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A Theorem of Sonine in Bessel Functions, with
two Extensions to Spherical Harmonics.

By Dr Jomn DougaLL.

(Read 13th December 1918. Received 15th March 1919.)

1. In his notable memoir on the Bessel Functions,* Sonine
proves the elegant result that

j " T(Aa) Ju(AB) Ju(Ac) A-mH d A
_{(a+d+e)(btec—a)(c+a-b)(a+b— c)}"‘“
N 9m=1 T(m — §) @™ b c™

(m> -}), provided a plane triangle can be drawn with sides
a, b, ¢; otherwise the value of the integral is zero.

The present paper contains—
(i) a proof of Sonine’s Theorem based immediately on the Theory
of the Potential ;
(ii) a theorem in Spherical Harmonics, with proof precisely
analogous to the proof (i);
(iii) statement of a second theorem in Spherical Harmonics, totally
unlike the theorem (ii), except in this that both theorems
contain Sonine’s result as a limiting case.

The two theorems in Spherical Harmonics are—
Furst,

p:ﬂ
S (2m+2p+1)
»=0

II(2m +
~ERLE) P, (c0sa) P, (008 ) P, (o087)

sin
2 2 2 D)
- - e (2)

N7 I (m~-}) 2~ sin™ « sin™ B sin™y

- - —a\Mm—}
<sina+’3+ysinﬁ+7 msin7+a' B in2tB y)

(m> - }), provided a spherical triangle can be drawn with sides
a, B, v; otherwise the value of the series is zero ;

* Math. Annalen, Band xvi. (1880).
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Second,
j (1=p")73 P (8) Py (8) Pty () dp

+g- +n— +p-
2"'—1IInl'IpIIqH(2m+’i+—z+_q')l'[(m—§+2—g—_n)n(m—}+q . p)n(m—ﬁg%)

+g-n _g+n- +p-
) It (2m+ n) L (2m + p) IT (2m + ) T2 Camal SR e S

\/;H(m—})ll(m+&+n+g+q

(m> — 1), where n, p, ¢ are positive integers whose sum is even.
If one of the three integers =, p, ¢ is greater than the sum of the
other two, the value of the integral is zero, as the formula itself
shows.

The definition taken for P7 (u) is*

1 s 1-
1’;~(p)=m(1 - p)? F(m—t, m+t+l, m+1, 2") e (4)

When ¢-m is 0 or a positive integer p, the hypergeometric
function here is a rational integral function of y, and we have

1 g 1 (..m+p+1)(2m+p+2) + 2p)
m+P(P') ')mnm( - ) (,n+ 1) (m+0) (m+P)
, _plp-1) . p(p-1)(p-2)(r-3) 2\
'{" “TEmi 0" YT i@miip-DEmt -5

The integral (1) or the series (2) is convergent if m> -4,
unless one of the three a, b, ¢ or &, B, ¥ is equal to the sum of the
other two; in the latter case we must have m > }, and the value of
the integral or series is then zero.

Theresults (1) and (2) admit of specially simple treatment in
the symmetrical case (m =0), and we will consider this case first.

2. Let 2, p, ¢ be the cylindrical coordinates of a point. The
function

j e~ T Apd\,
0

* Cf. a paper, ‘The Determination of Green’s Function by means of
Cylindrical or Spherical Harmonics.” Proc. Edin. Math. Soc., Vol. XVIIIL.,
1899-1900.

https://doi.org/10.1017/50013091500035380 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500035380

35

where z>0, is a harmonic function which is symmetrical about the
axis of 2. Its value on the axis is’

j e " dz, or —.
0 2

Hence

I A VO . (6)

0 NE+)
for two symmetrical harmonic functions having the same value on
the axis of symmetry are identical.
Again,

I e J, hp J, Aa dA
0
is a symmetrical harmonic whose value on the axis is

j e ™M J, Aa d),
0
1 by (6)
J(zz + az)’ y M
This potential on the axis can be produced by unit mass on
the plane z=0 at distance a from the axis; and it will be a
symmetrical potential if the unit mass is distributed uniformly
round the axis. Hence
j e™ JyAp Jy Aa d)
0
is the potential at distance p from the axis due to unit mass dis-
tributed uniformly over the rim of the circle (=0, p=a).
Next,

.e.

j ¢~ J, \p J, Aa Jy \b dA
0
is a symmetrical harmonic whose value on the axis is

j e ™ J,ha J,AbdA;
0

by the preceding case this value on the axis will be produced by
unit mass distributed uniformly over the rim of a circle of radius b
with centre distant & from the axis. Take a = b.

If now any element of this unit mass distant p from the axis
be distributed uniformly over the circle of radius p in the plane
s=0 with centre at the origin, the potential on the axis will not
be changed, and the potential will now be symmetrical.
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Hence we can easily calculate the density of the surface dis-
tribution on the plane z=0 which will produce the potential given
when 2>0 by

j e ™ J Ao JyAa J, AbdA.
0

Let C be the centre of the circle of radius b, OC =a, P a point
on this circle, OP = p, angle OCP=y. The circle of radius p about
O cuts the circle about C' at a second point P'. The two elements
at P and P have together a mass dy/r, which is distributed
over an area 2mp dp, giving a surface density

1 dy
= 27'—) d_p .
Now, geometrically,
% =sin OPC
24
= TP- s

where A is the area of the triangle OPC.
(Otherwise, since p*=a®+ b* ~ 2ab cos ¢,

we have pdp = ab sin ¢ dy.)
Thus 2o = dl//
Tpdp
1
T 2xA

But, the potential for z >0 being

j e J, o J, Aa Jy Ab dA,
0

the value of 27o is Lt (— 817) .
z2=0

£
Hence
Iwe_MJo);pJo)LaJoAb/\d)»=-—l~ ............... (1)
° A’

which agrees with (1).

3. This method can be extended at once to a spherical surface.

Let, r, 0, ¢ be the spherical coordinates of a point.
The function

p=w
Eo =71 P, (cos §)
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where r>1, is & harmonic function which is symmetrical about
the polar axis. Its value on the axis is

- 1 hy 1
PZ:or 1 e i
which is the potential on the axis of unit mass at the point
(r=1, 6=0).
Hence

1

—p—1 =
2 r 1P, (cos )= J(@E - 2rcos 4 1)’

p=0
when r>1; and similarly

1
J = 2rcos 0+ 1)°

2 r? P (cosb) =
p=0

when r< 1.
Again,
Z r*1 P, (cos ) P, (cos )
p=0
is a symmetrical harmonic function whose value on the axis is

2 r* 1P, (cose),
p=0

1

J(rP-2rcosa+1)°

This potential on the axis can be produced by unit mass on
the sphere r=1 at angular distance o from the axis; and it will
be a symmetrical potential if the unit mass is distributed uniformly
round the axis. Hence

2 r*1 P, (cos ) P,(cosa), (r>1)
=0

is the potential at angular distance 6 from the axis due to unit
mass distributed uniformly over the rim of the cirele (r=1, 8=
Next,

or, by (8),

2 r*1 P, (cos ) P,(cos ) P,(cosB), (r>1)
»=0

is a symmetrical harmonic whose value on the axis is
2 r#1 P, (cose) P,(cosB);
p=0
by the preceding case this value on the axis will be produced by
unit mass distributed uniformly over the rim of a circle of angular
radius B with centre at angular distance « from the axis. Take
o=pf. If, now, any element of this unit mass at angular distance
0 from the axis be distributed uniformly over the rim of the circle
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(r=1, 0=0), the potential will be symmetrical, and its value on
the axis will not be changed.

Let O be the point (r=1, §=0), C the pole of the circle of
radius 8, P a point on this circle, and, in the spherical triangle
OCP,

0C=a, CP=8, OF =0, angle OCP = 4.

The circle of radius 6 about O cuts the circle about C at a
second point P'. The two elements at P and P have a mass dy/r,
which is distributed over an area 2xsin 6 df, giving the surface

density
1 dy
7= %x%sin 6 d6
But
cos 0 = cos o. cos B + sin e sin 8 cos ¢,
sin 0 d = sin o sin 8 sin ¢ dyf,
so that
1
7T 9 sin a.sin B sin ¢
B 1
47’«/(sin0+(:+’esina'+§—asin0+§_a'sin0+:—ﬁ>

Now, since the potential is
2 v P,(cos §) P,(cosa) P, (cos B), (r>1)
p=0

and
2 P (cos 8) P,(cosa) P,(cos B), r<1),
p=0
we have
oV v
dro =Lt (5;),:1_ +Lt( - 5>,=1+
=2 (2p+1) P,(cos0) P,(cosa) P,(cos )
=0
Thus
2 (2p+1) P, (cos ) P,(cosa) P, (cos )
p=0
— ’ 1
a . 0+a+B . a+PB-0 . 0+B-a  O+a-p
N (sm 5 Sin —5— sin—F—sin—— )

)
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or 0, according as «, B, 6 can form the sides of a spherical
triangle or not. This agrees with (2).

4. A modification of the argument of the two preceding
articles may be noted here, as the modified treatment will be
practically obligatory in the asymmetrical case.

The potential

I e M J, pJy e dA
0

being due to unit mass distributed uniformly over the rim of the
circle (z=0, p=a), we have

% 1 T d¢
-z —
Jyrp Jyradh =
Io 67" adpJodadh Qr.[—f J(#+p" - 2apcosy +a’) ’

Hence the value on the axis of the potential

j e ™™ Jy Ap Jy Aa J, Ab dA
0
is

L dy
7 Jo J (z*+a*—2abcosy +b%)

Put of-2abcosy +b*=w? and the last integral becomes

l J‘“‘“’ 1 udu
T Ja-p absiny J(2+u?)’
4 f(u) 2rudu
But i

is the potential on the axis due to surface density f(p) on the
plane z=0 from p=¢ to p=d.
Hence in the present case

J(p)=

from p=a-b to p=a+d, where
a® + b® — 2ab cos Y = p?

1
2n%absiny

which is the same result as in Art. 2.
5. In order to arrive at the general results (1) and (2) we have

to consider harmonic functions of the type
P ™ B (P> 2),
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which we will call harmonics of rank m. A harmonic of this type,
unless m happens to be an integer, requires for its full exhibition a
space winding about the axis of z, in.which the variable ¢ ranges
from - o to +o.

If D is the distance from (p, ¢, z) to (o', ¢', #), the potential
1/D has a unit singularity of the first order not only at (', ¢/, 2'),
bt also at rp. ¢ +2km, #'), where & is any integer. The
potential having unit singularity of the first order at (o, ¢', 2')
alone is known, but instead of assuming this knowledge we prefer
to investigate independently an expression for an equally funda-
mental potential which has a linear distribution of singularities of
the first order, of linear density e‘m¢/a, on the rim of the circle,
(p=a,2=0).

This potential may be constructed in the following way. Begin
with the ordinary physical case of matter distributed with linear
density e"m‘b/a, from ¢ = ¢, to p=¢p,, where ~7 <, <p,<m. The
potential is

j¢2 eim‘/’d,’b
#1 /{22 + p* — 2ap cos (Y — ¢) + a’}
" j . p— (10)
J(2ap) g, J{cosho—cos(p—g))’
where
2+ pP+a?
cosh o = —2—‘;’;— ¢ ceeresesessrerasieranans (1 1)
We take o as positive. Since
(cosha. — 1) 2ap=2*+ (p ~ a)?,
we have «.>>0, except on the circle (=0, p=a).
Put
imy
I-—1 I"” ey e 12)
J2ap) J ¢, J{cosha—cos (¥~ $) }

Now regard ¢ as a complex variable, and the integral 7 as a
complex integral taken along the straight path from ¢, to ¢, in the
Y plane. The integrand has branch points where = 2kmw 4+ ¢ + 1.
In the ¢ plane draw crosscuts parallel to the imaginary axis, to
+ 4 from the branch points with positive imaginary part, and to
— i from the branch points with negative imaginary part. Then
take

1 ™ dy
7= T j W{cosha - cos (¥ - ¢) }’
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the path being from ¢, + w4 to ¢,, then from ¢, to ¢,, then from
¢, to ¢, +0i The contributions to J from the first and third
parts of the path are harmonic functions having no singularity
(outside the axis p=0) when ¢ lies between ¢, and ¢,, even when
a=0. Thus the harmonic function J has (outside the axis) the
same singularity as /, when «.=0 and ¢ lies between ¢, and ¢,.

But, contracting the path of J until it just skirts the crosscut
through ¢ + ie, we find

J 2 © M —mY g,

BN o T
J, being proportional to ¢”%, and having the singularity required
when ¢ is between ¢, and ¢,, has the proper singularity for all

values of ¢.
In (13) put e =wu.
Thus
2 ; B um-tdu
J=—  gme B
N (ap) ¢ L N (1F—2ucosho 17 T (14)
In (14) put u— u'- 2ucosha+ 1 =1,
so that ™ dw ,
U —w cosh . — w
1o
d =——_ .
an 2(cosho — w)’
then
T2 ime r—a (-efymbdw (15)
 (ap) -1 2m-%(cosh o — w)m+ti

Similarly, by putting in (14)

%+ Ju3—2ucoshm+1=w,

we find
2 ; 1 (1 —w?)m-tdw
J=—>r M C e
J (ap) ¢ L T8 2m-}(cosho — w)mtd roee-(16)
By adding (15) and (16) and putting « = cos ¢, we obtain
_ 1 img [T sin®™ ¢ d¢
= o3 \/ (ap) [ JO (m g ceeresennes (17)
or, finally,
T 2gm om™® "r sin®™ ¢ dt 18
- P o (#F+pt—2apcosti+atymti” T (18)
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6. We have proved that the function J of (18) is a harmonic
function having a linear distribution of singularities of the first

order of density ¢™P/a on the rim of the circle (p=a, 2=0).
J is of the form p™ &™? f(p, z), and

2am N (m -
500, z)=(z,,+zz)mﬂ., Hf;"’ N 19)

By integration, a surface distribution of singularities of the
first order with surface density o (p) ¢"™? from p=pto p=g on z2=0
will give a potential p™ &™? Fp, z), where

27T (m - }) (7w o(u) du
RO, 5= 20 L L — (20)

Now it can be proved that a harmonic function of rank m

say p™ ¢™?® F(p, z) is determined by the value of F(p, z) on the
axis, just as in the case of a symmetrical harmonic. Hence in any
case where #(0, z) can be thrown into the form (20) we can read
off at once the value of the surface density on z=0.

[ _x(w) du
If F(O, Z)—- Ipm,
then a(p) TIm X0 (21)

T2 (m_3) P
from p=p to p=g, and o(p) = 0 outside those limits.

7. We have
® I1(2m) i
Az P
LA = SO 1
J.o [ Jm AP dk gm Hm (z2+p2)..+}’ ( 2)

for each side, when multiplied by ¢™?, is a harmonic function of
rank m, taking the form

II(2m) pm

2mIlm z2m+?

near p=0.

Again,

&M [0 e~ T Ap J, Aa dA
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is a harmonic of rank m, taking, near p =0, the form

m _sm¢

p € -z n
97 TIm Jo JaAa A™dA,

.e. by (22),
H(2m) gim ¢ Pm a™
(2™ IIm)* (2% + a®)m+i’

or
Im —3) img __ P"2"
N IIm (zz+a)"‘+*
since
I (2m) = ——2 -1
N

Comparing with (18) and (19) we infer that

sin®™ td¢
(z2 + p? — 2apcost + a?)m+i’

j Mg A, )\a.d)\————p an (23)
0

and that each of the functions of (23) is a harmonic funection
having a linear distribution of singularities of the first order of

linear density eim¢/21ra on the rim of the circle (p=a, 2=0);
briefly, each is the potential due to a ring of sources on the rim of

the circle (p = a, z=0) of linear density ¢™?/2ra.

Consider next the harmonic function

e‘"“ﬁj e ML Ap T Aa T, ABdN . e (24)
0
The form of this near p=0 is
m Ame [°
82:Hm jo e MJ . Aad,, AbdA,
or, by (23),
m SMP I 2m.
pre’? 1o gmpm [ SoTedt __95)
o Ilm "« o (2*+a® - 2ab cos ¢ + b*)m+i

In (25) put a® — 2ab cos ¢ + b% = ?,
and suppose a = b.
(25) becomes
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pme™® 1 it g a+b gin™1¢ , udu
" Ilm" = a-5 (BHud)mtd

Comparing with (21), we find

()= _ m 1 . ——l—a,’”‘1 o1, l sin?1¢,
2 /rl(m-3) 2" Im = o
where ¢ is given by
a® - 2ab cost +b%=p?

so that
24
Ea
A being the area of the triangle with sides a, 4, ¢.

But, from (24)

2ro(p)= L Ju Ao I AaJ,, Ab . A-mt1 dA.

siné=

Hence

I Judp JoAad Ab. AT A
0

_{@tbtp@b+p-a)(pra-batb-p}mt .0
N/;H(m—%) 2““"‘_lambmpm PR
which is (1).

8. To arrive at the theorem (2) we have only to go through the
steps of the process from (18) to (26), using spherical coordinates.
Beginning with (18) take the ring as (=2, p=a). The
potential J becomes
o~ mime [* sin®™ ¢ dt
2ampme L {(z-2")*+p* - 2apcos t+a®}mt} *

Put z=rcosf, 2’=ccosa, p=rsin b, a=csino.
Then the potential due to a ring of sources of linear density
¢ '™/ sin a. on the circle (r=¢, §=0a) is

J' =2r™ ¢™ sin™ O sin® . ™7
1r sin®™¢ d¢ 18y
o {r*~2cr(cosfcoso+sinfsina cosi+}m+t " T (18)
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J' has the form r™sin™ 6 ¢™9® f, (6, r), where
£.0,7)= 2¢™sin™ o N (m-}) .

(r® - 2¢r cos o 4 c?ym+i Im 7

By integration a surface distribution of singularities of the
fiest order on r=c with surface density o (6) ¢im¢ from 6=7v to
60=3 will give a potential »™sin™ 6% F, (6, r), where

o7 (m~3) & sin™wu o (u)du U
F (0 ) =g Jy (7 = For cos u+ S ° ---(20)
3 X (w) du
1f F (0, )= _[7 (r* - 2¢r cosu + B)m+i '
Then

Im x (6)

2Tl (m-g) O

a ()
from §=v to =34, and o (f) =0, outside those limits.

9. The function _
pme‘mup
is a solid spherical harmonic, the centre of which is on the axis
of z at (p=0, z=c).
Near p=0, its form is
p m eim‘P
If » >c thisis
Pm eim¢
or
sin™ 0¢™? pw I1(2m +p) ¢
i 2 T (Em)p v
Multiplying by ¢ II (2m), and attending to (4), we get
IT(2m +p) o™t

P, (cosb)

=0 Hp potptl
_11{(2m) ¢” r™gin™ 0 22y
= 21n IIm (ﬁ_zcrc080+02>m+* %  *eevssaserss J)

where » > ¢. If r < ¢, interchange r and c.
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Again,
II ( Im + p) lard
" pzo Op P 7t P, o (cos6) P, (cosa),
(r > ¢), is a harmonic of rank m taking near 6 =0 the form
> II (2m+p) c™*>
p=0 Hp pmtptl Om [T
i.e. by (22)'

sin™ 6 P, (cosa),

ime II(m-3) c"r"sin™asin™f
Nr Im (- 2ercos o + c’)’"+*
Comparing with (18) and (19), we find
> I@2m+p)
S A

Pz, (cos 6) P, , (cosa)

1 . .
=—¢™rmgin™« sin™ @
T

d sin®" ¢ dt o3y
J’O {r* - 2cr(cos 6 cos e 4 sin f sin o cos ¢) + ¢*} =11’ -+(23)

and each, when multiplied by e"m"’, is the potential due to a ring
of sources of linear density eim¢/21rc sin o on the circle (r =¢, f=o.).
Consider next the harmonic function

M4
gmo 5 TOMEP) 7 pn(cos6) P, (005 ) Priey (c08 B),

p=0 HP r’l+p+1
......... 24y
where » > c.
The form of this near =10 is
sin™ @ Im+p) P
i 2™IIm pzo H Mp rme# Pryp(cosa) PR, (cos B),
or, by (23)
'm¢::.lil b1 — ™ r™gin™ asin™ 8
" sin™ t dt o5y
_“o {r* ~ 2¢r(cos o cos B + sin a sin B cos £) + c?}mti T (25)
In (25) put

cos o cos B + sin e 8in B cos ¢ = cos », and suppose o= £
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(25) becomes
*+B  sin™1¢.sinudu

a_p(rz—2crcosu+cz)"‘+i ’

sin™ 6 1 . .
— ¢™r™sin™! agin™! B
ImIIm -

elm¢

Comparing with (21)', we find

1 1. .
0-(0) - _ Hm . . —¢™sin m—1 « sip™! ﬁ . 1 sin2m—} t
arI(m~3) 2"lIm = ¢™+?gin™ @ ’

where ¢ is given by
cos o cos 3 + sin e 8in B cos £ = cos 6,
so that

L O0+a+B . oa+fB-0 . O+B-a . O4a-fB\}
sin o sin Bsint=2(su1 5 B sin E sin A sin 4% B)

2 2 2 2

and
1 am n-3
7 I(m — }) sin™ fsin™asin™ G ()

But from (24)" and the cognate equation for r < ¢,

drcto(6)=

II(2
irto(f)= 2 (2m+2p+1) —% Py (cos 6) Py, (cos o) P72, (cos B).
=0

Equating the two values of 47 ¢®a(6) we find (2).

10. The theorem (3) is a generalization of a known theorem for
Zonal Harmonics, which was originally stated as an example in
Ferrer's Spherical Harmonies. A historical account of the Zonal
Harmonic Theorem, with indications of proofs, is given by Heine.*

The method by which, a good many years ago, I found (3),
though complete, is long and far from neat, and I do not give it
here. But I have thought it worth while to set down the state-
ment of the result in connection with the main subject of this

paper.

* Handbuch der Kugelfunctionen, Zweiter Band, 8. 368.

https://doi.org/10.1017/50013091500035380 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500035380



