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Abstract

We consider regular variation of a Lévy process X := (X;);>0 in R with Lévy measure
I1, emphasizing the dependence between jumps of its components. By transforming
the one-dimensional marginal Lévy measures to those of a standard 1-stable Lévy
process, we decouple the marginal Lévy measures from the dependence structure. The
dependence between the jumps is modeled by a so-called Pareto Lévy measure, which is
a natural standardization in the context of regular variation. We characterize multivariate
regularly variation of X by its one-dimensional marginal Lévy measures and the Pareto
Lévy measure. Moreover, we define upper and lower tail dependence coefficients for
the Lévy measure, which also apply to the multivariate distributions of the process.
Finally, we present graphical tools to visualize the dependence structure in terms of the
spectral density and the tail integral for homogeneous and nonhomogeneous Pareto Lévy
measures.
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1. Introduction

In a series of papers Hult and Lindskog [14]-[17] defined and investigated regular variation
of measures and additive processes, which apply in particular to Lévy measures and Lévy
processes. Their concept of regular variation of a stochastic process with cadlag sample paths
is, for a Lévy process X = (X;);>0, equivalent to regular variation of the random vector X
and its Lévy measure; cf. [17, Theorem 5.1]. Similar concepts have been used to study the
extremal behavior of stochastic processes in [7] and [13].

Since regular variation of a random vector X is well understood (cf. [23] and [24]), it seems
that all relevant results can be translated from X to the corresponding Lévy measure. This is in
principle true, and a distributional copula C; of X; for every fixed ¢ could be invoked. Howeyver,
owing to essential problems of this approach (for details, see [20, p. 1552]), alternatives have
to be found. Tankov and collaborators (cf. [6, Section 5] and [20]) proposed dependence
modeling of a Lévy measure by the so-called Lévy copula after standardizing the marginal
Lévy measure to the Lebesgue measure. Contrary to the distributional copula model, which is
always a distribution function, the Lévy copula defines a measure which is not a Lévy measure.
This approach has the disadvantage that results from [17] connecting regular variation of the
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118 I. EDER AND C. KLUPPELBERG

multivariate increment distribution of a Lévy process and its Lévy measure cannot be applied
directly.

Anyway, starting from the Lévy measure instead of from the distribution of a Lévy process
is often simpler. It guarantees that the corresponding process is a Lévy process. Numerical
methods (for instance in finance) are often based on spectral methods, which again require
knowledge about the Lévy measure. Also, the statistical assessment of the Lévy measure has
made progress recently: Ueltzhofer and Kliippelberg [27] presented a nonparametric method
based on previous work giving ample references, and Esmaeili and Kliippelberg [10]-[12]
invoked the Lévy copula idea for parametric estimation.

It was pointed out in Definition 2.2 of [ 1] that a simple transformation of the one-dimensional
marginal Lebesgue measures leads to a Lévy measure with standard 1-stable margins. The
resulting dependence function was denoted a Pareto Lévy copula in [21]. This transformation
has the advantage that the well-developed theory of multivariate regular variation can be applied
to tails of distributions and Lévy measures. In particular, as we will prove, extreme dependence
is the same in the Lévy measure and in the distribution of a Lévy process.

The authors of both [1] and [21] restricted their investigations to spectrally positive Lévy
processes, i.e. Lévy measures concentrated on the positive cone [0, c0)¢. Moreover, their
respective focus was rather on applications and not on the understanding and consequences of
the marginal transformation. In the present paper we explore this transformation for general
Lévy processes in R? and use the Pareto Lévy measure for a new description of the dependence
structure of a Lévy measure. This approach clearly shows how the dependence structure of the
Lévy measure affects the extremal behavior (in particular joint large jumps) of the Lévy process
in a natural and intuitive way. Furthermore, to quantify the joint extremal jumps of the Lévy
process, we introduce tail dependence coefficients Ay and A for the Pareto Lévy measure
analogously to such measures for multivariate probability measures.

Our paper is organized as follows. In Section 2 we recall basic knowledge about multivariate
regular variation of Lévy measures and formulate Sklar’s theorem for Pareto Lévy measures.
We also present several examples, including a nonhomogeneous example, which gives rise
to a Lévy process with regularly varying marginal Lévy processes, which is not multivariate
regularly varying. Our main results about regular variation of a Lévy measure and its Pareto
Lévy measure are proved in Section 3. We also introduce upper and lower tail dependence
coefficients for the Lévy measure. In Section 4 we calculate the limit measure of a bivariate
regularly varying Lévy measure for homogeneous Pareto Lévy measures and also consider the
nonhomogeneous example outside multivariate regular variation. For d = 2, we also show
graphical representations of the dependence structure in Section 5.

2. Preliminaries

We assume that all random elements considered are defined on a common probability space
(2, F,P). Fora topologi_cal space T its Borel o -algebra is denoted by B(T). For B € B((T),
we denote by B° and by B the interior and the closure of B, respectively, and dB = B \ B° is

the boundary of B.
Regular variation of Lévy measures is formulated in terms of vague convergence of Radon
measures on E := [—o0, oo]d \ {0}, where 0 := (0,...,0) is the zero in R4, and we also

define oo := (00, ..., 00). The space E is equipped with the usual topology such that B(E) =
B(RY) NE, and the Borel sets of R? bounded away from 0 are relatively compact in E.

For a.b € RY, we write @ < b if this holds componentwise. For a,b € R, we write
a Vv b := max{a, b}. For a set I, we define |/| as its cardinality.
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Let X := (X;);>0 be a Lévy process in R? with characteristic triple (y, A, IT), where
y € R?, A is a symmetric nonnegative definite d x d matrix, and the Lévy measure T1 is a
measure on R? satisfying I1({0}) = 0 and fRf’ min{1, |x|?}T1(dx) < oo, where | - | denotes
an arbitrary norm in R?. The Lévy—Khintchine representation gives E[e!@X)] = ¢~V (@ for
z € R and ¢t > 0, where

. 1 T i(z,x) .
lIJ(z)=1(y,z)+§z Az + d(l—e ) iz, x) Lx <1 T (dx)
R

and (-, -) denotes the inner product in R?. We consider a Lévy measure IT on E by setting
[1(B) := (B NR?) for B € B(E). Furthermore, we assume throughout that the sample
paths of X are cadlag. For details and more background on Lévy processes, we refer the reader
to [26].

2.1. Multivariate regular variation of Lévy measures

The notion of multivariate regular variation of a random vector has been in the focus of
multivariate extreme value theory for years; cf. [23] and [24]. A reformulation of the definition
in terms of a multivariate Lévy measure, which in most cases is an infinite measure, requires
an extension.

Definition 1. (Regular variation of Lévy measures, cf. [16, Section 3].) A Lévy measure I on
E is called regularly varying if one of the following equivalent definitions holds.

(i) There exists a norming sequence {cy },eN Of positile numbers with ¢, 1 coasn — 00
and a nonzero Radon measure 1 on B(E) with u(R" \ R?) = 0 such that
nll(c,-) AN u() asn — oo,

where ‘> denotes vague convergence in B (E). Then necessarily the limit measure u is
homogeneous of some degree « > 0 (called the index of regular variation), i.e. u(t-) =
t~%u(-) for all t > 0. For I regularly varying with index «, norming sequence c,, and
limit measure w, we will write IT € RV(«, ¢, ®).

(ii) There exists a finite nonzero measure us on B(S), where S := {x € R?: |x| = 1}
denotes the unit sphere with respect to a norm | - | on R4, such that, for all u > 0,

N{x € R?: |x| > tu, x/|x| €} w
M{x e R4: |x| > t})

where ‘-5 denotes weak convergence in B(S). We call ug the spectral measure of I1.

u*us(-) ast— oo,

2.2. The Pareto Lévy measure

We use the same notation as in [20]. Define sgn(x) := 1{y>0} — l{x<0} and

I(x) = {(x’ ), xz0, (1)

(—o00,x], x<O.

Definition 2. (Tail integral of a Lévy measure.) Let X be a Lévy process in R? with Lévy
measure I1. The fail integral of X is the function TT: (R \ {0})? — R defined as

d d
TI(xq, ..., xq) = H<l_[ I(xi)> H sgn(x;).
j=1

i=1
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By (1), all tail integrals are right-continuous functions on (R\ {0})¢. The tail integral does not
determine the Lévy measure uniquely, because it does not specify its mass on R? \ (R \ {0}).

Definition 3. (Margins of a Lévy process/Lévy measure/tail integral.) Let
X=x' . xh =& Xm0
be a Lévy process in R¢ with Lévy measure ITand I C {1, ..., d} a nonempty index set. We
define the following quantities.
(1) The I-margin of X is the Lévy process X! = (XHiey.
(i) Let IT; be the Lévy measure of X/, denoted the I-marginal Lévy measure. Then
My(A) =M({x eR': ()ies € A), A BRI\ {0).

(iii) The I-marginal tail integral of X is given by TI; : (R \ {O)/! — R with

T ((x)ien) =TI (]‘[ I(x») [ Tsenxn.

iel iel
To simplify notation, we denote one-dimensional margins by X i Tl;, and T1;.

By [20, Lemma 3.5], the set of all marginal tail integrals {ﬁ, : I € {l1,...,d}} determines
the Lévy measure IT uniquely and vice versa.
The following lemma is well known; a proof can be found, for instance, in [8, Lemma 2.0.2].

Lemma 1. Let I1 be a d-dimensional Lévy measure. If T1 € RV («, ¢,,, 1) then, for x > 0 and
alli=1,...,d,

o o

nﬁ,-(c,,x) — w;(Dx™" and nIl; (—cpx) — w(=Dx™% asn — oo,

where u;j(B) := n({x € E: x; € B}) for B € B8R\ {0}) and 11; (1), [; (—=1)| € [0, 00).
Furthermore, there exists an index iy € {1,...,d} such that i; (1) —@; (=1) > 0 and
I1;, € RV(e, ¢p, iy,).

Now we present our reference Lévy measure; it has been proposed in [21].

Definition 4. (Pareto Lévy measure, Pareto Lévy copula.) Let I be a d-dimensional Lévy
measure with one-dimensional marginals I'; (dxi)_: |x;| % dx; on R \ {0}. Then we call I" the
Pareto Lévy measure (PLM) and its tail integral I" is called the Pareto Lévy copula (PLC).

The margins I'; are Lévy measures of 1-stable Lévy processes, but I" is in general not the
Lévy measure of a 1-stable Lévy process.

The following result has been proved for Lévy copulas in [20, Theorem 3.6]. For a detailed
proof of this transformed version, we refer the reader to [8, Theorem 1.1.10].

Theorem 1. (Sklar’s theorem for Pareto Lévy measures.) (i) Let X be a Lévy process in R?
with Lévy measure T1. Let & # I C {1, ..., d} be an arbitrary index set. Then there exists a
PLM T such that

— _ 1 _
Iy ((xi)ier) = Fz(( )) ) (x)ier € R\ {Op. )
iel

T0; (x;
The PLM T is unique on [[°_, Ran(1/TI;).
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(i1) Let T be a d-dimensional PLM, and letﬁ,-fori =1, ..., d beone-dimensional tail integrals
of arbitrary Lévy processes. Then there exists a Lévy process X in R, whose components have
tail integrals T1y, . . ., Tl and whose marginal Lévy measures satisfy (2) for every nonempty I <
{1,...,d} and every (x;)ic; € (R\{ONV|. The Lévy measure T1 of X is uniquely determined
bchmdﬁl, N 7

Remark 1. (Relation between Lévy copula and Pareto Lévy measure.) (i) Every Lévy copula
C uniquely defines a PLM T, given for x, y € R? such that 0 ¢ [x, y) by

L([x, y) = > DV C ),

ue{l/y,1/x1}xx{1/ya,1/xa}

where u = (uq, . .:ud) € (—o0, ool?, N(u) = #lk: up = 1/yx}, and 1/0 := oo. Further-
more, for the PLC I', we have, for x = (x1,...,x4) € (R\ {O})d,

_ A1 1
F(xl,...,xd):C<—,... —)

X1 " X4
Consequently, for a PLM T" with Lévy copula C the following statements are equivalent.

1. T is the Lévy measure of a 1-stable Lévy process.
2. T' is homogeneous of degree 1,i.e. '(rA) = t~'I'(A) forallr > 0 and A € B(E).

3. C satisfies, for all ¢+ > O,
é(txl,...,txd)=t(§(x1,...,xd), x € RY.

(i1) From part (i) we immediately identify the Lévy copula from [20].

The advantage of working with a Pareto Lévy measure instead of a Lévy copula should be
clear: the Pareto Lévy measure is always a Lévy measure. We will see below that this is the
appropriate framework for regularly varying Lévy processes.

Since Lévy measures can be singular at the origin, the Lévy measure on the hyperplanes
through the axes needs special attention. Furthermore, since PLCs are defined quadrantwise,
special care has to be taken for sets which are not concentrated in one single quadrant. The
following result presents the Lévy measure IT of arbitrary rectangles in terms of the PLM I' and
the marginal tail integrals TT; fori = 1, ..., d. For the proof, see the proof of Proposition 1.1.11
of [8, Appendix].

Proposition 1. Let ' be a PLM, and let T1; for i = 1,...,d be one-dimensional Lévy
measures. Let T1 be the_Lévy measure defined by (2). With T1;(0) := I1;(0+) = limy o IT; (x)
and T1;(0—) = limy49 I1; (x), the following assertions hold.

(i) Fora,b e R with0 ¢ [T, (ai, bi,

I R () S
i1 o i\ Ti(a)” T 1)
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(1) Let @ # K C{l,...,d}. Define

- | B -
o) T f T1;(0—) < 0, TT;(0+) > 0,
| T1;(0—) Hi(()_}_)i| i (0-) < 0+) >
_ . B -
Ai =10, = if T1; (0—) = 0, TI;(0 0,
I Hi(0+)] g 0-) 0+ >
I 1 ra— —
L ﬁl(o_)’ 0] lfnl(o_) < 0, IT; (0+) > 0.

Fora,b € R? with 0 ¢ [T;cx {0} x [Tigx (@i, bil,

(o o) o ([ D )

iek i¢K ick i¢K

Conversely, the PLM I" that was constructed from IT to satisfy (2) can be given for arbitrary
rectangles in terms of the Lévy measure IT and its marginal tail integrals TI; fori =1, ..., d.
It follows directly from the construction of the measure m and the Lévy copula in the proof of
Sklar’s theorem in [20] with the transformation of the marginals to 1-stable instead of Lebesgue
measures. .

Define, for x € (—oo,00] andi = 1, ..., d, the extended marginals TI; (x) := II; (x) for
x # 0 and oo for x = 0 (which holds for all processes apart from compound Poisson processes
anyway). Define also

N limgq, T (§) — T (x) = T;({x})  forx #0,
0 forx = 0.
Denote by A the Lebesgue measure on R and by §, the Dirac measure in x.
Proposition 2. Let I1 be a Lévy measure with one-dimensional margins I1; fori = 1,...,d.
Define
1 1
D; :=I<_ )UI<_—)U{O}. (5)
I1;(0-) I1;(0+)

For the PLM T constructed from T1 as in Theorem 1(i), the following assertions hold.
(i) Fora,b e R with (a, b] C [, Di,

I'((a,b]) =11 ®k|[o,1]d<{(m, e Xd V- ya) € R\ {0)) x [0, 114
1
ﬁz‘(xi) + i AT (x;)
(ii) Fora,b € RY with (a, b] C R\ []_, D;,

€ (ai, bj] fori = 1,...,d}). (6)

d
F((@,b) =) 8® - Q8 Q8- ®((a,b)), (7)
i=1 i1 d—i

where T'; (dx;) = |x,-|’2 dx; for x; € R\ {0}.
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Remark 2. For a multivariate compound Poisson process, the sets D; are equal to

D; = (—oo, —%] U (%, oo) U {0}

fori =1,...,d, where A, )LZT" > ( are the intensities of the positive and negative Poisson
processes, respectively. The above construction in Proposition 2 ensures that the resulting PLM
has indeed 1-stable margins.

Example 1. (Independence PLM.) The jumps of a Lévy process are independent, if the Lévy
measure is supported by the coordinate axes, i.e. the independence PLM is given by

d
Fi(A) =) Ti(A) forAe BR\{0)),
i=1
where A; (= {x; € R: (0,...,0,x;,0,...,0) € A} and I'; denotes the Lévy measure of a
one-dimensional standard 1-stable Lévy process. By [20, Lemma 3.5], " is characterized by

the marginal tail integrals (Fl,1)1§{1wd}, given for (x1,..., x| € (@\ {O})'I| by
Ty ) 0 if [I] > 1,
X1yeony X = .
LI =1 it =1

Example 2. (Complete positive dependence PLM.) The jumps of a Lévy process are completely
dependent or comonotonic, if there exists a strictly ordered set § C K := {x € R?: sgn(x;) =

- = sgn(xg)} such that, for almost all sample paths, AX; € S for ¢t > 0; see [20,
Definition 4.2]. In this case, all components jump almost surely together and, therefore, the
PLM of complete positive dependence is concentrated on (R \ {0})¢. So I' is characterized by
the corresponding PLC, given for (x1, ..., xg) € (R\ {0})¢ by

d
_ 1
Ty, xg) = ——————1g (1, ... %)) | [ senx))

eV Tl o

and supported by {x € R\ {0}: x| = - - = xy).

Example 3. (Archimedean PLM.) Analogously to the Archimedean copula construction (cf.
[22, Section 4]), Archimedean Pareto Lévy measures can be defined by constructing their
PLC on (R \ {0}))¢ and setting I(R? \ (R \ {0})?) = 0. Let ¢: [—1,1] — [—00, 0] be a

strictly increasing continuous function with ¢(1) = oo, ¢(0) = 0, and ¢(—1) = —o0, having
derivatives of order up to d on (—1, 0) and (0, 1), satisfying, forallk =1, ...,d,
ak ak
) S0 we© 1), ad P 0 ue(-1.0).

duk  — duk  —
Set ¢p(u) := 2d_2(g0(u) — @(—u)) foru € [—1, 1]. Then

d
— 1 —
r(xl,...,xd)=¢(1_[¢—1<;)), (x1,...,xa) € R\ {O)7,
i=1 !

is a PLC; see [20, Theorem 6.1]. If we construct a Lévy measure IT by margins I1; for
i =1,...,d and an Archimedean PLM, IT may have mass on R4 \ (R\ {0})d although I
does not. From (4) we see that TI(R? \ (R \ {0})?) > 0 if and only if TI;(04+) < oo or
TI; (0—) > —oo for at least one i.
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Example 4. (Clayton PLM.) Setting

() = (=log |x) " (lp=0) — A =M lx<o)), 0 >0, 7€ 0,1),

in Example 3 corresponds to the Clayton Pareto Lévy measure, and the Clayton Pareto Lévy
copula is, for 6 > 0 and n € [0, 1], given for (x1, ..., x4) € (R\ {0})d by

d ~1/0
Tpo(xt, ..., x0) =21 (Z |in0> (Ml xg>0) = (L= M) 1 xpxy<0))-

For d = 2, this reduces to

TyoGxr,x2) = (1% + 102 ™Y 1m0 — (1= 1) 1 xo<0})s (8)

which covers with its single parameter 8 the whole range of dependence; see, e.g. [4], [5], and
[9] for applications in insurance and operational risk modeling. This PLC has also been the
focus of parametric estimation in [10], [11], and [12]. The Clayton PLM is homogeneous of
degree 1.

Example 5. (Nonhomogeneous PLM.) Setting

| x|
p(x) = C e |(n1{x>0} — (I =m1i<op)s ¢>0,7e(,1),
in Example 3 yields the PLC for ¢ > 0 and n € [0, 1] given for (x1,...,xq) € (E\ {0})d as
d
_ ¢l L=y 11/xi]
Cpe(xt, ..., xq) = [y ’ My xg>0) — (1= M) 1 xy g <0))-

[T (/i +0) =TT 11/
For d = 2, the PLC T';, ; reduces to

— 1
'y (x1, xp) = 1 —(1—-n)1 ,
r],{( 1 2) |X1| T |.X2| + §|X1X2| (77 {x1x2>0} ( 77) {x1x2<0})
which was treated in [9, Example 2.8(d)]. Obviously, this PLM has homogeneous margins, but
is not homogeneous of degree 1. Consequently, the corresponding Lévy process has regularly
varying marginal processes, but is not regularly varying.

3. Regular variation and the Pareto Lévy copula

As stated in Lemma 1, multivariate regular variation of IT implies regular variation of at least
one of the one-dimensional marginal Lévy measures I1;. To prove the converse, we assume
without loss of generality that I1; € RV(«, ¢;;, £1). We also assume that the following tail

balance conditions hold for x > O and alli = 1, ,d:
lim nIl;(c,x) = px™® and  lim —nTl;(—cyx) = p; x ¢, 9)
n—0o0 n—0oo

where pi+, p; €10,00). Forx € R we define

sgn(x) Pl~+ ifx >0,
! - |p7 ifx<o.

The following result has been proved for copulas in Theorem 3.1 of [21].
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Theorem 2. Let " be a PLM, and let T1; fori = 1, ..., d be one-dimensional Lévy measures.
Let T1 be the d-dimensional Lévy measure defined in (3). Suppose that T11 € RV(«, ¢, (1)
and that the tail balance conditions (9) for the margins hold. Furthermore, suppose that
I' e RV(1, n,v). Then I1 € RV(«, ¢y, ), where [ is given by

w((a, b)) =v((@, b)), abeR? (10)
and a = (G;)i=1

d s given by

,,,,,

0 ifa; =0,

) sen@)EN Nagl® ifa; #0, pEN > 0,

i = . sgn(a;) (1T)
o) ifa; > 0, p; =0,
—00 ifa; <0, p.Sgn(ai) =0,

L

withb = (l;,-)l-zl 4 defined analogously.

,,,,,

Proof. First we show that {nI1(c,-)},en is relatively compact in the vague topology. Since
IT is a Lévy measure, for the ball By, = {x € R?: |x — 0| < r}, we obtain

sup nT1(c,(RY \ By,)) < oo forallr > 0,
neN

and, by [19, Theorem 15.7.5], the sequence {nI1(c,-)},en is relatively compact. So there are
subsequential vague limits and, by [16, Theorem 2.8], we have to show convergence for sets in
a determining class. The sets {(a, b]: a, b € E, a < b} are a N-stable generator of B(E), but,
since TI(R" \ RY) = 0, it is sufficient to investigate convergence on the sets {(a, b]: a, b €
R?\ {0}, @ < b}. Consequently, we have to show that lim,,_, o, nI1(c,(a, b]) = u((a, b]) for
all sets (a, b] witha, b € R4 \ {0}, 0 ¢ (a, b], and

d
u(d(a, bl) = M(U [ tai, i1 > tag, be} x [ Jlau, b,»]) =0,

k=1i<k i>k

where © is a nonzero Radon measure with ,u(@d \ {0}) = 0 and homogeneous of degree «.
For a, b € E and the weight constants p; given in (9), we define the index sets

Ky =iz aibi # 0, p" @ pE ) > o),

i
Ky :={i: aib #0, i > 0, p®) = o},
K3 :={i:aib #0, p“ =0, p=® > o},
isgn(ai) _ pngn(bi) =0},
Ks:={i:a; <0<b, pfgn(ai) = p?g"(b") =0}
K¢ :={i:a; =0, pfgn(bi) > 0},

Ky :={i:a; =0, p" =0},

Ks:={i: b; =0, p}&“’ > 0},

1

Ko :={i: b =0, p’&@) — ).

1

Ky :={i:a;bj >0, p

)
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Moreover, we set, for a, b € [E with 0 ¢ (a, b],

sgn(a;) sgn(b;) sgn(a;)
plla, b= v(“( %gn(alﬂ il gsgn(blnlb"'a} ) H( gsgmali)'a"'a’ Oo)
p; p; p;

ieK iekKy
sgn(b;) b | o
X l_[ oo, Sgn(b)l | X 1_[ X l_[(_oo’ OO)
ieK3 €Ky i€eKs
0 Sg”(b) by | 0
x TT(0 Zmay il | x [T 00
ieKe i ieKy
sgn(a,
X l_[( sgn(a) ’ :| l_[( oo, 0]>
ickg “Pi icKo

Consider sets (a, b] with a, b € R? \ {0}, 0 ¢ (a, b], and 1(3(a, b]) = 0. From relation (3)

we obtain
1 1
nIl(c,(a, b]) =nF<n ( — , — ]
! I.GKI’K};[&KA‘,KS nTl; (caa;) " nTT; (caby)

1 1
< 1 <nﬁ,~(0+>’ nﬁ[(cnbi)]

i€Kg,K7

1 1
12
< 1 <nn (cnai)’ nT; <0+)D (12

i€eKg,K

From the definition of the p; in (9) we conclude that, as n — oo,

1 1 T sgn(a;) sgn(b;) .
( = - ( S eeslail®, R by | =2 By fori € K,
nl'l-(cnai) nIl;(cnbi) | p;io p;o
1 7 .
( N <Sgn(af) la: 19, oo) .= B, forie Ka.
nIl; (cnal) nIl; (cab;) | pfgn(“')
1 i bj
( N <_ ,Sgn(b’)|b,-|“] = By fori e Kj,
nl; (cna,) nTl;i(cnbi) | pE e
1 -
( — @ =: By fori e Ky,
nTl; (cna,) nTl; (cpbi)
) Z
( — (—00,00) =: B5 fori € Ks,
nTl; (cnal) nTl; (chbi)
] sgn(b;) .
, — — (0, ———= b |b;|“| =: B¢ fori € Kg,
nH-(O+) nTl; (cab;) | pggn( )

1
nTl; (0+) nIl; (c,b;) |

1 T .
( N <sgn(al)|al_|a’0:| =: Bg fori € Kg,

— (0,00) =: B; fori € K7,

nll; (cna,) nTl; (04) | e

L
nll; (cna,) nTl; (0+4)

— (—00,0] =: By fori € Ky.
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Furthermore,

d 9
0 > 0 _ _ — 0 | | i
#(a.5] * il](nl'[i(cnai)’ nHi(Cnbi)] ? i=1 ’

and

d

9
1 1
w(@d@a,b) =0 — u<a]_[<nﬁ(c o T b_)]) =0 = v(BHB,-) =0.
l=] l n“i l nvi l=1

Since nl"(n-) BN v(-) asn — oo and v has no atoms on the considered sets, by applying Propo-
sitions 4.2.1 and 4.2.2 of [8], it follows that expression (12) converges to w and relation (10)
holds.

The properties of p can easily be seen: u is an e-homogeneous Radon measure on B(E)
with u(R™ \ R?) = 0 since v is a 1-homogeneous Lévy measure. Moreover, 1 is a nonzero
Radon measure because the one-dimensional margin x| is a nonzero measure.

The following result is a converse of Theorem 2 and extends Lemma 1.

Theorem 3. Let I1 be a d-dimensional Lévy measure with one-dimensional margins I1; fori =
1,...,d, andletT be the PLM constructed for I to satisfy (2). Suppose that I1 € RV («, ¢, ).
Then the tail balance conditions (9) hold and T € RV(1,n, v). Fora,b € R? with (a, b] C
]_[;izl D; and D; defined as in (5), the relation between | and v is given as

v((a, b)) = pu((@, b, (13)
where, fori =1,...,d,
0 lfpngn(ai) — 0’
- |sen(@) (" Wapif pE > o,
aj = . sgn(a;)
o) ifa; > 0, p; =0,
—00 ifa; <0, pfgn(ai) =0,

with the l;,- defined similarly. Fora, b € R4 \ ]_[?:1 D;, we have v((a, b]) = T'((a, b)).

Proof. By Lemma 1, the tail balance conditions (9) hold with pl.Jr = u;(1) and p; =
—w;(—1), and there exists at least one index i, such that p: + p;. > 0. Analogously to
the proof of Theorem 2, we have to show that nI"(n(a, b]) — v((a, b]) as n — oo for all
a,beRr? \ {0}, Of (a, b], and v(d(a, b]) = 0, where v is a nonzero 1-homogeneous Radon
measure with v(R" \ R?) = 0. Recall the definition of the sets D; in (5). By relation (7),
I' is 1-homogeneous on R4 \ ]_[;-j=1 D; and so we define v((a, b]) := I'((a, b]) for sets
(a,b] c (R?¢ \ ]_[f=1 D;). Furthermore, we define v on B(E) by (R \Rd) := 0 and, for
(a,b] C ]_[f:l D;, we set, defining X; as in (11),

v((a, b)) := u({(x1, ..., x0) € RI\{0}: & € (a;, bilfori = 1,...,d}).

Here v is a 1-homogeneous Radon measure since u is an ¢-homogeneous Lévy measure and I'
is 1-homogeneous on R? \ ]—[f]=1 D;. Moreover, v is a nonzero measure because (;, is nonzero
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and P; + P; > 0. Suppose that a, b € R4 \ {0} with 0 ¢ (a, b and v(d(a, b]) = 0. With
relation (6) we obtain, for (a, b] C ]_L 1 Di,

nI'(n(a, b))

=nll® kl[o’l]d<{(cnx1, e CnXdy V1, s ya) € (REN {0} x [0, 11¢:

1
— — E(a,-,b,-]fori:l,...,d}). (14)
nll; (cnxi) + ny; All; (cpx;i)

With lim,,_, 0o nATI; (cpxi) = 0 we have

0 ifx; =0,
. 1 sgn() (pE" ) TN« if g #£ 0, pET > 0,
lim — — = sgn(xl
"7 nli (epxi) + yi ATl (cnxi) > ifx; >0, p; =0,
—00 ifx; <O, Sgn(x’ =0.

We see that v(d(a, b]) = 0 holds if and only if ©(d (a, I;]) =0and 0 ¢ (a, b] implies that
0 ¢ (a, b]. So, with Propositions 4.2.1 and 4.2.3 of [8], it follows, for (14) as n — o0, that

Jim a(n(a. b)) = 1 ® Mg 1o ({(x1. - X, 1. - ya) € RT\{0]) x [0, 1]
X; € (a;, bj]fori =1,...,d}) = v((a, b)),

and (13) follows.

We conclude this section with an account of extreme (jump) dependence between compo-
nents of a Lévy process. In analogy to the definition of the tail dependence coefficient for
distribution functions (see, e.g. [18]) we define extreme dependence measures for different
situations. The definition is usually restricted to dimension d = 2.

Definition 5. (Tuil dependence coefficients.) Let IT be a Lévy measure in R? with equal
marginals. We define its upper and lower tail dependence coefficients as

R (R . I, ..., 1)
Ay :=lim ————— and Ap:= lim ————
t—00 H](l‘) t——00 ]‘[l(t)

respectively, provided that these limits exist. If Ay > 0, we call IT upper tail dependent, and
if Ap > 0 the PLM I1 is called lower tail dependent.

Recall that, for multivariate distributions, the tail dependence coefficient is a copula param-
eter. The following result shows that the analogous result holds for Lévy measures: the tail
dependence coefficients are PLC parameters. It is a simple consequence of the definitions.

Proposition 3. Assume that T1 is a Lévy measure in R with equal marginals and with PLM T
Then
Ay = lim tI'(¢,...,t) and Ay = lim [tT'(z,...,0)|.
t—00 t—>—00

Moreover, both limits exist.

The picture changes when we deal with nonequal marginals as in Theorem 2.
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Proposition 4. (i) Assume that T1eRV («, ¢,,, 1), one of the marginals, say, [11 eRV (¢, ¢, ),
and the tail balance condition (9) holds for all marginals. Then the PLM T € RV(1, n, v) and

o, ....0) @, ... 1 5 5
lim 20 A D =v<1,p—i,...,p—i>, (15)
oo TI(1) i () Pg Pg
a¢,....,t) m=1,...,—1 N N
fim 1&-00 _ ECI ) =v<—1,—p—1,...,—p—1>, (16)
t—>—c0  TI;(r) m(=1) Py Py
and both limits exist. prf =0or p; =0 forsomei € {2,...,d}, then the corresponding

component is interpreted as oo and it does not contribute to the limit.

(i) For a Lévy measure I1 with equal marginals, the limits in (15) and (16) are Ay and AL,
respectively.

Note also that the representations on the right-hand sides of (15) and (16) show that the
weights of the d marginals play an important role, as well as the tail integral of the limit
measure v of the PLM T'.

By Theorem 5.1 of [17], X1 € RV(«, ¢, n) if and only if IT € RV(¢, ¢;,, t); hence, the
following holds.

Corollary 1. (i) Let (X;):>0 be the Lévy process with Lévy measure I1. Assume that X1 =
(X11, - .., X1q) has equally distributed marginals. Recall that the upper and lower tail depen-
dence coefficients of X1 are defined as

. P&Xqr>x, .00, X1g > x) . PX11 <x,..., X140 <Xx)
lim and lim , (17
X—>00 P(X11 > x) X—>—00 P(Xi1 <x)

respectively, provided that the limit exists. Assume that X is regularly varying with X1 €
RV(«, ¢, (). Then the limits in (17) both exist and are Ay and Ay, respectively.

(ii) The results of Proposition 4(ii) hold for the distribution tails in the spirit of (17).

4. Examples

To simplify notation, we consider only the case d = 2. Moreover, we assume that we are
in the framework of Theorem 2 with IT; € RV(«, ¢, 11), pf, py >0, and p;', p, >0, ie.
i (x) = sgn(x) pi=" x|~ for x # 0.

Example 6. (Example I continued: independence PLM.) Since I' | is homogeneous of degree
1, by Theorem 2 we obtain IT € RV(«, ¢,;, 1) and, with

T (dxy, dxo) = 8o(dxp)lxal ™2 dxa + So(dx)xi| "2 dxy,  (x1, x2) € R\ {0},

the limit measure w is supported on the axes. Hence, u is given by

sgn(xz) sgn(xy)
Py apy 2
p(dxy, dxz) = do(dx1) —=—— dxz + o(dx2) ——— dxi, (x1,x2) € R7\ {0}.
|xa|*t lxp[*+

Then the upper and lower tail dependence coefficients, Ay and Ar, equal O.
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Example 7. (Example 2 continued: complete positive dependence PLM.) I'| is homogeneous
of degree 1 and with (10) we obtain

1(T(xp) x T(2) = P17 A pE Dy ") g (1, 1)), (1, x2) € (R\{O})?.
For x; € R\ {0}, we have

p(I(x1) x {0}) = p1(T(x1)) — 1im p(I (x1) x T(x2)) — Eﬂ“o“(“’”) x I(x2))

gn(Xl)lxl|—a sgn(x1) -0

P if p,
0 if p;gn(xl) > 0.

Analogously, for x; € R\{0} with p1 > 0and p; > 0, weobtain £ ({0} x I (x2)) = 0. Since I';
1ssupportedby{(x1,x2) e (R\ {0O)?: x; = x}, wis supported by {(x1, x2) € (R\{0})?: x» =
S x2) Sgn(x' y!/%x1}. Finally, the limit measure y results in

(x) «
u(dxy, dxp) = sgn x' el 1{X2 (D D) ) dxq, x1 € R\ {0}

Then the limits in (15) and (16) are given as

Ti(, ¢ T ApT TG, ¢ TADSy
lim _( ) =h +p2 and im _( ) =_h _p2 .
=00 TIy(2) D t—>—o00 T1;(z) Dy

Example 8. (Example 4 continued: Clayton PLM.) The Clayton PLM T';, ¢ is homogeneous
of degree 1 and we have Fn,g(IR2 \ (R\ {0})?) = 0. For x; € R\ {0}, we obtain

p(I(x1) x {0}) = 181%101 n(I (x1) x (g, 0])

0 if p; >0,
1 sgn(xy) if po
Eg)l o <I( sgn(xq) 1 |0‘> x I(E)> it P = o
Py
o if p;” >0,
pign(xl)lxl |~ (771{X1<0} + (1 — n)l{xl>0}) if pz_ =0,

and, for x; € R\ {0}, we obtain
n({0} x I(x2)) = 18%1 n((e, 0] x I(x2))

—1
_ nmr<<—_|s|“,o} % I(b))
10 Py

=T0({0} x T(xX2))
=0.

Let x1, x € R\ {0}. If p3£"®> > 0 then

(I (x1) x T(x2)) = ((pIE D)0 1x %0 4 (p3ED) =0y |#0) =1/
X (nl{x1x2>0} + (l - 77)1 x1x2<0})-
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If p Sgn(xz) = 0 then
W () x T(x2) = Fn,e(1<w ! ) x @) — 0.
p

sgn(x1) I
1

Moreover, the limits in (15) and (16) are given by
(P~ + (p*) oy=1/°

i TG _ELD F if p7 >0,
=00 TI;(t) (1) 0 ! it pf =0,
and
I (G VI e ;r_(pz)_e)_l/e if py >0,
=00 Ti(r)  p(=D) 0 ‘ if py =0,

and Ay = AL =2~ Y%, So, if n > 0 and p; > 0 (p, > 0), then we always have upper
(lower) tail dependence.

Example 9. (Example 5 continued: nonhomogeneous PLM.) 'y, ; is concentrated on (R \ %
and we obtain

1
lx1| + |x2] + nlx1xz|

Jim n Ly (n(T(x1) x T(x2))) = =0, x1,x2 € R\ {0}.
Therefore, I';, ¢ is not only nonhomogeneous, but also not regularly varying. Consequently, by
Theorem 2, IT defined by (2) is not multivariate regularly varying. Moreover, Ay = A = 0,
so there is no tail dependence in this model.

It was shown in [9] that, for n = 1, the Lévy measure of the sum of the two components of
the bivariate Lévy process can, for certain marginal models, be calculated explicitly. This is
also true for the PLM. Surprisingly, it turns out that the Lévy measure of the sum

Ti() =Ty ({(x1, x2) € R\ {0}: x; +x2 € -})

is univariate regularly varying. Note that this does not contradict [3, Theorem 1.1], where it was
proved that a vector X is regularly varying, if and only if every linear combination is regularly
varying. More precisely, for z > 0,

oo = 6 +2z¢ N 4+ 2z¢ ln( 28 + /283 +20) D
" z(4+2z8)  z(4+z20)VzE (4 +z20) 728 — VL (d+z0)
From this, it is easy to see that T (z) ~ 2z~! = T'|(z) + I'2(z), which exhibits the same

behavior as the independence model.

5. Graphical representation of the dependence structure of Lévy processes

For a stable random vector, the spectral measure characterizes the dependence between the
marginals (see [25, Definition 2.3.2]), which remains true for a regularly varying random vector
in the limit; see Definition 1. Consequently, the spectral density has been presented graphically
for stable and regularly varying distributions and processes, at least in two dimensions.

The PLC provides a new possibility to visualize the dependence structure between the jump
parts of the marginal Lévy processes. As a graphical tool, it can also be applied to nonregularly
varying PLMs, where no spectral measure exists. Whereas an empirical version of the spectral

https://doi.org/10.1239/aap/1331216647 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1331216647

132 I. EDER AND C. KLUPPELBERG

density estimates a density, immediately by definition, an empirical version of the PLC estimates
a tail integral. This means that it always exists, also if the spectral measure has no density, or
if the PLC is not homogeneous of any order. Moreover, the dependence of joint extremes is
estimated by the tail dependence coefficients, which is based on the PLC and the tail integral
as indicated in Definition 5 and Corollary 4.

In the first subsection below we present both graphical representations for bivariate homo-
geneous PLMs from the previous examples, the spectral density, and the PLC. In the second
subsection we visualize the dependence structure of the nonregularly varying PLM given in
Example 5 only by its PLC, since there exists no spectral density.

5.1. Homogeneous Pareto Lévy measures

Recall from Theorem 14.3 of [26] that the 1-homogeneous PLM I' as a 1-stable Lévy
measure has, for all B € B(R?), the representation I'(B) = [5 [;° 15 (r¢)r 2 dris(de),
where S denotes the unit sphere in R4, Since [s is a finite measure, it can be normalized
to a probability measure, which means in our situation that

fis() _Tx eR?: x| > 1, x/lx| € )
F'(fx e RZ: x| > 1}) IF'(fx e RZ: x| > 1}) '
This representation shows that g measures the dependence between joint extremes, and that
it depends on the chosen norm | - |.

Using polar coordinates r = |x| and ¢ = x/|x| € S, the PLM I has, for the set A :=
((r,¢):0<r <r<r <00, 0<p; <¢ < pr < 2w}, the representation

us() = (18)

P2 r
I'(A) = / / r=2 driis(de). (19)
P1 r

Note that all sets A of this type form a semialgebra of subsets of R? \ {0} and, hence, generate
the Borel o -algebra B(R2\ {0}). Defining the transformation 7 : [0, co) x [0, 27) — R2 by
T (r,¢) = r(cos ¢, sin¢), I has a density given in polar coordinates as

T o T(dr, d¢) = jis(dp)r—2dr. (20)

From this we see firstly the well-known fact that the spectral density as the normalized angular
measure completely determines the dependence in 1-stable models (as in all homogeneous
models of any order). We also note that the homogeneity on the whole of R plays an important
role for the multiplicative structure in (20): for a general PLM, this no longer holds.

Using the notation introduced above, we can relate the spectral measure with the PLM as
follows. Since the arcs are for any norm given by

(cos ¢, sin ¢) 6 <
=11 < ,
= |eosgosmep)] TP =

we find, from (18) by integrating out r over (1, co) in (19), that

0~

o1 as(de) _ T(Spi,m)

2 ~ = 27 o~ '

o Asdp)  fyT s(dg)
We present the spectral measures by plotting the density us(d¢)/d¢ on [0, 27). Here

we take an idea from [2] and visualize ug as a graph such that the area included between two

angles (o1 and p», say) and a solid curve (s(p) for p € [p1, p2]) represents the spectral measure

us([p1, p2]). The uniform distribution corresponds then to the unit circle. We call these graphs
Basrak graphs.

us(p1, p21) = (21
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Whereas polar coordinates are the natural coordinates for the spectral measure, the natural
coordinates for the PLC T are the Cartesian coordinates. The natural generator of the Borel
o-algebra B(R? \ {0}) are here the sets, which have been used to define the tail integral. It
is, however, obvious from the definition of the spectral measure in (18) that there is no simple
relation between the spectral measure and the PLM on these sets. For specific PLCs, it is
possible (as shown below) to obtain the form of the corresponding spectral measure, provided
that the homogeneity property holds.

On the other hand, for nonhomogeneous PLCs, there exists no spectral measure. More
precisely, the factorization of the PLM into a radial part and an angular part is no longer possible:
the angular part still depends on r; cf. Example 13. However, the PLC T exists and can also be
visualized. Consequently, we also suggest a graphic representation for the PLC. This is done
as follows. For a given point (x1, x2) not on any axes, we plot IT (x1, x2)| = T'(T(x1) X T(x2))
as the Lj-distance of a point to the origin, where we can also use any other distance.

Example 10. (Examples I and 6 continued: independence PLM.) Since I | has mass only on
the axes, its spectral measure is, for ¢ € [0, 27), given by

1s(dg) = 380(dp) + 187/2(dd) + 187 (d) + 837/2(d¢h).
Figure 1 shows the spectral density ug(d¢)/d¢. The PLC T | is equal to 0; see Figure 2.
Example 11. (Examples 2 and 7 continued: complete positive dependence PLM.) T'| has
mass only on {x € R?\ {0}: x; = x5} and its spectral measure is, for ¢ € [0, 27), given
by us(de) = %8,1 /4(de) + %857, /4(d¢). The right diagram of Figure 1 shows the spectral

density us(d¢)/d¢ for angles in [0, 27) and as Basrak graph. The PLC F” is given as
Iy (1, x2) = 1 ((x1, x2)) sgn(x1) sgn(x2)/(|x1] Vv |x2[), and is visualized in Figure 2.

Example 12. (Examples 4 and 8 continued: Clayton PLM.) From (8) we find that
Tyo(dxr, dxp) = (1+0)(x1l” + 2772 1P
X (M xyxp>0) + (1 — )1y x,<0y) dx dxo.

Spectral measure of the Spectral measure of the
independence FLM complete dependence FLM
0.25 04
0.20 03
0.15
0.10 0.2
0.05 0.1
0.00 0.0
—-0.05 0.1
-0.10
-0.15 02
~0.20 -0.3
-0.25 -04
-0.20 -0.10 0.00 0.10 0.20 -04-03-0.2-0.1 0.0 0.1 02 03 0.4

FIGURE 1: The left diagram shows the Basrak graph of the spectral measure pug of the independence PLM

in [0, 27r) with uniform weights 0.25 on 0, %n, T, %n. The right diagram shows the Basrak plot of the

spectral measure ug of the complete positive dependence PLM. The length of the rays represents the
probability mass on the corresponding angles.

https://doi.org/10.1239/aap/1331216647 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1331216647

134 I. EDER AND C. KLUPPELBERG

® Independence

PLC of independence and
complete dependence Clayton PLC on §,,n=1
[~ Complete dependence | ___ . _._._..._......._, 1.0f[—86= 0.4/_ .

0.8
067
047
02+
007
-0.2
-0.4
—0.6
0.8+
B e e . . : . .
-1.0 -06 -02 02 06 1.0 -1.0 -0.5 0.0 0.5 1.0
Clayton PLC on §,,6 =0.5 Clayton PLC on §,,6 = 1
1.07
] 0.8
0.6
04F
0.2}
0.0f
-0.27
-0.47
-0.61
-0.8t
) ) X X ) . -1.0, . X X X
-1.0 -06 -02 02 06 1.0 -1.0 -0.5 0.0 0.5 1.0
Clayton PLC on §,,0 =2 Clayton PLC on §,,0 =5

-1.0 06 -02 02 06 1.0 . . . 0.5 1.0
FIGURE 2: The first row of diagrams shows the PLC T, F” (left), and F,,yg for n = 1 and different values
0 > 0 (right). The other diagrams show I'; ¢ for different values of 6 and n € [0, 1].

By a transformation to polar coordinates, I';, ¢ has representation (20) with density

fs(dg)
do

= (1 +6)(|cos(@)|” + | sin()|”) /=2 | cos()| 1| sin(g) |~
X (M 1cos(p) sin(g)>0} + (1 — 1) Licos(¢) sin(¢)<0}) (22)

and (21) applies. Such densities are shown in Figure 3.
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Spectral density of the Clayton Spectral density of the Clayton
PLM with respect to ||,,n = 1 PLM with respect to |-,, 8 =2

-1.0 =05 0.0 0.5 1.0 -1.0 =05 0.0 0.5 1.0

Spectral density of the Clayton Spectral density of the Clayton
PLM with respect to |-/, n =1 PLM with respect to |-, 6 =2

-1.0 =05 0.0 0.5 1.0 -1.0 =05 0.0 0.5 1.0

Spectral density of the Clayton Spectral density of the Clayton
PLM with respect to |-y, 1 =1 PLM with respect to |-y, 0 = 2

0.5 1.0
FIGURE 3: Basrak graphs of the spectral densities us, (d¢)/d¢ (top row), us, (d¢)/d¢ (middle row), and

1S, (d)/d¢ (bottom row) of the Clayton PLC for different parameter values of & > 0 and 5 € [0, 1] as
given in (18) on [0, 27).

We visualize the Clayton PLC Fme in Figure 2 for n = 1 (i.e. joint jumps are always in the
same direction) and different parameter values 8 > 0. We see that, for increasing parameter 6,
the PLC values increase. This is reasoned by the increase of mass near /4. If 6 decreases, the
mass of [ts moves near to the axes and the PLC values decrease.
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5.2. A nonhomogeneous Pareto Lévy measure
Example 13. (Example 5 continued: nonhomogeneous PLM.) I'; ; has the density

2sgn(x1x2) + $x1sgn(xa) + £xp sgn(xy) + §2x1x2
(Jx1] + x2] + ¢ |x1x2])3
X (nl{x1x2>0} -1 - 77)1{x1,\¢2<0}) dxp dxs.

F’LI (dxl, dXQ) =

Transforming I';; ; to polar coordinates yields (20), where fis = fi5(d¢) is given by
flg(dep) _ 2sgn(cos@sing) + {r cos ¢ sgn(sin @) + {1 sin @ sgn(cos ¢) + £%r? cos ¢ sin ¢
dp (|cos@| + | sin@| + ¢r|cos ¢ sin )3
X (N1icos g sing>0) — (1 — 1) 1{cos ¢ singp<0})- (23)

fg depends on the radius and decreases for increasing r; see Figure 4.
Figure 5 shows the logarithmic PLM densities I', 9 o T'(r, d¢) for (n = 1 and 6 = 1) and
I'y.c o T(r,dg) for (n = 1 and ¢ = 0.001) for three different values of the radius r. We see

Logarithmized density Fﬁ’e (do)/do Logarithmized density FT;’Z’ (dd)/do
forn=1and 6 =1 forn =1 and =0.001

FIGURE 4: Densities (ig(d¢)/d¢ (left) given in (22) (constant for all r) and fig(d¢)/d¢ (right) given in
(23) (decreases with r).

Logarithmized PLM densities
— Clayton (0 =1)

—10} ---- Nonhomogeneous ({ = 0.001)
e ——
-15¢ r= 1000
—20k__ i
o510 T .
ol r = 100000 i
] R
—40}\. ?r = 100000000
45l el e .
0.0 0.5 1.0 1.5

FIGURE 5: Logarithmic PLM densities of the Clayton PLM I';, ¢ for n = 1 and § = 1 (shape independent
of r), and the nonhomogeneous PLM Ty, » for n = 1 and ¢ = 0.001 (shape changes with r) for three
different values of the radius r.
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that, for small r, both densities are almost identical. When r increases, the Clayton density
decreases uniformly for all angles ¢, but the nonhomogeneous density decreases strongly for
angles near /4, and weakly for angles near 0 and /2.

Figure 6 shows the PLC F” and F,], ¢ for different parameter values of n € [0, 1]and ¢ > 0.
We see that, for small values of ¢, the PLM I';, - is similar to the Clayton PLM I'y, g with 6 = 1.
For increasing parameter ¢, the PLC values become smaller and converge to independence.

PLC of independence and
complete dependence

------ Complete dependence
1.0 f s Indel;?endencg

Nonhomogeneous PLC on §,, =1

.

-1.0 -06 -02 02 06 1.0 -1.0 -0.5 0.0 0.5 1.0
Nonhomogeneous PLC on S,, { = 0.001 Nonhomogeneous PLC on S,, { =1

-1.0 -05 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0
Nonhomogeneous PLC on §,, { =2 Nonhomogeneous PLC on S,, { =5
1O0f[—mn=1_}— 1.0f[—m=1_}—
08[--N=07 0.8F[--N=075
0.6 [ — A\ N\ | 06— —
04r
0.2
00
0.2+
04t
-0.6
-0.8
-1.0¢

-1.0 -05 0.0 0.5 1.0 0.5 1.0

FIGURE 6: The diagrams show the PLC T, f”, and I'; ; for different parameter values n € [0, 1] and
¢ € (0, 00).
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