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1. Introduction. In 1955, J. Surânyi and P. Turân (8) initiated the 
problem of existence and uniqueness of interpolatory polynomials of degrees 
less than or equal to 2n — 1 when their values and second derivatives are 
prescribed on n given nodes. This kind of interpolation was termed (0, 2)-
interpolation. Later, Balâzs and Turân (1) gave the explicit representation of 
the interpolatory polynomials for the case when the n given nodes (n even) are 
taken to be the zeros of 7rn(x) = (1 — x2)Pn

r-\(x), where Pn_i(x) is the 
Legendre polynomial of degree n — 1. In this case the explicit representation 
of interpolatory polynomials turns out to be simple and elegant. 

Balâzs and Turân (2) proved the convergence of these polynomials when 
f{%) has a continuous first derivative satisfying certain conditions of modulus 
of continuity. They noted (1) that a significant application of lacunary inter­
polation could possibly be given in the theory7 of a differential equation of the 
form y" + A (x)y = 0. Let 

(1.1) — 1 = xn+2 < xn+1 < . . . < x2 < Xi = 1 

be the zeros of wn(x) = (1 — x2)Pn(x). Here we are interested in determining 
the interpolatory polynomials Rn(x) of degree less than or equal to 2n + 1 
satisfying the following conditions: 

Rn(xv) = av, v = 1, 2, . . . , n + 2, 
(1.2) 

Rn'(xv) = 0„ v = 2, 3, . . . ,n+ 1. 

I t turns out that these polynomials are unique for n even, but for n odd there 
does not exist, in general, a unique polynomial of degree less than or equal to 
2n + 1 satisfying the conditions of (1.2). Obviously, 

n+2 n+1 

(1.3) Rn(x) = S oivrv(x) + Y^ &VPV(X), 

where rv(x) and pv(x) are as in Theorem 2.1 of § 2. Our main aim is to prove 
the following theorem concerning Rn{oo). 
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THEOREM 1.1. Let f(x) be a continuous function satisfying the Zygmund 
condition 

\f(x + h) - 2 / (x )+ / (* -A) | =o(h) 

in [—1, 1] and let \(3V\ ^ o(n)/\/(l — xv
2). Then the sequence of interpolatory 

polynomials Rn(xyf) (with <xv = f(xv)) converges uniformly to f(x) in [ — 1, 1]. 

A comparison of the above theorem with the corresponding theorem of 
G. Freud (5) shows that as far as convergence of (0, 2) interpolatory poly­
nomials is concerned, the zeros of (1 — x2)Pn'-.i(x) or (1 — x2)Pn{x) are 
equally good. However, a comparison (10) indicates that the zeros of 
(1 — x2)Tn(x) are not as good as the zeros of (1 — x2)Pn(x) or (1 — x2)Pn'-i(x) 
since their convergence theorem, although proved best possible, in a sense 
requires f(x) £ Lip a, a: > J. 

2. THEOREM 2.1. For n even we have, for 2 g v ^ n + 1, that 

nu M a-*!&(*)L r Pn(t) ,. , r ut) 
where 

<2-2> A- £ va^T)dt = " £ vJ0-'T)dt-
Further, 

7)dtA' 

(2.3) n(x) = 4^P K
2 (x) - ±-^Pn(x)Pn'(x) 

2 ^ W J _ , V ( l - « 2 ) ' 

(2.4) rM+2 (x) = ^ PB
2 (x) + ( 1

 2
X) Pn (x)Pn

f (x) 

'• rz pn'{t) 
• P„(x) I .,_ t2\ dt, 

and for 2 ^ v ^ n + 1, we have that 

(1 ~ * T 2
 D ^ f * Pn'jt) 

va - ô ' 
1 — X2 ; 2 / % j _ (1 — X2)Pn' (X)1P(X) 

2(l-x,V' W + 2(1 - x,2)P/(x,) 
(2.5) r,(*) = r^ ^ //(*) + —, ^ 

pK(*)(i-*2)1/2r r p,(o r _j//(o_ 1 
:(i - x , 2 ^ 7 ^ L5- J_x v a - *2)rf' ~ J-i va - ^?) J + c"p'(x)' 

+ 2(1 

( 2 ' b ) C ' ~ 1 - x,2 ~ (1 - x,2)2 

and 

(27) 5- £ va"-/2)dt = £ vT- /z) 
The proof of this theorem could be obtained on the same lines as in (10) and 

is omitted here. 

^ d t . 
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3. Pre l iminar ies . We shall later make use of the following well-known 
results about Legendre polynomials; see Szegô (9). For — 1 g x ^ 1, we have 
that 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

wi/»(l _ xty/t\Pn(x-)\ ^ V(2 /TT) , 

(1 - xVlP*-!'(x)\ è V2n, 

|P„'(*)| £ * » ( » + ! ) , 

\Pn(x)\ è 1, 

|(1 - x*y<*Pn'(x)\ ^ n, 
n+1 

E 
(1 — X )lv (x) 

= 1-Pn\x); see (4). 
v=2 ( 1 — Xp2) 

(3.7) follows from (3.6) by comparing the coefficient of x2n on both sides. 

(3.7) 
M+l 

^2 (l-X,*)[Pn\x,)Y 

From (9, p. 236, formula (8.9.2)), we have that 

(3.8) |PM'(cos 0,)\ ~ {v - l)-^n\ 

(3.9) |P«'(cos0,) 

(3.10) (1 - xv
2) > {v - \y/n\ 

= 1. 

(n - v + 2)~3/2re2, 

v = 2, 3 i n + 1, 

v = \n + 2, . . . , n + 1, 

x = 2, 3, . . . , \n + 1, 

(3.11) (1 - x,2) > (» 

From (7) we have that 

v + 2Y/n\ _ 1 

(3.12) 

and 

(3.13) 

r Pn(t) 
%) 1 1 Xp 

C' Pnit) 

< V'im (x„ — x) 

dt\ < 

n + 2, . . . , n + 1. 

for x < xv < 1 

for — 1 < xv < x. t — xv ' | " -\/irnZ/2(x — xv) 

4. In order to prove our main theorem we need the following lemmas. 

LEMMA 4.1 (G. Freud (5)). Let f{x) be a continuous function satisfying the 
Zygmund condition in [—1, 1]; then there exists a sequence of polynomials 
$n0*0 of degree less than or equal to n with the following properties: 

(4.1) \f(x) - $n(x)\ = oin-^Kl - x2)l/2 + n~l] 

and 

(4.2) |$»"(*)| = o(n) min[(l - x2)"1/2, n] 

which hold uniformly in [—1, 1]. 
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LEMMA 4.2. For n even we have that 

(4.3) 
n + 1 J_i - ^ - * < ? f 

va - o 
where Pn(x) is the Legendre polynomial of degree n. Further, 

(4.4) r, /,(o 
v(i - n 

dt 
12 

(1 - * / ) 7 / 4 [ i Y ( * . ) r 

Proof. Since (see Sansone (6, p. 200)) 

(4.5) 

where 

(4.6) 

P2;t(cos0) = 2 ^ 0:^2*-«COS(2^ — 2î)0 + a / , 

"«V^i/^)' o<ei<i- «o = 1, 

we have, on integrating (4.5) from 0 to 7r, that 

2 
I Pn(cosd)dd = 

J o 2n + 6i ' 
whence we obtain (4.3). 

In order to prove (4.4) we first observe that 

(4.7) i: [Pir(x) - Plr+l{x)} dx = (ar — aT+i ) x ^ ~2. 
V ( l - x 2 ) 

Now, using the well-known Christofïel formula (Sansone (6, p. 179)), we 
have that 

(4.8) /,(*) = (i - Xw*)[pn\Xw)f\_ § PrM(Pr-i{x) ~Pr+i(x)) 

+ Pn'{xv)Pn^{x) + Pn+1'(xv)Pn{x) J . 

Hence, from (4.7) and (4.8) we obtain 

r, hit) 
- i V ( i - O 

dt 
1 

= ( l -x , 2 ) [P r e ' ( x , ) ] 

r i»-i | i W ( * , ) | , 2|P l r i .1
,(s,) | l 

r2 + » J" 
Using formula (3.2) and observing that 

hn-l 
1 °° 1 

S "372 < S "372 = constant, 

we obtain the required result. 

LEMMA 4.3. We have that 

L Vd-t2)dt < 
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Proof. This lemma is an immediate consequence of Theorem 8.21.13 of 
Szego's book (8). 

LEMMA 4.4. We have that 

^«'^wllvfe* 
\h{x)\ i 6  

w
3 / 2( i -x/) i / 2 +

 W(i-*,2)iiV(x,)r 
Proof. On substituting / = cos y and x = cos 0, we have that 

Cx hit) l PT 

7 = -777 727 ^ = -r—r I sin dvh(cos y) dy. 
J_i v (1 — O sin0„J0 Since 

.(COST) 
'(cos0„) 

we have that 
7 = 7i + 72, say. 

sin dvlv(cos y) = cotl—-z—I p-A _ fl ^ + sin yh(cos 7), 

Since sin 0„ ^ sin 0, + sin y Û 2 sin §(0, + 7) (0 ^ 0 ^ TT, 0 < 0, < TT) we 
have, using (3.1), that 

1 1 1 =n1/2(l-xv
2)\Pn'(xv)\-

From the result of Saxena (7) we have that 

|72 | g —r I sin yh (cos 7) dy 
sin uv *J $ 

= n^(l-x*y/2\Pn'(x,)\\x-x,\ (for * < * , < 1 and - 1 < * , < * ) . 

Therefore, finally, we have that 

( l - x 2 ) 1 / 4 l / , ( * ) l 
2 \ l / 2 

a - *V / 4 P ^ f z ^ j j < 6 . (i - *r'*U 
(i x ) ^ » w j _ i V ( 1 _ ^<«| ^ w(1 _ x?)\Pn'{Xv)\ + M 3 / 2 ( 1 _ Xr 

from which the lemma follows. 

Estimation of the fundamental polynomials of the second kind. The above 
lemmas lead us to formulate the following lemma. 

LEMMA 4.5. For n even and for all x such that — 1 S x ^ 1, we have that 

48 3 
(4.9) |p,(*)| ^ -1/2{1 _ ^ y / 4 | p / ( X j ; ) | 3 + w ( 1 _ x>)[Pn'{Xr)]» 

+ (1 - x r ' m * ) ! 
2 W

3 / 2 | P K ' ( x , ) | ( l - x , 2 ) 1 / 2 
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and 

(4.io) î : ( i - x ; r i / 2 | P ^ ) i ^ ^ . 
Proof. (4.9) follows from (2.1), Lemmas 4.2, 4.3, 4.4, and relation (3.1). 

With the help of (4.9), (3.8), (3.9), (3.10), and (3.11), we have that 
K+1 " " - * - ' I . 9 *? ' (1-X2)1/4|/,(X)| 
fci ^ ~ * " " " w " =* i W iAn2 + Z h 2»3/2(l - x/)1/2|PK '(x,)| 
S (1 - x/)-1/2|p,(x)| =S 102 £ 4 + 2 1 

Since 

(4.11) (1 - xY'%(x)\ ^ 7̂  , 2 ,"; ; r p r 
2 N i / 4 , 7 / M ^ 3w 

(1 - *,2)6 / 4[P. '(*,)] s 

(which can be easily obtained by the help of the Christoffel formula; see 
Sansone (6, p. 179)), we obtain (4.10). 

5. Estimation of the fundamental polynomials of the first kind. 

LEMMA 5.1. We have that 

'(0 J x p , 

- x V ( l - ^ d t 
< 21 n. 

n 
Proof. The proof follows from Lemma 2.3 and the identity Pn

r {x) — 
Pn-2

f(x) = ( 2 « - l)Pn-l(x). 

Lemma 5.1 leads us to prove the following lemma. 

LEMMA 5.2. We have, for — 1 S x ^ +l,that 

(5.1) |ri(*)| è 13rc1/2 

and 
(5.2) \rn+2(x)\ ^ 13rc1/2. 

To find the estimate for rv(x) (2 S v ̂  n + 1) we prove the following 
lemmas. 

LEMMA 5.3. We have that 

I2nsi2 

(1 - x/)7 /4[P„'(x,)] 
(5-3) I L x V d - ^ 2 ) * 

Proof. Using the Christoffel formula, differentiating once, making use of 
formula (14) (Sansone (6, p. 178)) and integrating between the limits —1 and 
1, we have that 

= h + h + h, say. 
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First we note that I2 = 0 iorn even, and by integration by parts and using the 
differential equation for Pn(x) we have that 

(5.4) x: va-t2rl ^ 2n 

Now, using (3.2) we have that 

(5.5) | /3 | ^ 
23/V/2 

( i - * , 2 ) 7 / 4 [ i V ( * , ) ] 2 ' 

From the recurrence relation for Pr(x) we have, on using Lemma 4.2, that 

(5.6) ' ' " 2 — ' ' - 4 
f1 tPtr-!(t) 

= 4r-l' 

Therefore, using (3.2) and (5.6), we have that 

t{2r + 1)p'MCva^r)dt 8n 3/2 

d-x/r4-
Hence 

(5.7) \Ii\z-
8» 3/2 

( l - x / ) 7 / 4 [ P r e ' ( x , ) f 

Thus, combining (5.5) and (5.7) we obtain the required result. 

LEMMA 5.4. We have that 

(5.8) r a: 
J-i V(i 

(0 
n 

dt < 
162M 

3/2 

( l - x , 2 ) 7 / 4 [ P „ ' ( x , ) ] 2 -

Proof. The proof of this lemma follows that of Lemma 5.3, along with the 
use of Lemmas 4.3 and 5.1; we omit the details. 

LEMMA 5.5. For n even and for all x such that —l^x^l,we have that 

, , m , , M ^ 432w3/2 , 1 - x2
 t 

(5.9) |r,(*)[ g ( 1 _ ^ ) n / 4 | p / w | 3 + 2 ( 1 _ x / ) /, (x) 

+ 
w(l — x ) |/,(x) 

+ 
9w 

2(1 - x/)|P/(x,)| T (1 - x/)2[PK ' (x,)]2 ^ 2(1 - x,2)3/2 |PB '(x„)| 2 + 3»_l*iMllLzL*l 
2 \ l / 4 

n+1 

(5.10) 

and 

(5.11) 

S K( x ) l = 894^ log n, 

«+i 

S (1 - x , 2 ) 1 ; >, (x) | g 894^. 
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Proof. From (2.5) we have, for 2 ^ v ^ n + 1, that 

„ M _ ! ~ *2 ; V ^ _L (1 - x2)Pn'(x)h(x) 
U{X) ~ 2(1 - x,2) l' {X) + "2(1 - x,a)PH\x,) 

, p,(x)(i-x2) l / 2 i j , r _ p 5 £ ) _ , , + a - *,a)p,,'(*o J^va- i 2 ) 
P„(*) ( l -* 2 ) 1 / 2 f tf/(f) ,. , , . 

- (i - *,2)pre^) J_x v a - )̂ + c'"*(x) 

= h + h + h + It + h, say. 

Now 

(5.12) ^ J l ^ L ^ ) 

and using (3.5), we have that 

/ .TON m - (i - *2) |P,'(*)j |/ ,(*)| < ft(i-*2)1/2j/,(s)| 
{5.w \u\- 2{l_x;)lPn>(Xv)l =2(i-x,2)\Pn'(xr)\-
Using Lemmas 4.2, 4.3, 5.3, and relation (3.1), we have that 

/ K 1 y , s i r i ^ 1 2 § ^ 
( 5 J 4 ) | / 3 | = ( l - x , 2 ) 1 1 / 4 | P / ( ^ ) | 3 , 

With the help of Lemma 5.4 and relation (3.1) we have that 

(5-15) |Jé| = (i-* fY4,'WI" 
Further, since by (2.6), (3.10), and (3.11) we have that 

(5.16) i ^ - J î L - , , 

whence, using (5.16) and Lemma 4.5, we obtain 

/ s m \T\< 1U" , 3n%(x)\(l - xY'* 
(5.17) \U\ = V n ( 1 _ ^ 2 ) 1 1 / 4 ^ / ^ 1 . + 2 w 3/2 ( 1 _ x ^ ) 3 / 2 | j p / ( x ^ ) | 

9w2  

+ «(1 - x,2)2[PK
7ôôf • 

From (5.12)-(5.15) and (5.17) we obtain the required result. With the help 
of (5.9), (4.11), and (3.6)-(3.11), we obtain (5.10) as well as (5.11). 

6. Proof of Theorem 1.1. Owing to the uniqueness theorem, we have that 

re+2 n+1 

(6.1) $n(x) = X) $n(xp)r,(x) + 22 *„"(x„)p„(x), 
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where $n(x) is defined by Lemma 4.1, and by (1.3) we have that 

n+2 ra+1 

(6.2) Rn(x,f) = E f(x,)r,(x) + E P'PÂx)-
v=l v=2 

Since 

(6.3) \Rn(x,f) ~f(x)\ = \Rn(x,f) - *n(x)\ + \$n(x) - f(x)\, 

use of (6.1) and (6.2) yields 

n+2 

(6.4) \Rn{x,f) - %(x)\ ^ E \f(x,) ~ *,(*,) | \r,(x)\ 

+ E l/8,| |P,(*)| + E I*."(«01 IP»(*)I 
y=2 v=2 

= |$i| + |s2| + |s3|, say. 

Now, using Lemmas 4.1, 5.2, and 5.5, we have that 

n+l 

(6.5) \si\ = \f(xi) — $„(*i)| |ri(x)| + 2 ] !/(**) - $n(xv)\ M * ) | 
y=2 

+ |/(ffn+2) ~ $«fe+2)| |rn+2(*)| 

= o(l) + *Q)[894 »] + ^(^) [894 n log »] 

= o(l) . 

Further, using Lemma (4.5) and the estimate |/3„| = o(w) /V( l ~~ %v2) we have 
that 

(6.6) \s2\ è o(n) £ (1 - x, 2 r 1 / 2 |p , (x) | ^ *(n) — = o(l). 
v=2 ft 

Again using Lemmas 4.1 and 4.5, we obtain 

(6.7) M ^ o(n) £ (1 - ^ 2 r 1 / 2 | p , W I ^ o{n) — = o(l). 
v=2 ft 

Therefore from (6.4), (6.5), (6.6), and (6.7) we have that 

\Rn(x,f) - * n (* ) | = o(l) 

and using Lemma 4.1, we have that 

\Rn(x,f) -f(x)\ =0(1). 

This completes the proof of the theorem. 
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