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Abstract
Let Py, ..., P.: Z — Z be polynomials of degree at most d for some d > 1, with the degree d
coefficients all distinct, and admissible in the sense that for every prime p, there exists integers
n,m such that n + Py(m),...,n + P,(m) are all not divisible by p. We show that there exist
infinitely many natural numbers n, m such that n + Py(m),...,n + P,(m) are simultaneously
prime, generalizing a previous result of the authors, which was restricted to the special case
P (0) = --- = P(0) = 0 (though it allowed for the top degree coefficients to coincide).

Furthermore, we obtain an asymptotic for the number of such prime pairs n,m with n < N
and m < M with M slightly less than N'/¢. This asymptotic is already new in general in the
homogeneous case P;(0) = --- = P(0) = 0. Our arguments rely on four ingredients. The first
is a (slightly modified) generalized von Neumann theorem of the authors, reducing matters to
controlling certain averaged local Gowers norms of (suitable normalizations of) the von Mangoldt
function. The second is a more recent concatenation theorem of the authors, controlling these
averaged local Gowers norms by global Gowers norms. The third ingredient is the work of Green
and the authors on linear equations in primes, allowing one to compute these global Gowers norms
for the normalized von Mangoldt functions. Finally, we use the Conlon—-Fox—Zhao densification
approach to the transference principle to combine the preceding three ingredients together. In the
special case P (0) = - - - = P;(0) = 0, our methods also give infinitely many n, m with n+ P, (m),
..., n+ P.(m) in a specified set primes of positive relative density 8, with m bounded by log” n for
some L independent of the density §. This improves slightly on a result from our previous paper,
in which L was allowed to depend on §.
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1. Introduction

In [12] Green and the first author established that the primes contain arbitrarily
long arithmetic progressions. Equivalently, one has

THEOREM 1. Let k be a natural number (that is an element of N = {1,2,3,...}).
Then there exist infinitely many natural numbers n, m such that n,n +m, ...,
n + (k — 1)m are all prime.

Among the ingredients of the proof of [12] was the deployment of the (global)
Gowers uniformity norms introduced in [8, 9], the development of a generalized
von Neumann theorem controlling certain multiple averages by these norms, and
Szemerédi’s theorem [26] on arithmetic progressions.

Theorem | was generalized by the authors [27] (see also [21] for a subsequent

refinement):

THEOREM 2. Let Py, ..., P, € Z[m] be polynomials in one indeterminate m
such that P;(0) = --- = P(0) = 0. Then there exist infinitely many natural
numbers n, m such that n + Py(m),n + P,(m), ..., n 4+ P,(m) are all prime.

The proof of Theorem 2 broadly followed the arguments used to prove
Theorem 1; for instance, a generalized von Neumann theorem continued to play a
crucial role. However, there are some key differences between the two arguments.
Most notably, the global Gowers uniformity norms used in [12] were replaced by
more complicated averaged local Gowers uniformity norms, and the Szemerédi
theorem was replaced with the multidimensional polynomial recurrence theorem
of Bergelson and Leibman [2]. It was necessary to deploy the multidimensional
version of this theorem (despite the one-dimensional nature of Theorem 2)
in order to obtain some uniformity in the recurrence theorem with respect to
a certain technical parameter W that arose in the proof. In [27], the natural
numbers #, m could be chosen so that m = O (n°V) as n — o0o; in [28] this was
improved to m = O (log®" n) (with the implied constants depending on P, . . .,
P). In [21] it was also shown that m could be taken to be one less than a prime.

In a series of papers [13, 14, 16], a different generalization of Theorem 1 was
obtained, namely that the arithmetic progression n,n +r, ..., n + (k — 1)r was
replaced by a more general pattern, and a more quantitative count of the prime
patterns was established. We give a special case of the main results of that paper
as follows. If A is a finite nonempty set, we use |A| to denote its cardinality,
and for any function f: A — C, we write E,c, f (a) for (1/|A]) Y., f(a). For
any N, we let [N] denote the discrete interval

[N]:={n eN:n < N},
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and let A: Z — R denote the von Mangoldt function (thus A(p’) := log p
for all primes p and natural numbers j, with A(n) = 0 otherwise). All sums
and products over p are understood to be restricted to the primes unless
otherwise specified. We are using O() and o() asymptotic notation; we review
our conventions for this in Section 1.1 below.

THEOREM 3. Let Py,..., P, € Z[m] be linear polynomials (thus P;(m) =
a;m—+b; for some integers a;, b;, foreachi =1, ..., k). Assume that the leading
coefficients ay, . . ., a; of the polynomials Py, ..., P, are distinct. Let N be an

asymptotic parameter going to infinity, and let M = M(N) be a quantity such
that M = oy_.o(N) and M > N log ™ N for some fixed constant A. Then

EneniBuein A + Pym)) ... A(n + P(m)) = [ | By + on-oo(1)
P

where for each prime p, B, is the local factor
Bp = EyezprBmezspzA,(n + Pr(m)) ... Ap(n + P (m))

and Ay, : Z/pZ — R is the function A,(n) := (p/(p — 1)) 1120 mod p-

We remark that it is easy to establish the absolute convergence of the product

]_[p B,; see [13].

Proof. If N/M is a sufficiently slowly growing function of N, this follows
immediately from the main theorem of [13] (specialized to the finite complexity
tuple n + P;(m),...,n + P,(m) of linear forms), together with the results
of [14, 16] proving the two conjectures assumed in [13]. The extension to the
case where N /M is allowed to grow as fast as a power of log N follows from the
same arguments, as discussed in [6, Appendix A]. O

Specializing this theorem to the case P;(m) := (k — 1)m, one can compute
that [] » B, is nonzero, and then it is an easy matter to see that Theorem 3
implies Theorem 1. The Hardy-Littlewood prime tuples conjecture [17] predicts
that the condition that the leading coefficients of the Py, ..., P, are distinct
can be relaxed to the condition that the Py, ..., P, themselves are distinct,
which would imply (among other things) the twin prime conjecture, but this
is unfortunately well beyond the known techniques used to prove this theorem.
The arguments in [13] also treat the case when M /N is comparable to one, as
long as an Archimedean local factor ., is inserted on the right-hand side, but to
simplify the arguments slightly we work in the local setting M = oy_,(N) to
avoid having to consider the Archimedean factor. The prime tuples conjecture
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also predicts that the condition M > Nlog * N can be replaced with the
much weaker condition that M goes to infinity, but again this is beyond the
reach of current methods. Even the special case E, iy EnepnA(m)A(n +m) =
1 + oy_ (1), which essentially measures the error term for the prime number
theorem in short intervals on the average, is only known for M > N!/6+¢
(using the zero-density estimates of Huxley [18]), or for M > N°® assuming the
Riemann hypothesis, while to the best of our knowledge the expected asymptotic
for E,cinEmepnA(m) A(n + m)A(n + 2m) is only known for M > N3/3+¢
(using the exponential sum estimates of Zhan [30]). (If one replaces the von
Mangoldt function with the Mobius function, then there is recent work [22, 23]
obtaining such asymptotics for H growing arbitrarily slowly with N. However,
the techniques used rely heavily on small prime divisors, and so do not seem to
be directly applicable to problems involving the von Mangoldt function. )

The proof of Theorem 3 used the same global Gowers uniformity norms
that appeared in the proof of Theorem 1, as well as a very similar generalized
von Neumann theorem. However, Szemerédi’s theorem was no longer used,
as this result does not hold for arbitrary linear polynomials P, ..., P, and
in any event only provides lower bounds for multiple averages, as opposed
to asymptotics. Instead, by using the results of [14, 16] together with some
transference arguments, it was shown that a suitable normalization A}, — 1
of the von Mangoldt function A was small with respect to the global Gowers
uniformity norm, which is sufficient to establish the stated result thanks to the
generalized von Neumann theorem.

The first main result of this paper is a higher degree generalization of
Theorem 3, which (except for a technical additional condition regarding the
lower bound on M) is to Theorem 2 as Theorem 3 is to Theorem 1. More
precisely, we show

THEOREM 4 (Main theorem). Let d,r be natural numbers, and let P, ...,
P, € Z[my, ..., m,] be polynomials of integer coefficients of degree at most d.
Furthermore, assume that the degree d components of Py, ..., Py are all distinct
(or equivalently, that P; — P; has degree exactly d for all 1 <i < j < k).
Let N be an asymptotic parameter going to infinity, and let M = M(N) be a
quantity such that M/N"? goes to zero sufficiently slowly as N — oo (that is
to say, there is a quantity w(N) going to zero as N — oo depending only on d,
rk, Py, ..., P, and we assume that M = oy_oo(NY?) and M > o(N)NY9).
Then

EueniEaemy A(n + Pi(m)) ... A(n + P(m)) = 1_[,311 + on—oo(1) (D
p

https://doi.org/10.1017/fmp.2017.3 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2017.3

Polynomial patterns in the primes 5

where B, is the local factor
ﬁp = EneZ/pZElﬁe(Z/pZ)’Ap(n + PI (’;l)) o Ap(n + Pk(ﬁ:l)) (2)

and A,: 7/pZ — Ris the function A,(n) = (p/(p — 1)) 1120 mod p-

AAAAA

for all sufficiently large p (noting that all such p are ‘good’ in the sense of [27,
Definition 9.4]), so the product [ | » Bp 18 convergent.

It is likely that the lower bound M > w(N)N'“ can be relaxed to M >
N'41log™ N as in Theorem 3, and the upper bound relaxed to M = O (N) at the
cost of inserting an Archimedean factor S, on the right-hand side as in [13], but
we do not attempt to establish these extensions here to simplify the exposition.
As will be clear from the method of proof, one can allow for much smaller values
of M—in principle, as small as log" N for some large L—as soon as one is able
to establish some local Gowers uniformity for (a ‘W-tricked” modification of)
the von Mangoldt function at scale M.

As with Theorem 3, standard conjectures such as the Bateman—Horn
conjecture [1] predict that Theorem 4 continues to hold without the requirement
that the degree d components of P; are distinct (so long as the P; themselves
remain distinct), and with M growing arbitrarily slowly with N. Such
strengthenings of Theorem 4 remain beyond the methods here. We also remark
that a result similar to Theorem 4, involving more general polynomial patterns,
was established in [5] under an assumption of sufficiently large ‘Birch rank’ on
the polynomial pattern, which is a rather different regime to the one considered
here in as it tends to require a large number of variables compared to the number
and degree of polynomials. In the recent paper [3], some special cases of (4)
were established, in particular the case when r = 2 and P;(m;, my) = i(m% —i—m%)
fori=1,...,k.

As in [13], we have a qualitative corollary of Theorem 4:

COROLLARY 1 (Qualitative main theorem). Let d,r be natural numbers,
Py, ..., P, € Zlm,, ..., m,] be polynomials of degree at most d. Assume that
the degree d components of Py, ..., P, are all distinct, and suppose that for
each prime p there existn € Z and m € 7 such that n + P,(m), ..., n+ P,(m)
are all not divisible by p. Then there exist infinitely many natural numbers
n,my,...,m, such that n + Py(my,...,m,),....,n + P.(my,...,m,) are
simultaneously prime.

Proof. (Sketch) From hypothesis, the local factors 8, are all nonzero, and one
can establish the asymptotic 8, = 1 + Oy 4,(1/p?*) for all sufficiently large
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primes p. We conclude that the Euler product [ | » Bp 1s nonzero, and the claim
then follows from Theorem 4 since the contribution when one of the n + P;(m,,
...,m,) is a prime power, rather than a prime, can easily be shown to be
negligible. O

The case r = 1, k = 2 of this corollary had been previously established in [20].
As a typical example of Corollary 1, we see that if P € Z[m] is any intersective
polynomial (that is to say, a polynomial such as P(m) = (m*—2)(m?>—3)(m>—6)
that has a root in every modulus), then there exist arbitrarily long arithmetic
progressions of primes whose spacing is of the form P (m).

Corollary 1 is a partial generalization of Theorem 2, in that it implies
the special case of that theorem when r = 1 and the m? coefficients of
the polynomials P;(m), ..., P(m) are all distinct. As mentioned above, the
arguments here should eventually extend to allow the m? coefficients of P; to be
equal, so long as the P;— P; are nonconstant, once one can establish local Gowers
norm control on the von Mangoldt function. In fact, Schinzel’s hypothesis H [25]
predicts that Corollary 1 should hold even if some of the P; — P; are constant, but
this claim (which includes the twin prime conjecture as a special case) is well
beyond the methods of this paper.

We now briefly summarize the method of proof of Theorem 4. If one
directly applies the methods used to prove Theorem 3, replacing (a variant
of) the generalized von Neumann theorem from [12] with (a variant of) the
more complicated generalized von Neumann theorem from [27], one ends up
wishing to control various normalized versions Ay ,, — 1 of the von Mangoldt
function in certain averaged local Gowers uniformity norms; furthermore, the
transference machinery in [12, 27] allows one to replace A, y — 1 by a bounded
function. At this point, one would like to apply an inverse theorem for the
averaged local Gowers uniformity norms, but a direct application of the known
inverse theorems does not lead to a particularly tractable condition to verify on
Apw — 1. To overcome this issue, we use the concatenation theorems recently
developed by us in [29] to control the averaged local Gowers uniform norms
arising from the generalized von Neumann theorem by a global Gowers uniform
norm. It is at this juncture that the hypothesis that the m? coefficients of the
P;(m) are all distinct, together with the choice of M as being close to N/,
becomes crucial.

In some cases, we are able to use our methods to partially remove the
requirement in Theorem 4 that the degree d components of P, ..., P, are
distinct, although this requires one to understand the distribution (or Gowers
uniformity) of primes in short intervals, for which the known unconditional
results still fall well short of what is conjecturally true. As an example of this, we
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give the conjectural asymptotic for prime triplets of the form n, n+m, n+ P (m),
with n € [N] and m slightly smaller than N'/¢, when P has degree exactly d:

THEOREM 5. Theorem 4 is true in the caser =1, k =3, P, =0, P, = m, and
when P; has degree exactly d for some 2 < d < 5. If one assumes the generalized
Riemann hypothesis (GRH), the condition d < 5 may be removed.

This theorem will be proven at the end of Section 5. The main idea is to
use the machinery of proof of Theorem 4 to essentially eliminate the A(n +
P;(m)) factor, leaving only the task of controlling averages roughly of the form
E,cimEmen A(n) A(n +m), which can be handled by existing results on primes
in short intervals, both with and without GRH. In Remark 2, we briefly discuss
some other cases that can in principle be handled by this method, such as r = 1,
k=4,P, =0, P, =mk P, =2m*, P, = m? for certain choices of k, d.

The above results have (somewhat simpler) analogues when the von Mangoldt
function A is replaced by the Mdbius function p (or the closely related Liouville
function A). In these analogues, the local factors [ | » B, should be deleted, thus
for instance we have

EuemBEmemy p(n + Pr(m)) ... pu(n + P(m)) = oy (1)

under the hypotheses of Theorem 4. The proof of these variant results is in fact
significantly simpler, as all the pseudorandom measures v that appear in the
arguments below can be simply replaced by 1; also, the ‘W-trick’ is not needed
in this case. We leave the modifications of the arguments below needed to obtain
these variants to the interested reader.

The methods used to establish Corollary 1 also give a variant involving sets
of primes of positive upper density, improving slightly on our previous results
in [28].

THEOREM 6 (Narrow polynomial patterns in subsets of the primes). Let d be a
natural number, and let Py, . .., P, € Z|m] be polynomials of integer coefficients
of degree at most d, such that P\(0) = --- = P,(0) = 0. Let L be a sufficiently
large quantity depending on d. Let § > 0, and let A be a subset of the primes P
such that

. IANTL, N
limsup ——— > 6
P P AL N

for some § > 0. Then one can find infinitely many natural numbers n, m with
n+ Pi(m),...,n+ P.(m)in A and withm < 10gL n, where L depends only on
d,k.
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Comparing this result with Corollary 1, we see that the set of primes P has
been replaced by a positive density subset .4, and that the condition that the
P; — P; have degree exactly d has been dropped, replaced instead by the

hypothesis P;(0) = --- = P(0); we have also set r = 1 (as the r > 1 case
follows easily from the r = 1 case, for example by restricting to the diagonal
m; = --- = m,). Another key point is the smallness condition on m. The

arguments in [27] essentially established this theorem with the bound m = n°®,
and the subsequent argument in [28] improved this to m < log“® n where the
exponent L(8) is permitted to depend on § in addition to d and k. Thus the
new contribution of Theorem 6 is the removal of the dependence of L on §.
This follows from the arguments in [28], after replacing [28, Theorem 9] with
Theorem 11 below; see Remark 1.

1.1. Notation. If x € R/Z, we use ||x||g/z to denote the distance from x to
the nearest integer, and e(x) := e>**.

Given two real numbers A, B with A < B, weuse [A, B] to denote the discrete
interval {n € Z : A < n < B}. We often need to identify this interval with a subset
of the cyclic group Z/NZ for some modulus N (larger than B — A), which can
of course be done by applying the reduction map n +— n (N) from Z to Z/NZ.
Similarly for the interval [M] :={n e N:n < M}.

Given any finite collection m;,...,m, of indeterminates, we write
Zlmy, ..., m,] for the ring of formal polynomials P in these variables with
integer coefficients, thus there is a natural number d for which one has

— E i i
P = QM . mr’

i1 eonsin 20+ i <d

for some integers «;, ;. The least such d for which one has such a
representation is the degree of P. Of course, one can evaluate P(my, ..., m,)
for any elements my,...,m, of a commutative ring (such as Z or Z/qZ)
simply by substituting the indeterminates m; with their evaluations m;. We write
indeterminate variables such as m, n in Roman font, to distinguish them from
elements m, n of a specific ring such as Z or Z/qZ.

It will be convenient to work with the notion of a finite multiset—an unordered
collection {ay,...,a,} of a finite number of objects ay,...,a,, in which
repetitions are allowed. This clearly generalizes the notion of a finite set, in
which every element occurs with multiplicity one. If A = {a;,...,a,} is a
nonempty finite multiset, and f: A — C is a function on the elements of A,
we write

1 n
Eieaf(@) =~ f(a),
i=1
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which of course generalizes the notion of an average E, .4 f(a) over a finite
nonempty set A; thus for instance E,c(1233a = %. IfA=1{a,...,a,}
and B = {by, ..., b,} are finite multisets taking values in an additive group
G = (G, +), we write

A+B:={a;+b;j:i=1,....,n;j=1,...,m}

and
A—B:={a;,—b;j:i=1,....,n;j=1,...,m}

for the sum and difference multisets. For any integer k, we also write
kA :=1{ka :a € A}

(in particular, kA does not denote the k-fold iterated sumset of A).
Given a finite nonempty multiset A in a domain X, we define the density
function py: X — [0, 1] to be the quantity

{a € A :a = x}|
|A]

palx) =

where the numerator is the multiplicity of x in A; thus ) _, pa(x) =1, and |A|
the cardinality of A counting multiplicity; more generally, we define

Eeeaf(@) =Y f(x)pa(x)
xeX
for all f: X — R. We then define the total variation distance dry(A, B)
between two finite nonempty multisets A, B in X to be
dry(A, B) :=)_ |pa(x) — pp(x).

xeX

Thus we have
|Eoca f(a) — Epep f (D) < drv(A, B) 3)

whenever f: X — Ris bounded in magnitude by 1. Informally, if drv(A, A+ B)
is small, one can think of A as having an approximate translation invariance with
respect to shifts by B. We observe from the triangle inequality and translation
invariance that one has the contraction property

dv(A+C, B+ C) < Ececdrv(A+c, B+c) =dv(A, B) “4)
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for any finite nonempty multisets A, B, C. In particular, for finite nonempty
multisets A, B, C one has

drv(A,A+C) <dwv(A,A+B)+dwv(A+B,A+B+C)
+dwv(A+B+C,A+C)
<dwv(A, A+ B) +dwv(B, B+ C) +drv(A+ B, A)

and thus
drv(A, A+ C) < 2dry(A, A+ B) +drv(B, B+ C). )

Informally: if A is approximately B-invariant, and B is approximately
C-invariant, then A is approximately C-invariant.

Let G = (G, +) be a finite abelian group, and let Q,, ..., Q, be nonempty
finite multisets in G with d > 1. Given a function f: G — R, we define the
0, to be the nonnegative real defined

by the formula

d
2 . .
1715 = ErcBucoi-or.hucoi-0, | ] f<X+Zw,-h,~>,
i=1

......
wef0,1}4

it is easy to see that the right-hand side is nonnegative, so that the 0%, , norm

is well defined. More generally, given functions f,,: G — R for w € {0, 1}¢, we
define the Gowers inner product

d
(fdoconiday, 1= BrecEneo-01..hicoi-0s H Jor... wd<x+zwihi>-

wef0,1}4 i=1

The Gowers norms can also be defined for complex-valued functions by
appropriate insertion of complex conjugation operations, but we will not need
to do so here. We recall the Cauchy—Schwarz—Gowers inequality

[((fodocomdas, < TT Mfollog, . (6)

,,,,,,,,,,,

wel0,1}4

(see for example [13, Lemma B.2]). Among other things, this implies the
monotonicity property

1 lag . <l )

for d > 1, by setting the f,, in (6) to be f or 1 in an appropriate fashion. It also
implies the triangle inequality for the DdQ] ..o, Dorm.
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When Q; =--- = Q4 = Q, we refer to the Gowers box norm ||||D‘é 0(G) A3 the
Gowers uniformity norm and abbreviate it as ||||U;_; (G) Or simply ””UZ) . Similarly
for the Gowers inner product.

We observe the identity

115y, = Eeaf DG, o, (N

,,,,,

d
Dé,,A_,,Q,,(f)(x) =Ehe0-01...hic0i—04 H f(x + Zwihi>~
i=1

(@1,...,0q)€{0,1}9\{0}4

Again, when Q; = --- = Q,; = Q, we abbreviate ’D‘éwQ as D‘é. Finally, we
recall the L? norms

Ifllrey = 1f e i= EBrealf )IM)'?

for 1 < p < oo, with the usual convention
Il f il = Il fllzee 2= sup | f(x)].
xeG

We now set out the asymptotic notation we use. We write X = O(Y), X K Y,
or Y > X to denote the estimate | X| < CY for a constant C. Often, we need the
implied C to depend on some parameters, which we indicate with subscripts,
thus for instance X = O, ,.(Y) denotes the estimate |X| < C,,Y for some
quantity Cy, depending only on d, r. We will often also be working with an
asymptotic parameter such as N going to infinity. In that setting, some quantities
will be held fixed (that is, they will be independent of N), while others will be
allowed to depend on N. We write X = oy_. (YY), or X = o(Y) for short, if
we have | X| < ¢(N)Y for some quantity ¢(N) depending on N and possibly on
other fixed quantities that goes to zero as N — oo (holding all fixed quantities
constant).

2. Controlling averaged Gowers norms by global Gowers norms

A key step in our arguments is establishing that averaged Gowers norms, with
shifts depending polynomially on the averaging parameter in a nondegenerate
fashion, can be controlled by global Gowers norms. We begin with a polynomial
equidistribution lemma, which, roughly speaking, asserts that exponential sums
with polynomial phases can only be large if the polynomial is ‘major arc’.
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LEMMA 1 (Polynomial equidistribution). Let d,r > 1 be natural numbers, and
let P € R[ny, ..., n,] be a polynomial of degree at most d, thus

— i i
Png,...,n) = E o, ny .

i seonriy 20: ) +oeeriy <d

Jor some coefficients o,
that

i € R Let Ny,...,N, 2 1and 0 < ¢ < 1 be such

.....

”Enle[N]] ..... mewe(P(ny, ...,n))| = e. 3

Then either one has N; <4, =% for some 1 < j < r, or else there exists a
natural number q <4, €~ %Y such that

&= 0

lge,....i lrjz <Kar W

foralliy,...,i, 20withi;, +---+1i, <d.

Proof. In the one-dimensional case r = 1, this follows from standard Weyl sum
estimates (see for example [15, Proposition 4.3]). Now suppose inductively that
r > 1, and that the claim has already been proven for r — 1. For brevity, we allow
all implied constants in the asymptotic notation here to depend on r, d.

From (8) we have

1B etni1,n,_retv,_1€(P (1, ..., )| > €

for at least > ¢ N, values of n, € [N,]. On the other hand, we can write

P(ny,....n) = > ..oy ()Y 1

i yeeesdp—1 20t 44,1 <d

where for each iy, ..., i,_1, oy, € Z[n,] is the polynomial

olp—1

ai] ,,,,, ir—1 (nr) = Z ai[,,..,i,-n;r'

ir 20t 4++i, <d

Applying the induction hypothesis, we see that for > ¢ N, values of n,, one can
find g <« =2 such that

—-0(1)

lge,, . i, () llr/z K )

i ir—1
N'...N

r—1

for all iy,...,i,_;. At present, g can depend on n,, but by the pigeonhole
principle we can pass to a set of > ¢ N, values of n, and make ¢ independent
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of n,. Then, for each iy, ...,i,_;, we have (9) for > £°DN, values of n,.
Applying [15, Lemma 4.5], this implies that either N, < ¢~ or else there
exists a natural number k < ¢~%Y (possibly depending on iy, ..., i,_;) such

that

870(1)

lkgetiy,...i,ilrjz K ——————
Pt BRE TN NI NN

for all i,. At present k can depend on i, ..., i,_;, but by multiplying together

all the k associated to the O (1) possible choices of (i, ..., i,_;), we may take k

independent of iy, ..., i,_;. Replacing g by kg, we obtain the claim. O

Our next result asserts (roughly speaking) that on the average, a
multidimensional progression

Q(h) := Py(h)[—=M, M] + - + Pc(h)[—M, M]

(with h of the order of M ,and Py, ..., P, polynomials of degree exactly d — 1)
will have an approximate global translation symmetry, in the sense that Q (h) is
close on total variation to Q(h) + g[—A~*M<¢, A= M“] for some reasonably
small g and A, if k is large enough depending on d, r. The equidistribution result
from Lemma 1 will play a key role in the proof of this statement.

THEOREM 7 (Approximate global symmetry). Letd, r > 1 be natural numbers,
and suppose that k > 1 is a natural number that is sufficiently large depending
ond,r. Let A be a quantity that is sufficiently large depending on d, r, k, and for
each j=1,...,k let P; € Z[hy, ..., h]beapolynomial of degree exactly d —1
with coefficients that are integers of magnitude at most A. Let M be a quantity
that is sufficiently large depending on d,r, k, A. For any h = (hy, ..., hy) in
(Z"*, let Q(h) be the generalized arithmetic progression

Q) = Py(h)[—M, M1+ + Pu(h)[—M, M]
(viewed as a multiset in Z.) and let Q be the arithmetic progression
00 = [—A % M?, A= M)
(also viewed as a multiset in 7.). Then one has

Eicqupy inf  dry(Q(h), Q1) +q Qo) Kari A" (10)
1<g <Ak

For future reference, we observe that the claim also holds when the arithmetic
progressions are viewed as subsets of a cyclic group Z/NZ rather than Z, since
applying reduction modulo N can only decrease the total variation norm.
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Proof. Let N := A*M“, then for any h e _([M]’)k and 1 < ¢ < A, the
projection of Z to Z/NZ is injective on Q(h) and Q(h) + q Q. Thus, we
may interpret these progressions instead as lying in the cyclic group Z/NZ. By
Fourier expansion in Z/NZ, the density function p;, of the multiset Q (/) can
be written as

1
Poi®) =~ D eEx/N)E,coe(—at/N)
£€Z/NZ
which factorizes as
1 k R
Poi ™) = Y e@x/N) D)
£€Z/NZ j=1

where D: Z/NZ — [—1, 1] is the Dirichlet kernel
D(&) :=E,ci—pme(—mé&/N).
Similarly we have
1 k
Poirtaa® =~ D eEx/N)D'(gé) [ ] D(P;(hE)
£€Z/NZ =1

where D’ is another Dirichlet kernel, defined by the formula

D'(§) := Eper—a-2pma a-2pa1e(m& /N).

Subtracting and using the triangle inequality, we conclude that

k
dry(Q(h), Q) +qQ0) < Y |D'(g&) — 1| ID(P;(h )]
Jj=1

£€Z/NZ

and so it suffices to show that

k
Bicqupy nf - 3 1D'q5) = U TID; (o) <ars A (11)

SUST gez/NZ j=1
Call &£ € Z/NZ major arc if one has

5], v

N R/Z
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for some 1 < g < AJ’?, and minor arc otherwise. We first consider the
contribution to (11) of the minor arcs. Here we bound |D'(¢g§) — 1| by 2, and
estimate this contribution by

* k
2> [T % ey IDCP (2 )8)]

g j=1

where Z;‘ denotes a summation over minor arc £. By several applications of
Hoélder’s inequality, we may bound this by

k 1/k
2 T1( 5 1D 00007
§

j=1

We have the following distributional control on the expression
]Eﬁ,-e[M]" |D(P; (hj)é)l2 appearing above:

PROPOSITION 1 (Distributional bound). Let the notation and hypotheses be as
above, and let n be a natural number. Let 1 < j < k. Then there are at most

0,4.,((A2") %Dy yalues of minor arc & € 7./ N7 for which
B, oy | D(P;(R)E)P > 27",

Furthermore, there are no such minor arc & unless

1/4

27 AR (12)

Proof. For brevity we allow all implied constants in the asymptotic notation to
depend on d and r. If we have N <« (2")°" then (12) is trivial (since N is
assumed large depending on d, r, k, A), and the first claim is also trivial since
there are clearly at most N possible choices for £. Thus we may assume that we
do not have an estimate of the form N < (2")°".

Assume that IE,;/_E[M]V ID(P;(h;)§) |2 > 27" for some natural number 7.

We can expand E; | D(P; (ﬁj)$)|2 as

m'P(h)E mP,-(E,-)g>

By 1D O = B iy Bt e (* ¢

Applying Lemma 1, we conclude that there is a natural number g; < (A2")%®

such that
(Azn)O(l)

Mir++ir+1

q;§

N Ojiiti <

R/Z
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for all the coefficients «;;, ; of P;. In particular, since P; has at least one
nonzero coefficient ot ;, _; withi; +---+i, =d — 1, we have

A2n o(1)
¢ (A2")

(13)
R/Z N

_N Oy

for that coefficient. This is inconsistent with the minor arc hypothesis unless (12)
holds.

For fixed g;, the constraint (13) restricts & to at most O((A2")°") possible
values; summing over g;, we conclude the proposition. O

Applying the above proposition for each n and summing, we conclude that

> iy IDP DD < D (A2 OWp ke
3

n:2n Ak

<k A

if k is sufficiently large depending on d, r. Thus the contribution of the minor
arcs to (11) is acceptable.

It remains to control the contribution to (11) of the major arc £. Note that the
number of major arc £ is O(AO(“/B ). As a consequence, any choice of h and &
for which .

ID(P;(hj)E)| < A™*

for some 1 < j < k gives a negligible contribution to (11). Thus we may restrict
attention to those /& and & for which £ is major arc and

ID(P;(h)§)] > A~

forall j =1,..., k. Computing the Dirichlet kernel D(P; (ﬁ ;7)&), this implies

that .
‘ Pj(h;)§ A_k
N R/Z N
forall j =1, ..., k. On the other hand, as £ is major arc, we have
Hi _%) < avEN (14)
N g R/Z

for some 1 < ¢ < AV and ag coprime to g:. We also have Pj(ﬁ ) K
APOMY As M is large, these estimates are only compatible with each other
if g; divides P;(h;). In particular, g; divides the greatest common divisor of
Pi(hy), ..., Pc(hy).
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Supgose that & ig such that the greatest common divisor (P, (l; Dsenns Py (fzk))
of Py(hy), ..., Pc(hy) is at most A*. Denoting this greatest common divisor by ¢,
we see from (14) that

ID'(¢8) — 1] < AT+0WD
for all § that have not already been previously eliminated from consideration.
Thus the contribution of these & to (11) is acceptable. Thus we only need to
restrict attention to those 4 for which (P (hy), ..., P.(hy)) > AF. For this case,
we bound |D'(¢§) — 1| by 2 and D(P;(h;)&) by 1, and use the fact that there are
only O(A°~0) major arc &, and bound this contribution to (11) by

oWVRITR.. - N
L AT Ecmyy Ly iy Pt > %+

Recall that the P; (h ;) are of size O(A°PM?"), and that M is larger than A%,
This implies that if (P, (fz D,y Py (Ek)) > 4", then either there is an integer ¢
with A¥ < g < M that divides all of the P;(h;), or else there is a prime p with
M < p <« A%D M4=! that divides all of the P;(h;). Thus we may bound (11) by

<<A0<¢’?>( Yoo+ ) cp> (15)

AkquM M<p<<A0(l)Md—l
where
¢q = Eiequyy Lyipyin..... i
We may factor

k
cg = [ [ Bicomr Lypiiny- (16)
i=1
To estimate the inner average we need the following Schwartz—Zippel type
estimate.
LEMMA 2 (Schwartz—Zippel type estimate). Let P € Zlhy, ..., h,] be a

polynomial of degree at most d for some d > 1, let p be a prime, and let m > 0
and j > 0 be integers. If P is not divisible by p™*!, then the number of solutions
(hi, ..., h,) € (Z)p’Z) to the equation P(h,, ..., h,) =0 mod p’ is at most
r(] + 1)d—1pjr—(j—m)/rd‘

Proof. We first handle the r = d = 1 case. The claim here is that if a linear
polynomial P (h) = ah + b is not divisible by p™*!, then it has at most p™ roots
modulo p’. By shifting one of the roots (if they exist at all) to the origin, we may
assume without loss of generality that b = 0, and the claim then follows since
the set {h € Z/p’Z : ah = 0} has cardinality at most p™ if a is not divisible
by p"+1.
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Now suppose that r = 1, d > 1, and the claim has already been proven for
r = 1 and smaller values of d. Now we have a polynomial P(h) of degree at
most d and not divisible by p™*!, and we wish to show that there are at most
(j+1)4=1p/=U=m/d roots in Z/ p’Z. Clearly we may assume there is at least one
such root, and by translating to the origin we may factor P(h) = hQ(h) mod p’
for some polynomial Q of degree at most d — 1 and also not divisible by p™”*!.
By factoring 1 = p“h’ for some 0 < a < j and &’ coprime to p, we see that the
number of roots of P in Z/ p’Z is bounded by Zgzo N,, where N, is the number
of roots of the equation Q(p“h’) =0 mod p’~“ for h' € Z/ p’~*Z. Observe that
Q is not divisible by p™*!+(d=be g0 by induction hypothesis we have

N, < (j 4 1)F2pi=a-U=a-m=@=Da/d=1) _ (j  1)d=2 pi=G-m/@d=D+a/@=1)

We also have the trivial bound N, < p/~@. Using the former bound when
a < (j — m)/d and the latter when a > (j — m)/d, we conclude that

N < (j+ D2 plmummre

and the claim then follows by summing in a.

Now suppose that r > 1, and that the claim has already been proven for smaller
values of r. We can write P = Zflzo P;(hy, ..., h,_)h! for some polynomials
P; € Z[hy, ..., h,_1] of degree at most d. At least one of these polynomials, say
P, is not divisible by p™*!. Let m’ denote the integer part of j — (j —m)/r,
thus

and in particular

! 1_
<j-m, m—f——m (17)
r r—1

By induction hypothesis, for all but at most (r — 1)(j + 1)¢!
prEDE=D=m+1=m)/¢=Dd choices of (hy,...,h._,) € (Z/p" ' Z) ', P, (h,
.., h,_y) is not divisible by p”™*'. This implies that for all but at most
(r — 1)(j + D4~ p/r=D=tn'+1=m)/=d choices of (hy, ..., h_1) € (Z/p'Z)",
P, (hy, ..., h,_;) is not divisible by p’"/“. But if P, (hy, ..., h,—y) is not
divisible by p™*!', we see from the r = 1 case that for all but at most
(j + DH*'pi=U=m0/d choices of h, € Z/p’Z, P(hy,...,h,) is not divisible
by pl. Putting this all together, we conclude that P (hy, ..., h,) is not divisible
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by p’ for at most

(r — D)(j + DIt pI D= =m/=Dd s i g pI =D s (4 1)1 pi= U=/

tuples (hy,...,h,) € (Z/p’Z). By (17), this quantity is at most
r(j + 1)d=tpi=U=m/rd " siving the claim. O
COROLLARY 2. Let P € Zlhy, ..., h,] be a nonzero polynomial of degree at

most d for some d > 1, and with all coefficients of magnitude at most A for
some A > 1. Let ¢ > 1 be an integer, and let ¢ > 0. Then the number of
solutions (hy,...,h,) € (Z/qZ)" to the equation P(hy,...,h,) = 0 mod ¢
is O,(AYrdgr=V/rd+e) yyhere we allow implied constants to depend on d, r.

Proof. From the fundamental theorem of arithmetic, we may factor
L
g=]]nr (18)
=1

for some distinct primes py, ..., p, and some positive integers ji, ..., j.. For
each / = 1,..., L, let m; be largest integer such that p;" divides P. By the

previous lemma, the number of solutions to P(hy,...,h,) = 0 mod p] is at

most r(j, +1)?" p/"~U="/™ o by the Chinese remainder theorem the number
of solutions to P(hy,...,h,) =0 mod ¢ is at most

L
1_[ r(jl + 1)d71pljlr—(1l—ml)/rd'

=1
Using the divisor bound, we have

L

[]rGi+ D" <« g,
=1

and from (18) we have
L

Hp[jlfﬁil/rd — qrfl/rd‘

I=1

Finally, as the greatest common divisor of the coefficients of P is at most A, we

have
L
[[r"<a
=1

and the claim follows. O
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From the above corollary we see that for ¢ < M, we have

Ei ey Lyipaiy < A g™
and hence by (16) we have

¢ < q—k/4rd

for A* < g < M, if k is large. Meanwhile, from the classical Schwartz—Zippel
lemma we have

d
B comy Lpipainy < M

d k
ng M

for M < p < A°D M1 The claim (15) then follows if k is chosen sufficiently
large depending on d, r, and M sufficiently large depending on d, r, k, A. O

for any prime p > M, and thus

Next, we recall a key consequence of the concatenation theory developed
in [29].

THEOREM 8 (Qualitative Bessel inequality for box norms). Let d be a positive
integer. For each 1 < j < d, let (Q; j)ier be a finite family of progressions

Qij=aijl—M;j1, Mij1l+ -+ aij, =M Mijn,]

with ranks r; ; at most r, in a cyclic group Z/NZ. Let f lie in the unit ball of
L*(Z/NZ), and suppose that

Eijerllfllge Se€
e D?SQi,k+5Qj,1)l<k<d1<l<d(Z/NZ) =

Srsd sl

for some ¢ > 0. Then

......

where c: (0, +00) — (0, +00) is a function such that c(¢) — 0 as ¢ — O.
Furthermore, ¢ depends only on r and d.

Proof. See [29, Theorem 1.23]. O

We combine this theorem with Theorem 7 to obtain our first result controlling
an averaged Gowers norm by global Gowers norms.
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THEOREM 9 (Global Gowers norms control averaged Gowers norms). Let d, r,
D > 1 be natural numbers, let dy be an integer with 1 < dy < d, and suppose
that D, > 1 is a natural number that is sufficiently large depending on d, r, D.
Let ¢ > 0, and let § > 0 be a quantity that is sufficiently small depending on
d,r, D, e. Let A be sufficiently large depending on d,r, D, D,, €, 6. For each
j=1,...,D,let P; € ZIhy, ..., h.] be a polynomial of degree between dy — 1
and d — 1 inclusive with coefficients that are integers of magnitude at most A.
Let M be sufficiently large depending ond, r, D, D,, €, 8, A. Let N be a quantity
larger than A~'M. Let f: 7Z/NZ — R be a function bounded in magnitude by

1 such that
IFhgo. <8 (19)
forall1 < g < AP+ Then
Ehe[M]’”f”DD <e. (20)

(P ()[~M.MD);¢[p)

Here the arithmetic progressions are viewed as multisets in Z./ N Z.

A key point here is that § does not depend on A.

Proof. Let k be a power of two that is sufficiently large depending on d, r, D;
we assume D, sufficiently large depending on k. Let ¢ > 0 be a quantity that
is sufficiently small depending on d, r, k, D, &; we assume § sufficiently small
depending on d, r, k, D, 0. We show that

E; . Eke[M]»'”f“DD"k L o0; (21)

(PR Pi/<’7j>[*0M<<’Ml)i1 ..... irelD]

the claim will then follow from 1og_2 k applications of Theorem 8.
We abbreviate i := (i1, ..., 0, h (hl, .. hk) and
k
Qi(h) := > P, (hl—oM,oM]. (22)
j=1

The left-hand side of (21) can then be written as

Eiietaaper £ ll gt

Qi pye

By Holder’s inequality, we may upper bound this by

1720
20
(Eﬁe[M]kr”f”Dpk . ) .

(Q;(h));E[D]k
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It will thus suffice to show that

k

LI, <o

(Q F ;g ik

for all but O (62" M*") of the ki in [M1".

For each i € [D]t, the multiset Q; (h) is constructed using the polynomials
P, ..., P,. By the pigeonhole principle, there exists dy < d; < d (depending
on i) such that at least k/d of the polynomials P, , ..., P, have degree exactly
d; — 1. Let P,-j1 e, ij’ denote these polynomials, then we can write

0:(h) = Qi(h) + Q4 (h)
where

v
Qi(h) =) P, (h;)[—o M, o M]
=1

and
Qihy:= Y. Phpl-oM,oM].
JE o kN1 i }
Applying Theorem 7 and Markov’s inequality with these polynomials
P, ..., P, (and d replaced by d,), we conclude that for all but 0(c?” M*)

01l°“the h in [M]*", there exists 1 < q; < A* (depending on h) for each i € [D]*
such that

drv(Q4(h), QLh) + gi[—A* MY A M) 4ipo A7
Applying (4), we conclude that

drv(Q;(h), Q1) + gl =A™ MY, A M) Kqriono A7
If g is the product of all the ¢;, then from direct computation
A (G I— A XM AX M ], g [— A2 MY AR MO 4 g[ AP YD)y < A
and hence by (5)

div(Q;(h), Qi (1) +q[A™"" M®)) Lurapo A

From many applications of (3), we thus have

12 =11 + Ourins (A

QY[ pk (Q;()+q[A~ 2D p07)- felDl
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so it will suffice to show that

20 20
1A e Lo

3 G+qla=2Pe O nz g

The left-hand side expands as

~ ZEe[D]k Ay 7
Eua,;,al,rEQ#hWiE[D]k<T “f )U”k(q[A"’*M"O])

where T" f(x) := f(x + h) is the shift of f by h. By the Cauchy—Schwarz—
Gowers inequality (6) and the translation invariance of the Gowers norms, we
can bound this by

”f”UD"(q[A—ZD*Mdo])

and the desired bound now follows from (19) and the monotonicity of the Gowers
norms. ]

Theorem 9 is not directly applicable to our applications involving primes,
because of the requirement that the function f is bounded in magnitude by 1.
In principle, the ‘transference principle’ introduced in [12] should be able to
relax this requirement to allow for unbounded f (so long as f is still bounded
pointwise by a suitably ‘pseudorandom’ majorant), but this turns out to require a
fair amount of additional argument. To begin this task, we present a ‘dual’ form
of Theorem 9, which roughly speaking asserts that dual functions associated to
averaged Gowers norms can be approximated by polynomial combinations of
dual functions associated with global Gowers norms.

THEOREM 10 (Dual function approximation). Let d,r, D > 1 be natural
numbers; let dy be an integer with 1 < dy < d. Suppose that D, > 1 is a
natural number that is sufficiently large depending on d,r, D. Let ¢ > 0, and
let K > 0 be a quantity that is sufficiently large depending on d,r, D, D,, €.
Let A be sufficiently large depending on d,r, D, D,, e, K. For each j = 1,
..., D, let P; € Zlh,, ..., h,] be a polynomial of degree between dy — 1 and
d — 1 inclusive with coefficients that are integers of magnitude at most A. Let M
be sufficiently large depending on d,r, D, D,, ¢, K, A, and let My, N be such
that A='"M < My < AM and N > A~'M. Let f: Z/NZ — R be a function
bounded in magnitude by 1, and define the ‘averaged dual function’

o N D
Fi= EhG[MO]’DPl (W[-M.M],..., PD(/;)[fM,M](f)‘ (23)
Then one can find a function F: Z.JN7 — [—2, 2] with
IF = Fll2anz < & (24)
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such that F is a linear combination
k
F=) aF (25)
i=1

with k < K, and for each i = 1,...,k, ¢; is a scalar with |c;| < 1, and
F;: Z/NZ — C is a function of the form

ki

D,
Fi= l_[ Dq,-__,-[A—m*Md()](ﬁ»j)

Jj=1

withk; < K, and foreach j =1, ..., k, q; ; is a natural number with q; ; < A"*,
and f; ;1 Z/NZ — [—1, 1] is a function bounded in magnitude by 1. As before,
the progressions are viewed as multisets in 7,/ N Z.

Proof. Let d,r,dy, D, D,, ¢, K, A, P;, N, My, M, f, F' be as above. For any
given K’', let Fx denote the collection of all the functions F that have a
decomposition (25) with the indicated properties, but with K replaced by K’
throughout. Our task is then to show that there exists F € Fx such that
I|F = Flli2@z/nz) < €.

Let § > 0 be a sufficiently small quantity depending on d, r, D, €, and let
o > 0 be sufficiently small depending on d, r, D, ¢, 6. We prove the following
energy decrement claim: if K’ > 0 is a natural number, and F € Fy is such that

either y y
(F, F — F)LZ(Z/NZ)I >4 (26)
or B
F—F|, b é 27
IF=Flgo. > 27)

for some g < AP+, then whenever K" is sufficiently large depending on §, o, K’,
and A sufficiently large depending on D,, 8, o, K’, K”, there exists F' e Fyr
such that y 5

IF — F' Ry < NF = FliZay — o

Applying this energy decrement claim iteratively starting from K’ = 0 and F=0

(which implies in particular that || F — F ||i2 ZINT) < 1), we obtain after at most

1/0 iterations that for K large enough, there exists F € F such that

(F, F — F) gzl <8 (28)
and ~
F—F N <$é
Il ||U£A—2D*Md0]
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for all ¢ < AP+. Applying Theorem 9 (with f set equal to 1(F — F), and
adjusting ¢ and § slightly), we conclude that

Ejepyy | F — Flloo < &2)2. (29)

Py()[—M.M).....Pp (R)[—M.M]

We can then use (23), the Cauchy—Schwarz—Gowers inequality (6), and (29) to
bound

<F’ F - F>L2(Z/NZ) = EEE[MO]’ (DP (h)[ M, M), ..., PD(h)[ M M](f) F F)LZ(Z/NZ)
< Ejppor I F — Fllao

Py()[—M.M].....Pp (H)[—M,M]

ge/z

and hence by (28) we conclude (24).

It remains to prove the energy decrement claim. Let K > 0, and let F e Fyx
obey either (26) or (27). First suppose that (26) holds. From the Cauchy—Schwarz
inequality this implies that

1Ell2z/nz) > 8/3 (30)

(si~nce we can bound the L™, and hence the L?, norm of F — F by 3). If we let
cF be the orthogonal projection of F to the one-dimensional space spanned by

I:", thus
(F F)LZ(Z/NZ)
|| F ” LZ(Z/NZ)
From (30) we see in particular that
100
lel < —. (€29)
Also, since _ ~ o ~
(F,F — F)2gnzy = (F,cF — F)2z/n7
we see that 5
le =11 > —.
10
By Pythagoras’ theorem, we conclude that
83
1F — CF||L2(Z/NZ) IF — F||L2(Z/NZ) 100°

We wquld like to take ¢ F to be the function F ’_but there is the technical dif~ﬁculty
that ¢ F need not take values in [—2, 2]. However, from (31) we see that ¢ F’ takes
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values in [—200/8, 200/8]. We now use the Weierstrass approximation theorem
to find a polynomial P of degree O; (1) and coefficients O; (1) such that

|P(t) — min(max(¢, —1), 1)| < o

for all t € [—200/68, 200/68]. Then P(cﬁ) takes values in [—2, 2] and lies in Fg»
for K” large enough depending on 8, o, K’, and

1P (cF) = min(max(cF, =1), Dllix@nz < o
and thus by the triangle inequality

IF = P(cF)I}2znz < IIF —min(max(F, —1), D[}2/nz) — ©
<

12
”F - F||L2(Z/NZ) —0

where the last line comes from the fact that F takes values in [—1, 1] and the
map ¢ +— min(max (¢, —1), 1) is a contraction. This gives the required claim in
the case that (26) holds.

Now suppose that (27) holds for some g < AP+, If we write g 1= 1 3(F — F),
then g takes values in [—1, 1], and

gy > 8/3.

glA—2Dx y0

This implies that

(8 DO o i@ 2ivny > (6/3)

and thus
(F—F, Dl o @ 2avn > (6/3) /3.

If we then set

. I 23
Fl :F /D[A ZD*M"O]g

(say) then from the cosine rule we have
”F Fl ||L2(Z/NZ) ”F F”LZ(Z/NZ) - 20
(say). We would like to take F,, but again there is the slight problem that F, can

take values a little bit outside of [—2, 2]. However, if one sets F := P(F 1) where
P is the polynomial constructed previously, one obtains the desired claim. [
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3. Averaged Gowers uniformity of a W-tricked von Mangoldt function

In this section we require the following parameters, chosen in the following

order.

First, we let d,r, D > 1 be arbitrary natural numbers. Let dy be an integer
with 1 < dy <d.

Then, we let D, be a natural number that is sufficiently large depending on
d,r,D.

Then, we choose ¥ > 0 to be a real number that is sufficiently small depending
ond,r, D, D,.

We let N’ be a large integer (going to infinity), and let w = w(N’) be
a sufficiently slowly growing function of N’ (the choice of w can depend
ond,r, D, D,, k). We use o(1) to denote any quantity that goes to zero as
N’ — oo (keeping the previous parameters d, r, D, D,, « fixed). Thus for
instance 1/w = o(1).

We set
we=]]r (32)

psw

and N := |[N'/W]. We also let b € [W] be a natural number coprime to W.

We set

A=W
and

R := N*. (33)
We select a quantity M such that

log'* N < M < (AN)"4.

Finally, for each 1 < j < J, we select a polynomial P; € Z[hy, ..., h,] of
degree between dy — 1 and d — 1 inclusive with coefficients that are integers
of magnitude at most A.

The reader may wish to keep in mind the hierarchy

d,rnDLD, L1k KWKLAKLKRKLN

and

A log"" N « M « N
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where the quantities W, A, R, M, N go to infinity (at different rates) as N — oo,
while d, r, D, D,, k do not depend on N.

For each b € [W] which is coprime to W, define the normalized von Mangoldt
functions A, ,: Z/NZ — R by the formula

Ay () = MA(W +b) (34)

for x € [R, N] (where we embed [R, N]into Z/NZ), with A;,’W(x) equal to zero

for other choices of x. Here A’(n) is the restriction of the von Mangoldt function

to primes, thus A’(p) = log p for primes p, and A’(n) = 0 for nonprime n.
The objective of this section is to establish the following bound:

THEOREM 11 (Averaged Gowers uniformity of von Mangoldt). Let the notation
and hypotheses be as above. If f: Z/NZ — R is any function with the pointwise
bound 0 < f < A}, then there exists a function f': Z/NZ — R with the
pointwise bounds 0 < f' <« 1 such that
. =o(1).

Eieppy 1 f — f'llop B M MDre =o(1) (35)
Furthermore, in the special case where dy = d, M > (A"'N)V?, and f = A
we may take f' = 1.

The approximating function f’ is known as a dense model for f
in the literature. The above theorem can be compared with the bound
| f — f'llur@/nzy = o(l) established in [12], and the results in [13] which
imply that f' can be taken to equal 1 when f = A, . Also, the arguments
in [27] give a version of the first part of this theorem in the case that M is a
very small power of N (in particular, much smaller than R), and the subsequent
arguments in [28] extend this to cover the regime where M grows slower than
any power of N but faster than any power of log N. These restrictions on M
arose from a certain ‘clearing denominators’ step encountered when dealing
with products of many dual functions associated to averaged local Gowers
norms; they are circumvented in this paper by application of the concatenation
machinery to replace these norms with more traditional Gowers norms that do
not require the ‘clearing denominators’ method in order to handle products of
dual functions.

REMARK 1. In[28, Theorem 9], in the notation of the current paper, the slightly
weaker bound

Eiiciy I1f = f'llap ) <e+o(1)

Py [oh —M . M],...,Pp(h)[-M,M]
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was established for any fixed ¢ > 0 assuming that M = log“ N for some
L = L(e) that was sufficiently large depending on . Theorem 11 allows one
to now take L = 1/« independent of €. By [28, Remark 4], this allows one to
also take L independent of ¢ in [28, Theorem 5], which gives Theorem 6.

Morally speaking, Theorem 11 ought to follow from the results in [12, 13]
mentioned above after applying Theorem 9, but we run into the familiar difficulty
that the function A}, — 1 is not bounded. In the final part of Theorem 11,
the conditions on dy, and M should be dropped, but this requires control on
correlations of A with nilsequences on short intervals, and such control is not
currently available in the literature.

We now begin the proof of Theorem 11. As in [12, 27], we envelop A}
(and hence f) by a pseudorandom majorant v = v, : Z/NZ — R*, defined as
follows. Let x : R — R be a fixed smooth even function that vanishes outside of
[—1, 1], positive at 0, and obeys the normalization

1
/ X' dr = 1.
0

We allow all implied constants to depend on . We then set

w 1 2
v(x) = vy(x) == %bgR( 3 M(MX(M)) (36)

m|Wx+b log R

for all x € [N]. Comparing this with (34) and (33) we conclude the pointwise
bound

0< f(x) <4, () < v(x) (37)

for all x € Z/NZ, since A;,W(x) is only nonvanishing when x € [R, N] and
Wx + b is prime, in which case the only nonzero summand in (36) comes from
the m = 1 term.

It was observed in [12] that

Eiezynzv(x) =1+ o(1). (38)

In fact we have many further ‘pseudorandomness’ properties of v; roughly
speaking, any ‘nondegenerate’ multilinear correlation of v with itself (with
reasonable bounds on coefficients) will be 1 4 o(1), as long as the complexity
of the correlation is small compared to 1/k. Here is one specific instance of the
principle we need:
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PROPOSITION 2 (Gowers uniformity of v — 1). Let K be a natural number
independent of N (but which can depend ond, r, D, D,, k). Let ¢ < AXP< be a
natural number. Then we have

Er ey 1V — 1120, 520 = o(1). (39)

qlA=3KDx 0], g1 A=3K Ds 90, (P, ([~ M. M1); e py. (P V)= M. M) p)

In particular, by monotonicity (7), permutation symmetry, and Holder’s
inequality one has the estimates

v—1 D, = o(1
| ”Dq[:-WD*M"O] ..... qIA—3K D g0 2
2 Ds+D
Ejepmy v = HIZo.0 =o(l),
glA—3KDx o0, ‘”AAKD*Mdol»(Pi(’;)[*M»Ml)ie[D]
and
22[)
Ej ey v — 1520 i = o(1).
(P (MWI=M,MDje[p).(P; (W)[=M.,MD)je[ D)
Proof. See Appendix A. O

Next, we give a variant of the estimate in [12, Proposition 6.2].

PROPOSITION 3 (v — 1 orthogonal to dual functions). Let the notation and
hypotheses be as in Theorem 11. Let K, K’ be natural numbers independent
ofN (but which can depend on d,r, D, D, k). For each j = 1,..., K, let
fi = (fiw)wcio.y0\02« be a tuple of functions f;,: Z/NZ — [—1,1], and
q; < AP+ be a natural number, and write
. D*
Fj = qu[A’ZD*MdOJ(fj)'
For each j' € [K'], let 8y = (8 w)wco.yr\jyp> be a tuple of functions
8 w: L/NZ — [—1, 1], and write
G = Ejequy D) @)

(Pi (W)~ M, MDjep

Then

K K’
Exez/nz(v(x) = 1) (]"[ F; (x)) (1"[ G,«x)) = o(1). (40)
Jj=1 J'=1

A key technical point here (as in [12]) is that the parameters K, K’ are allowed
to be large compared to 1/« (though K, K’ will still be small compared to
W, A, R, M, N). The potentially large nature of K, K’ requires one to proceed
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carefully, as the pseudorandomness properties of v do not allow us to directly
control averages involving a number of forms that are comparable or larger to
1/k. On the other hand, Proposition 3 is easier to prove in one respect than [12,
Proposition 6.2], because the functions f; ., g; . are assumed to be bounded in
magnitude by 1 rather than v + 1. We are able to use this stronger hypothesis
due to our use of the Conlon—-Fox—Zhao densification machinery (which was not
available at the time that [12] was written) from [4] later in this paper.

Proof. We first prove (40) for small values of K’, specifically K’ = 0, 1, 2, and
then use Theorem 10 to conclude the case of general K.

We begin with the K’ = 0 case. In this case, we may adapt the arguments used
to prove [12, Proposition 6.2]. First, we write the left-hand side of (40) as

K
Eeone0@ = D[] [ Eiegrfrox +o-h)p)
j=1 we{0,1)P+\{0} P+ "
where Q; is the multiset
Ql = q/ [A—ZD*MdU] _ q/ [A—ZD*Mdg]

and - denotes the usual dot product:

D
(a)l, ey a)D*) . (hj,l: ey hj,D*) = Za)ihj,,».
We now ‘clear denominators’ by writing g := ]_[f.(:1 q;, and introducing the

multiset
Q = q[A_3KD*Md0] _ q[A_3KD*Md0].

Note that g < AXP+, which implies that

drv(Qj, Q;+h) =o(l)
for all h € Q, thus

Ez,egf*fw t-h)) =Egor fro@ + - H+o-h)+o(l)

forall1 < j < K and he QP+, From (38) we have Eieznzv(x)+1 =240(1),
SO we can wrlte the left-hand side of (40) as

Eyez/nz(v(x) — 1)1_[ 1_[ E;,jegf*f,-,w(x—i-w-ljl_,- + o) +o(l);

J=1 we{0,1}P*\ {0}
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averaging over i, we can also write this left-hand side as

K
EcezvzBicon. 0@ = D[] 1 Ejijcor fiox +@-Hj+o-h)+o(l).
J=1 wel0,1)P:\(0}x

We can rewrite this as

Ege]-[le o ((fw;ﬁ)we(o,l]u* >U;EZ’3KD*MJO] +o(1)
where
Fopeii(0) 1= 1) — 1 @1)
and
K -
foi @) =[] frox + o H)) (42)
j=1

forw € {0, 1}2\{0}? and H = (H,, ..., H;). By the Cauchy—Schwarz-Gowers
inequality (6), we can bound this by

g, o [ Wallor ., +o(D).
we{0,1)Px §
From Proposition 2 we have
-H D = [|lV — 1 D. = 0 1
ool =M =Tlgo - =o()

while for € {0, 1}\{0}”* we have | f,.;;| < 1 and hence

o <L
oo
The claim follows.
Now we turn to the K’ = 1 case. This is effectively the same as the K’ = 0
case, except that v — 1 is replaced by (v — 1)G,. Thus, by repeating the above
arguments, we reduce to showing that

(v = 1G, IIUL?;r =o(l).

3K Dy Mdo]

Expanding out G and using the triangle inequality for Gowers norms, it suffices
to show that

- — D - o =
Ehe[M]r”(v I)D(Pi(h)[_MvM])iE[D] (gl)”UD* D ] 0(1)

qla—3K D=y
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so by Holder’s inequality it suffices to show that

. D - 2D _
EhE[M]’ ”(U - I)D(Pi(ﬁ)[—MA,M])ie[D] (gl)”UqD* - 0(1)'

[A—3K D« pdo )

We can expand the left-hand side as

Efcmy (8w i) gperp J P
qTA3K D 907, ... qLA=3K Dx 01, (P ([—M, MD)j e[ p)

where g[A~3KP« M%) appears D, times in the Gowers norm, and
gw,{O}D =V — 1

and
8w, = gl,w’

for all w € {0, 1}P and o’ € {0, 1}°\{0}?. By the Gowers—Cauchy—Schwarz
inequality, we can bound the above expression by

- 2P+
Ehe[M]’ v — 1||I:ID*+D
q[A=3K Dx 901, g1A=3K D 901, (P, (Y[~ M, M) ey

so by Holder’s inequality it suffices to show that

; 2PxtD _
Eseppy v — I puso = o(1).
q[A_3KD*Md0] ..... q[A‘3KD*Mdo].(n"i(/;)[*M.M])ie[n]

But this follows from Proposition 2.
Next, we turn to the K’ = 2 case. Repeating the previous arguments, we reduce
to showing that
v = GGl o =o(1).

q1a=3K Di pr0)

But the product GG, can be written as a dual function

GG, =D (@)

(Pi (W) [~M . M)jerpy. (Pi (D[~M, MDie(p

where g, = (812,0)wefo,120\(op2p 1s defined by setting

812,(.10)?) ‘= 81,0
and
812.({0}°.0) ‘= 2.0/

and
812, (ww) =1
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for w, ' € {0, 1}?\{0}?. One can then repeat the K’ = 1 arguments (replacing
D with 2D, and duplicating the polynomials Py, ..., Pp) to conclude this case.

Now we turn to the general case when K’ is allowed to be large. Let ¢ > 0 be
a parameter (which we initially take to be independent of N) to be chosen later.
It will suffice to show that the left-hand side of (40) is Ok (¢) + o(1) for each
fixed ¢ > 0, since the claim then follows by using a diagonalization argument to
send ¢ slowly to zero.

Applying Theorem 10 to each G, we see that for any j' = 1,..., K’, one

can find an approximation G : Z/NZ — [—2,2] to G ; with
G — Gj’”LZ(Z/NZ) <é

such that G,-/ has a representation of the form (25) for some k, k; = Oy, p.p, (1)
(depending on j). We then write

ij = Gj’ + Ej/

and
G[...GK/ =G1GK'+E

for some error functions £, E with

||Ej’||L2(Z/NZ) <& (43)
and

E Lk |Ei|+ -+ |Ex]. (44)

We may split the left-hand side of (40) as the sum of

Erezvz(v(x) = DFy ... Fx(0)G, ... Gy (x) (45)

and
Eieznz(v(x) — DFy ... Fg(x)E(x). (46)

By (25), the expression (45) is a bounded linear combination of O, p p, . x (1)
terms, each of which is o(1) by the K’ = 0 case of this proposition (with K
replaced by various quantities of size Oy, p.p, . x (1)). Thus it suffices to show
that the expression (46) is Ok (e) +o(1). Since the F; are bounded in magnitude
by 1, we can use (44) to bound (46) in magnitude by

K’

Lk ) Becanz(v(x) + DIE; ()],

=1
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By (38) we have E,cz/nz(V(x)+1) = 240(1), so by Cauchy—Schwarz it suffices
to show that

Ereznz(v(x) + DE;(x)* g &+ o(1)
for each j'. From (43) it suffices to show that
Ereznz(v(x) — DE;(x)* = o(1).

From the definition of E, we can expand the left-hand side as a bounded linear
combination of the expressions

E.ezynz(v(x) = DG ()G (x),
Ereznvz(v(@) = DG ()G (x),
and
Eer/NZ(V(x) - I)Gj’(x)Gj/(x)'
But these are all equal to o(1) thanks to the K’ = 0, 1, 2 cases of this proposition

respectively. The claim follows. O
To use this proposition, we recall the dense model theorem:
THEOREM 12 (Dense model theorem). Ler v: Z/NZ — R* be a function

satisfying Eyczynzv(x) = 1 + o(1), and let F be a collection of functions
g: Z/NZ — R* bounded in magnitude by 1 + o(1). Suppose that for any fixed

k (independent of N) and any g, ..., g« € F, one has
Erezynzg1(x) ... ge(x)(v(x) — 1) = o(1)
as N — oo uniformly in the choice of g, ..., g. Then for any function

f:Z/NZ — R with 0 < f(x) < v(x) for all x, there exists a function
[P Z/NZ — Rwith0 < f'(x) < 1+ 0(1) for all x such that

Erezynz(f(x) — f'(x)g(x) = o(1)
as N — oo uniformly for all g € F.

Proof. See [24, Theorem 1.1], [27, Theorem 7.1], or [10, Theorem 4.8]; the
formulation here is closest to that in [24]. (This theorem also appeared implicitly
in [12].) O

PROPOSITION 4 (A dense model for f). Let the notation and hypotheses be as
in Theorem 11. Then there exists a function f': Z/NZ — R with the pointwise
bounds 0 < f' <, 1 such that

Eceovz(f = YD o, iy (@) () = 0(1)
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and
EXEZ/NZ(f - f/)(X)EEG[M]'-D(DP,-(E)[—M,M]),'E[[)] (g/)(-x) = 0(1)

for any g < AP+ and any tuples § = (8)weio.yr\ 0+ and & = (8l)we(0.12\(0}?
of functions g, g, Z/NZ — [—1, 1].

Proof. If we let ¢ > 0 be a sufficiently small quantity depending on «, then by
(37) we can bound cf pointwise in magnitude by v. Applying the dense model
theorem with F consisting of those functions of the form

D

Dq[trzo* M) (8

or

R D =/
Eictnnr D gyt i &)

for any ¢ < AP+ and any tuples § = (g,)weio.1)2\j0}2+ and & = (g))we(0.1)2\(0)2
of functions g,, g, : Z/NZ — [—1, 1], and using Proposition 3, we obtain the
claim with f replaced by cf. Dividing by c, the proposition follows. O

The above properties of f — f’ are not directly useful in applications because
of the requirement that the functions g, g/, take values in [—1, 1]. However, we
can use densification argument of Conlon et al. [4] to relax this hypothesis, to a
hypothesis that each g, or g/ is bounded by either 1 or v:

PROPOSITION 5 (Densification). Let the notation and hypotheses be as in
Theorem 11. Let f' be the function in Proposition 4. Then one has

Exezvz(f = F)GODE, i @@ = 0(1) @7)

and
]EJ(EZ/NZ(f - f/)(x)EHE[M]’D(D})[(ﬁ)[,M’M])iE[D] (g/)(x) = 0(1) (48)

forany g < AP+ and any tuples § = (8,) weio.10-\(0)>+ and § = (8. )weio.1y2\j0)> Of
Sfunctions g, g1 Z/NZ — R, each of which are bounded in magnitude either
by 1 or by v. (Thus, for instance, for w € {0, 1}P+, one either has |g,(x)| < 1 for
allx € Z/NZ, or |g,(x)| < v(x) forallx € Z/NZ.)

Proof. We just establish the claim (48), as the claim (47) is proven by an
essentially identical argument.

Let J denote the number of indices ' € {0, 1}’\{0}? for which one is
assuming the bound |g; (x)| < v(x) (rather than |g/ (x)| < 1), thus 0 < J <
2P — 1. We prove the claim by induction on J. For J = 0, the claim is immediate
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from Proposition 4. Now suppose inductively that J > 1, and that the claim has
already been proven for J — 1.

By hypothesis, we have a tuple w, in {0, 1}”\{0}" such that g/ is bounded
in magnitude by v, with g, being bounded by v for J — 1 of the other indices
{0, 1}P\{0}” and by 1 for all remaining indices. We also adopt the convention
géo} » = f — f’, so that we may write the left-hand side of (48) as

IEﬁe[M]']EXGZ/Nz]EIZe]‘[,.”:, Pi(h)[—M, M) l_[ g(/u(x +w-k).

wef{0,1}P

-

Making the change of variables x — x — @, - k, we may write this as

E,ez/nz8.,, (X) F (x)

where

F(x) := ]E/TIE[M]'EEGHI»ZI P (=M. M] l_[ g, (x + (0 — ) - k).
we{0,1}P\{wo}

Since g;, is bounded in magnitude by v, we see from (38) and Cauchy—Schwarz
that it suffices to show that

Eeznzv(x)F(x)* = o(1).

We split this into two claims
Ereznz(v(x) — D F(x)* = o(1) (49)

and
EeznzF (x)* = o(). (50)

We begin with (49). We can expand the left-hand side as

E7 irery Exez/NzE/Eel‘[,il Py ()~ M. MIXTT2, P (W) [—M . M] (v(x) —1)

X l_[ g (x + (w—wy, 0) -lz)gl’u(x+(0,a)—a)o) .12).

we{0,1}P\{wo}

By the Gowers—Cauchy—Schwarz inequality, we can bound this by

E; 7 v(x) — 1||g2p
h,h/e[M]r” ( ) ”D(Pi(m[*MvM])ie[DNPiUAI/)FMM]){e[DJ

!/
< [T lelieee ) .
(P; (DI~M.MD); e[ p).(P; (W)[=M.MD); e[ p)
wel0,1}P\{wo)
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Since g/, is bounded in magnitude by v + 1 = (v — 1) + 2, it thus suffices by
Holder’s inequality to show that

22D
Ej wvepr v — 1lgan ) =o(1).
(P (IW[=M.MD); [ p].(P; (W)[=M.MD);¢[ )

But this follows from Proposition 2.
Now we show (50). By Holder’s inequality, it suffices to show that

EreznzF (0)* <pp 1+ 0(1) 61y

and
Erez/nz| F(x)| = o(1). (52)

To prove (51), we bound g/ by v + 1. The estimate then follows from the
following claim, proven in Appendix A:

LEMMA 3. We have

4
IE:er/NZ <EEE[M]rE/}€]‘[PI P.(h)[—M,M] l_[ I+vx + (0 — ) - k)))

we(0,1}P\{wo}

<.p 1+0(1).
Finally, we show (52). It suffices to show that

Eiez/nzg () F(x) = o(1)

whenever g: Z/NZ — [—1, 1] is a function. But this follows from the induction
hypothesis, since the left-hand side is simply (48) with g;, replaced with g. This
proves (48); the estimate (47) is proven similarly and is left to the reader. I

COROLLARY 3. Let the notation and hypotheses be as in Theorem 11. Let ' be
the function in Proposition 4. Then one has

I = F e, =oll) (53)

do,
forall g < AP+, and also

Eiey 1Lf — fllop =o(1). (54)

(P (D[-M, M) e[ p)

Proof. By linearity, the bounds (47), (48) continue to hold if the hypotheses
that |g,|, |g, | are bounded by 1 or by v are replaced by |g,l, |g)| <, v + 1.
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In particular, we can set all of the g, g/, equal to f — f’. The bound (47) then
gives (53), while (48) gives

Esemy I f — f/||2|]DD =o(l)

(P (D[—M,MD); e[ p
which implies (54) by Holder’s inequality. O

The bound (54) already gives the first claim of Theorem 11. It remains to prove
the second claim. Thus we may now assume that dy = d, M > (A~'N)"¢, and
f= A/b,W'

‘We now invoke the following estimates on global uniformity norms of the von
Mangoldt function, arising from the results in [13] (using the inverse Gowers
and Mobius—nilsequences conjectures proven in [16], [14], respectively):

PROPOSITION 6 (Global Gowers uniformity). Let the notation and hypotheses
be as in Theorem 11, with dy = d, M > (A'N)", and f = A, ,. Then one
has

||A;,,W — 1l =o(1)

q1A=2Dx p]

forall g < AP+,

Proof. Raising both sides to the power 2P+ and expanding, it suffices to show
that R
Eﬁg[A*ZD*MdOJD*]EXEZ/NZ 1_[ A/b,W(x +qw- h) =1+ 0(1)
wel

forall I C {0, 1}P+. The contribution of those x for which N —g D, A=’ M% <
x < N can be easily verified by standard upper bound sieves to be o(1); replacing
A’ in (34) by the von Mangoldt function A and removing the restriction x > R
also contributes an error of o(1). Thus it suffices to show that

(W) >
El;e[A*ZD*MJOJD*Exe[N] 1_[ gZbTAA(VV()C -+ quw - h) + b) =1 =+ 0(1) (55)

wel

Suppose first that w (and hence W and A) is a fixed quantity independent of N.
Since
A72D*71N < A72D*Md0 < A*ZD*+1N

we see that the quantity A=2*M% is now comparable to N. The expression
(55) is now of a form that can be handled by the results in [13, Theorem 1.8]
(note that a modification of Example 2 from that paper shows that the linear
forms here have finite complexity). Using that theorem (as well as the results in
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[16, Theorem 1.3], [14, Theorem 1.1] establishing the conditional hypotheses of
that theorem), we see that the left-hand side of (55) is equal to

W 1]
(1+0(1/A>><¢( )) ]"[ﬁp+o(1)

where for each prime p, B, is the quantity

p
By = EEe(Z/pzw* II'Eer/pZ l_[ Fll7+W(x+qa)-il)+b‘
wel
For p < w, the quantity g, simplifies to (p/(p — 1)"!, and hence the left-hand
side of (55) simplifies to

(A +00/4) [] By + o).

p>w

For p > w not dividing ¢, the linear forms (x, i_i) - Wk + qo - l;) are
not scalar multiples of each other over Z/pZ, and one can then easily verify
that B, = 1 + Op,(1/p*) = exp(Op,(1/p?)) in these cases, leading to a net
multiplicative contribution of exp(Op,(1/w)) to the product [],_, B,. For
p > w dividing g, we can crudely estimate 8, as 1 + Op,(1/p) =
exp(Op, (1/w)); since g < AP+ = WP/ = exp(Op, ,(w)), the number of
such primes p is at most Op, . (w/log w). We conclude that the net contribution
of these primes to ]_[p>w By, is exp(Op, (1/logw)). We conclude that the
left-hand side of (55) is

(I+ 0(1/A)) exp(Op, «(1/logw)) + o(1)

for fixed w. Letting w grow sufficiently slowly to infinity, we obtain the claim.
O

Combining Proposition 6 with Corollary 3 and Theorem 9, we can now finally
establish the second part of Theorem 11. Let f’ be the function in Proposition 4.
From (53), Proposition 6, and the triangle inequality we have

If = yoe = o(])

qlA=2Dx p0)
for all ¢ < AP+, Since ' — 1 = O,(1), we can divide by a constant depending
only on « and invoke Theorem 9 to conclude that

Bty If = 1llge =o(1).

(P; (H~M.MD;e(p)

Combining this with (54) and the triangle inequality, we obtain the second claim
of Theorem 11.
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4. Applying a generalized von Neumann inequality

We continue to use the parameters d,r, dy, D,k, W, A, R, N from the
previous section. The objective of this section is to establish the following
bound:

THEOREM 13. Foreachi = 1,..., D, let b; € [W] be coprime to W. Let M,
be a quantity with log"’* N < My < AN", and set M := A~'M,. Fori = 1,
..., D, we set f; to be a function with the pointwise bounds | f;| < A, y + 1.
For eachi = 1,...,d, let R; € Z[m,, ..., m,] be a polynomial of degree at
most d, with all coefficients bounded in magnitude by A. Assume also that for
i=2,...,D, R; — R, has degree at least dy. Then

D
ExezyvzBacmy | | £ + Ri@) <arp 1£i1€ + o(1) (56)

i=1

Jor some 1 K4, p c Larp 1, where || f1 is short for a norm of the form

I fill := Eieppay 1 fillgor (57)
(P (=M. MD); ¢ pr)
for some natural number D' = O,, p(1), and polynomials Py, ..., Pp € Z[h,,

..., h.] of degree between dy — 1 and d — 1 and coefficients O (A%+>(M),

The arguments in [27, Section 5] (based on van der Corput’s method, the
Cauchy-Schwarz inequality, PET induction, and a ‘polynomial forms’ condition
on the pseudorandom majorant v) ‘morally’ permit one to establish Theorem 13.
However, the setup here differs from that in [27] in several minor technical
aspects, most notably the multidimensional nature of the parameter m, the
nonconstancy of the b; parameter in i, and the much larger value of the scale
parameter M. As such, we need to adapt the argument from [27] to the current
setting.

For inductive purposes it is convenient to prove a more general form of
Theorem 13. We need the following definitions (inspired by, though not
absolutely identical to, analogous definitions in [27]):

DEFINITION 1 (Polynomial system). A polynomial system S consists of the
following objects:

e an integer Ds > 0, which we call the number of fine degrees of freedom;

e anonempty finite index set .4 (the elements of which we call the nodes of the
system);
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e apolynomial R, € Z[m,, ..., m,, hy, ..., hp,] of degree at most d attached
to each node @ € A;

e a distinguished node o € A;

e a (possibly empty) collection A" C A\{y} of inactive nodes. The nodes in
A\A’ will be referred to as active, thus for instance the distinguished node o
is always active.

We say that a node « is linear if R, — R,, is at most linear in m,, ..., m, (that
is it has degree at most 1 when viewed as a polynomial in my, ..., m, with
coefficients in Z[hy, ..., hp,]), thus for instance the distinguished mode «; is

always linear. We say that S is linear if all active nodes are linear. We require
polynomial systems to obey three additional axioms:

e if , B are distinct nodes in A, then R, — Ry is not constant in my, ..., m,,
hy, ..., hp, (thatis it does not lie in Z);
o ifa € A\{ao}, then R, — R,, has degree at least dp inm,, ..., m,, hy, ..., hp;

e if o, B are distinct linear nodes in A, then R, — Ry is not constant in my, .. .,
m, (that is it does not lie in Z[h,, ..., hpg]).

DEFINITION 2 (Realizations and averages). Let S be a polynomial system. A
realization f = (fy)eea of S is an assignment of functions f,: Z/NZ — R to
each node « with the following properties:

o for any node «, one has the pointwise bound | f,,| < v, 41 for some b, € [W]
coprime to W;

o for any inactive node «, one has f, = v, + 1 for some b, € [W] coprime to
w.

We define the average Ag( f ) to be the quantity

A5(f) = ErepyweBaciny Brps [ | fulr + RaGit, 1) (58)
acA

Theorem 13 is then a special case of the following more general statement.

THEOREM 14. Let Cy be a quantity depending only on d, r, D, and assume k
sufficiently large depending on Cy. Let C; be a quantity depending only ond, r,
D, Cy, « (in particular, Cy, C; are independent of N). Let S be a system with at
most Cy nodes and at most C fine degrees of freedom, with all polynomials R,
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associated to the system having coefficients bounded in magnitude by A€'. Let f
be a realization of S. Then

A5(f) Karpcoc Ll + o(1) (59)

for some ¢ > 0depending ond, r, D, Cy, Cy, and || fi|| is a norm of the form (57)
with D" = Oy, p.c,c;(1), and Py, ..., Pp € Zhy, ..., h] of degree between
dy — 1 and d — 1 with coefficients A%4>co.c1(D,

Indeed, Theorem 13 is the special case in which the system S consists of the
nodes A = {1, ..., D} with distinguished node &y = 1 and all nodes active, with
Ds = 0, and R; and b; as indicated by Theorem 13.

It remains to establish Theorem 14. This will follow the same three-step
procedure used in [27].

4.1. Reduction to the linear case. The first step is to use the van der Corput
method and PET induction to reduce matters to the linear case. We need some
further definitions, again essentially from [27].

Given two nodes «, 8 in a polynomial system S, we define the distance
d(a, B) between the nodes to be the degree in my, ..., m, of the polynomial
R, — Rg. This distance is symmetric, reflexive, and obeys the ultrametric triangle
inequality

d(a,y) < max(d(a, B),d(B, y)) (60)

for all nodes «, 8, y. We define the diameter diam(S) of the system to be the
maximal value of d(«, B) for «, f ranging over active nodes, and define an
extreme node to be an active node « such that d(«, o) is equal to the diameter of
S; note from the ultrametric triangle inequality that there is always at least one
such node.

Given a node «, we then call two nodes B,y equivalent relative to o if
d(B,y) < d(B, a); by (60), this is an equivalence relation on nodes, and every
equivalence class has a well-defined distance to «. We then define the weight
We(S) of S relative to « to be the vector (wy, ..., w,) € Z4, where w; is
the number of equivalence classes relative to « at a distance i from «. Thus
for instance S will be linear if and only if the weight w,(S) relative to a
node « takes the form (wy, 0, ..., 0). We order weights lexicographically, thus
(wr, ..., wy) < (w),...,w)) if there is 1 < i < d such that w; < w, and
w; =w’; foralli < j <d.

For a given choice of constants Cy, C; and a weight vector w, let
P(Cy, C;, W) denote the assertion that Theorem 14 holds for the given choice
of Cy, C; and for all polynomial systems of weight w relative to some extreme
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node «. (The requirement that o be extreme was mistakenly omitted in our
previous paper [27]; it is needed to force the PET induction to terminate at a
linear system.) The key inductive claim is then

PROPOSITION 7 (PET induction step). Forany Cy, C1, w = (wy, ..., wy) which
is nonlinear in the sense that w; # 0 for some i = 2, ...,d, there exist a finite
collection of triples (C},, C}, w') with w' < w, such that if P(C,, C;, w') holds
for all triples in this collection, then P(Cy, Cy, W) holds.

Since the number of weight vectors w that can arise from systems S of at
most Cy nodes is finite, and the collection of all weight vectors is well ordered,
we conclude from Proposition 7 that if P(C,, C,, w) holds for all linear w, then
it holds for all w. This implies that to prove Theorem 14, it suffices to do so in
the case when S is linear.

We now establish Proposition 7. Let S be a polynomial system with at most
Co nodes and at most Cy fine degrees of freedom, and of weight w relative to
some extreme node «, and with all polynomials having coefficients bounded in
magnitude by A'. Since w is nonlinear, the diameter of S is at least two. By
subtracting R, from each of the other Ry (noting that this does not affect the
metric d or the average Ajz( f )), we may assume that R, = 0 (at the cost of
increasing the coefficient bound from A€ to 2A¢"). As a was extreme, we now
note that the polynomial R,, associated to oy has maximal m-degree among all
the polynomials associated to active nodes.

We split A = Ay U A;, where Ay is the set of nodes 8 with d(a, B) = 0, and
A, is the set of nodes B8 with d(«, 8) > 1; note that the distinguished node o
lies in \A;. We can then factor

A3(F) = Ejepppps Brerynz By () Eicpmor G i (X)

where

Fi(x) = [ fox + R0, h))

BeAo

and

Gui) =[] fox + Ryt h)).

BeA

By hypothesis, each fg is bounded in magnitude by v,, + 1 for some by € [W]
coprime to W. Thus we have the pointwise bound

|F (0| < Hj(x)
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where

Hi(x) := [ s, + D& + Ry(0, h)).
BeAo

We can pointwise bound |G; ; (x)| < K j(x) where

K i) =[] 0, + Dx + Ry, ).
BeA,

In Appendix A we establish the following bounds:
LEMMA 4. With the notation as above, we have
Ejicppnrs Exeznz Hi (x) = 20+ o(1) (61)
and
Eeparips Exezynz Hi (0) ey 4a K (6))F = 20241 4 o(1) (62)
uniformly for all a € 7.

By (61) and the Cauchy-Schwarz inequality, we see that to show (59), it
suffices to show that

Ejcipps ]ExsZ/NZHﬁ(X)(Eﬁze[Mo]rG,;,j,(x))2 <Ld,r,D,Co,C) ||fa0||zc +o(1). (63)

We now apply the van der Corput method. By covering the boundary of
[M,]" by about O,(A""') translates of [M]", and using the pointwise bound
|G i ()] < K j(x), we see that there is a collection X' of O, (A"") elements

m

a of Z'" such that

IEiietmor +mr G i (6) — Eiiepmoy G i (0| K A™" Z ey +a K j; ()

aex
and hence by (62) and the triangle inequality (and noting that A= x A"~! = o(1))
EEE[M]DS Eer/NZHE () (Egiepator +1mr G,;,jl (x) — Egemmr Gnq,/z(x))z = o(D)
for any he[MT. Using this bound and the triangle inequality in L? (with respect
to the measure implied by the averaging ;. ps Exez/nz Hj(x) . . . ), we see that

the bound (63) is equivalent to the bound

E;;E[M]Ds Eer/NZHﬁ(x)(Erﬁe[MO]’HM]’G;ﬁﬁ(x))z KLd.r,D.Cy.Cy ||fa0||2c +o(1).
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By Cauchy—Schwarz, we can bound the left-hand side by
Eicpanrs Evezynz Hiy (O Eieiaer i cppry G i (0)
which we may expand as
Bicppros B emy Bvezynz ey Hi (0 G () G (X))
Comparing this with (58), we see that this expression can be written as
As(f)

where the polynomial system S’ and the realization f = ( fﬂ/) pe are defined as
follows.

e The number of fine degrees of freedom is Dg := Dgs + 2r.

e The set of nodes A’ consists of the disjoint union of Ay, .A;, and another copy

./4/1 of A].
e The polynomials
Ry € Z[m,,...,m.hy, ... hp, by, ... 0 K, ... h/] = Z[f, h b, b"]
for p € A = AyU A, U A, are defined by setting
R}, := Ry(0, h)

for B € A,, o
R, := Ry(in + 1, )

for B € A, and o
R, := Ry(f + 1", )

for B’ € A the copy of an element 8 € A;.
e The distinguished node stays at o.

e The inactive nodes consist of all the nodes in Ay, together with all the
previously inactive nodes 8 of A, as well as their copies 8’ in A.

e The realizations f; for 8 € A" = Ay U A, U A; are defined by setting
fp=vp +1

for B € Ay, and
fo=Ty=1s
for B € A, where g’ is the copy of 8 in A].
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It is a routine matter to check that &’ obeys the axioms required for a
polynomial system; its number of nodes and fine degrees of freedom are bounded
by a constant C{ depending only on Cy, r, and the polynomials have coefficients
bounded by A€ for some C; depending only on C;. Similarly one verifies that
f " is indeed a realization of &'.

Let d, be the minimal distance of an active node of A4; U A| to « (or
equivalently, the minimal m-degree of Rj as B ranges over active nodes in
A, U A)); this is well defined since oy € A, is active. Among all the active
nodes in A; U A at distance d, from «, let @ be a node that maximizes its
distance from «. We claim that & is an extreme node of &’, or in other words
that

d(ﬂ? aO) < d(&’ 0[0)

for all active nodes 8 in A; U A|. By construction, this already holds when
d(B, «) = d,, and it is not possible for d(f, o) to be less than d,, so it remains
to handle the case when d (8, o) > d,. But as o« was extreme, this implies that

d(a, @) =d, < d(B, a) < diam(S) = d(a, ap)

and hence by (60)
d(a, ap) = diam(S) > d(B, o)

giving the claim in this case also. Thus & is an extreme node in &’.

Observe that if § is a node in A, and g’ its copy in Aj, then R, — R}, has
m-degree strictly less than that of Ry, thus the distance between 8 and B’ is less
than that between 8 and «, and hence § and 8’ are equivalent relative to «. From
this we see that for i > d,, the number of equivalence classes in S’ relative to
@ at distance i is equal to the number of equivalence classes in S relative to «,
while for i = d,, S’ has one fewer equivalence class relative to & at distance d,
than S relative to « (since & contributes a class to the latter but not the former).
Thus the weight vector w’ of S’ relative to & is less than the weight vector w of
S relative to «. Furthermore, given the bounds on the number of nodes and fine
degrees of freedom, the weight vector W' ranges in a finite set that depends on
d,r, Cy, Ci, w. Applying the hypothesis P(Cy, C,, w’), we obtain the claim.

4.2. Parallelopipedization. It remains to establish the linear case of
Theorem 14. As in [27], the next step is ‘parallelopipedization’, in which one
repeatedly uses the Cauchy—Schwarz inequality to reduce matters to controlling
a weighted averaged local Gowers norm.

Let the notatiog be as in Theorem 14, with S linear. We abbreviate
(hy, ..., hpg) as h. By subtracting R,, from all of the other polynomials
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R,, we may assume that R,, = 0, so that all the active R, have degree at most
one in m. We write A; for those nodes at distance one from o, and A,; for all
nodes at distance greater than one, thus A is partitioned into {ay}, A;, A, with
A, consisting entirely of inactive nodes, so that for each @ € A,;, f, is equal
to vp, + 1 for some b, € [W] coprime to W. By the triangle inequality we may
replace each of the f,, with either v, or 1; by deleting all nodes with f, = 1 we
can assume that only the latter case f, = v,, occurs for o € A,;.
For each o € A, one has

R, =d, -m+c,

for some nonzero d, € Z[ﬁ]’ and some ¢, € Z[ﬁ], with - denoting the usual dot
product; furthermore from the axioms of alinear system we see that the a, are
distinct as o varies. We can then write Ag(f) as

EF,E[M]DS,;ﬁe[MO]rEer/NZfao(x)( l_[ Ve (x + Ra(”_i, Z)))
ac Ay

x (H fulx + g (h) - rﬁ+ca(ﬁ>)).

acA;

We need to show that this expression is o(1). Arguing as in the previous section,
we may replace the set [M,]" that m is being averaged over by the multiset

(Mol + ) (MY

acA;

(that is to say, the sum of [M,]" and |.4,| copies of [M]", counting multiplicity).
Thus it suffices to show that the expression

]Eﬁe[M]Ds Eieimor E12ae[M]rVaeA, Erez/nz fo, (X)

X ( H Vp, (x + R,(m + Z l_c),g), E))

a€Ay BeA
x (]‘[ fo (x +ag(h) -+ Y du(h) ks + ca@))) (64)
acA BEA

is Krp.cpe 1fall€ + o(1). We shift x by —3 ., @(/Z) . I_éﬁ to write this
expression as

Eiicianos Bineinor B, cppyrvaea Boxez/ Nz fag in ik () l_[ Join ik ()
acA;
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where k := (%a)aeA,, with

fao,rﬁﬁ,lz(x) = fag (-x - Z aﬁ(ﬁ) . ]zﬁ>

BeA
< 1 vba(HRa(m Zzﬂ,/z) Y ay .;,3)
aeAy BeA BeA
and
famiz(®) = fa (x +ag(h) i+ Y (Go(h) — dg(h)) - ks + ca(ﬁ)>
BeA

for « € A;. The key point here is that f, ; does not depend on the o
component k, of k. We also have the pointwise bound

| faim i i (O] < Vi i (X)

forall o € A, where v, ; j z(x) is either identically equal to 1, or is given by the
formula

Vo i £(X) = v, (x tau(h) -+ Y @a(h) — ag(h) - Ky + ca<h>).
BeA;

For sake of exposition we assume that the latter holds for all ¢, as this is the most
difficult case. As with f, . ; 7, the quantity v, - ; z(x) does not depend on the «
component of k.

Applying the weighted Cauchy—Schwarz—Gowers inequality (see [27,
Proposition A.2] or [13, Corollary B.4]), we can thus bound upper bound
the absolute value of (64) by

12
s Bicomr Beezvall fug i oy [ | e (O L
acA;
where
21 Al .
||fa0,r7zﬁ,~(x)”[\«‘\[(\)) = E/E'(O),JZ(l)e([M]r)At[ l_[ fao,rﬁ,ﬁ.1¥<(v>(x)j|
we{0,1}A1
[T I1 veiizo@
ac A wef0,1}A41\)
and
2=t
e CONGane = Eio i eqarpryania Vo i it K (X)),

wel0,1}AN
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where for k© = (ng))ﬁeA” kW = (I;;;l))ﬁeA,, and o = (wg)ge4, ONE has
]_é(w) . (]_é(wﬂ)) .
- B BeA;>s

if kO, kO is only given in (M )4\ we extend it arbitrarily to ([M]") for
the purposes of defining ¥, and similarly if o is only given in {0, 1}/

instead of {0, 1}*. This leaves the « component of k(@ undefined, but this
is irrelevant for the purposes of evaluating v, ; ; 7« (x) because (as mentioned

previously) this quantity does not depend on the « component of k@,
In Appendix A we establish the following estimate:

LEMMA 5. With the notation as above, we have

2lAI-1

EEE[M]DS Ezﬁe[Mo]fEer/NZ”Va,rﬁ,ﬁ,(x)||DA,\u =1+o(1). (65)
Thus, by Holder’s inequality (and modifying c as necessary), to show that the
expression in (64) is o(1), it suffices to establish the bound

21A;l

Bz eipips Biermor Bxezy vzl fug - OO g ) K M fa I +0(1). (66)

This is a weighted version of (a special case of) the Cauchy—Schwarz—Gowers
inequality (6), and will be deduced from that inequality by one final application
of the polynomial forms condition.

4.3. Final Cauchy-Schwarz. We now finish the proof of (66). By definition,
the left-hand side of this estimate expands as

o et
EﬁE[M]DS EXEZ/NZE];(U),];(])e([M]’)AI w(h, k( ), k( ), x)
> 7y 7(wp)
< T gl = Lo i)
wel0,1}A1 BeA
where

w(h, k9, kD, x)

= Emamv(ﬂ I Va,ra,ﬁ,w(x))

a€ Al we{0, 1A\

(TTTT (v ra(e SR ) = Dantin ) ).

a€An wel0,1}A1 BeA BeA
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(In the analogous expansion in [27, Section 5.19], the terms arising from « € A,
were mistakenly omitted.) On the other hand, if we identify A, with {1, ..., D},
then D < Cj and the expression

o e e
Ejeimnps Exez/vzEro go e 1_[ Jo <x — Z dg(h) - kg )
we{0, 134 BeA

can be bounded in magnitude using the Cauchy—Schwarz—Gowers inequality (6)

by
2»‘D
Ejeppnps | fao g (67)
@j WM i <D< <r
where a;1, . . ., a;, € Z[h] are the components of a;. From Proposition 2 (and the

monotonicity properties of the Gowers norms) we have
2rD+1
EEE[M]DS lv—"1I5» =o(D)

(@ INIMD1 i< D1 <r

which by the triangle inequality implies that

2rD+]
IEﬁe[M]DS ||\) + 1||DrD . <D 1+ 0(1)
(@ M1 i <D <<
and hence
2:‘D+l
EHG[M]DS ”frxo ”DrD <<r,D 1.

(@ DML i < D1 <<
Thus by Holder’s inequality, the quantity (67) is bounded by

c
<<r,D (EEG[M]DS ” fao ” orb

(@i (MDY i <D< G<r

for some ¢ > 0 depending on r, D. This is an expression of the form || f,, ||°. Thus,
by the triangle inequality, it suffices to show that

EHE[M]DS Eer/NZE;;(m,/2(1)6([M]r)A1 (w(h, km), km, x)—1)
Do 2w
< 1 f%(x — > ag(h) - k" ) =o(1).
wel0,1}A1 BeA,

Bounding f,, in magnitude by v,, + 1 and using Cauchy—Schwarz, it suffices to
show that

7 o0 za 2
EEE[M]DS ]Eer/NZ]EE(O),E(l)g([M]r)At(w(h’ kO kD, x)—1)

x 1_[ (VbaU (x - Z g (h) -%Zwﬂ)> + 1) =o(1).

wel0,1}A1 BeA
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Expanding out the square, it suffices to show that

= =0 23 .
Eﬁg[M]Ds Eer/NZEE(Ou}'(l)E([M]r)Az w(h, k' )7 k' )7 x)j

< ]1 (vbao (x = >y /%”’”) + 1) =24 1 o(1)
wef0,1}A1 BeA;
for j =0,1,2.
We just treat the most difficult case j = 2, as the other cases j = 0, 1 are

similar (with fewer v-type factors). Expanding out the second product, it suffices
to show that

roLO Za 2
EEE[M]DS Eer/NZ]EE(O),E(l)e([M]r)Azw(h, k¢ ), k¢ )3 Xx)

< [vn, (x =D anth) -l%é”“) =1+o(l)
weR BeA;

for any £2 C {0, 1}, The left-hand side may be expanded as
1

E;‘,E[M]Ds Eer/NZE/E(m,/}(l)e([M]r)Az Erﬁ(o),rﬁme[Mo]" l_[
i=0

X ( 1_[ 1_[ Vb, <X + Ra(ﬁi(” + Z I’?’lg), ];) - Z C_iﬂ(lj;) . ]zt}))

ac Ay wel{0,1}A1 BeA BeA

X 1_[ H Vp, <x + Gy (h) - m®

acA; we{0,1}A1N
+ D (Ga(h) — dg(h)) - k™ + ca@)). (68)
BeA;

But this is 1 4 o(1) thanks to the polynomial forms property of the measures
v, (see Appendix A). This completes the proof of Theorem 14 and hence
Theorem 13.

5. The W-trick

Theorem 13 has a particularly pleasant consequence in the setting where all
polynomials involved are distinct to top order.

COROLLARY 4. Let d,r, D, W, A, N be as in previous sections. For each
i =1,...,D, let b; € [W] be coprime to W. For each i = 1,...,d, let
R; € Z[my, ..., m,] be a polynomial of degree at most d, with all coefficients
bounded in magnitude by A. Assume also that for 1 <i < j < D, R; — R; has
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degree exactly d. Let My be a quantity with A~'NV4 < My < ANY4. Then

D
ExezvzBacimy [ [ Apw @ + Ri(1)) = 1+ o(1).

i=1

Proof. The claim is equivalent to

D
E.cz/nzEiermor (l_[ A;,,.,W(x + R; (”71))) —1=o0(1).

i=1

By writing A, , = 1+ (A}, ;, —1), one can expand the left-hand side as the sum
of 2P — 1 terms, each of which is bounded in magnitude by 0(||A2,»,w — 19
+ o(1) for some i and some fixed ¢ > 0 by Theorem 13 (after permuting the
indices), where the norm is of the form (57) with dy = d. On the other hand,
from Theorem 11 we have || A}, y, — 1|| = o(1). The claim follows. O

With this corollary and the ‘W-trick’ (as in [13, Section 5]), we can now prove
Theorem 4. Letd, r, k, Py, ..., P.,, M() be as in Theorem 4. We letd,r, D, W,
A, R, N, N’ be as in previous sections, with d, r as previously chosen and D
set equal to k. By replacing N by N’, and using the convergence of the infinite
product [ | , Bp and the fact that w goes to infinity, it suffices to show that

Even B ey A"+ Py(m')) ... A(n" 4 P(m')) = H By +o(1)

psw

where M’ := M (N').

The contribution to the left-hand side of the case when one of the n’ + P;(m’)
is a prime power (rather than a prime) can easily be seen to be o(1) (in fact one
obtains a power savings in N’), so we may replace A by its restriction A’ to the
primes without loss of generality.

We split n’ and m’ into residue classes n’ = b (W) and m’ = ¢ (W) forb € [W]
and ¢ € [W]". Call a pair (b, c) admissible if b + P;(c) is coprime to W for
alli =1, ..., k. From the Chinese remainder theorem, we see that the number
of admissible pairs is W' (¢(W)/W)*[] ,, B, For inadmissible (b, c), the
quantity A'(n’ 4+ Py(m')) ... A'(n’ + P,(m’)) is only nonvanishing when one of
the n'+ P;(m’) is a prime p < w. Itis not difficult to see that the total contribution
of such a case is o(1) if w is sufficiently slowly growing with respect to N’.
Thus we may restrict attention to admissible pairs (b, ¢). Approximating the
arithmetic progression {n’ € [N'] : n’ = b (W)} by {(Wn + b : n € [N]}, and
similarly approximating {m’ € [M']" : m' = c (W)} by (Wm + ¢ : m € [M]"}
with M := |M’'/W] (using crude estimates to bound the error in this
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approximation by multiplicative and additive errors of o(1), assuming w
sufficiently slowly growing), it will thus suffice to show that

EpeniEnepyr A(Wn+b+ PL(Wm +¢))... AA(Wn + b+ P.(Wm + ¢))

W k
_ (W) (1 4 o(1)) (69)

uniformly for all admissible pairs (b, c).
As (b, ¢) is admissible, we can write

Wn+b+ Pi(Wm+c)=Wn+ R;(m)) + b;

for some b; € [W] coprime to W, and some polynomial R; € Z[m,, ..., m,]
of degree d with all coefficients bounded in magnitude by A. Since the P, — P;
all had degree d, the R; — R; do also. Recalling that M = o(N'?), we see
that the quantities n 4+ R;(m) will lie in the interval [R, N] unless n = o(N)
or n = N — o(N). The contribution of these latter cases to (69) can easily be
verified to be o((W/¢(W))*) by any standard upper bound sieve (for example
the Selberg sieve, or the ‘fundamental lemma of sieve theory’, see for example
[7, Theorem 6.12]). Using (34), we thus see that (69) is equivalent to the estimate

EpezynzEmetur Aj 3+ Rim)) ... Ay (n+ Ri(m)) = 1+ o(1).

But this follows from Corollary 4 (noting that the lower bound on M’ will imply
that M > A~'N'V? if w is going to zero sufficiently slowly). This concludes the
proof of Theorem 4.

We now adapt the above arguments to prove Theorem 5. Repeating the above
arguments all the way up to (69), we arrive at the task of showing that

]Ene[N]’me[M]A,(Wn + b)A’(Wn + b + (Wm + C))A,(Wl’l + b =+ P3(Wm + C))

w3
=|——=) 1
<¢(W)> (1+o(1))

uniformly for (b, ¢) € [W]? with b, b + ¢, b + P5(c) coprime to W, with M =
o(v/N)and M > w(N)N for some function w(N) that goes to zero sufficiently
slowly. Continuing the above arguments, we then reduce to showing that

Eyez/nzBmenn Ay, w (M) Ay, (1 + Roy(m)) Ay, (n + R3(m)) = 1+ o(1)
where by, by, b; € [W] are given by the congruences
by = b(W)
by =b+c(W)
by = b+ P3(c)(W)
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and R,, R; are the polynomials

b+c—b>
R2 =m+T2
Py(W -
Ry = 5(Wm + ¢)
w

Using Theorem 13, we see that
EcoynaBmeimn Ay () Ay (1 + Ra(m)) (A (n + Ry(m)) — 1) = o(1)
so it suffices to show that
]EneZ/NZEme[M]A;,l,W(n)Aéz,w(n + Ry(m)) =1+ o0(1)

which on reversing some of the arguments following (69) is equivalent to

EuenEmepn A’ (Wn +b)A'(Wn + b+ (Wm + ¢)) = ( (14 o(D)).

W)
¢ (W)
Set My := | M log™'° N |. Using crude bounds on A’, we may replace the average

[M] by [M] — [M,] with negligible error, and then by shifting » by an element
of My and incurring a further negligible error, we may reduce to showing that

E,ermEneimo Emepin A" (W(n + h) + b)A'(Wn + b+ (Wm + ¢))

w2
() ).
(¢(W)>( +0(1))

The left-hand side factors as
E,ein Eneppg A (W (n + h) + b)) (Epeppn A'(Wn + b+ (Wm + ¢))).

From the prime number theorem in arithmetic progressions we have

W
EveniEnepnA'(Wn + b+ (Wm +¢)) = <¢(W))(1 o(1))

if w is sufficiently slowly growing, so it suffices to show that

¢W)
w

Enern (Ehe[Mo] AW +h)+b)— 1)

<_¢(W)E,,,€[M]A (Wn+b+ Wm + C))) = o(l).
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From the Brun-Titchmarsh inequality, the expression (¢(W)/W)E, A’
(Wn + b + (Wm + ¢)) is bounded by O(1), so by the Cauchy-Schwarz
inequality it suffices to show that

¢ (W)

2
E,ern (Ehe[Mg] A'(W(n+h)+Db) — 1) = o(D).

Since d < 5, we have M, > N'/%*¢ and the above claim then follows from
standard zero-density estimates (see for example [19, Theorem 1.1]). On the
generalized Riemann hypothesis, one can obtain this claim for M, as low as N?,
and then no restriction on d is necessary; again, see [19, Theorem 1.1]. (In fact
it suffices to assume the generalized density hypothesis.)

REMARK 2. The same method lets us handle a triplet of polynomials Py, P,
P; € Z[m] in which P; — P, has degree d and P, — P, has degree k for some
1 <k < dwithk/d > 1/6 (and the hypothesis k/d > 1/6 can be omitted on the
generalized Riemann or density hypothesis). Indeed, the above arguments let us
reduce to showing an estimate of the form

2
EHG[N]E,HG[M]A'(Wn—l—b)A’(Wn—l—b—l—(Pg—Pl)(Wm—l-C)) = (%) (1+0(1)),

and a standard application of the circle method (using some Fourier restriction
theorem for the von Mangoldt function on short intervals) lets us control this
expression in turn by averages of A on arithmetic progressions of spacing
O(WOPW) and length roughly N*“, which can again be controlled by zero-
density estimates as before. We leave the details to the interested reader.

One may in principle be able to handle some higher complexity patterns of
this type, for example P, =0, P, = m*, P; = 2m*, P, = m? when 1 < k < d
with k/d sufficiently close to 1. Morally speaking, after using some suitable
adaptation of the arguments in this paper and the (nontrivial) fact that the pattern
n, n+mk, n+2m* has ‘true complexity’ 1 in the sense of Gowers and Wolf [11],
the average corresponding to this set of polynomials should be controlled by an
expression roughly of the form

Enerny sup |Epeps (A" (W (n + m) + b) — 1)e(am)]
aeR/Z

and one would expect to be able to control this quantity when k/d is large from
existing analytic number theory methods; the best result in this direction we
currently know of is by Zhan [30], who used moment bounds on L-functions to
treat the case k/d > 5/8. Again, we will not pursue the details of these arguments
further here.
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Appendix A. The polynomial forms condition

Throughout this appendix, the parameters d,r, D,x, W, A, R, N are as in
Section 3, with all quantities below allowed to depend on d, r. We now prove the
various polynomial forms conditions required on the functions v,, specifically
Proposition 2, Lemmas 3-5, and showing that the quantity (68) is 1 4 o(1).

Our starting point is the following estimate on the v, from [27, 28]:

THEOREM 15 (Polynomial forms condition). Letk, s, C be natural numbers not
depending on N, let by, ..., b, € [W] be coprime to W, and let Py, ..., P; €
Z|my, ..., my] be distinct polynomials of degree at most d, with all nonconstant
coefficients of size at most A€ in magnitude. Assume that « is sufficiently small
depending on k,s. Assume also that the P, — P; are nonconstant for all 1 <
i < j <s.Let My,..., M be quantities with log"’* N < M, ..., M, < N.
Then

k
i=1

Proof. In the case by = --- = b, (and when the constant coefficients of the P;
are also bounded in magnitude by A©), this follows directly from [27, Corollary
11.2] in the case when the M|, ..., M are bounded below by (say) N*, and from
[28, Proposition 3] in the general case. (Strictly speaking, [28, Proposition 3]
only claims the case when M, = --- = M, = log" N for some sufficiently large
L depending on k, s, but the arguments easily extend to larger values of My, ...,
Mg;.) The arguments in [27, Sections 10, 11] used to prove [27, Corollary 11.2]
or [28, Proposition 3] can be easily modified to handle the case when the more
general case when the b; are permitted to be distinct and the constant coefficients
are permitted to be large, after replacing every occurrence of W P; + b with
WP; + b; in these arguments. (The notion of a ‘terrible’ prime has to then
be modified to be a prime p > w that divides (WP, + b;)) — (WP; + b))
for some 1 < i < j < s, rather than just dividing P, — P;; however, these
polynomials (W P; + b;) — (WP; + b;) are nonconstant with all nonconstant
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coefficients O (W A), and the arguments used to prove [27, Corollary 11.2] or
[28, Proposition 3] still show that the total contribution of the terrible primes
only contributes a multiplicative factor of O(1) to the error.) L]

Lemma 3 then follows from this theorem (in the by = --- = b, = b case),
as after expanding out the fourth power one obtains a sum of 4271 expressions,
all of which are 1 4+ o(1) thanks to Theorem 15 (with s = 4(r + D), and k
at most 4(2P — 1)). Proposition 2 similarly follows from this theorem (in the
by = --- = b, = b case), since on expanding out the left-hand side of (39), one
obtains an alternating sum of 2P H2P terms, all of which are 1 4+ o(1) thanks to
Theorem 15 (with s = 2r + D, + 2D, and k at most 2°<+?P)_ In both of these
cases, a direct inspection reveals that the polynomials P; used in the invocation
of Theorem 15 have nonconstant differences P, — P;.

In a similar vein, Lemma 5 follows from Theorem 15 (now with the b; all
distinct), as the left-hand side of (5) expands as an expression of the form
considered by Theorem 15 (with s = Dg + r + 2r(|A;| — 1) and k = 24171,
Similarly, for Lemma 4, the left-hand side of (61) expands as 214l terms, all of
which are 1 + o(1) by Theorem 15 (with s = Ds and k at most |.A4y|), and the
left-hand side of (62) similarly expands as the sum of 21401+2411 terms, which are
again 1 + o(1) by Theorem 15 (with s = Dgs + 2r and k at most |Ay| + 2|.4,));
it is in this latter case that we need to permit the nonconstant coefficients of the
polynomials P; in Theorem 15 to be larger than A in magnitude. As before,
an inspection of the polynomials involved (using the fact that the R, — Ry are
nonconstant) shows that the P, — P; are nonconstant.

Finally, the expression (68) is 1 4+ o(1) by an application of Theorem 15 with
s = Ds + 2r|Aj| + 2r and k = | A, |2V 4 | A |2M7". (Again, by focusing on
the behavior with respect to the m® variables, setting all other variables to zero,
one can use the hypotheses on the R, — R to show that the polynomials P; — P;
are nonconstant.)
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