OPERATORS WITH POWERS
CLOSE TO A FIXED OPERATOR

MARY R. EMBRY
(Received 3 July 1967; revised 27 September 1967)

It is intuitively obvious that if z is a complex number such that
[1—2?| < b < 1 for all positive integers p and some real number b, then
z = 1. The purpose of this note is to exhibit a proof of the following general-
isation of this observation:

THEOREM. Let A be a continuous linear operator on a reflexive Banach
space B. If there exists a continuous linear operator T on B, a real number b,
and a positive integer p' such that

(1) IT—A% < b for p =1, p an integer
and
(2) b < inf {||Tx|| : z € B, ||2|| = 1},

then A = I. Moreover, in this case || [ —T|| < b.
Both in the statement of the theorem and the following discussion I
denotes the identity operator on the Banach space B under consideration.
The following lemma is a restatement of the Mean-Ergodic Theorem
found in [1, pp. 54—56].

LEMMA. Let A be a uniformly bounded (||A*| =M,n=0,1,--°)
continuous linear operator on a reflexive Banach space. Let V (n) be the operator
defined by

I+4+--- 441

Vin) "

Then the sequence {V (n)}>, converges stromgly to a projection V such that
Ve = z if and only if Az = =.

Proor orF THEOREM. The last observation in the statement of the
theorem follows immediately from the hypothesis that ||T—A4?|| < b for

p=p.
We note first that forn = 0

ll4"| < max {1, [4]], - - -, [|47]], || T1]+8}.
237

https://doi.org/10.1017/51446788700005826 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700005826

238 Mary R. Embry [2]

Thus 4 satisfies the hypotheses of the lemma. Let
I+ A ves AN
V = lim ta+ + .

7—>00 n

For each » > 0 and each « in B there exists an integer »’ such that

e n—1
(3) ‘P%—I+A+ A,

<rform=n'.
n

It follows from (1) and (3) that for » = »’ and n > »’
n—p’)
S AET]

n

1 -1
NT—V el < 7+ — ( S IT— 45| nxn) +
n k=0

Taking the limit as » approaches infinity, we have ||[(T—V)z|| < r-}b||z||
for each » > 0 and each « in B. Consequently,

(4) N1T—V]| < b.

Assume now that (2) holds. If V' £ I, there exists an 2 in B, |[z|| = 1,
such that V& = 0. It follows from inequality (4) that ||Tz|| < b. However,
this contradicts (2). Therefore, V = I; using the lemma, we see that 4 = 1.

COROLLARY. Let A be a continuous linear operator on a reflexive Banach
space B. If ||I—A?|| < b < 1 for some real number b and all positive integers
p,then A = 1.

The corollary follows immediately from the theorem by taking 7' =1
and b < 1. The original observation in this paper is a special case of this
corollary.

In concluding this paper I should like to note that hypothesis (2) of
the theorem is indeed necessary to force 4 =1, for 4 = 0 satisfies (1)
with all 7 such that ||T|| < b.
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