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EXCEEDANCE OF POWER BARRIERS
FOR INTEGRATED CONTINUOUS-TIME
STATIONARY ERGODIC STABLE PROCESSES
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Abstract

We study the asymptotic behavior of the tail probability of integrated stable processes
exceeding power barriers. In the first part of the paper the limiting behavior of the integrals
of stable processes generated by ergodic dissipative flows is established. In the second
part an example with the integral of a stable process generated by a conservative flow is
analyzed. Finally, the difference in the order of magnitude of the exceedance probability
in the two cases is related to the dependence structure of the underlying stable process.
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1. Introduction

Consider § = {S(¢), t > 0}, areal-valued stochastic process, and a real-valued function b(-)
on nonnegative reals representing a deterministic barrier. A classical problem in the theory of
stochastic processes is to find the asymptotic behavior of the exceedance probability given by

¥ () = P[sup(S(1) — b(1)) > u] ()
t>0

as u — oo. The quantity 1 (u) has several interpretations in different fields of applied
probability. It is particularly important in insurance and queueing theory, and is also closely
related to the tail probability of solutions to certain stochastic recurrence equations. There is a
vast literature, specifically in the actuarial mathematics context, where the problem is treated
under various assumptions. (For a list of references, see, for instance, [5].)

Classical models studying ¥ (1) (such as the Cramér—Lundberg model; see [11] for details),
started off by assuming a process S, which had independent increments with finite exponential
moments. However, empirical evidence in various fields, including finance, insurance, and
teletraffic, supports the presence of heavy tails in real life. Moreover, in many of the application
areas it is often more realistic to assume dependence among increments of S. These observations
have led to the recent efforts in the study of models where the increments of S are heavy tailed
and dependent.

This scenario is also quite intriguing from a theoretical point of view as it brings up the
possibility of gaining more insight into the dependence structure of stochastic processes with
heavy tails by observing the asymptotic behavior of the tail probability of the functional y» on
the sample paths. The problem becomes particularly interesting when the second moments
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cease to exist as the classical definitions of the range of dependence (which mainly rely on
covariance like functions) become ambiguous.

In this paper we study the problem when S is an integrated continuous-time process.
Integrated processes are of interest on their own. In particular, integrated Brownian motion
has been studied widely as it appears in classical literature in mechanics and biology (see,
for instance, [12], [23], and [26], or [16]-[22] for a detailed account), as well as in quantum
probability (see, for instance, [2] and [14]). Here, we will consider an integrated process
described by

t
S(t):[ X (s)ds, t >0,
0

where X = {X(¢), t > 0} is a stationary, ergodic, symmetric a-stable (SaS) process with
o € (1, 2). For this choice of «, X has a finite first moment; however, the second moment does
not exist. This together with the fact that the structure of stable processes are relatively well
understood allows us to concentrate on the underlying dependence structure in the presence
of heavy tails. Furthermore, results for stable increments indicate to some extent what can be
expected for more general processes, including stationary infinitely divisible processes. We
believe the stable case will provide a benchmark which will help one to gain more insight into
exceedances for more general processes.

Recently, there has been some effort in studying the asymptotics of ¥ (1) in the SaS setting.
Braverman [§8] established an asymptotic equivalence between a class of subadditive functionals,
including v (1) givenin (1), and a deterministic functional, which is based on the integral repre-
sentation of the underlying stable process. However, explicit results on the order of magnitude
of ¥ (u) were not the focus of that study. Mikosch and Samorodnitsky [24] gave results on
the order of magnitude of the exceedance probabilities for discrete-time random walks driven
by different classes of stationary ergodic SaS processes. Alparslan and Samorodnitsky [3],
[4] extended some of the discrete-time results given in [24] and also established the order of
magnitude for certain classes of integrated continuous-time processes. All of these studies,
however, assumed a linear barrier.

The goal of this paper is to extend the results to exceedances of nonlinear barriers. In
particular, we analyze the asymptotic behavior of 1 (u) for power barriers of the form

b(t) = ut?, t >0, wherepu >0andp > 1. 2)

To analyze v (u) for random walks driven by general classes of heavy-tailed, dependent
processes, we need large deviation results which are not straightforward. In the case of stable
processes, however, we make use of the representation of the stationary process with respect to
a common stable random measure to obtain the tail behavior of the random walk.

Consider a measurable, stationary, ergodic SaS process X with 1 < o < 2. Without loss of
generality, we will assume that

X(1) = / [OM@AD), 120, 3)
E

where M is an independently scattered SaS random measure on a measurable space (E, €)
with a o -finite control measure m on &, and { f;, ¢t > 0} is a subset of L*(E, &, m). (See [30,
Theorem 3.5.6].) Moreover, owing to the stationarity of the process, for £ > 0, we can choose
the kernel f; to be of a more depictive form given by

d o
fi() = at(')[d—m ° ¢t(')] fodi(). “
m
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Here, f is a real-valued function in L*(E, &, m); {¢,(-), t > 0} is a nonsingular flow on E;
and {a;, t > 0} is a cocycle of the flow taking values on the unit circle. (For further details,
see [27].) This representation allows us to relate certain path properties of a single kernel in
L*(E, €, m) and ergodic properties of a flow to the probabilistic structure of X.

Indeed, one of the main objectives of this paper is to investigate the effects of an important
result from infinite ergodic theory on the asymptotic behavior of ¥r(u): Hopf decomposition
of the flow implies that a stationary SaS process X can be represented in distribution as the
sum of two independent stationary SaS processes D and C, where the process D has an
integral representation with the kernel given by (4) with a dissipative flow {¢;(-), t > 0},
whereas the process C has an integral representation with the kernel given by (4) with a
conservative flow {¢;(-), t > 0}. (For an in-depth discussion of dissipative and conservative
flows, and Hopf decomposition, see, for instance, [1] or [15].) Rosiriski [27] showed that any
stationary Sa.S processes D = {D(t), t € Ry} generated by adissipative flow are automatically
ergodic. Moreover, if the dissipative flow itself is ergodic then the process can be represented
in distribution as a moving average

Dg{fo—UMmmJeR4 (5)
R

with f € L*(R, ®B, 1), where B is the Borel o-algebra, X is the Lebesgue measure, M is an
SaS random measure, and 2 denotes equality in distribution.

This representation considerably simplifies the analysis of exceedance probabilities for
random walks driven by dissipative stable processes. In Section 2 we will focus on this
representation while studying the asymptotic behavior of ¢ (u) as u — oo. In this section
we will also verify that the properties of f can be significant in the determination of the order
of magnitude of ¥ (u).

An analysis of exceedances for general stationary SaS processes generated by conservative
flows is substantially harder. Far less is known about the structure of conservative stable
processes compared to dissipative processes. Furthermore, even the construction of examples
of such processes is not straightforward. In Section 3 we will concentrate on a certain class
of conservative stable processes and show that 1 (#) may decay slower than it does in the
dissipative case, even with ‘nice’ kernels in the integral representation.

In Section 4 we will compare the main results of Section 2 and Section 3, and we will relate
them to the dependence structure of the underlying stationary ergodic SaS process X. Finally,
proofs of these results will be presented in Section 5.

2. Exceedances for stationary stable processes generated by ergodic dissipative flows

Consider a stationary symmetric a-stable process X = {X (), t > 0} with | < o < 2,
which is generated by an ergodic dissipative flow. As discussed in (5), these processes have a
moving average representation; so, without loss of generality, assume that

mn:/fu—anm, t>0, (6)
R

where f € L*(R, ‘B, 1) and M is an SaS random measure on (R, B), with Lebesgue control
measure A. It follows from [30, Theorem 11.3.2] that the process S = {S(¢), ¢t > 0} given by

t
S() = [ X (s)ds, t >0, @)
0
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is well defined. Moreover, defining &;(x) = fot f(x —s)ds, t >0, we have, by [30, Theo-
rem 11.4.1], S(t) = [ hi(x)M (dx), t > 0.

Let b(-) be a power barrier, as given in (2). Then, for # > 0, the probability of exceeding
the barrier by # > 0 is given by

U (1) = P(sup(S(t) —uth) > u) u> 0. (8)
>0
Next, define
_ Co (hy (X)) (—=h: (x))%
Vo= /R(fgg Gt prn)e oo Gt Mt”)“> w0 ®
where

00 -1
Cy = </ x %sinx dx) .
0

The importance of the functional v arises from the following observation.

Proposition 1. As u — oo, ¥ (u) ~ Yo(u) if, for some y € (0, 1), the scaling parameter of
S() is O(tV) as t tends to oo, i.e. if

17 ()l Lo, 8,2) = O") ast — oo. (10)

This proposition is utilized in the proof of the theorem below, which is our main result for
this section and shows the interplay between properties of the kernel f in the moving average
(6) and the asymptotic behavior of the exceedance probability (8).

Theorem 1. Let [ given in (6) be a nonnegative function, and suppose that there exist two
integers, K; < 0 < K, such that the function defined by

g(x) ‘= sup f(x - t)l{xSKl} + f(x)l{K1<x<K,} + sup f(x + t)l{xZKr}

t>0 t>0

is in L'(R, B, A), and, for x > K,, g is bounded by a monotone, regularly varying function
with index —q < —1 (i.e. there exists a monotone function g, € RV_, such that g < g on
x > K, ). Then, as u — oo,

Cy 1 L\ {/,—
V) ~ ——IIfI 3(—,0!——>M /p=a
2pul/p LI(R,B,2) D D

where B(-, -) is the beta function.

3. Exceedances for a class of stationary ergodic stable processes generated by
conservative flows

In this section we focus on a class of continuous-time random walks, where the increment
process X is a continuous-time, stationary, ergodic SaS process generated by a conservative
flow. The construction of such an X is due to Samorodnitsky [29], who used a standard
fractional Brownian motion with self-similarity exponent H € (0, 1) to construct the random
measure M (-) given in the integral representation (3). Here we restrict our attention to the
standard Brownian motion case (i.e. H = 0.5), and we pick a fairly simple kernel for the
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integral representation of X. In doing so we intend to show that even for this simple case with
a ‘nice’ kernel, the order of magnitude of the exceedance probability is higher for the processes
generated by conservative flows than that for the processes generated by dissipative flows.

Now let B = {B(t), t € R} be a standard Brownian motion. Let m be a o-finite cylindrical
measure on C(R), the space of continuous functions on R, defined by

m(A) = / P(B € A—y)dy, where A isacylindrical set,
R

i.e. m is the (infinite) law of the Brownian motion shifted according to the Lebesgue measure
on R. Define

o) =1 — [xDLja—xpefo,11 xeR.
Note that ¢: R — [0, 0co) is Holder continuous with exponent 1, even, and nonincreasing on
[0, o0). Also, note that ¢ € L¥(R, 8B, A). Clearly, the Holder function

H) = sup 28 =90

x<s<t r—ys

also belongs to L*(R, 8B, A). Furthermore, define

20’

X)) = / o(x:)M (dx), telR, x =(x5,5 €R),
C[R)

where M is an SaS random measure on C(R) with control measure m. It was shown in [29]
that the process X = {X (¢), t € R} is a well-defined stationary SaS process, and is generated
by a conservative flow.

For t > 0, let S(¢) be as given in (7) and define

t
hi(x) := /0 @(xs)ds.
It was shown in [4] that the process S := {S(¢), t > 0} is well defined, and, moreover,
S = / hi(x)M(dx) almost surely (a.s.), t > 0. (11
C(R)

Let {L(x,t), x € R, t > 0} be a jointly continuous local-time process of B defined by

t
/ g[B(S)]dS=/g(X)L(x,l)dx
0 R

for every bounded continuous function g on R. (See [6] for details.) By the self-similarity of
B, the local-time process has the following scaling property:
(Lc"Px,ct), x eR, t >0} 2 {c"’L(x,1), x €R, t > 0} (12)

for any ¢ > 0. Moreover, all moments of /(x, t) are finite, and are uniformly bounded in all
real x and all real 7 in a compact set. (See, for instance, [9] for details.)

Let (1), u > 0, be as in (1) with S(-) given by (11). Now we state the main result of this
section.

Theorem 2. In the setting described above, as u — oo,

N CoB(1/2p, 2pa —a —1)/2p) E| ( sup L(0, tl/p) . u—(2pa—a—l)/2[7’
M(0l+1)/2pp«/27-[ >0 141

where B(-, -) is the beta function.

v (u)
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4. Discussion

In Section 2 we considered the case of stationary symmetric stable processes generated by
ergodic dissipative flows. It was shown through evaluation of the exact limit that, under certain
technical conditions imposed on the kernel in the integral representation,

V) = 0w/’ asu — oco.

It should be noted that any function with compact support, or exponentially decaying tails, or
tails decaying according to a power law with power smaller than —1, satisfy the conditions
imposed on the kernel.

In the case of stationary symmetric stable processes generated by ergodic conservative flows,
however, even the processes with ‘nice’ kernels might result in a slower decaying exceedance
probability. Indeed, the main theorem of Section 3 illustrates this through a certain class of such
processes obtained by using the infinite law of a standard Brownian motion shifted according
to the Lebesgue measure as the control measure. For illustrative purposes, a simple kernel with
compact support is chosen; and it is shown by evaluating the exact limit that even for this simple
kernel

V@) = 0@tD/2r=y a5y — oo,

Observe that it follows from the particular choice of « that

a+1
2

and, hence, it is clear that the order of magnitude of the exceedance probability is larger in the
conservative case.

This observation is indeed consistent with the scheme suggested in [28], and further devel-
oped in [3], [4], [24], and [29] to distinguish between short- and long-range dependence of
stationary stable processes. All these papers observed a significant difference in the behavior
of a functional acting on the sample paths of stationary stable processes when one considers
the processes generated by dissipative flows versus the processes generated by conservative
flows. It was then suggested that this difference is related to the dependence structure of the
underlying stable process, and the processes generated by dissipative flows should be considered
short-range dependent, whereas the processes generated by conservative flows are long-range
dependent.

Furthermore, our results are consistent with those of [3] and [4], in the sense that if we let
p | lin the result given in Theorem 1, we obtain the result given in [3, Theorem 3.3.b]; and if
we let p | 1 in the result given in Theorem 2, we obtain the result given in [4, Theorem 3.1].

In this paper we analyze the asymptotic behavior of the probability of an integrated stable
process exceeding a deterministic power barrier described by b(¢) = wut? with u > 0 and
p > 1. We can consider a slight generalization by choosing b(¢) to be regularly varying with
index p, i.e. b(t) = tPL(t), where L(-) is a slowly varying function. However, unlike power
functions, regularly varying functions are not necessarily monotone and it can be seen in the
next section that monotonicity of b(-) is essential in our proofs. To overcome this particular
problem in the regularly varying case, we need to introduce generalized inverses and strictly
monotone approximations to the barrier function. This in turn prevents us from getting precise
asymptotic results with exact constants as in the two main theorems above. Since the principal
objective of this paper is to get a qualitative comparison of dissipative and conservative cases
to obtain a deeper insight into the probabilistic structure of stable processes and to get exact
asymptotic results, we prefer to work with power barriers.

> 1,
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5. Proofs
In this section we present the proofs of the results given earlier in the paper.

5.1. Proof of Proposition 1

Provided ~that (1~0) holds, Lemma 3.2 of [3] implies that there exists an & € (0, 1) such that
the process Y = {Y (¢), t > 0} defined by

Y(0) =@+ DS, t>0,

is a.s. bounded. So pick & € (0, 1) such that Y is a.s. bounded. Next, define a process
={Y (), t = 0} by

_ [log(b(1) +2)]'**
Y(t) = b T2 S(1), t>0.

Note, for any ¢ > O and p > 1, it can be easily verified that [log(+” 1 + DI (tP e +2) is
o((t + 1)'s 1y ast — oo. Then, since & > 0 is picked such that Y is a.s. bounded, we see that,
for any ¢ > 0, Y is a.s. bounded. The result follows from Theorem 4.1 and Remark 4.2 of [8].

5.2. Proof of Theorem 1
We first prove a lemma, which lets us work with v given in (9) instead of .

Lemma 1. Under the assumptions of Theorem 1, Y (u) ~ Yo(u) as u — oo.

Proof. Start by observing that g is nonnegative, monotone increasing on (—oo, K;], mono-
tone decreasing on [K,, 00), and is the smallest of all functions dominating f, which satisfy
these properties. Thus, it is easy to see that g € L'(R,B, 1) implies f € L'(R, 9B, 1). Then
one can choose a K € R such that f f(x)dx and f x J(x)dx are both smaller than I,
and, hence,

||ht(')||oLta(R,%,)L) :/ hi(x)dx +/ h¥(x)dx
R\(—K,K+t1) (—K,K+t)

t
< fGr—s)dsdx + / OIS dx
[I;/O (—K,K+1) L'(R,%B.%)
<t 7Ol s + CK +0IFOI% g .-

Therefore, f € L'(R, B, 1) implies that s OllLe®, 8,0 = O(tY*) as t — oo. The result
follows from Proposition 1.

A similar argument to that given in the proof of Lemma 1 leads to the following useful
observation.

Lemma 2. Under the assumptions of Theorem 1, g € L*(R, B, 1).

Proof. Since g € LI(R, B, A) is nonnegative, monotone increasing on (—oo, K;], and
monotone decreasing on [ K, 00), there exists a finite constant C > K, — K; such that g(x) < 1
for any x € R\ (—C, C). Also, without loss of generality, assume that g(K;), g(K,) < oo.
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Then
K; C
g% r a2 < 1811 Rosm) + 1 1m0 + /_ g de /K g%(x) dx
< gl + 1L/ 1% .0 +2CI8 (KD + g(K,)]
< 00,
yielding the desired result.

Now define ¥ *(u) := fR sup,solh: (x)/(u + ut?)]* dx, u > 0. Observe that, since f > 0,
(9) reduces to
240(-)

c. - (). 13)

In the light of Lemma 1, we focus on ¥* in the rest of the proof of Theorem 1. We start by
showing that

. 1 ”f”i‘(R%A) 1 1
lim sup u*~ ”’1&*(14)5%!8 —a——|.
100 pul/p p P

To do so, we write

Kl h o K, h o o0 h o
W(u):/ Sup[ /(%) } dH/ Sup[ /(%) ] dH/ Sup[ﬂ] dr
—co r>0Lu + ut? K, r=0Lu+ put? Kk, r=oLu + ut?
= Y1 () + 95 () + ¥3 (u). (14)
We focus on ] first. Note that

l)0*(“) < /Kl su ht(-x) adx + /Kl su ht(-x) adx
R Ostgpf)c u+ pt? —o0 tz_px u+ utP
= Y1) + Y ). (15)

Since g € L' (R, 98, 1) and is monotone increasing on (—oo, K;], it is easy to see that g(x) is
o(—1/x) as x — —oo. Consequently, for every € > 0, there exists x. < K; such that, for any
X < X¢, g(x) < —€/x. Fix € > 0 and x.. Then pick u > 0 sufficiently large such that

(25)
Xe > —| —— = Xy.
¢ (p— D !

Next note that it follows from the monotonicity of g on (—oo, K;] that

K ot B 3
v = [ [BEDGT,

o0 O<t<—x| U+ ut?

K; r ¢ o
5/ sup g(x)p:| dx
—ooO<t<—x| U+ put
Xy r t o Xe t o
s/ sup g(x) } dx+/ sup [ g(x) } dx
—o0 0<t<—x LU + ut? xu O<t<—xLU + pur?

K; ¢ o
+/ sup |: () i| dx
xe O<t<—xLU+ ut?

= Y1 ) + i) + Yl ). (16)
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Lemma 3. For x € (—o0, x,],

—_1\»=D/p
sup [ ‘8 () :|S <p 1) p P p e ().

O<t<—xLU + utP u

Proof. Define F(t) := tg(x)/(u + ut?). Observe that, on t > 0, F is nonnegative and
continuous. Also, note that

lim F(¢) = lim F(¢) = 0.
t}0 t1oo

Furthermore, ont > 0, itis an easy task to verify that the only root of the equationd F (¢) /dt = 0
is t9 = x,. Therefore,

sup [ﬂ} < sup F (1) = F(x,),
O<t<—xLU + pt? >0

which completes the proof of the lemma.

Now it follows from the above lemma that

. _ . _ Yu tg(x) ¢
lim sup u® =1/ Py = lim sup u® l/p/ su —— | d
pu Vi () pu 3 p w+ pt? X

u—o0 u—00 00 0<t<—x
— 1p=D/p« Xu
H /pp U—00 _oo
— 1)p=D/p« Xu
=< [%} limsupu(o‘_l)/p/ (—x)"%dx
M /pp Uu—>00 —o0
€ (p— 1 lp
_ < -Dm -
(@ — DHul/rpe
Moreover,
Xe t o
lim sup u® =Py, (u) = lim sup ”a_l/pf sup [ " ] dx
U=00 u—00 xu O<t<—xLU+ ut?
Xe — o
< 1imsupu“*]/P/ |: Xg(x)i| dx
Uu—> 00 Xu u
< € limsupu™ P (x, — x¢)
Uu— 00
= 6“[(19 - I)M]_l/p. (18)
Lastly, it follows from Lemma 2 that
Kir_ o
lim sup u =P Y5 () < lim supu®~ /7 / [ xg(x)] dx
u—00 . u—00 Xe u
<limsupu™ "7 (x)* 1815 5.
u— 00
=0. (19)
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Furthermore, observe that it follows from f € LI(R, B, A) that, for every 6 > 0, there
exists xg < K; such that [*_ f(x)dx < 6. Then

K h o
lim sup u®~"/P 7, (u) = lim sup u®~"/7 f sup[ o } dx

o e cot=—x LU+ pt?
X6 &) _ d o
flimsuw“‘l/l’/ [M} dx
U—00 —0o0 u+(—x)pu
K; oo _ d o
+limsuw“‘1/1’/ [M} dx
u—0o0 xo u
ot f()dy]
flimsupu““/f’/ [M] d
u— 00 00 ’4+(—x)1’y,
+ lim supufl/P(Kl — x9)||f||%1(R’%,)‘)
u—00
RY)
= hmsuwa_l/p/ [+ (=)™ d. (20)
u—00 — o0

Substituting y = (—x)?u/u we have

A

90{ o
lim sup u®~"/Pyrfy () < — lim sup / 1+ yrtdy
(

400 P oo Jixpyru/u
0% o‘B( 1 1 ) 21
= —F—38B—a——.
pulP "\ p p
Combining (15)—(21) we see that
o -1 a—1/p o 02 B(1 Lo — 1
limsupu“_l/pwf(u) < “(p )1 + € 1 (1/p 10‘ /P).
> 00 (@ —Dul/Pp* ~ [(p—Du]l/p pul/r

Letting € |, 0 and 6 | 0 we conclude that
i) ~ow'/P™%) asu — oo. (22)

Next note that

* Kr hi(x) ¢ - o
Yy () = . f;lg Wttt dr <u " (Kr = KDI 71 .2y

and, hence,
Wi w) ~ o'/P™%) asu — oo. (23)

Before proceeding with 13 we recall that there exists a monotone function gy, which is
regularly varying at infinity with index —g < —1, which dominates g for all x > K,. By
a characterization theorem due to Karamata (see, for instance, [7, Theorem 1.4.1]) we can write
grv(x) = x79l(x), where I(-) is a slowly varying function at infinity. Moreover, it follows
from [7, Proposition 1.5.10] that

o
Iy = / grv(x)dx < oo.
K,
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In particular, for any ¥ € (0, 1) there exists yy > K, such that

o
/ grv(s)ds < forany x > yy.
X

Fix ¥ € (0, 1) and yy > K, and write

Yo h o (9] h o
/ sup|: () ] dx—l—/ sup [Lx)} dx
K, t=0Lu+ put? yp 1=x—yg LU+ pt?

o0 T g (s)ds 7Y
+/ Sup [w} dx
Y

» O<t<x—y,L u+putl
=1 Y3 () + Y3 () + ¥ (). (24)

3 ()

IA

We immediately see that

lim sup u“*I/ng‘l (u) < limsupu~ P (yy — Kr)”f”il(R,%,x) =0. (25)
u—>00 u—00
Also, it is easy to see that
o
i) < 1F1% o /} [+ (x — yp)P 1]~ dx
9
o
_ ”f”Ll(iR’%’k){B(l,a B l)ul/p“,
pul/p p p
and, hence,
(WAl 1 1
lim supu®~ /Pyt (u) < — L BBD (= ). (26)
32 1/p

Next we will need the following lemma.

Lemma 4. Fore € (0, (p —1)/p) andu > 0, let

u 1/p u 1/p
ey = —m8 d vy i=—m—— .
) ([(1+8)p—1]u> e ([(l—e)p—l]u)

Then, for any ¢ € (0, (p — 1)/ p), there exists yo > yy + Yu(+) such that, for any x > e,
S gn(s)ds wp S g(s)ds
t€[0,x—yp] u+ tpl'L FE[Yu(—)s Yu(+)] u+ tpM '

Proof. Start by defining

Ji_ gn(s)ds

Gr(x, 1) = PP

, x>yp, t €[0,x —yyl

Then, for t € (0, x — yy),

G (x,1)  gro(x =Dl +1711) — putPH [T ey (s) ds/gr (x — 1)]
ot o (u + 1P p)?
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Observe that it is a direct consequence of Karamata’s theorem (see, for instance, [7, Proposi-
tion 1.5.10]) that, as x — oo,

f;,t grv(s)ds o1 (x —t)"9+h — xy—atl
grv(x —1) q—l< (x — 1)~ )
But then, by I’Hopital’s rule,
ficign®ds  1—(x—n/0)7 " 1 —t/x)1 272 t(l t)q -,
grv(x —1) (g —Dx -0~ (x =172 X '

In particular, for any ¢ € (0, (p — 1)/p), there exists y, (which, without loss of generality,
could be picked to be greater than yy + y,(4)) such that, for any x > y,,

[ gr(s)ds

(I—-e)y=< < +e),
gv(x —1) ( )
and, hence,
IGw(x —1) _ grox = D{u —tPul +e)p — 11}
ot - (u +tPp)? ’
and

IGrn(x —1) _ grvlx — O{u —tPpl(1 —e)p — 11}
at - (u + tP )2 '
Consequently, we see that, for t < y, ), 0Gn(x — 1)/0t > 0, and, for t > y,4),
0G (x —t)/0t < 0, which gives the desired result.
Now fix ¢ € (0, (p — 1)/p). It follows from Lemma 4 and the monotonicity of g, that, for

any u > 0,
o0 * (s)ds7“
1[/;‘3(14) = / Sup [M] dx
yo O<t<x—yyL U+ ptP
00 . s)ds ¢
S u—aﬁa(ys _yﬂ) +/ Sup [M} d_x
Ye  tELYu(—)sYu)l u+ ptb
ool [7_,  gr(s)dsT
<u”"0%(ye — yo) +/ [—x Yutt) 27 } x
e L utuQu-)?
_ 1+e)p—17% [
<u""0%(ye — yo) + yu(j) |: 1 P :| / 8rv(x) dx
u ( +8)p Ye = Yu(+)
_ _ (1+e)p— IT‘
<u “9%(ye — +u® z9|:— .
(e — yv) Yu(+) dtep
Therefore,
. _ (I+e)p—1 “
lim sup u® /Py (u <19|: . 27
o (R T e)p — NV/@ (1 +¢e)p @7)
Combining (24), (25), (26), and (27), and letting ¢+ | 0, we conclude that
(¥all 1 1
lim sup u®~ /Py ¥ (u) < M:B(—, o — —). (28)
U—00 pm /p P p
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Finally, combining (14), (22), (23), and (28), we have

. -1 ”f”il(R BA) 1 1
lim supu®~ Py ) < —— 22 B —a— — ). (29)
U—00 pul/p p p

Next we will show that

’

A1, 1 1
L (R,B,A)j),( )
p p

lim inf u® =Py * (u) > : — o ——
U—> 00 pu /p

Recall that, under the assumptions of the theorem, f € L!(R, B, 1). Since f is nonnegative,
forany y € Rand any § € (0, 1), there exists ys > y such that

/” Flodr = (1— e)/oo Fx) dx.
y y

Then, for any such y and ys, we have

00 X ds 1%
O / sup[—f“ T s} dx
Y

s >0l U+tPup
. /OO[ [y f(s)ds de
Ty Lut(x=y)Pu
Y o ee}
[/ 5 f(S)dS] [+ (x — y)Pu]™* dx
y s

WP = 8) [[7 f(s)ds]* oo
pul/r (

v

(14 x)"*xV/P=ldx,
Ys—Y)P1/u

and, hence,

1-38) [ ds]*
[( )fy f(s)ds] 3(1 1)_

_’ a _——
pullp

lim inf u® =Py * (u) >
U—00 p 14

Letting 6 | 0 and y | —oo and combining with (29),

_ ”f”il(R,%,k)o@(l 1>

_’ a _——
pul/r

lim u®YPy*(u)
u—o0 p p

Then (13) and Lemma 1 conclude the proof of the theorem.

5.3. Proof of Theorem 2
Start by defining

o t o
290 (1) :/ Sup[ i (x) ] m(dx):/E[sup[fo qo(B(s)+y>ds} }d%
Ca CR) r=0LU +1Pp R Li>0 u+tPu

where £ > 0, p > 1,and Cy = ( fooo X %sinx dx)’], and observing the following lemma.

Lemma 5. We have ¥ (u) ~ Yo(u) as u — oo.
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3 Progf. It follows f}rom Lemma 3.2 of [4] that there exists &€ € (0, 1) such that the process
Y={r@) =¢+ DEIS(@), t > 0} is a.s. bounded. Then, following the same steps as in the
proof of Proposition 1 gives the desired result.

Now let ¥* be as in (13). In the light of the above lemma we focus on ¥ * instead of . So,

for u > 0, write
! o
w*<u>=/E[sup[fo<"(3<s>+y>ds] ]dy
R

>0 u-+tPu
_/1 E[Sup[fo’ww(s)ﬂ)dsmd
—1 L0 u—+tPu Y

-1 Jo @(B(s) + y)ds ¥
0
o f el B e

00 4 o
+/ E[Sup[fo w(B(S)+y)dS} }dy
1

>0 u—+ tp:u
=1 Y1) + ¥ W) + Y3 (). (30)
Then observe, by Holder’s inequality and Fubini’s theorem, that

! o
wm):f E[sup[fR(p(x—i_y)L(x»l)dx} }dy

1 L>0 u+tPu

1 "V L(x, ) dx e
[l P o
-1 t>0 u+tPu
2 a

t>0 u+rtPu

r 0 2
< 2l sup|: Vi :| / E|:sup L* (i 1)] dx
soLu+1tPu 2 L0 NG

_ 1/2pya p2
=yt WO DTN (1) o
pu -2 >0 \/;

Now recall that all moments of the supremum of the local time L (x, ) over all real x are finite.
Consequently, it follows from the above observation that, for some positive constant cy,

u1/2p—1
{p[(2p — Du]l/2p

We will need the following two lemmas before we can proceed with ¥3 and 5.

lim sup u@Pe=2=P/2Pyr% () < ¢ lim sup u@Pe—a=P)/2p
u—o0 U—> 00

} =0. (31

Lemma 6. Foranyy € R, asu — oo,

) “ 1/py 2
e, y) == E[Sup[fo 9(B(s) + y)ds} } N u_a(l—l/Zp)E[Supl:L(O,t P)] }

>0 u+tP >0 1+¢

Proof. Fix y € Rand K > 0, and define

Jo ©(B(s) + y) dsﬂ

gi(u,y) = E[ [
1>WK)P u+th
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and

Jo ©(B(s) + ) dsﬂ

u—+tP

gz(u,y)I=E[ sup [

0<t<Kk)!/pr
It follows from Holder’s inequality and Fubini’s theorem that

oo ‘ )
g1, y) < ZE[ up [fo ‘P(B(S)—Fy)ds} }

WK2/-YHl/r<t<uKk2/)!/p u—+tpP

j=1

—a 0 (uK2H\P o
u 0 @(B(s) +y)ds
=(5) ze (%) ]

j=1

00 1—y
< 2%(uk) (=10 2—f““—1/2p)f ) E[L“(—( Kz);)]/sz)]dx.
u

j=1 —1=y

Since all moments of the supremum of the local time L(x, ¢) over all real x are finite, the sum
on the right-hand side converges, and, hence,

lim lim sup u“(l_l/zl’)g] (u, y) =0. (32)

Ktoo y—o0
Next observe that, for any continuity point z > 0 of the distribution of

L(0, s'/P)
sup ————
0<s<K 1+

)

it follows from the argument given in [10, p. 52] that, as u — oo,

1-1/2p [t (B
u s) + y)ds
P( - JE@(B(s) + ) zz)
0<t<(uKk)\/r u+th

(,”)l/p
= P(ul/zp/ @(B(s) + y)ds > (1 +s)z forsome0 < s < K)
0

~P(L(0, s'/P) > (1 + 5)z for some 0 < s < K)
( L(0, s'/P) )
=P| sup — >7z]).

0<s<K 1+s -
Hence, we conclude that, as u — oo,

ul =120 [T o(B(s) +y)ds L(0,1/7)
sup = sup ———=
0<t<K)l/p u+ttb o<r<k 141

’

where ‘=’ indicates weak convergence. Then, by the continuous mapping theorem,

1-1/2p [t B ds 7¢ L(0. £1/Py7®
[ u Jo #(B(s) +y) s} ;&[ sup O )} .
0<t<K

sup 1+¢

(33)
0<t<(uK)\/» u+tpP

Also, observe that

1=172p [T (B(s) + y) ds 1=y
sup = Jo #(BG) + ) §u_1/2'”/ L(x, wK)"/?)dx,

0<t<(uKk)\/r u+ P 1-y
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and, hence, for any 6 > 0, by Holder’s inequality and (12) we have

|: ul—l/Zp fé o(B(s) + y) ds]a+8

sup
0<t<(uK)\/p u+tb

1—-y X
S 20{+8—1/ La+8( T Kl/[)) dx.
—1-y u /2p

It follows from Fubini’s theorem that
a+d :|

1—
< 20["1‘5—1 f Y E[Sup LOl-HS( l'x2 , KUP)] dx
—1-y Lu>0 ul/2p

< 00,

ul =120 [Fo(B(s) +y)ds
sup
0<r<(uKk)!/p u+th

sup E[

u>0

since all moments of the supremum of the local time L(x, ¢) over all real x are finite. Thus, it
follows from the conditions discussed in [25, p. 184] that the family

{[ ul=1/2p f()t (B(s) +y)ds]a}
u>0

sup
0<t<uKk)\/» u+tp

is uniformly integrable. Combining this with (33), [25, Theorem 6.6.1] gives
L0, tV/P)\*
lim w12 g5 (u, y) ZE[( sup g) }

u—00 o<t<k 1+t

and, therefore,

L0, t1/P)\*
lim lim u*1~ 2P gy (u, y) = E| [ sup ——= ) |.
Ktoo w0 820, y) ,glg 141

Finally, noting that go(u, y) < g(u,y) < gi1(u,y) + g2(u, y), and recalling (32), gives the
desired result.

Lemma 7. Foranyy € R, asu — oo,

Y Jo 9(B(s) +y) ds]“] i
G(u,y) = /0 E[fgg[ PR v dv

u—@ra—a=1)/2p L(0, r1/P)\* 1 2pa—a—1
~e— E|(sup=———2) |8 —. ),
P >0 1+t 2p 2p

where B(-, -) is the beta function.

Proof. Fix y € Rand K > 0, and define

wK)\/r t B + ds \¥
Gi(u,y) :=/ E|:sup(f0 ¢(BG) + ) s) :|v_1/2dv,
0 >0 u+ (t +v)P
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and

o0 "o(B ds\*
Go(u,y) :=/ E[sup(‘fo #(B(s) + 7) s) :|v1/2dv.
w1/ L0 u+(+v)?

Let g(u, y) be as in Lemma 6. Start by noting that

wk)!/P Y
/ inf LY 0P 2 dy
0 >0 u + (t +v)?

< Gi(u,y)

(uK)\/P Ny
5/ [Sup u} 2+ vP . =12 dv,
0 >0 U+ (@ +v)P

7 L R T SR L 8 2
sp—————— <1 and lim inf ——— =
=0 U+ (t + V)P u=00r=0 u + (t + v)?

Then it follows from Lemma 6 that, as u — oo,

L0, t/Py]] [wiOl”
Gi(u,y) ~ E|:sup|:¥:| :| / (u + vP)~@1=172P)=1/2 gy
0

But

>0 141
~@pa—a—1)/2p L(0.:1/7y1%7 (K
_ ”—E[Sup[¥} ]/ (14 2)-(=1/2) 1/2p=1 4
p >0 I+1 0
Thus,
B(1/2p, Cpa —a —1)/2 L0, t'/P)7®
lim fim uCre=e=D/20 Gy, y) = ZU/2P CPe —a = D/2p) E[Sup[¥} }
K too u—>00 p >0 141+
(34)
Furthermore, it follows from Lemma 6 again that, for any € > 0, there exists u such that, for
U > Ue,
o
Gz(u,y)s/ g ?, yyu 2 dy
wK)\/p
(1 + ) (uk)~CGre—ebizp L0, 1'/P)\*
- lun(<27) |
p(Qpa —a—1)/2p) >0 1+1
and, hence,
lim lim supu~?Pe==D/2P G,y (u, y) = 0. (35)

K100 y—oo
Combining (34) and (35), and observing that G1(u,y) < G(u,y) < G1(u,y) + Ga(u, y),
concludes the proof of the lemma.

Lemma 7 will be our key tool in dealing with ¥5 and /3. First concentrate on v/3.
Let t[y] := inf{t > 0; B(¢) = y} be the first passage time of level y € R. Note that

-1 fo o(B(s) +y)ds®
* — E 0
V2 @) /;w |:t>rS[‘EII)—y]|: u+tPu i| i|dy
-f o E[su [fﬁ[i’fiylf M o(B(s) +y) ds )]
) bl u =1 —yDru Y
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It is known that, forv > O and y € R,

P(e[y] € dv) = —21 ex ( y2>du
Y V23 Pl

(cf. [13, p. 80]). Then, conditioning on t[—1 — y], we see that the following is a direct
consequence of the strong Markov property for Brownian motion and Fubini’s theorem:

4 a
wz(u)—/ [ [ O[IO(p(B(S)_l)dS} }P(r[—l—y]edv)dy
t>

u+ @t +v)lu

_ -1 _1_ 1 2
:/ E[Sup[fw(B(s) 1>ds] ]f uﬁp(_( 1—y) )dydv
0 oL u+@+v)Pu —o00 V213 2v

1 o0 fé(p(B(s)—l)ds]“] 12
‘,M—f E[?ﬁg[ witaror | ]8T
G(u//x,—l)

a¢_

Similarly, we can easily show that

4 a
w;“(u>=f f [ O[I‘“"(B(s)“)ds} }P(r[l—y]edv)dy
1>

u+(t+v)Pu
_Gu/n, b
neN2m

Therefore, recalling (30), (31), and Lemma 7, as u — oo, we have

1 u
() = o(u~Cre—e=p/2py 4 [ <_ _1> + G<—, 1)}
UEA2 18
2u—Cpa—a=1)/2p L(O, tl/l’) 1 2pa—a—1
it ) oG )
M(Dt-i-l)/zl)p 2w >0 L1+t¢ 2p 2p

Finally, since ¥*(u) = 2v(u)/Cy, the desired result follows.
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