AN ANALOGUE OF A PROBLEM OF
J. BALAZS AND P. TURAN

J. PRASAD AND A. K. VARMA*

1. Introduction. In 1955, J. Surdnyi and P. Turdn (8) initiated the
problem of existence and uniqueness of interpolatory polynomials of degrees
less than or equal to 2# — 1 when their values and second derivatives are
prescribed on # given nodes. This kind of interpolation was termed (0, 2)-
interpolation. Later, Baldzs and Turan (1) gave the explicit representation of
the interpolatory polynomials for the case when the # given nodes (z even) are
taken to be the zeros of m,(x) = (1 — x%)P,’_;(x), where P,_1(x) is the
Legendre polynomial of degree » — 1. In this case the explicit representation
of interpolatory polynomials turns out to be simple and elegant.

Balazs and Turdn (2) proved the convergence of these polynomials when
f(x) has a continuous first derivative satisfying certain conditions of modulus
of continuity. They noted (1) that a significant application of lacunary inter-
polation could possibly be given in the theory of a differential equation of the
form y"" 4+ A(x)y = 0. Let

(11) —1=xn+2<xn+1<...<x2<x1=1

be the zeros of w,(x) = (1 — x?)P,(x). Here we are interested in determining
the interpolatory polynomials R,(x) of degree less than or equal to 2n + 1
satisfying the following conditions:

Rn(xv) = Qay, v

1,2,...,n+ 2,
(1.2)
R, (x,) = 8, v =2,3,...,n+ 1.

It turns out that these polynomials are unique for # even, but for # odd there
does not exist, in general, a unique polynomial of degree less than or equal to
2n + 1 satisfying the conditions of (1.2). Obviously,

n+2 n+1

(1.3) R,(x) = Z a,ry(x) + ; Bopy(x),

r=1

where 7,(x) and p,(x) are as in Theorem 2.1 of § 2. Our main aim is to prove
the following theorem concerning R, (x).
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TuareoreM 1.1. Let f(x) be a continuous function satisfying the Zygmund
condition

If(x+ k) = 2f(x) + flx — k)| = o(h)

n [—1,1] and let |B,| = o(n)/+/(1 — x.,%). Then the sequence of interpolaiory
polynomials R, (x, f) (with @, = f(x,)) converges uniformly to f(x) in [—1, 1].

A comparison of the above theorem with the corresponding theorem of
G. Freud (5) shows that as far as convergence of (0, 2) interpolatory poly-
nomials is concerned, the zeros of (1 — x2)P,’_i(x) or (1 — x2)P,(x) are
equally good. However, a comparison (10) indicates that the zeros of
(1 — x?) T, (x) are not as good as the zeros of (1 — x2)P,(x) or (1 — x2)P,’_;(x)
since their convergence theorem, although proved best possible, in a sense
requires f'(x) € Lipa,a > %

2. THEOREM 2.1. For n even we have, for 2 < v = n + 1, that

2,1/2 z
@1 px) = L) Pa®) [A P dt+f \/”‘) )dt:|

5Py () LVa-
where
X0 YL
(2:2) Afl\/a—t) fn/a—t)‘”
Further,
(23) nE) =1E2
(1 — ") TP/

i e A1ON Mbyzc
24) 7uae) = (1 - )P<x>P )

(l—x 212

0
e |

and for 2 £ v £ n + 1, we have that

(1 — «&*)P/ (%)L, (x)

29 ne) = g e + G5 — %P, ()
Pu(x)(1 —« )"2[ P, R AON ]
T30 — 0)P, () B”L va-BO%- f V=Yt ek
where
_nm+ 1) X,
(2.6) i T =%
and
Pt L@
& 5. 7w ma= Lo e

The proof of this theorem could be obtained on the same lines as in (10) and
is omitted here.
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3. Preliminaries. We shall later make use of the following well-known
results about Legendre polynomials; see Szego (9). For —1 < x < 1, we have

that

3.1 n'2(1 — x4 P, (x)| = V/(2/m),
(3.2) (I = «?)¥4|P,y (x)]| = /2m,

(3.3) [P ()| = dn(n + 1),

(3.4) |Pa(x)| = 1,

(3.5) | = «)12P,) (x)| = n,

(3.6) nf_‘,l (1—_-@1—"—2@ =1— P} (x); see (4).

y=2 (]- - xv2)
(3.7) follows from (3.6) by comparing the coefficient of x2* on both sides.

n+1 1

G P

From (9, p. 236, formula (8.9.2)), we have that

(3.8) [P, (cos8,)| ~ (v — 1)=3/2n2 y=2,8,...,n+1,
(3.9) [P (cosb,)|~ (n— v+ 2)~%n?, v=n+2,...,0+1,
3.10) (1 — %) > (v — 1)2/n?, v=2,3,...,in+1,
3.11) (1 —x,2) > (n — v + 2)2/n?, v=3in+4+2,...,n+ 1.

From (7) we have that

(3.12) J‘_lt - xydt < e = %) forx <x, <1
and
(3.13) , Mdt, < 4 for -1 <x, < x.

1 E— %, \/wnm(x — x,)

4. In order to prove our main theorem we need the following lemmas.

LemMA 4.1 (G. Freud (5)). Let f(x) be a continuous funciion satisfying the
Zygmund condition in [—1,1]; then there exists a sequence of polynomials
®,(x) of degree less than or equal to n with the following properties:

(4.1) [f(x) — @u(x)] = o(n)[(1 — 2212 4 n~]
and
(4.2) |®, (x)| = o(n) min[(1 — x2)~1/2, 1]

which hold uniformly in [—1, 1].
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LEMMA 4.2. For n even we have that

2 f‘ P,(1) 2
(4.3) n—l—1< _1_‘_—\/(1—t2)dt<n’
where P,(x) is the Legendre polynomial of degree n. Further,
L0 ' - 12
(44) l fl \/(1 —1 ) = (1 - xv2)7/4[Pn,(xV)]2
Proof. Since (see Sansone (6, p. 200))
k=1
(4.5) Py (cos ) = 2 Z a9 cos(2k — 21)0 + s
p)

where

2 1
(4.6) a; = /‘/;(/‘/21 T 01>, 0<6,<1, ap =1,

we have, on integrating (4.5) from 0 to =, that

f P,(cos0) df =
0
whence we obtain (4.3).

In order to prove (4.4) we first observe that

2
211,"—01’

! PT - P T 1
(4.7) J‘_l [P (ic/)(l = 124-)2(30)] dx = (oz,2 _ ar+12)7r < .
Now, using the well-known Christoffel formula (Sansone (6, p. 179)), we
have that

a )1[P ") T [Z P (@) (Proa(x) — Prya(x))

+ P (%,)Pp1(x) + Ppyd (xv)Pn(x)]
Hence, from (4.7) and (4.8) we obtain
L(®) 1 [ 3 Pusyte)l 21Pn+l'<xy>|]
Un/a—t) =A== @ 5 LA
Using formula (3.2) and observing that

4.8) IL(x) =

n—1

e

\g

=1

01

73 < Z -37;3 = constant,
=1t

we obtain the required result.

LeMMA 4.3. We have that

P.0) 7
If—m/(l—t) ‘ <u
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Proof. This lemma is an immediate consequence of Theorem 8.21.13 of
Szegd's book (8).

LeMMA 4.4. We have that

1 - x)l"‘P()f V”‘) )dtlg

12, (x)] 6
)1/2 + n(l — xvz)lpnl(xV)l )

Proof. On substituting £ = cos ¥ and ¥ = cos 6, we have that

_ (7 _s® 1 f" .
I= *I‘—l V(1 — ) di = sing,J, O 0,4, (cos v) d.

Since

Sin evlv(COS ’y) = Cot<0” + 'Y> Pn(COS ’y)

D) P, (cos 8,) + sin v/, (cos v),
we have that

I =1+ 1, say.
Since sinf, < sinf, +siny = 2sin1(0,+v) 0=Z0=7,0<6,<7) we
have, using (3.1), that

6
<
|Ill = nl/Z(l _ xp2)'Pnl(x,,)l .

From the result of Saxena (7) we have that

<
1] = sin 0,

f sin v/, (cos v) dy
9

1
=< =3 NI/2) D 7
w7 (1 = x,7) | Py ()] [ — ]

(forx <x,<land —1 < x, < x).

Therefore, finally, we have that

14 L@ 6 (1 = )" ()|
l 1 —-=x ) “p. (3(:)]I v )dtl n( = xvz)[Pnl(xy)l + 21— x,)7°

from which the lemma follows.

Estimation of the fundamental polynomials of the second kind. The above
lemmas lead us to formulate the following lemma.

LemMA 4.5. For n even and for all x such that —1 = x = 1, we have that

48 3
4.9) |o(x)| = 20— xy2)7/4|Pnl(x,,)|3 + n(l — )P ()]

(1 __7' x2)1/4|lv(x)lq
20| Py () |(1 — x,%)"*

+
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and
n+1
(4.10) S =) 5 12

Proof. (4.9) follows from (2.1), Lemmas 4.2, 4.3, 4.4, and relation (3.1).
With the help of (4.9), (3.8), (3.9), (3 10), and (3. 11) we have that

n+1 N int1 in+1 x2)1/4ll.,(x)|
VZ=2 (1 - %) |p,,(x)] < 102 Z + 2 Z on 3/2(1 xyZ)l/Zan'(xv)I .
Since
2\1/4 3n
(4.11) (1 — X ) [l,,(x)l = (1 xv2)5/4[Pnl(xy)]2

(which can be easily obtained by the help of the Christoffel formula; see
Sansone (6, p. 179)), we obtain (4.10).

5. Estimation of the fundamental polynomials of the first kind.
LeMMA 5.1. We have that

TP @®)
fn/a )d" = 2.

Proof. The proof follows from Lemma 2.3 and the identity P, (x) —
Py (x) = 2n — 1)Ppa(x).

Lemma 5.1 leads us to prove the following lemma.

LEMMA 5.2. We have, for —1 = x < +1, that

(5.1) [r1(x)] = 13n1/2
and
(5.2) [Fatre(x)| = 13n172,

To find the estimate for 7,(x) (2= v = n + 1) we prove the following
lemmas.

LEMMA 5.3. We have that

Yoo 120*"

(5.3) f 1V (1 (—)t)dt ’ = (1= 2P )]

Proof. Using the Christoffel formula, differentiating once, making use of
formula (14) (Sansone (6, p. 178)) and integrating between the limits —1 and
1, we have that

0 _ 1
| 7645 = w=mrrl - & errore

P (‘) : Pt (1) , 1Py’ ()
X fl \/(1 dt + P ( ) J‘ \/(1 t2) dt + Pn—l (x,) ‘I‘_l ———\/(1 — t2) dt]

= I+ I, + I;, say.
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First we note that I, = 0 for# even, and by integration by parts and using the
differential equation for P,(x) we have that

tP,_ o (t)
< o —
(5.4) Ifl\/(l_t) < on—2.
Now, using (3.2) we have that
23/2n3/2
< P
G5 T T

From the recurrence relation for P,(x) we have, on using Lemma 4.2, that

J.l tPy,_1(t)
v (A —1f)

Therefore, using (3.2) and (5.6), we have that

4
=4 -1

(5.6)

2 ) N0 ’ 8n*"?
Tz=:1 (27 + I)PT (xv) - \/(1 _ t2) dt § (1 _ xv2)3/4-
Hence,
Sn®”?
(5.7) [Ill é (1 — x,2)7/4[Pn'(x,,)]2 .

Thus, combining (5.5) and (5.7) we obtain the required result.

LeMMA 5.4. We have that
f" 0N dt‘ 1621
1 \/(1 — 1 ) 11— xv2)7/4[Pnl(xV)]2 ’

Proof. The proof of this lemma follows that of Lemma 5.3, along with the
use of Lemmas 4.3 and 5.1; we omit the details.

(5.8)

LEMMA 5.5. For n even and for all x such that —1 = x = 1, we have that

4321
(59) [7’,,(96)[ é (1 _ x,,z)““[Pn'(x )|3 + 2(1 ) l (x)
n(1 — x|, (x)] In 3n %)L, (x)| (1 — 2D
T ol — )R o) T A= o) B GO T 20 — 0Py ()]
(5.10) %_1 [7,(x)| < 894 % log n,
and
(5.11) Xijl A — x)"r,(x)] < 894n.
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Proof. From (2.5) we have, for 2 < » < n + 1, that
(1 — 2")P, (x)l,(x)
(%) = 2(1 55 @)+ ST AP )
Pn<x)<1 — )8, (*_P, (t)
(1 - xvz)Pn,(xv) -1 '\/(1
_ P, (x)(l x N G A 0)
T A =x)P (x) Jav A =8
=L+ L+ I+ I,+ I say.
Now

+ dt

dt + c,p,(x)

(5.12) |I:| = 5—8———)—)1 (x)

and using (3.5), we have that

x)IP @) b@)] o 20 = x)”zll(x)l
G13) (nl= R S 50 = =B )l

Using Lemmas 4.2, 4.3, 5.3, and relation (3.1), we have that

126n
1 - xv2)11/4|Pn’(xV)|3 )

With the help of Lemma 5.4 and relation (3.1) we have that

162n
(1 - xv2)11/4an,(xv)l3 )

Further, since by (2.6), (3.10), and (3.11) we have that

(5.14) |1 £

(5.15) I <

3n’

(5.16) le,] = T

2

whence, using (5.16) and Lemma 4.5, we obtain

144%° 3n’|l, (x)[(l x%)*
(5‘17) II5! é ’\/ﬂ(l 2)11/4IP (x )|3 + 2n3/2(1 x,, 3/2|Pnl(xv)l
+ O’

ﬂ(l - xv2)2[Pn,(xV)]2 )

From (5.12)—(5.15) and (5.17) we obtain the required result. With the help
of (5.9), (4.11), and (3.6)—(3.11), we obtain (5.10) as well as (5.11).

6. Proof of Theorem 1.1. Owing to the uniqueness theorem, we have that

n+2 n+1
(6.1) ®,(x) = ;:31 @, (x,)7, (%) + ;2 @, (x,)p» (%),
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where ®,(x) is defined by Lemma 4.1, and by (1.3) we have that
n+2 n+1

(6.2) R, f) = 2 fr(@) + X Bs().

Since -

(6.3) [Ru(x, ) — fx)] < |Ra(x, f) — ®al)] + [ Balx) — f(x)],

use of (6.1) and (6.2) yields

n+2
(64) |Ru(x,f) — ®ulx)] = ; VCHER ACHINACI]
n+1 n+1

+ 2::2 18] 1oy ()| + ; |2 (25)] 1oy ()|
= [s1| 4+ |so| 4 s3], say.

Now, using Lemmas 4.1, 5.2, and 5.5, we have that

65) Il = 15 = 2G| ]+ 2y ) — B @)
+ [ (nr2) = Pu@nr2)| [rasa(®)]
—o(l) + o(}) 894 n] + o<;}§> 894 7 log 7]
= o(1).
f}gtther, using Lemma (4.5) and the estimate |8,| = o(n)/+/(1 — x,%) we have
©66)  |sa] < o(n) i (1 = =570, (@)] < 0ln) 12 = (1),
Again using Lemmas 4.1-and 4.5, we obtain
67) sl S0 X 0w e £ o 22 = o0

Therefore from (6.4), (6.5), (6.6), and (6.7) we have that
|Ru(, f) — @ (x)| = o(1)

and using Lemma 4.1, we have that
|Ra(x, /) — f(x)| = 0(1).

This completes the proof of the theorem.
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