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Abstract

In this paper we establish conditions which ensure the existence of self-excited oscillations
in complex dynamical systems with nondifferentiable nonlinearities, by considering those
types of systems which can be viewed as an interconnection of several simpler subsystems.
We find that the nonlinear terms of the system in which we are interested do not need to
satisfy the Lipschitz condition.

0. Introduction

In recent years, many researchers have concerned themselves with the qualitative
analysis of large-scale dynamical systems. The analysis is in terms of the qualitative
properties of the free subsystems and of the structure of the interconnecting system.
Examples of this method can be found in [2,6,7,8,10,11]. However these results are
not applicable to some systems, for example, when the nonlinearity does not satisfy
the Lipschitz condition. In this paper, we improve upon the old results and present
new results, by providing conditions for the existence of limit cycles in interconnected
systems with continuous nonlinearities which do not necessarily satisfy the Lipschitz
condition. Using the method described in this paper, we are able to improve the
oscillation result in [3] and discuss the existence of periodic solutions of second order
difference equations.

Of particular interest to the present discussion are some results in [1] and [9]. In
this paper, we extend their results to a large class of interconnected systems.
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1. Preliminaries

We call an € x £ matrix A = [a;;] an M-matrix if g;; < O for all i # j and if
the successive principal minors of A are all positive. All M-matrices are, of course,
nonsingular.

Define H () to be the set of all square integrable functions ¢ : [0, Z] — R which
satisfy the conditions

pt+Z)=9¢@) onR,

(1.1)
¢ +2)=—¢() onR.

The above definition of H(w) is easily extended to a set H,(w) of vector-valued
functions ¢ : R — R* for which each component satisfies (1.1) above.
For ¢ € H(w) we let

¢ ~ 5 qun exp(inar). (1.2)

nodd

Note also that [|¢[> =13, 16> = 'ffo% |@(2)|* dt determines a norm for H (w).
We define projections P and P* onto H(w) by P (t) = %qA),e"“” + %q;_le""‘” and
P* =1 — P, for each ¢ € H(w). For a continuous function n : R — R we define
the describing function N of n by

1 27 ) 1 2n
N(a) = Jr_a-,/ e ®n(a cos6)db = E/ cosB n(acosf)do
0 0

for a > 0. Consider the gth order differential equation given by
L(D)x+n(x) =0, n(—=x) = —n(x) (1.3)

where L(D) = 37_ a;D/, D = £. Now, since our purpose is to find a periodic
solution x (¢) of this equation, withx € H(w), we can use (1.2) to obtain L(D)x(z) ~
(1/2) ¥poaa (2_1_0 @j (ikw)’) Zre™ . So (1.3) above is equivalent to

= Z (Z a; (zkw)’) Feek 4~ Zn et = (1.4)

kodd kodd

where 7; = (w/m) fo ~iketp (x(2)) dt. Equation (1.4) is equivalent to

1
X —n;, =0, k==143,... 1.5
X+ T o (ko) n,=0 (L.5)
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for any w > 0 for which 3_7_; a;(ikw)’ # 0. Hence, if we define an operator g on
H(w) by

1 g A I
89~ 32 [1/ Za,»akw)f] e,
kodd j=0

then (1.5) is equivalent to the operator equation x + gn(x) = 0, on H (w).

2. Interconnected systems

We now consider systems which can be described by equations of the form

4
X + g () = g Zbkmxmy e (—x) = —ne(xg), 2.1
mk
k=1,...,£, which can be written in matrix-vector form as
x + gn(x) = gbx, n(—=x) = —n(x), 2.2)

where all symbols in (2.2) are defined in the obvious way and n; : R — R. We can
view (2.2) as an interconnection of £ free subsystems

X + gine(xi) = 0. (2:3)

The terms g,b;,, given in (2.1) comprise the interconnecting structure of composite
system (2.2). In Figures 2.1 and 2.2, the free subsystem (2.3) and composite system
(2.2) with interconnecting structure (2.1) are depicted in the form of block diagrams.

gk() xk

nk()

k=1,2,.,1

FIGURE 2.1. Free subsystems (2.3).

ASSUMPTION A,. Fork,m = 1,2,...,¢, k # m and for all > 0, g, and by,
are continuous linear operators on H{(w). There exist continuous complex-valued
functions G, (iw) = Gy(—iw) # 0 and By (iw) = Byn(—iw) such that if u € H(w),
W = glUh, V = byuu, then 0, = Gi(inw)it, and b, = By, (inw)i, for every integer
n. Furthermore, lim,,_, ., G, (iw) = 0.
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) - X
4 _ gk( S
n () - /
k( -
- b - X
k1 o |
b - X
™ k(k-1) ™ B k-1
5
A |
- b < X
- k(k+1) [ k+1
- b -
- kI - X1
k=1,2,....|

FIGURE 2.2. Interconnected system (2.2) with decomposition (2.1).

For each free subsystem (2.3), we can determine the describing function N,(a) of
n. Now define fi(w, a) = |Ni(a) + Gi(iw)™"'|. We choose the interval I = [u, v]
such that f;(w,a) is not too small fora > 0, © < @ < v and all values of
k=1,..., £ except at most for one value of k. We relabel the equations in (2.3) [and
the corresponding (2.1)] so that if k¥ < m and u < w < v then min,;g fi(w, a) <
mingso fr(w, a). Next, we choose an integer p with 1 < p < ¢, such thatif £ > p,
then f(w, a) is extremely large for 4 < w < v and @ > 0. In general, we like to
choose p as small as possible, because the smaller p is, the more easily assumptions
A;, A, below will be satisfied. Note that, if p = ¢, no fi(w,a) fork =1,..., £ need
be extremely large. We define the functions

pe(@,re) = inf |Gu(inw)™ +n| k=12,....¢

In|>8

Em(w) = sup | By, (in w)| k=12,...,6,m=1,...,¢, k#m,(24)

In|>&
n odd

whered, = 1ifk € {1,2,...,pland §, =0ifke{p+1,...,€},n € R*.
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ASSUMPTION A,. Fork = 1,2, ..., ¢, there exist constants riy > 0 and Siy > 0 such
that |ny(t) — rpt| < S forall t € R.

The results of this paper make use of a test matrix R(w) = [ri. (w)] defined by

pr(w, o) k=m
—&xm(@)Smo/Sko  k F# m.

rkm(w) =

LetT" = {w > 0 | R(w) is an M-matrix}. Then it follows that for @ € I we can find
£-vectors d(w) > 0 and e(w) > 0 such that R(w)e(w) = d(w) [5]. From now on, we
assume that 0 < @; < 4,0 < w, < w; and [w,, w,] C I'. By the definition of H (w)
in Section 1, it is obvious that, for each w € R, if u is in H (w) then ryu is in H (w)
and so is n;(u) which is defined by n, (u)(t) = n,(u(t)), foreacht € R.

ASSUMPTION As. For any given w € [w,,w;] CT,u € Hw),k=1,2,..., p, we
have ||rou — ny )| < Skov2di(w)/dy (w) andfork = p+1,..., ¢, we have

Irigit = me @l +a@ D £in(@).dn (@)/di (@) < V2Siod(@)/d1 ),
m=1

where ay < a < ay,u € H(w) and || - || is the norm in H(w).

Next, let £, be the set of sequences § = {yn, for which §,, = 0if m is even,

Y= oo
Im = Y_mrand |13, = 1> |9al*> < 00. Then £, is isometrically isomorphic
to H(w) and for any x € H(w) we have |lx|| = [[X|l¢,, where ¥ = {X,,}3°___ is the
sequence of modified Fourier coefficients for x. Let £, be the subset of £, such that
forany y € £, |yl = %Z |31 < c0. Define H)(w) as the corresponding subset
of H(w), and for any x € Hy(w), |lx||; = [|Xll¢,. Let 2,(w) be the set of all elements

V € P*H,(w) such that

1 : em(w)
Vih < ———— [ Si0 + Smo&im(w .
IVl < o= ( 10 ”; i@ (w))
Next, we define the functions 7, (w, a) such that if (a, w) € [a;, a;] X [w;, w>], then
® u
m(w, a) = sup [ % / e'i””{[nl(a coswt) —n(acoswt + V, (t))]
0
P
+roVi)} dt|di (@) + D |Bin(iw)|dn(w)
m=2

[4
2
+ £|B.m(iw)|em(w)smo:V.(z) € QW)|.
a

m=p+1
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(i) Fork=2,...,p,

P

n(w, a) = sup [ a_a); / ’ e”{[nc(ura cos wt) ~ ny(ua cos wt + Vi(1))]
0

+rkoVk(t)}df

p

d (@) + Y | Bim (i) d ()
m=1
m#k

2 [4
+ % Y 1Bun(i®)len(@)Sno : Vi € P*H(w),

Define

m=p+1
V2Ser(w) dy(w)
V. (t —~and u; € R, .
Vi@l < i (@) and Uy fue| < 4,(0)
nk(a)s a)
,a) = , =1,2,...,p.
ox(w, a) de(@) p

ASSUMPTION Aj,.

(1)
2
3
G
5)
(6)

N

®)

O<a<ay<a,and 0 < w; < wy < ws,

[Cl)l, (1)2] C F;

filan, ap) =0,

filwy, @) > o1(wy, a) and fi(w,, a) > oy(w, a) fora; <a < a,,

filw, a)) > 01(w, a)) and fi(w, az) > 01(w, a2) for ) < w < wy,

Niy(a) and G(iw)~" are continuous and N,(a) and Im{G(iw)~"] are one-to-one
fora,<a<a, w fw=w,

Fork =2,....,p,0, <w<wy,and0 <a < azj—:% we have fi(w,a) >
MaX,, <a<q, Ok (@, @),

er(w), di(w) are continuous for v, < w < w,.

3. Main result

We now state and prove the main result.

THEOREM 3.1. Suppose that for the interconnected system (2.2), assumptions A, A,,
As and A, are true, p > O and the functions n,(t) are continuous for all T € R and
k=1,2,...,¢ Thenthere exists a solution x € Hy(w) withx # 0and w, < o < w;.
Furthermore

0<a <a=\x)|<a,,
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: V2e,(w) 1
xill <a+|v280+ m S ,
lx:fl < |: 10 n;fl (w) d; () 0 o1 (@, o)
di(w)? er(w)?
2 2 %k 2
2 k=2, ...,p,
”‘xk" S a dl (a))z + dl ((())2 k0 ’ ’ p
2
uxknsMsko k=p+1,...,L
di(w)

47

@aG.1

PROOF. In the proof of this theorem we make use of the Leray-Schauder fixed point
theorem for Banach spaces. This reads: let Z be a Banach space and 2 be a bounded
open subset of Z containing the origin. Let K be a compact operator on Z. Suppose
that for any z € 32 and for any real A > 1 we have Az # Kz. Thenthereisaz® € Q

such that z° = K20,

Step 1. We define the set Z as follows. Anelement z = (2, 22, .. . Zp, Zps1, - - - Zpte)
isin Z if and only if z; is acomplex number fork = 1,2, ..., p, z,41 € {,and Z; € ¢,

fork=p+2,..., p+£. Wedefine anorm on Z by

p+t

P
2 2 = 2 = 12
1z =Y lznl + 1Zpi I}, + D [1Zmll3,-
m=1 m=p+2

Then Z is a Banach space.
Step 2. Define

he = P*g, Cim=P'bm, y=P'x, % =Px;
fork=1,2,....,p, m=1,...,¢; and

he = &, Cim = bim, Yk = X, % =0
fork=p+1,....,¢6, m=1,...,¢,

where k # m. The two sets of equations

P [4
X = ng[—nk(z(k +¥) + ) bimk, + Z bkmym:l

m m=p+1

=1
m#k

fork=1,..., pand y, = —hn, (X, + yi) + Iy zi,;; Cim(Ym +%,,) fork =1,

are equivalent to (2.1). Define x = (x;,...,x,)and y = (31, ..., Yo).

3.2

(3.3)

4

Step 3. We are now going to construct operators F, and Ej in the following and

estimate them.
Since py(w, rig) > 0, I + riphy has a continuous inverse on H (w) [11] and
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)’k = Fk((l), X, )’)
¢
= [1 + riohe) ™" Ay [rko(Yk + X)) — (e + %) + Z Cim(ym + 7_(,,.):|
pedor3 (3.4)

fork=1,...,¢. Fork=1,...,p, weknow that ;x, =0form =1, ..., ¢ from
(3.2). Also,

I yell = | Fe(e, X, I
< U + reohid " he|

e
: [”rko(}’k + %) — (e + ¥ + Z ICkmll - 1 Ym ||:|- (3.5)

m=]
m#k
Fork =p+1,..., ¢, since x, = 0it follows from (3.4) that

lyell < "[1 + reohi) ™ Ay "

¢ P
: [nrkoyk — me O+ Y NCenlllyull + D N Comll - 1%, u}.
m=1 m=1 (36)

m;=ék

Equation (3.3) is confined to the subspace P H (w). On this space, the operator Pg; is
invertible for k = 1, ..., £. Thus, we may write (3.3) as

(Pg) "%, + Pri(x,)

¥4 4
=P |:nk(7_(k) — e (X + Vi) + reoye + Z bymX,, + Z bkm}’m]
3.7

]
fork =1,..., p. Since x, can have only =+ Fourier coefficients which are complex
conjugates and since all other Fourier coefficients are zero, we may solve (3.7) by
finding the first modified Fourier coefficient X, for x,. The first modified Fourier
coefficient of (3.7) is Gy(iw)™' % + Ny (1% DX = Ei(w, X, y), where %, = X, =
@ [ ¢miory, (1) dt and

2x

Ei(w,x,y) = 2 /: e~ [nk(’_(k(t)) — (% () + Y () + 1o - ¥ ()
0

T
p [4
+) bz, () + Y bkmym(t)] dt.
m=}

= m=p+1
mz#k P
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Hence

P 4
|Er(w, X, y)| = P[ﬂk(&) — (X + Yi) + royr + Zbkm)_(m + Z bkm}’m]

m=} m=p+1

m#
< |2 f * e (5 (0) — nee(0) + e (0)) + i ye0)] dt
]
P £
+ Y 1Bem(o) gl + D |BemGo)ll|ymll- (3.8)

2l

Since H(w) is isometrically isomorphic to ¢,, we may represent each x, and y;
uniquely by %, and J; € ¢, respectively, where X, is the modified first Fourier
coefficient of x, and J; is the sequence of modified Fourier coefficients for y, € H(w).
Since F; and E,, are operators on H (w), there are corresponding operators Fk and Em
on ¢,. Thus, we can write

Fk(wv-fl’-"»fpwj;l’---75’@) =Fk(a)1§sy)
and

E~,,,(a),)?1, - .,i'p, 571, ...,‘yv() = E,,,(w,)_(, y)

fork=1,...,£andm=1,...,p.
Step 4. Let us construct an open subset €2 of Z and an operator K defined on a subset
of Z.

In the following, we define the map z;, = J(w, a) = G,(iw)~' + N;(a) which is
continuous on a compact set (see Ay) ® = {(w,a) v, < w < w,,a, < a < a,)}. Let
¥ = J(®). Then the inverse function J~! : ¥ — ®or J ! :z; = (0(z1), a(z;))
for z, € W is continuous and 0 = J (wp, ap) € Int V. Foreachz € Z withz; € ¥, we
have w(z,) and a(z,) defined above, and furthermore we define the vector operator
K =(K,,...,Kep) by

| - - ~
Ki(z) = _—El[a)(zl)a a(z), na(z1), ..., 2,a(21), Zip, - - - Zz+p]§

a(zy)
K E,,,[a)(zl), a(zy), za(z), ..., zpa(z1), Zigp, - - - ZH,,]
m(z) = »
a(2))[Gm(@(z))™" + Nu(|zma(z)])]
m=2,...,p;
K,(z) = ﬁm_p[w(z,), a(z)), a(z1), ..., 2,a(z1), Zigp, - . -, EHP],

m=p+1,...,p+ ¢
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Next, we define S~22(w) as a subset of £, corresponding w,(w) in H (w). Let

dn(w(z1))

={zeZ:zientV,|z,| < ———,
di(@(2))

=2,...,p

Zp+l € {22(60(21)),

V2en_p(@(21))

——————Swm-po» M=p+2,...,p+ ;.
d@a) ? .

NZmlle, <
It is easy to prove that §2 is open by the definition of €,(w) and the continuity of
dy(w), en(w) (m=1,2,...,¢£) and p, defined in (2.4).
Step 5. In this step, we prove that K is bounded on €2 and hence show that K can be
extended to a compact operator on the whole space Z.
Whenz,,, € fz2(w), from the definition of Q,(w) we have

N ~ 1 .
WZpsille, < HZpsalle, - V2 < PT@,—rl(Df<Slo + Zglm(a))z Ea))) )

On the other hand, from the definitions of e¢(w) and d(w), we have

em(w) ey ()
m =——=S
o(w, r10)< IO+Z€1 dl( ) ) dy(w) 10

So, forany 7,,, € (@), we have [|Z,4,l¢, < 22&; Sio.

To satisfy the condition for boundary points of 2, we let z be in the closure of €.
From (3.8) and the definition of o, (w, a),

El (w(z1), a(z1), z2a(z), . . ., Zpa(zl)v Zp+l’ vy Ep-{-l)l

_1_|
la(z))|

2=

< Ia(lm)l ;r)_,/ow e [n1(a(z1) cos wr) — ny(a(z1) cos wt + 2,41 (1))

+ rlOZp+l(t)] dt

3 1 -
Z IBin(i@)llzna@)| + —— Y |Bin(@)|Zpsmlle
=2

|a( DI la(z)l &2,

< L 9[ e‘i“’[nl(a(zl)coswt) — ni(a(z;) coswt + z,41(t))
a(z)) m Jo

2

+ rlOZp-H(t)] dt
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d (Cl)) em(w)
4 (@) |a(z1)|m;,' (g Gy o

< Ul(w(zl),a(zl))- (3.9)

Fork=2,...,p

1 2 -~
la(z))] lEk(w(Zl), a(z1), a(z1), ..., 2,a(z1), Zpg1, -+ - s Zp+t)|
1
< a(lz )57:_ /? e " [ni(a(z))zc cos wr) — ni(a(z))zx cos wt + 2,44 (t))
1 0
+ reozp+ (1)) dt
(@) em( )
m;ék (@) la (‘)Im =p+1 d( )
_ ), at@) o
di(w(z1)) .

Furthermore, since

£
ron + %) ~m + %) + D CinOm + %)

m=2

¢
=< ”ho()’n + X)) —ni(On +>_(1)” + Z IC 11 - llym

m=2
[4
< V28104 ) E1m(@) vl
m=2

and ||[7 4 rohe ] hell < 1/ pe(w, ry), we have from (3.4) and the definition of s (w)
that

Filw@), a@), 2a@@), ..., 2a(@), fiups - . Fap) € (@), (3.11)
Fork=p+2,...,2p,n =k — p, we have from (3.5), (3.2) and Assumption As,

| Fatw (@), a(z1), 22a (@), ..., 2,0(z1), Fpu, - - -, Zp-*-l)"e
1

< m l:""nou n, (| + Zénm(w(zl))llzm+plle,]

m#n
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1 i V2en(w(z1))
< PR |7note — nn ()l + ZSﬂm(a)( 1))m')—smoi|
- m;én
_ 1 i d, () en ()
- ,0,,((1)(21), rno) —”rnOu nn(u)“ \/_Snodl( ) + “/_Sn()pn(w rnO)dl( )]
\/ien (a) (Zl ))SnO
=T d@@) 19

where u(t) = z,1 (1) +zia(z)) coswt fork = p+2,...,2p.Fork =2p+1,..., p+
£, n =k — p, from (3.6), me Iom (W) (e, (w) /d) (@)) = d,(w)/d, (w) and Assump-

tion A; we have
| Fale (1), az), z2a(z1), . . ., zpa(z)), 2,,+1,...,z,,+e|\ez
1

S @G [”'"“’” OTE Zénm(w<z1>>||z,,+m e

m;én

+ ) Eam(@(@))|znaz)| + snl(w(zl))a(zo]
m=2

1 ¢ ‘/iem(a)(zl))

- . N N nm ——Sm

= @@, 7o) [,,,Zf @G @@
m#n

+||rno(u)—nn(u)||+25m( ) (zl)}

B 1 V2en(@(z1)) V2en(w(21))
= @G ) [” M@0 107G oy T S""Z_: (@) G @)
(@ (1)
+ reo(u) — n, (W) + ”anm(w( 2) 4 (@@D) i|
. Y2e(@@) (3.13)

di(w@)

where u(¢) = z,(t), forn=p+1,..., L.

From (2.17) to (3.13) and Assumption A,, we have that the operator K is bounded
on Q. From the definition of K, we also know that K is continuous on Q C Z and so
we can extend K continuously to all of Z by the Tietze extension theorem ([4], pages
15-16) such that the operator K is continuous and bounded on Z. The components
Kn,m=1,2,..., p, are one-dimensional and thus compact. The components K,
form = p+1, ..., £ involve the operators 4, which are defined as either P*g,, or gn
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on H(w). By Assumption A, limy_, o |Gp(ikw)| = 0, m =1, 2,~. .., £. Therefore,
the operator g,,, and hence h,,, must be compact. Thus F, and F,, are compact. It
follows that K is a compact operator on Z.

Step 6. We now show that the boundary condition in the Leray-Schauder theorem is
satisfied. Let A > 1 and let z € Z be on the boundary of 2. We must show that
Az # Kz. Treating K componentwise, we consider four cases.

(1) Suppose z; is on the boundary of W. From A4(4) and A4(5) we see that for
k =1, 2 either w(z;) = w; and
lz1| = |J{wx, &) = filexn, a) > o1(wx, a) = 01(w(z1), a)
fora, <a < a; ora(z;) = a; and
[z} = 1T (0(21), a)| = filw(z1), a) = o1(w(z1), &)
for w; < w < w,. From (3.9) we see that | K,(z)| < o(w(z,), a(z,)) for all z in
Q. But for z; € 3V we have
Azl > |z1] = o(w(z1), a(z1)) = |Ki(2)]

so that in this case Az # Kz.
(2) For2 < m < p suppose that |z,| = dn(w(2,))/d)((z))). By Assumption A,
(7) and (3.10) we have

|En(2)]
la(z)| fm(@(21), |zma(zi)])
Nm(@(21), a(z1)) _dn(@(z1))
 di(w(z2))on(w(z1), a(z1)) B di(w(z1))
so that in this case Az # Kz.
(3) Suppose z,,; € 3522(0) (z1)). By (3.11) and the definition of §2, we have

1K, 1 Dlle, = 1 F(2)le,

|Kn(2)| =

= |zm| < AMznl,

1 en(@(z1))
— 1S E Sr0€1m
= pi(w(z1), r10) < I0+,,,_2 o (w(ZI))d( (Zl)))

= "zp+1”52 < A'"Zp-f-l "lzy

so that in this case Az # Kz.
(4) Form=p+2,...,{+p,supposethat |z, = «/fe,,,_,,(a)(zl))S(,,,_p)o/dl(w(z,)).
In view of (3.12) and (3.13) we have

V2em_p(@(21))Stn—pyo

IKn(@lle, = 1 Fpep@lle, < di(w(z2,))

= ||Zm||82 < A'".Z'm”lzv

so that in this case Az # Kz.
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It now follows from the Leray-Schauder theorem that there is an element z in the
closure of  such that z = K (z). We define an element x € H,{(w(z,)) by modified
Fourier coefficients of x and y given by

X =a()#0,

X = zia(zy) fork=2,...,p,

X =0 fork=p+1,...,¢,
Ve = Zpak fork=1,...,¢.

Then x = x + y € H¢(w(z,)) and x is a solution of (2.2) with x # 0.

Step 7. Now let us verify that (3.1) is true. Since z is in the closure of 2, the bounds
onthez, (k=1,2...,p)andZ, m =p+1,p+2,..., p+ £) are satisfied. In the
following we let w £ w(z,) and a £ a(z;). Since %, = a(z,) = a, we have

0<a <a=|x]| <ay,
bl = VIS + 02 = 1812 + lzpal? = 122 + 1l

=< (|f1| + ”Ep-l-l”ez)
< (181 + V201Zp4lle)

J4
5a+[ﬁs.szlm(w)ﬁ‘*"‘(‘”smo] L (see Step 5)

m=2 d(w) o(w, ro)

lxell? = %7 + Iyell> = |zea(z)? + 1Zp4l?,

di(w)? ev(w)?

2%k k 2
2 S k=2,...,
4@? " dwr P
V2e (w)
lxell = N yelle, = Nzpsalle, < msko k=p+1,...,€ (seeStep?5).
1

This completes the proof of Theorem 3.1.

4. An example

To demonstrate the applicability of the present results, we consider a specific
composite system consisting of two subsystems, described by

d3x, d*x, dx, X2

padiad - 4— 6 = =,

dt3 + d 2 + + X + f(xl) 3000 (4 1)
d3X2 d .

100—-" +200—= — 400— = 600x; + f(x2) = xy,
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where
-1, x < -1,
1, x > 1.

It is easy to see that f(x) is continuous but does not satisfy the Lipschitz condition
when x is small. System (4.1) is a special case of (2.1) with p = £ = 2,n;, =
Ry, Sio = S = 1, ryp = ry = 0. The system (4.1) is equivalent to the system

X
x+gfG)=g (30(2)0) ,

X+ 8 f () = g2(x1),

4.3)

where g, and g, are two operators on H (w), such that for k = 1,2, and ¢ € H(w),

1 \
(@O ~ 5 > Gulinw)d, exp(inwt).

nodd

Also G1(S)™! = § + 252+ 4S + 6 and G,(S)~! = 100S> + 200S? — 400S — 600.
Next, since n,(x) = n,(x) = f(x), the describing functions N,(a) and N,(a) of n,
and n, when 0 < a < 1 are

2
Ni(a) = Ny(a) = ;15/ (cos8) f(acosB)do
0

3 2 4 /2
— ﬁ/ Y(cos0)*do = 3—/ v (cos8)* do.
Ta Jo JT\/(? 0
It is evident that
~Gi(io)™ = 2w’ — 6) +i(0’ — 4w)
and

~G,(iw)™" = (200w* + 600) + i (1000 + 400w).
Now, from fi(w, a) = |G;(iw)~! + N,(a)| = 0, we obtain the solution wy = 2 and
Ni(ap) =2 =0. 4.4)

Note that (see Figure 4.1)

/ (cos)ido < f " c0s0.d6 + (Area of ACDE)
0 0

https://doi.org/10.1017/50334270000000461 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000000461

56 Xiangjian He [16]

T 1 T 1
=sin—+~=-(——=})- ~ 0.97
sm3-+-2 (2 3) T

and
z

(cos 6)3 df > (Area of Trapezoid OABF)
0

x

+ (Area of Trapezoid BCEF) + / " cos20.do

G-3)+G-%)

3

1 (1+1) . (1 +1>
2 \Ja 472 \J16 4
~ 0.64 + 0.1344 + 0.0453 ~ 0.82.

Y 43
cos, 8
1
-1/3
4 -
-1/3
16 -
| | ] - 0
0 /4 /3 /2
FIGURE 4.1.
So
4 082 < N 0.97
Tt\’/t?. .82 < Ni(a) < ’az. 97.

Hence, using (4.4), we have that 0.377 < gy < 0.48.
Now we choose w; = 1.98, w, = 2.02, a; = 0.30 and g, = 0.58. We have defined
the functions p, (w, r0) and p2(w, ryg) in (2.4). For this example,

p1(w, rp) = p1(w,0) = ,,if‘.dﬁ |G (inw)™"|

[n]>1
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= inf V(nw)b — 4(nw)* — 8(nw)? + 36

{n]>1

=/ (Bw)® — 4(3w)* — 8(3w)? + 36 (4.5)

and

2w, ry) = pa(w, 0) = "igg |G (inw)™"|

{n|>1

= inf V[100(nw)? + 400nw]? + [200(nw)? + 6002

|n[>1

= /[100(3w)? + 400 x 300]2 + [200(3w)? + 600]2
= 100y/[(Bw)? + 120)? + [18w? + 6]2, (4.6)

for w € [w,, w,].
It is easy to verify that p,(w, 0) and p,(w, 0) are increasing functions on [w;, w,].
So, for w € [w;, w,],

p1(@,0) > /Bw))s — 4(3w,)* — 8(3w;)? + 36
= \/(3 -1.98)6 —4(3-1.98)* — 8(3-1.98)2 + 36 =~ 196.72

and

£2(@,0) > 100,/[Ge)? + 120, + [1807} + 6T
=100/[(3- 1.98)° + 12- 1.98F + [18 - 1.982 + 62 ~ 24558.5.

Therefore, from

R(w) = [m(w,O) ~ 35000 ]

—1 2w, 0)

we have |R(w)| = p1(@, 0)p2(, 0) — 33 > O for w € [wy, ;). Hence R(w) is an
M -matrix.
From the properties of M-matrices it follows that for w € I', we can find 2-vectors

_ (di(w) _ [ei(w)
d(w) = (dz(a))) > 0, e(w) = (ez(a))) >0
such that R(w)e(w) = d(w).
For this example, it is evident that we can let ¢;(w) = e;{w) = 1, and thus

1 1
dy(w) = p1(w, 0)e,(w) + e;(w) (——m> = p(w,0) — W >0,

-
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d(w) = —ey(w) + p2(w, ey (w) = pr(@,0) -1 >0

for w € [wy, w,].
Next for any V() € $2,(w), from the definition of ©,(w), we have

o6 T4
oo + (@) _ ! ~ 0.005.

Vi) < . = <
Vi)l p1{w, 0) d(w) o1(w, 0) - 3—80—0 — 196.72 — %1% 4.7

So, when V (¢) € Q,(w) and a € [a,, a»],

i/w e""”’[f(a cos wt) — f(acos wt + V,(t))] dt
am Jo
1 2 . s , 0
= — f e |vacosh — Jacos8 + V(=) | do
anr 0 w

4 Z
< — cosG[Q/acose+0.005—\3/acost9] de
an 0

4 ]
+ — sin9[\’/acos9+0.005—x3/acose] de
anr 0

4 [ ;
= — [(a cos 8 + 0.005)v/a cos 8 + 0.005 — a cos H+v/ a cos 9] do
0

a*m
_L 0005/ Vacos6 +0.005d6

[ —/(acos8 +0.005)* + v/(a cos 9)4]
[m—%ﬁ] d9—4'0‘005/0%€/md9

+——[ —/(0.005)* + /(a + 0.005)* — J—]
[m v - 4. 0005«/(7

ar

+ —f— [—\7 (0.005)* +V/(a + 0.005)* — «/(7]
am

+

a2

< % [ (@ + 0.005)" —ﬁ]
+ % [\/’ (a +0.005)* — V/a* — J/(0.005)* — o.oosg/z]
< % [\/’ (a + 0.005)* — \/[74']
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4
+ —— [V(a +0.005) - ¥/a* — J(0.005)" - 0.005/ai |
a“1m
2 h(a).

Therefore, by the definition of 7,
D99 < hi@+ —— 22 4.8)

Since p;(w,, 0) & 25925.8,

1 dz(co)< 1 ppn,0)—1 1 259248

~ ~ 0.044, 4.9
3000 di (@) ~ 3000 p;(;, 0) — 7o 3000 196.72 “9)

for w € [w;, w,]. Thus we have that

o1(@, @) < h(ay) +0.044 = 02_2 (1 + 3) [\3/(a. 1 0.005)° —\/ZE]
1
4-0005 [Jooo +f]+0044

]

~ 0.1032 4+ 0.044 = 0.1472,

o1(w, @) < h(ay) +0.044 = 32 (1 + %) I:\/3 (a, + 0.005)* — \%a—;]

4 0005
[do.oos + 3/5,] +0.044
~0.038 + 0.044 = 0.082.
Note that
a0\ ? 0377\ }
N =2({= >21 —— ) =232
) <a,) = <0.30) ?
and

a\? 0.48) 3
N =2 —= <2 — ~ 1.763.
(@) (@) < (aw)

Put jl = N] (al)y j2 = 2329, k2 = N] ((12) and k| = 1.763. Then we have

filw,a))” = |(Ni(a)) + 6 — 20%) + i(4w — &)
= (1 = J2)* + 2(j1 — j))[6 — 207 + jo] + [6 — 20° + jo] + [4w — T
> (h — j2)* + 20 — )6 — 20} + jo] + [6 — 20 + o + [4w — @)
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> [6 — 2w* + jz]2 + [Aw — 0],

since [6 — 2w3 + j»] > 0. It can be verified numerically that the minimum of the
right-hand side occurs at w = 2.02 and the minimum value is 0.0283+0.0264=0.0547.
So,

filw, a)) = +/0.0547 = 0.2339 > 0.1472 > o,(w, a)).
Similarly,

filw, @) = |(Ni(a) + 6 — 20%) + i (4w — &)
= (ka — k1)* + 2(ky — k)[6 — 20 + k] + [6 — 20° + k11> + [4ow — *)?
> (ky — k1)* + 2(ky — k2)[207 — ky — 6] + [6 — 20” + k1] + [4o — &’
> [6 — 20% + kP + dow — &),

since [2w? — k; — 6] > 0. The minimum of the right-hand side occurs at w = 1.985
and the minimum value is 0.0278. So,

fi(w, a;) > +/0.0278 ~ 0.1667 > 0.082 > 0, (w, a).

Now, when a € [a;, a;],

h'(a) = 2 [ (a +0.005)5 —

WI&

1 2 4 2 4
at — >(a +0005)} + —as]
a

4 4
+2—[ (a+0005)3—— '——(a+0005)3
a’m 3

4
a3’

2
a

2 .2
+>0.005% + —o.oosgﬁ.‘.]

=—[(a+0005) [i——(a+0005)]—a5 (g—ga)}

+i {(a+0005) [f - —(a+0005)] —a (g _ Za)

a

+§o.005 (m + ﬁ)}

2 f 2 2.0.005 1 2
== [(a + 0.005) (—3 — p ) —-a (—5)]
4 ' -0. | 2
+ — | (@ +0.005)3 _g_z 0.005 —a3 | —-=
a’m 3 a 3

20008 (mwa—,)]
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4 1 1 0.02 1
-t [(a +0.005)% — as] — —-(a+0.005)}

[@+0.005)} -a%] - [( +0.005)} — v/0.005 ~ Ja]

32
2 0.04
< —&(a +0.005)} — —— | (@ +0.005)} — ¥/0.005 — Y
= 004[ (@ +0.005) + (@ + 0.005) — /0.005 Ja]
4
s—%[ (a1 +0.005)} + (a) +0.005)} —¥/0.005 — Ja |

~ —0'3—(1.057 +0.673 — 0.17 — 0.669) < 0.
a’n

Hence h(a) is a decreasing function on [a;, a;]). Thus, when a € [a;, a;] and w €
[wl ) 0)2],

oi(w, a) < h(a)) +0.044 = 0.1472
by (4.8) and (4.9). Next,

filwy, @) > | Im[G,(iw))™" + Ni(@)]] = |40, — ©}| = 0.157608
filwz, @) = 1 Im[G (i)™ + Ni(@)]| = |4w, — w;| = 0.162408.

Hence,
filwg,a) > 01472 > oy(wr,a) fork=1,2, ay <a < a,.

To verify A4(7), we note that

n_a; /7 e | f(uzacos wt) — f(uzacoswt + V,(t))} dt| dy(w) + d\ (w)
0

< (g + 1) di(®) < ((;i + 1) d\ () ~ 14.333 - d) ().
1

This means that 9,(w, a) < 14.333 - d,(w) and hence
d)(w)

h(w)

< 14.333.

But

f2(a)’ a) =

4 4
G iw)™ + —. > ‘Im (G2(ia))‘l + —)‘
Ta ma
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> [100e® + 400w| > 14.333,

for v, < w < w;. Thus, fr(w,a) > ox(w, a). So, A4(7) is satisfied. Assumptions
A, Ay, Aj and A4(1), (2), (6) and (8) are satisfied evidently. Therefore, all of A,
through A, are satisfied. Hence, by Theorem 3.1, there is a nontrivial solution,
(x1, X2) € Hy(w) with w; < @ < w,, of the system (4.1).
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