (1,w) A w =190 and using the last lemma, we easily obtain the
following result.

LEMMA 5. Foranyv eV, (,y,w) A (Lowyw) =0.

Lemma 4 shows that v € K (1g(y)@). Because v and Q(v) are linearly independent,
we can see that

K(tgww) =[v, Q)] = K (o).

If v#0, then Qz(v) € K(tgwyw), and consequently there exist a(v), b(v) € R
such that

Q*(v) = a)v +b(v) Q(v).
Foranyv eV,
(LQ(U)(,()) Nw = LQ2(v)0'
Assume that v # 0. Then
(towyw) AN w=a(v),0 + b(v)gw)o,
and, applying t,,, we obtain b(v) iyt g(y)6 = 0, which shows that b(v) = 0 for any v # 0.
Consequently, Q2(v) = a(v)v for any v # 0.

LEMMA 6. Let A:V — V be an automorphism, and a : V\{0} — R a function such
that
A(v) =a(v)v, foranyv #D0.

Then the function a is constant.

PROOF. The condition on A means that every vector v of V is an eigenvector of A
with the eigenvalue a(v). But the eigenvalues of two different vectors have to be the
same otherwise their sum would not be an eigenvector. O

Applying Lemma 6 on Q? gives Q> =al.Ifa > 0,then V=Vt @ V~, and
Quv=+av forveV"', Qu=-—yav forveV™.

At least one of the subspaces V™ and V™~ is nontrivial. Assume, for example, that
VT #£{0}. Then there exist v € VT, v #0, and Qv = /av, which is a contradiction
because the vectors v and Qv are linearly independent. This proves that a < 0. We
can now see that the automorphisms

1 1
Jy = and J_=-—
+ \/—_aQ «/—_GQ
satisfy J2 = —1I and J? = —1I, that is, they define complex structures on V and

J_ = —J4. Setting

0y =~—ab, 6_=—+/—ab,

https://doi.org/10.1017/51446788708000426 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788708000426

[7] Three-forms on six-dimensional manifolds 253

we obtain
(o) No=1ty04, (L) Ao=15_,0-.
In what follows we use the notation J = J. Results which are valid for J also
hold for J_.

PROPOSITION 7. There exists a unique (up to sign) complex structure J on V such
that the form w satisfies the relation

w(Jvy, v2, 13) = w1, Jv2, v3) =w(V1, V2, JU3) foramy vy, vy, v3E€ V.

PROOF. We shall prove first that the complex structure J defined above satisfies the
relation. By virtue of Lemma 4 for any v, v/ € V, w (v, Jv, v’) = 0. Therefore,

0=w( +v2, J(v1 +12), 13) = w(v1, Jvz, vV3) + @(v2, Jvy, v3)
= —w(Jvi, 12, 13) + ©(v1, Jv2, V3),
which gives
o(Jvy, v2, 13) = w(v1, Jv2, V3).
Obviously, the opposite complex structure —J satisfies the same relation. We prove
that there is no other complex structure with the same property. Let J be a complex
structure on V satisfying the above relation. Set A = JJ~!. Then
o1, Avy, Avy) = 0(v1, JJv2, JJv3) = (v, Jv, J2Jv3) = —w(v1, Jvz, Jv3)
= —w (1, v2, J?v3) = 0(v1, 12, v3).
Any automorphism A satisfying this identity is ==/. In fact the identity means that
A is an automorphism of the 2-form t(,w. Consequently, A preserves the kernel
K (tyw) =[v, Jv]. On the other hand, it is obvious that any subspace of the form
[v, Jv] is the kernel of (,w. Considering V as a complex vector space with the
complex structure J, we can say that every one-dimensional complex subspace is the
kernel of the 2-form t,w for some v € V, v # 0, and consequently is invariant under
the automorphism A. As in Lemma 6, we conclude that A = A1, A € C. If we write
A=2Ao+iAy,then A = Aol + A1J and
w (v, v2, v3) = w(vi, Avy, Av3)
= w(v1, Aov2 + A1Jv2, Aovz + A1 Jv3)
= ng(vl, v2, v3) + oA (vr, v2, JV3) + Aorw(v1, Juz, V3)
+ Moy, Jua, Jv3),
(A3 =23 = Do (vi, v2, v3) 4+ 2AoAi@(v1, v2, Jv3) = 0.
We use this last equation together with one obtained by writing Jv3 instead of v3. In
this way we get the system
(A2 — 33 = D (v, v2, v3) + 2hori@ (1, v2, Jv3) =0
—2hoh10(v1, v2, v3) + (g — 4] — D (w1, v2, Jv3) =0.
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Because it has a nontrivial solution,

A —Ar—1 2hoM

oaory A2—a2—1| =0

It is easy to verify that the solution of the last equation is Ao = =1 and A; = 0. This

finishes the proof. O

We shall now consider the vector space V, together with a complex structure J and
a 3-form w on V which is pure with respect to this complex structure. First, define
a real 3-form y on VC. Set

(v, v2, v3) = w(vy, V2, V3)
vo(ivy, v2, v3) = w(Jvy, v2, V3)
yo(ivi, ivz, v3) = w(Jvr, Jv2, v3)
yo(ivy, iva, iv3) = w(Jvy, Jva, Ju3)

for vy, v, v3 € V. Then yp extends uniquely to a real 3-form on VC. We can easily
verify that

Yoliwr, wa, w3) = yo(wi, iwz, w3) = yo(wi, wa, iw3),
for any wy, wyp, w3 € vC. Furthermore, set
yi(wi, wa, w3) = —yo(iwy, wa, w3) for wy, wy, w3 € V.
It is obvious that y is a real 3-form satisfying
Yiwr, wa, w3) = y1(wy, iwz, w3) = y1(wi, wa, iw3),
for any wy, wyp, w3 € vC. Now define
y(wi, wa, w3) = yo(wi, w2, w3) + iyy(wi, wa, w3) for wy, wy, wz € VE.

It is obvious that y is skew-symmetric and 3-linear over R and has complex values.
Moreover,

y(wr, wa, w3) = yo(iwy, wa, w3) +iyi(fwr, w2, w3)

—y(wy, wa, w3) — iye(itwy, wo, w3)

—y1(wi, wa, w3) +iyo(wi, wa, w3)

= ilyo(wy, wa, w3) +iy1(wi, w2, w3)l =iy (wi, wa, w3),

which proves that y is a complex 3-form on V€. We now prove that y is a form of
type (3, 0). Obviously, it suffices to prove that for v; +iJv; € VOl and vy, v3 €V,
y (v +iJvy, vz, v3) = 0. Indeed,
y (i +iJvy, va, v3) = y(v1, v2, v3) +iy(Jvr, v2, V3)
= y(v1, v2, v3) +iyi(v1, v2, V3) +iyo(Jvi, V2, V3) — Yi(J V1, V2, V3)
= yo(v1, v2, v3) — iYo(ivy, v2, v3) + ivo(Jv1, V2, v3) + Yo(iJ V1, V2, V3).
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Now yp(iJvy, v2, v3) = w(J*v1, v2, 13) = —w(v], V2, V3) = —y0(v1, v2, v3) and the
real part of the last expression is zero. Furthermore, yg(Jvy, v, v3)
= w(Jvy, v2, v3) = Yo(iv], V2, v3) and the complex part of the expression is also zero.
Now we easily obtain the following proposition.

PROPOSITION 8. Let w be a real 3-form on V satisfying A(w) = {0}, and let J be
a complex structure on' 'V (one of the two) such that

w(Jvy, v2, v3) = w(v1, Juz, V3) = (v, V2, JV3).
Then there exists on VC a unique complex 3-form y of type (3, 0) such that:
o= [Rey)|V.

REMARK. The complex structure J on V can also be introduced by means of Hitchin’s
invariant A, as in [H]. Forms of complex type form an open subset U in A3V*.
Hitchin has shown that this manifold is also endowed with an almost complex structure
which is integrable. Hitchin uses the following method to introduce an almost
complex structure on U. One regards U C A*V* as a symplectic manifold (let 6
be a fixed element in A®V*; one defines the symplectic form ® on A3V* by the
equation w; A wy = ® (w1, w2)6). Then the derivative of the Hamiltonian vector field
corresponding to the function +/—A(w) on U gives an integrable almost complex
structure on U.

There is another way of introducing this almost complex structure on U. Given a 3-
form w € U, choose the complex structure J,, on V (one of the two), whose existence
is kguaranteed by the Proposition 7. Then we define endomorphisms A, and D, of
A*V* by

(AJwQ)(Ul, LR Uk) = Q(Ja)vlv L] Jka)’

k
Dy, D1, - ) = ) QL - Vint Joi, Vgl - V).
i=1

Then A, is an automorphism of AV* and D, is a derivation of AV*. If k = 3 then
the automorphism —%(A J, +Dy,)of A3V* (=T,U) gives a complex structure on U
and coincides with that of Hitchin.

4. Three-forms of complex type on manifolds

We use facts from the previous section to obtain some global results on 3-forms on
six-dimensional manifolds. We denote the real vector fields on a (real) manifold M by
X, Y, Z and the complex vector fields on M by V, W. Here X(M) stands for the set
of all (real) vector fields on M and XC(M) means all of the complex vector fields on
M.

A 3-form w on M is called a form of complex type if, for every x € M, A(w,) = {0}.
Let w be a form of complex type on M and let U C M be an open orientable
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submanifold. Then there exists an everywhere nonzero differentiable 6-form on U.
In each Ty M, x € U, construct J_ and J; as in Proposition 7. The construction is
evidently smooth on U. Thus, we obtain the following lemma.

LEMMA 9. Let w be a form of complex type on M and let U C M be an orientable

open submanifold. Then there exist two differentiable almost complex structures J
and J_ on U such that, for any vector fields X1, X2, X3:

@ Jy+J-=0
(i) o(J+X1, X2, X3) = 0(X1, J+ X2, X3) = 0(X1, X2, J+:X3);
(1) w(J_X1, X2, X3) =w (X1, J_X2, X3) =w (X1, X2, J_X3).

At each point x € M consider a one-dimensional subspace of the space T]; (M)
of tensors of type (1, 1) at x generated by the tensors Jy, and J_x. The above
considerations show that it is a one-dimensional subbundle 7 C Tll (M).

LEMMA 10. The one-dimensional vector bundles J and A°T*(M) are isomorphic.

PROOF. Choose a Riemannian metric go on TM. If x € M and v, v’ € T, M, define
a Riemannian metric g by the formula

g, v") = go(v, v') + go(Jyv, J1v') = go(v, v) + go(J-v, J_0").
It is obvious that, for any v, v’ € T\ M,
g(Jyv, Jyv) =g, V), g(J_v, J_v) =g, ).

Now define

o (v, V) =g(Jv, V), o_(v,v)=g(J_v, V).

It is easy to verify that o, and o_ are nonzero 2-forms on 7, M satisfying
o4+ +o0_=0. O

Define an isomorphism 4 : J — AST*M. Letx € M and A € J,. Write

A=aJ+, A=—alJ_

and set

hA=a04 Aoy Nop =—ao_ ANo_ No_.
COROLLARY 1. There exist two almost complex structures J; and J_ on M such
that:
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(i) o(J+X1, X2, X3) = o(X1, J+ X2, X3) = 0(X1, X2, J+ X3);
(i) w(J-Xi, X2, X3) =0 (X1, J-X2, X3) =0 (X1, X2, J_X3);
for any vector fields X1, X2, X3, if and only if the manifold M is orientable.

Hence the assertions in the rest of the paper can be simplified correspondingly if M
is an orientable manifold.

LEMMA 12. Let J be an almost complex structure on M such that for any vector fields
X1, X2, X3 € X(M),

w(J X1, X2, X3) =0(X1, J X2, X3) =w(X1, X2, JX3).

If V is a linear connection on M such that Vo = 0, then also VJ = 0.

PROOF. Let Y € X(M), and consider the covariant derivative Vy. Then

0= (Vyo)(J X1, X2, X3) =Y (0(J X1, X2, X3) —0((Vy ) X1, X2, X3)
—o(JVy Xy, X2, Xo) —o(J X1, Vy X2, X3) —o(J X1, X2, Vy X3)
0= (Vyo)(X1, J X2, X3) =Y(0(J X1, X2, X3) — 0 (Vy X1, J X2, X3)
— (X1, (Vy ) X2, X3) — o(X1, JVy X2, X3) — 0 (X1, J X2, Vy X3).

Because the above expressions are equal, it easily follows that
o((Vy ) X1, X2, X3) = (X1, (VyJ) X2, X3).

Write A = Vy J. Extending the above equality in the obvious way gives

w(AXy, X2, X3) =w (X1, AX2, X3) = w(X1, X2, AX3).
Moreover J2 = —1, and applying Vy to this equality gives

AJ+JA=0.
We know that K (tyw) = [X, JX]. Furthermore,
oX,AX, X)=w(X, X, AX)=0, oX,AJX,X)=w(X,JX, AX')=0,

which shows that A preserves the distribution [X, J X]. By the very same arguments
as in Proposition 7 we can see that A = Aol + A;J. Consequently

ol + 21T +J (ol +21J)=0
=201 +20J =0

which implies that Ao = A} = 0. Thus, VyJ = A =0. a
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The statement of the previous lemma can to some extent be reversed, giving the
following theorem.

THEOREM 13. Let w be a real 3-form on a six-dimensional differentiable manifold M
satisfying A(wy) = {0} for any x € M. Let J be an almost complex structure on M
such that for any vector fields X1, X2, X3 € X(M),

o(JX1, X2, X3) =w(X1, J X2, X3) =w(X], X2, JX3).

Then there exists a symmetric connection V on M such that Vo =0 if and only if the
following conditions are satisfied:

(i) do=0;

(i1) the almost complex structure J is integrable.

PROOF. First, we prove that the integrability of the structure J and the fact that w
is closed imply the existence of a symmetric connection with respect to which @
is parallel.

For any connection V on M we denote its complexification using the same symbol.
That is, we set

Vxorix; Yo +iY1) = (Vx Yo — Vx, Y1) +i(Vx Y1 + Vi, Yo).

Assume that there exists a symmetric connection V such that VJ =0. Consider a
3-form y of type (3, 0) such that (Re y)|TM = w. Our next aim is to try to find
a symmetric connection

VyW =Vy W+ Q(V, W)

satisfying Vyy = 0. Obviously, the connection V is symmetric if and only if
OV, W)=0(W,V).
Moreover, Vyy = 0 suggests that VJ = 0. The equality

0= (VyHW = Vy(JW) — JVy W
=Vy(UW)+ OV, JW) — JVyW — JQ(V, W)

shows that we should require
QUV, W)=0(V,JW)=JQO(V, W).
Because VJ =0, we can immediately see that for any V € XC(M) the covariant

derivative Vyy is again a form of type (3, 0). Consequently there exists a uniquely
determined complex 1-form p such that

Vyy =p(V)y.
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Then

(Vyy) (Wi, W, W3)

=V(y (Wi, Wa, W3)) — y(Vy W1, Wa, W3)
—y (Wi, Vy Wa, W3) — y (W1, Wa, Vy W3)

=V(y (Wi, Wa, W3)) — y(Vy Wy, W, W3)
— y (W1, Vy W2, W3) — y (W1, Wa, Vy W)
—y(QV, W), Wp, W3) — y (W1, Q(V, Wp), W3)
—y (W1, Wa, Q(V, W3))

=p(V)y (Wi, Wa, W3)
—y(QV, W), Wa, W3) — y(Wy, Q(V, W2), W3)
—y (Wi, Wa, Q(V, W3)).

In other words Vyy =0 if and only if

p(V)y (Wi, Wa, W3) = y(Q(V, W), W, W3)

+y (Wi, Q(V, Wa), W3) + y (W1, Wa, Q(V, W3)). O

SUBLEMMA. Ifdy =0, then p is a form of type (1, 0).
PROOF. Let V; € TO'(M). Because V is symmetric dy = —A(Vy), where A
denotes the alternation. We obtain

0= —4ldy)(V1, V2, V3, Va)

= sign(m) (Vv ¥)(Vaa, Vars, Vi) + Y sign(t)(Vy, ) (Vez, Vaa, Veg)
s T

= 31(Vy,y)(Va, V3, Vi)

=3lp(VD)y(Va, V3, V).
The first sum is taken over all permutations 7 satisfying 71 > 1, and the second is
taken over all permutations of the set {2, 3, 4}. The first sum obviously vanishes, and

p (V1) = 0. This finishes the proof.
We now set

QV, W) = glp(VIW — p(JV)IW + p(W)V — p(JW)J V],

It is easy to see that Q(JV, W)= Q(V,JW)=JQ(V, W). For V, Wi, W, W3
€ Tl'O(M) we can compute
8y (Q(V, W), Wa, W3) =y (p(VI)W1 — p(JV)I Wi + p(W)V
—p(JWNJV, Wa, W3)
=y2p(V)Wi +2p(W))V, W2, W3)
=2p(V)y (Wi, Wa, W3) + 2p(W1)y (V, W2, W3),
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using for Ve THO(M) the fact that p(JV)=ip(V) and y(JV, V', V")
=iy(V, V', V"), since y is of type (3, 0) and p of type (1, 0).

Similarly we can compute y (Wi, Q(V, Wa), W3) and y (Wi, Wa, Q(V, W3)).
Without loss of generality we can assume that the vector fields Wy, W;, W3 are linearly
independent (over C). Then we can find uniquely determined complex functions

f1, f>, f3 such that
V=AW + LWa + f3Ws.

Then we get
oWy (V, Wa, W3) + po(Wo)y (Wi, V, W3) + p(W3)y (Wi, W2, V)
= fio(WD)y (Wi, Wa, W3) + fop(W)y (W1, Wa, W3)
+ f30(W3)y (Wi, Wa, W3)
=p(fiW1 + oWa + f3W3)y (W1, W, W3) = p(V)y (Wi, W, W3).
Finally, we obtain
y(QV, Wy), Wa, W3) +y (Wi, Q(V, Wa), W3) + y (W1, Wa, Q(V, W3))
=p(V)y (W1, Wy, W3).
which proves Vyy = 0.

Let us continue with the main stream of the proof. = We now use the complex
connection V. For X, Y € T M we denote Vg)(Y =Re VxY and VJI(Y =1Im VyxY. This
means that VxY = Vg)(Y + iV}(Y. For a real function f on M,

Vx(fY)=VY(fY) +iVi(£X),
Vx(fY) = (XY + fVxY =[(XF)Y + fVRY]+if V)Y,
which implies that
VO(fY) = (XF)Y + fVYY, Vi(fY)=fV}Y.

This shows that V° is a real connection while V! is a real tensor field of type (1, 2).
Also

0=VxY —VyX —[X, Y] = VY +iVyY —VOX —iV.X — [X, Y]
= [VYY — VDX — [X, Y]] +i[VyY — V] X],
which shows that
VY — VX —[X,Y]=0, VyY —V)X=0.

These equations show that the connection V° is symmetric, and that the tensor V! is
also symmetric. Moreover,

Vx(JY)=VY(JY) +iVy(JY)
Vx(JY)=JVxY =JVYY +iJVLY
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which gives
VeI =0, Vy(JY)=JVyY.

For the real vectors X, Y1, Y3, Y3 € TM we can compute
0= (Vxy)(Y1, Y2, ¥3) = X(y (Y1, Y2, ¥3))

—y(VxY1, Y5, Y3) — y (Y1, VxY3, ¥3) — y (Y1, Y2, VxY3)

= X(y (Y1, Y2, Y3)) — y (VY| +iVyYy, Yo, ¥3)
—y(Y1, VY + VLY, Y3) — y (Y1, Y2, VOY3 4+ iVLY3)

= X(y (Y1, Y2, ¥3)) — y(V3Y1, Ya, Y3) — y (Y1, VY, ¥3) — y (Y1, Y2, V3 V3)
—i[y(VyY1, Y2, Y3) + y (Y1, VyYa, ¥3) + y (Y1, Ya, Vi ¥3)]

= [X(w(Y1, Ya, Y3)) — wo(VY1, Yo, Y3) — (Y1, VY2, Y3) — yo(Y1, Ya, VR Y3)
+71(Vy Y1, Yo, Y3) + 71 (Y1, Vi Y, Y3) + 71 (Y1, Yo, V4 Y3)]
+ilX(n(Y1, Y2, ¥3)) — ni(VR Y1, Ya, ¥3) — yi(Y1, VY2, Y3)
—y1(Y1, Ya, V9Y3) — vo(Vy Y1, Ya, ¥3) — yo(Y1, Vi Ya, ¥3)
— (Y1, Yo, Vi ¥3)l.

This shows that the real part is zero. The complex part then leads to the same identity,
and thus it is also zero. Using the relations between yg and y; gives

0= X(y(Y1, Y2, ¥3)) — (VY Y1, Ya, ¥3) — yo(Y1, VY2, ¥3) — yo(Y1, Y2, VR Y3)
— W (I VYY1, Ya, Y3) — yo(Y1, JVyYa, ¥3) — wo(Y1, Yo, JVyY3)
= X(yo(Y1, Y2, ¥3)) — Vo(V§Y1 + JVy Yy, Y2, Y3)
— (Y1, VY2 + JVy Y2, ¥3) — yo(Y1, Ya, VY3 + J Vi Y3).
Now define
VxY =VyY +JViY.

It is easy to verify that V is a real connection. Moreover, the previous equation shows
that
Vyo =0.
Furthermore, it is very easy to see that the connection Vis symmetric.
The inverse implication can also be proved easily. O

Let us use the standard definition of integrability of a k-form w on M, that is, every
x € M has a neighbourhood N such that w has the constant expression in dx’, x' being
suitable coordinate functions on N.

COROLLARY 4. Let w be a real 3-form on a six-dimensional differentiable manifold
M satisfying A(wy) = {0} for any x € M. Let J be an almost complex structure on M
such that for any vector fields X, X», X3 € X(M),

w(J X1, X2, X3) =w (X1, J X2, X3) =0 (X1, X2, JX3).
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Then w is integrable if and only if there exists a symmetric connection V preserving w,
that is, Vo = 0.

PROOF. Let V be a symmetric connection such that Vo =0. According to the
previous proposition, dw =0 and J is integrable. Then we construct the complex
form y on TCM of type (3, 0) such that Re y|TxM = w, for any x € M (point by
point, according to Proposition 8). Moreover, if w is closed then so is y. That is,
y = f-dz! Adz? Andz3, where 7!, 22, and z3 are (complex) coordinate functions on
M, dz', dz%, dz3 are a basis of AOM and f is a function on M. Furthermore,

0=dy =0y 4+ 03y =03f -dz' ANdz> NdZ> +0f -dz' ANdZ* AdZ.

Evidently 9y =0, which means that 3 f =0 and f is holomorphic. Now we
exploit a standard trick. There exists a holomorphic function F(z!, z%, z3) such
that (3F/8zl) = f. We introduce new complex coordinates 7l = F(zl, 2,7,
72=22 and 22 =27>. Then y = fdz' Adz* Adz® =dZ' AdZ* AdZ3. Now write
Zl=x! 4+ix* 72 =x2 4+ ix7, and 23 = x3 + ix for real coordinate functions x!, x2,
x3, x* x>, and x® on M. Then

Rey = Re(d(x' +ixH) Ad(x® +ix’) Ad(x® +ix®))
=dx' Adx® Adx® —dx' Adxd Adx® + dx® Adx* A dx®
—dx® Adx* Adxd

and w = (Re y)|T M is an integrable on M.

Conversely, if w is integrable, then for any x € M there is a basis dx1, . . ., dxe of
T*N in some neighbourhood N C M of x such that w has a constant expression in all
TyM, x € N. Then the flat connection V given by the coordinate system xi, .. ., Xg
is symmetric and Vo = 0 on N. We use a partition of unity, and extend V over the
whole manifold M. O

We can reformulate Theorem 13 as ‘the Darboux theorem for complex type forms’.

COROLLARY 15. Let w be a real 3-form on a six-dimensional differentiable manifold
M satisfying A(wy) = {0} for any x € M. Let J be an almost complex structure on M
such that for any vector fields X1, X», X3 € X(M),

w(JX1, X2, X3) =w (X1, J X2, X3) =0 (X1, X2, JX3).

Then w is integrable if and only if the following conditions are satisfied:
i) dw=0;
(i1) the almost complex structure J is integrable.

OBSERVATION 16. There is an interesting relation between structures given by
a form of complex type on six-dimensional vector spaces and Gj-structures on
seven-dimensional vector spaces (G, being the exeptional Lie group, the group of
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automorphisms of the algebra of Cayley numbers and also the group of automorphism
of the 3-form given below), that is, structures given by a form of the type

Al Ny N3 o] ANag Ao —ap ANag Ao o Aag Aog+ o Aas Aoy
+az ANog A — a3 Aos A ag,

where a1, . . ., a7 are the basis of the vector space V. If we restrict a form of this type
to any six-dimensional subspace of V we get a form of complex type. Thus, any G,
structure on a seven-dimensional manifold gives a structure of complex type on any
six-dimensional submanifold. Thus we get a vast variety of examples.

Many examples of G, structures are known and they have been well studied. See,
for example, [J].
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