ON INDEFINITE TERNARY QUADRATIC FORMS
B. W. JONES anxp G. L. WATSON

1. Introduction. The first systematic study of equivalence of indefinite
ternary quadratic forms seems to be that of A. Meyer (10) (see also Bachmann
(1)). By methods which are often obscure he showed that the number of
classes in a genus is a power of 2, the exact power depending on certain quad-
ratic characters associated with the form. These investigations, however,
dealt only with forms of odd determinant, in the classical sense (in our nota-
tion, A = 0(mod 2) and d = 4(mod 8)). Donald Marsh (9) established an
algorithm by which the number of classes may be determined. Eichler (4)
has, as a consequence of deep and general theory, thrown much light on these
questions.

Here, using concepts closely related to the spinor genera of Eichler, we
define a multiplicative group Ty of square-free integers prime to d, the deter-
minant of f. Further we show that T, has a subgroup v (f) consisting of all
those elements of T'; which are denominators of rational automorphs of f,
where by the demoninator of a matrix we mean the l.c.m. of the denominators
of its elements. We show that the number of classes in the genus of f is equal
to the order of the factor group T'y/v(f). In the process of deriving this result
we get information about the automorphs which yield much new information
(see Theorem 2) about the representation of numbers by indefinite ternary
quadratic forms. An alternative definition of a group T'(p,f) is given in §3
by means of which the order of the factor group above can be determined.

2. Notation. For certain matrices with integral elements we shall use
the notation:

X1 0 —x; X2

’ o
x=\x2], & = (x1,%e%x3), %= x3 0 —x
X3 —X2 X1 0

Latin capitals will denote 3 X 3 non-singular matrices, with rational elements,
I being the identity matrix. Other letters will denote integers unless otherwise
stated, p being always a prime.

For a ternary form, we use the notation

f=1&) =f(&, &, &) = 3EAE A = (ayy) = (8%f/0¢, 9%,
and define the invariant (2, pp. 4, 5)
d =d(f) = —3|A|.
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We assume that f has integral coefficients and is indefinite and non-degenerate
(i.e. that d # 0). We also assume that f is primitive, that is, that its coefficients
have greatest common divisor 1. The non-primitive case can easily be deduced
from it. We note that 4, being symmetrical and having even diagonal elements,
is congruent (mod 2) to a skew matrix, which is singular (mod 2); hence
d is integral.

As we are concerned with properties invariant under integral unimodular
transformations, we may suppose when necessary that the form f is a repre-
sentative of its class satisfying one or other of the following congruences:

3
2.1) f= Z PMaifi (mod Pﬁ), P ¥ a1aea3, 0 = A < A2 < A3
i=1
(2.2) f=2"¢(&, &) + 2"ag} (mod 2°), Ay, Az =0, Nor ), 0
(2.3) f = &k + dt (mod p°), p 1 d,

where in (2.2) @ and the discriminant of ¢ are odd. This is possible for any
prescribed (3; we assume always that B exceeds the highest exponent on the
right side of the congruence by at least 2 4 (—1)?. For a proof that every f
is equivalent to a form satisfying (2.1) if p > 2, or one of (2.1), (2.2) if p = 2,
see, for example, Jones (6, pp. 84, 85). Starting with either of these it is easy
to obtain (2.3).

The exponents A;, X are unique for a given f and are invariants of the genus,
as are the possible values of the quadratic characters of the a; and @ modulo
p or 8. But the latter are not always unique.

3. Definition of certain groups and statement of results. We consider
the set of integers b 5 0 for which, for any prescribed p and f, we can find ¢
so that

3.1) A =0 (mod p?), f(t) =b (mod p7), p & ¢
with & > 0 such that p?||b, and 7 =6 + 2 + (—1)?. Note that if (3.1) is
soluble, then f has the automorphism &£ — — & + #’A£/f(f) reducing in case
' =(1,0,0) to

£ £, 5 £+ 20T (anks + ansks), — £, —Es.
The denominator of this automorph is a divisor of p~%f(¢), which is prime to
p and congruent to p~% b modulo p or 8.

Now we observe that the set of positive and negative square-free integers
v forms a group, T, with the operation

3.2) V192 = 0102(v1, 02) 2%

Any subset of T closed under this operation is a group. For any & for which
(3.1) can be satisfied, write
3.3) —db = u¥, v € T.

Note that v is not altered by multiplying f by any integer. We define T'(p, f)
to be the sub-group of T generated by all v arising from (3.3).
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We denote by T, the subgroup of T defined by (v, m) = 1: and we use the
groups I'(p, f), p|d, to define a certain sub-group of T\,.

We define v(f) as follows: ¢ € v(f) if and only if ¢ € T, and there exists a
w such that w|d and

wg € ,,r,'d L(p, f)-

Note that with g, also —g belongs to v(f); also that ¥(f) is a group since
(w1q1) - (wag2) = (w1-w2)(q1°q2)-

By the denominator of a rational matrix we mean the least common de-
nominator of its elements, with either sign. We shall show that f may be taken
into a form in the same genus by a transformation whose matrix has any
prescribed denominator ¢ in T;. On the other hand, f has an automorph with
denominator ¢ in Ty if and only if ¢ € y(f). We shall thus prove

TeHEOREM 1. The number of classes in the genus of f is equal to the order of the
factor group Tq/v(f).

Alternatively, if » > 0 is the number of distinct characters in the set
(3.4) (£2lg) if 2[d; (qlp) if p > 2, pld
(where the symbols are Jacobi symbols), and if these are capable of 2° distinct
sets of values (each =4=1) for ¢ in v(f), then the class-number is 2"—*.

Note that T'(p, f) and v(f) are invariants of the genus of f, since forms in
the same genus have the same congruence properties. The same remark
therefore applies to the invariant dy = do(f) which we now define: d, is the
product of all the distinct odd primes p for which T, Z T'(p, f), multiplied by
2 in case 5 ¢ I'(2,f).

We leave it to the reader to verify that the alternative statement of Theorem
1 remains valid on putting do for d in (3.4). We shall see that T'(p,f) = T,
when p t d, so that d, divides d. We can now state

THEOREM 2. Suppose n is represented by at least one but not by all of the
classes of forms in the genus of f, and write dn = nns?, n, square-free. Then
(i) 71> 1;
(i) n, divides do;
(ii1) 7; = 1(mod 8) f d is odd;
(iv) if (p, 2d) = 1 and (mi|p) = —1, p cannot divide n;
(v) the number of classes in the genus that represent n is equal to the number
that do not.

We conclude this section with an alternative definition of T'(p, f), in which
f is assumed to satisfy (2.1) or (2.2) as the case may be and by means of which
v(f) could be computed. Below o;; denotes 1 or 0, according as A; 4+ A; is
odd or even.
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ALTERNATIVE DEFINITION OF I'(p, f)

(@) p > 2. T'(p, f) is the sub-group of T generated by
(i) the group of f with (v]p) = 1
(ii) the set of v = p%ia,a,;(mod p*eis) for any 4, j;
(iii) the group T, if two of the exponents A1, \g, A; are equal.
(b) p = 2 and (2.2) holds. T'(2, f) = T or Ty, according as X is odd or even.
(c) p = 2 and (2.1) holds. I'(2, f) is generated by the set of v = 1(mod 8)
or 2%iga,;(mod 2%t9), together with the following integers, reduced mod 8,
if the stated conditions hold for any unequal ¢, j:
1) 14+ awa;, if \; = N;and a; = a; (mod 4);
(i) 5,if A; — X; =0, 2 or 4;
(iii) 3, if A3 < 2;
(iv) 1+ 2a.a;, if N\; — X; = 1or 3.
The equivalence of this to the earlier definition will be proved in §5.

4. Rational automorphs. We make use of the rational automorphs
S, S1, Sy, . . . of the form f, or of its matrix 4. We shall consider only automorphs
with determinant 1; we lose nothing thereby, since f has always the trivial
automorph —I with determinant —1. By the denominator of .S we mean the
least common denominator of its elements with either sign.

We are thus concerned with matrices .S satisfying

4.1) S’AS =4, |S| =1.

The solution of (4.1) was found by Hermite (5) and may be written (with
u # 0, v square-free, 4 = adj 4):

4.2) xo — df(x) = u’v,

(4.3) w'n (I+ ) = 2w I + x0d & — dxx’A.

We shall need the following results:

LemMma 1. (i) Whenever xo, x have integral values such that the left member of
(4.2) does not vanish, S = S(xo, x) defined by (4.2), (4.3) satisfies (4.1).

(i1) Conversely, if S satisfies (4.1) there exist integral xo, x, u, v satisfying
(4.2), (4.3); the integer v = v(A, S) is uniquely determined by A, S as are the
ratios of xo, X1, X3, X3.

(iii) I + S is singular if and only if xo = 0.

(iv) We have with the notation of (3.1)

(4.4) S(xo, —x) = S™1(x0o, %),

(4.5) v(4, 5152 = v(4, S1)-v(4, Sy).
(v) If the transformation T is non-singular, then

(4.6) o(T'AT, T'ST) = v(4, 5).

Formulas (4.2) and (4.3) are not new; see, for example, Bachmann (1,
pp. 81-108). However, for completeness, we here give a proof in modern
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notation based on Cayley’s theorem (3) which is easily derived (8, p. 66).
This theorem states that if S is an automorph in a field F of a symmetric
matrix 4 in F such that I 4+ .S is non-singular, then there exists a skew matrix
Q in F such that 4 + Q is non-singular and

A4+0S=4-0,
and that all such automorphs can be expressed in this form.
In our notation, A4 = —2dI. If we choose xo % 0 and x so that di = x,0,
the product
(A4 + Q) ©@xoI + xd & — dxx'4)

reduces to
4.7) 2x4d — dAxx'A + di A .

We shall verify below that the following identity holds:
(4.8) %A%+ (WAx)A = Axx'A.

Using this, (4.7) reduces to {2x,> — 2df(x)} A which, in virtue of the non-
singularity of 4 4+ Q, yields formulas (4.2) and (4.3). Note that I + S
non-singular implies xy # 0. This, subject to verification of (4.8), completes
the proof of sections (i) and (ii) for I 4 .S non-singular.

If I + S is singular, a theorem of Stieltjes (12) states that I + .S is not of
rank 2, a result not hard to verify directly. The theorem of Jones and Marsh
(7) establishes our result or it may be proved as follows: I + S, being of rank
1, must be equal to xy’A4 for two column vectors x and y. Then S’AS = 4 yields

Ayx'Axy'A = Axy'A + Ayx'A.
Multiplying on the right by A='y and on the left by 4—! we see that yx'y = 0,
x'y = 0and hencey = A\x for some non-zero scalar A. Then A2(x’4x)xx’ = 2 xx’
which implies \f(x) = 1.

It remains to verify (4.8). This is easily done directly for A a diagonal
matrix. Suppose B is any symmetric matrix with rational elements. There is a
matrix T of determinant 1 with rational elements such that B = T'AT.
Then, letting x = Ty, we have A = TBT’ and (4.8) becomes a similar expres-
sion with x and 4 replaced by y and B by use of the following identity
(4.9) R'(R'y) R = |R]3,
which may be shown as follows: since R'(R'y)R is skew, call it % and see that
%y = 0 implies that y = g(R)x, where g(R) is a scalar dependent on R but
not on ¥ or x. Let I;; and I;, be the matrices obtained from I by interchaning
the 7th and jth rows, multiplying the ¢th row by 7, respectively. Then it is
easily shown that

gI) =1, g(I:y) = —1, g(I;) = r, g(RS) = g(R)g(S).

Thus, g(R) is a linear homogeneous function of the elements of each row of R
and changes sign when two rows of R are interchanged. Since g(I) = 1, this
implies from Weierstrass that g(R) = |R|.
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Assertion (iii) is now obvious.

To obtain (4.4), note that with (4 4+ Q)S = A — Qwehave (4 — Q)S™! =
A 4+ Q. Hence we may replace x,, x, .S, Q by %y, —x, S™!, —Q in the foregoing
argument, in the general case. In case I + S is singular, we have only to prove
S—1 = S or S2 = [. This is easily verified from (4.2), (4.3) with xo = 0.

To obtain (4.6), note that (4.2), (4.3) are unaltered (apart from multiplica-
tion of (4.3) on the left by 7! and on the right by T) on putting 7’47,
T71ST, T 'x, tx, for 4, S, x, xo.

It remains only to establish (4.5). This is best done by using quaternions,
following Eichler (4), Pall (11) and others. We use a generalized quaternion
algebra with multiplication defined by

(4.10) (x0, %) (30, ) = (xoy0 + 2dx'Ay, x0y + yox — 3A%y).

The vector x may be identified with the pure quaternion (0, x); and the
scalar xo with (x¢, 0). The conjugate of (xo, x) is (%0, —%), and its norm is
(x0, —x) (20, x), which by (4.10) is x¢> — df (x).

It is easily verified that (4.10) defines an associative algebra. The verification
may be simplified by the device used in the proof of (4.8); for (4.10) is
invariant under substitution of 77AT, T-, T-'y, where |T| = 1, for 4, x, ¥.
Thus we may suppose 4 to be diagonal and then (4.10) takes a familiar form.
From the fact that multiplication is associative, it follows that the norm is
multiplicative. Thus (4.5) will follow if we show that (4.2), (4.3) are
equivalent to

(4.11) (0, —%) (0, &) (%0, x) = (0, —) (20, ) (0, SE).
Noting that {x = —%£, we see that the left member of (4.11) is
(3dxot’Ax — Ydxox' At — 1dx'AA %k, —3d (£ Ax)x + xot + Lxod %

+34 &lxot + 34 #ED).

The scalar component on the right is zero, and the vector component is

(x5 + x0d % — dxx’A 4+ 3 A x A %)E,
since (§Ax)x = xx’A¢. On the other hand, after transposition of the term
u%]I, the right member of (4.3) becomes

xo I 4 x0d % — dxx’A + 3d(x'Ax) 1.
To prove (4.11) equivalent to (4.2), (4.3) we have therefore to show that
ldxx'A + 1A % A % = Ld(x'Ax) 1.
We do so by multiplying (4.8) on the left by 4.
5. The denominator of the automorph S. It is clear from (4.3) that

the denominator of S is a divisor of #%; we investigate whether any factor of
u? can cancel out.
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LEMMA 2. Suppose (p,d) = (xo, X1, X9, x3) = 1, and let p* be the highest
power of p dividing u*v and all the elements of the matrix u*S; then p* = 1 or 4
and divides also all elements of u*>vS=1. Suppose r is the greatest integer prime to d
that divides u%; then the denominators of S and S=' have the same factor prime
to d, which is either r or tr, provided (r, xo, x1, X2, x3) = 1.

Proof. It is easily verified that the trace of A% is identically zero; that of
xx'A = (x,9f/dx;) is 2f(x). We have therefore, from (4.3),

(5.1) Wotr(I + S) = 6x5 — 2df(x) = 2u’v + 4x3.
If we multiply (4.3) on the right by A, we see that, with the present hypothesis
regarding p*, we have
e A + x0A 2 A + 2d%x" = 0 (mod p%).
The second matrix on the left is skew, the other two symmetrical, so we deduce
(by adding the transposed congruence)
4xg A + 4d’xx’ = 0 (mod p%).

With (5.1) this gives that p~ divides 4x,2 and 4d2%cx’, hence 4xx’. Now the
hypothesis (xo, x1, X2, x3) = 1 gives p* = 1, 2 or 4.

To complete the proof of the first assertion, it only remains to show that if
2|u% and u? S then 4 divides 4% and both of #%S=*!. This is easily proved on

using (2.3). The second assertion is an obvious corollary of the first. We next
prove

LEMMA 3. If the denominator of S = S(0, x) is prime to p, then v = v(S) €
T(p, f); and the two definitions of this group given in §3 are equivalent.

Proof. Putting xo = 0 in (4.2) and (4.3), and supposing without loss of
generality that p { x, we see that for some & > 0 we must have

(5.2) POlf(x) = —d~ ', plax’d, pix'A.
Hence (3.1) and (3.3) are satisfied with ¢t = x, b = f(x), and v € T'(p,f)
follows.

We see from (3.1), (3.3) that I'(p, f) is generated by the group of f with
(#]p) = 1, or v = 1(mod 8), together with those given by

(5.3) v = p% (mod p*T V), e=0orl, p t v

for ¢, ¥’ such that (5.2) can be satisfied withv = p¢2v’ and with p ¢ x; but note
that if plx we may put § — 2, p~'x for 8, x. We may, without loss, replace
(5.21) by a congruence mod p7 with 7 = 8§ 4+ 2 +(—1)? and take u = 2p°
where 6 is an integer dependent on § and d so chosen that v has the form of
(5.3).

We first dispose of the case when p = 2 and f is not diagonalizable. Using
(2.2) (mod 27), the condition on ¢, ¥/, obtained from (5.2) as explained above,
becomes, since
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d= — 22M+)\2 . d,, d’ Odd,

(5.4) 220 = & {2 ¢ (x, x2) + 2Vaxi}, 2°](2Mx1, 2Mxs, 22 s),
€= \y + 6 (mod 2).
There are two types of solution of (5.4):
@) If
2M § 2N ¢ (w1, x2)

we must have
2°]|2M ¢ (x1, %2), 8 = Ay, ¢ odd.

In particular, with x; = 0 we have solutions of this type with e = Ay + Xy = A
(mod 2) and v’ = d'¢(x;, x2). Since d’¢ has an odd discriminant, we can have
v’ congruent to any odd integer mod 8.
(i) If
2“-1'2)“ ¢(x1, x2),
then
21123, 6 = s (mod 2).

It easily follows that I'(2,f) = T or I'; according as X is odd or even.
Now with p > 2 assume (2.1), and the condition on ¢, v’ becomes

(5.5) p% = alazaaza a, phh P20 %,
T =123 = M4 At A5 (mod2)
The case p odd is straightforward. Let p*i|lx,. From (5.5)
Ni+ pi > 8 > min(X; + 2p,).

Hence if 7 is the index for which \; + 2p; is a minimum, we have p; = 0
and § = X Now if N; + 2p; = A, it follows that p; = 0. Hence we have two
possibilities:

(1) No two A, are equal and § is equal to one of them.
(2) Two A, are equal.

Let <, j, £ be 1, 2, 3 in some order and in the first case § = Nj;, e = N\j + Ay
(mod 2) and (v'|p) = (aia:a3a:|p) = (a,ax]p) which is condition (ii) of the
alternative definition of T'(p, f). In the second case, condition (iii) is easily
verified.

For p = 2, trivial solutions of (5.5) are obtained as for odd p. To obtain
any others differing from these either in the value of € or in the residue of 2’
mod 8 we must for some 7, j have

oMLy QMyh 2%y Nyt
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A little calculation shows that, with (5.5)s, this requires
M<KIS M2, N —2<0< N+ 4,

and so is impossible when the differences of the A; are too large. When they
are not, the calculations are straightforward and we leave the rest to the
reader.

We next show that the first assertion of Lemma 3 is true for the automorph
S (x0, x) without the restriction xy = 0. This can be proved by straightforward
calculations similar to those of Lemma 3; but these are complicated for
p = 2. We give an alternative proof, based on the fact that every Sis a product
of S’s with x, = 0.

LeEMMA 4. If the denominator of S = S(xo, x) 1s prime to p, then
v =19(S) € T(p,f).

Proof. We begin by making some preliminary simplifications in the case
p = 2. First, we assume that the exponents A; in (2.1) are not all equal, and
that in (2.2) N\ # 1; for in these two cases, which transform into each other,
Lemma 3 gives us I'(2, f) = T, and we have nothing to prove. Next, we note
that in all other cases we either have

200
(5.6) A=(000) (mod4),
000

if f satisfies (2.1) or (2.2), or the reciprocal form has this property. To show
that we need only prove the Lemma for one of two reciprocal forms, put
T = A in (4.6); after a little reduction this gives v(—2d4, S"Y) = v(4, S).
Here S~ is an automorph of and —2d4 is a multiple of the coefficient matrix
of the reciprocal form of f.

Now by (5.6), if p = 2, or (2.1), if p > 2, we may remove from f(£) the
terms in £1£2, £1£3. We do this by an obvious transformation with denominator
prime to p, which affects neither the hypothesis nor the conclusion of this
Lemma, nor the assumption (5.6); see (4.6). Thus we may assume (5.6) and

(5.7) f&) =ati+ gt &), p 1 a,

where the binary form g has a divisor 2 if p = 2, by (5.6), and we may suppose
that the coefficient of £:£; is divisible by at least as high a power of p as that
of &2 Writing for convenience

(5.8) y= (10,0, z=(0,1,0).

we must have that ¢ = z satisfies (3.1) and

(5.9) ZAy = 0.

For convenience write U(¢) = S(0, ), and note that U(t)t = ¢, U(t)t = — ¢

if YA¢ = 0, as is clear from (4.2), (4.3) with xo, x = 0, ¢.
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First suppose that Sy = —y. Then Lemma 1 (iii) shows that x, = 0,
whence v(S) € T(p, f) follows from Lemma 3.

Next suppose Sy = y. Then from (5.9) we have U(z)Sy = —y, and by the
case just considered

2(U(2)S) = v(U(2))-2(S) € T'(p,f).
But as ¢t = gz satisfies (3.1), U(2) has denominator prime to p, so by Lemma 3
v(U(z)) is in T'(p, f) and so must be v(S).
Now note that U(y + Sy) takes y — Sy into Sy — y, because
(' +9'S) Ay — Sy) = y'S’Ady — y’ASy = 0,
and leaves y -+ Sy invariant. Hence this transformation takes Sy into y.
Similarly, U(y — Sy) takes Sy into —y.

Our conclusion will thus follow from the special cases already considered
if we can show that at least one of y 4 Sy is a solution of (3.1). We have,
however,

Jy =8y) =30 £¥'8) Ay £ Sy) = 2f(y) £ y'4Sy = 2a = y'ASy,
and by proper choice of the sign f(y & Sy) is not divisible by p, if p > 2, or
8, if p = 2.

This completes the proof for p > 2. For p = 2 we need to prove

4 (' = '5N4,
ie., if ¥'S" = (91, n2, 13), 2|(1 4 71). This follows from (5.6) and f(y) = f(Sy).

6. The groups and the automorphs. We construct automorphs with
certain desired properties, making use of the assumption that f is indefinite.

LeEmMMA 5. If f has an automorph S with denominator q in Ty, then g € v(f).
Conversely, suppose q € v(f), whence by the definition of v(f) there exists a w
with

wld, wg € Q T'(p, f)-
rlad

Then for every such w there exists an automorph S of f with f(S) = wgq.

Proof. With 9(S) = wq, w = & (v,d), (¢,d) = 1, the denominator of S
must, if it is in Ty, be ¢ or —¢. For by Lemma 2 it must be qu:® or %qus? u:
some factor of #, and so it is square-free only if, with u; = 1 or 2, it is equal
to ¢. Then the hypothesis of the first part of the Lemma gives, with Lemma 4,

v=1wq € ,,r.‘.z T(p, f),

whence ¢ € y(f). It turns out that the two cases #; =1, 2 correspond to the same
set of possible values of v, which simplifies our proof of the second assertion.

If now v = wq € T(p,f), suppose first that v is in the set of generators of
T'(p, f) defined in §3. Take any solution of (3.1) with & satisfying (3.3) and
construct the automorph S(0, £) = Si, say. Plainly #(S;) = 9, is such that
v-9; is a quadratic residue modulo p or 8, if p = 2, and .S; must have denomina-
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tor prime to p, though possibly not square-free. We thus have a solution

with ty = 0 Of
(6.1) ts — df(¢) = u’ (mod p°),
(6.2) 2T+ ted t — dt#A = 0 (mod p%),

for @, 8 with p?||lut, 8 = a + 2 + (—1).

By multiplying together two or more such automorphs S; we can construct
a solution of (6.1), (6.2) when v, though in T'(p, f), is not one of the generators.
From the solution thus found, we can obviously construct another in which %

has no factor prime to p.
Next, if

v € N T,f)

pld

we can find ¢, £, u so that all the pairs of congruences (6.1), (6.2), for p ranging
over the prime divisors of &, hold simultaneously; and so that « is a product of
powers of primes all dividing d. Suppose now that we can solve

(6.3) xy — df(x) = 4’0; %0, X = o, ¢ (mod p%),

for each p|d. Then from (4.2), (4.3) it is clear that S(xo, x) has denominator
prime to d, while the number » of Lemma 2 is ¢, so the denominator cannot
be ir = 1¢ but must be ¢q. Thus S(x,, x) will give us all we require.

We have therefore only to prove the solubility of (6.3). We note first the
obviously necessary congruence condition, namely the solubility of

(6.4) xy — df(x) = u’ (mod '),

for every prime power p’?, subject to the restriction, vacuous if ¢’ + d, that
the solution must satisfy (6.3).. The solubility of (6.4) for p’ 4 d is obvious
from (2.3); for, using (2.3), (5.4) becomes

2 2 2 2
X0 — dxX1Xe — d X3 = u'v.

So we take p’ = p, p|d, and we may suppose § = 8 by elementary properties
of quadratic residues. Now the desired solution of (6.4), (6.3): is xo, x = fo, .

Hence the necessary condition is satisfied, and the proof is completed by
remarking that it is also sufficient. For x? — df(x) is a non-degenerate,
indefinite form in more than three variables, and so a recent result of one of us
(13) gives what is required.

7. Forms in the genus of f. Let the formsf, f; be in the same genus. This
means, by the classical definition, that f goes into f; by a rational unimodular
transformation with denominator prime to 2d. Then by the classical theory we
know that the transformation may be chosen so as to have its denominator
prime to any prescribed positive integer. We can therefore find R;, R,, with
denominators 7, 72, such that

(7.1) J1(®) = f(Rif) = f(Reb), (r1, @) = (re,dry) = 1.
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The following lemmas will tell us more about the possible values of the
denominator.

LemMmA 6. Suppose that q is square-free and prime to d and that qrs is a
quadratic residue modulo every odd prime factor of dri, and also modulo 8 if dr,
is even. Then Q may be found so that f1(¢) = f(Qf) and Q has denominator q.

Proof. By (7.1), R:R;™! and its reciprocal R;R,~! are automorphs of f
whose denominators, dividing 71%r,, 7s?r;, are prime to d and hence equal,
by the last part of Lemma 2. Hence it is easily seen that each denominator
must be equal to 7175, whence by Lemmas 1 and 2 we must have

(7.2) RRTY = S(yo, ¥), yo — df(¥) = uouiwrirs,

with w|d, u; = 1 or 2, (41, d) = 1 and u, having no prime factor that does not
divide d.

The conditions on ¢ ensure that we can solve for 6,

‘(7‘3) wirsd® = ¢ (mod d*ufwri), (6, dr)) = 1.

We now seek a solution of

(7.4) xp — df(x) = ugwrg,

subject to

(7.5) Xo = 0yo, x = 0y (mod ugwrl).

By the result used in the proof of Lemma 5, (7.4) and (7.5) are soluble if,
for every prime p, with @ = a(p) such that p2||uc’wri2q, (7.4), treated as a
congruence modulo p#, has a solution consistent with (7.5) for any prescribed 3.
Now if p + dry, (7.5) is vacuous and the solubility of (7.4) modulo p# is trivial.
On the other hand, if p|dri, (7.2) and (7.3) show that x, = 6y, x = 0y is
such a solution for a value of 8 certainly not less than « 4+ 3. We need not,
by elementary properties of quadratic residues, consider any greater value of
B; so (7.4) and (7.5) are simultaneously soluble.

We now show that Q = S(xo, x)R;, which clearly takes f into fi, has de-
nominator ¢. By (4.3), with #% = wu,%wriq, and the corresponding equation
for S(yo, ¥), and (7.3), we have the following congruences, in which the matrices
occurring on both sides of the congruences are integral:

rotlowr1gS (o, x) = rauowrigRRy" (mod wgry),
grir:Q = grirzRy; = 0 (mod 71).

Hence 7.¢Q is integral, and so is ¢Q, since it has denominator prime to 7.
On the other hand, since R; is unimodular with denominator prime to g¢,
if O had as denominator a proper divisor of g, so would S(x,, x), contradicting
Lemma 2. This completes the proof.

DEFINITION. v(f1,f) is the set of all ¢ in T, that are denominators of
matrices taking f into f1, f1 being any form in the genus of f.

https://doi.org/10.4153/CJM-1956-064-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1956-064-0

604 B. W. JONES AND G. L. WATSON

Lemma 6 shows that the set v(f1, f) is not empty; we prove
LEMMA 7. v (fy, f) is a coset of v(f) in T,.

Proof. We first show that if ¢; and ¢, are in v(fy, f) then g¢i-¢: is in v(f).
In case (q1, ¢2) = 1, this is clear; for with an obvious notation we see that the
automorph Q017! of f must, as in the proof of Lemma 6, have denominator
192 = ¢1°q2 € ‘Y(f)

If (g1, ¢2) > 1, we may argue as above with a suitably chosen ¢; prime to
g2 in place of ¢;. We have only to make ¢; satisfy the sufficient condition of
Lemma 6, with any 7; prime to ¢, and with ¢, for 7,. This sufficient condition
obviously ensures that ¢, and ¢; belong to the same coset of y(f) in T'y; and
the conclusion of Lemma 6 gives ¢q; € v(f1, f).

Conversely, we show that, with g1, v(f1, f) contains all ¢; in the coset to
which ¢; belongs. This follows for g2 = gog1, (g0, q1) = 1, qo € v(f), if we
replace Q; by SQ;, S being an automorph of f with denominator ¢o. When ¢.
does not satisfy these conditions, we consider, as in the first part of the proof,
a suitable ¢; that does. The conclusion follows.

We note some properties of the cosets v (f1, f)-

LemMma 8. vy (f1,f) depends only on the classes of f1, f, v(f,f) = v(f),
Y(fy f1) = v(fu, f) and v(f1, f2) = v(fu, ) -v(fa f).

Proof. The first two assertions are obvious. The first part of the proof of
Lemma 6 shows that R; and R;~! must have the same denominator 7;; hence
the third assertion, taking r; to be in y(f1, f). To prove the last assertion,
consider coprime representatives of the cosets v(f1,f), v(fe, f) and multiply
the corresponding Q.

8. Proof of Theorem 1; a set of forms representing the genus. Theo-
rem 1 follows from Lemmas 7, 8 if we show that every ¢ in T, is the denominator
of a matrix taking f into a form in its genus. We do this by constructing
certain forms which we shall also use for the proof of Theorem 2.

We may suppose, see (2.3), that, for any prescribed ¢ in T,

(8.1) f() = £ib2 + dE5 (mod ¢°).
Putting xy = 0, 4% = —dgq, and R for Sin (4.2), (4.3), we define an automorph
R = R(x) of the form on the right of (8.1), for any x for which
(8.2) X1y 4 dxs = ¢
holds, by
01 0
(8.3) gI+R)=xx'{10 0].
00 2
By Lemma 2, R has denominator ¢, and we note that R? = [. Now we define
¥ =¥(f, R) by
(8.4) Y(&) = f(RE) = f(¢) (mod g).
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When ¢ is odd, ¢ is in the genus of f, by the classical definition. This is also
true for even ¢; to prove it we use the automorph S(4, x) of f, and we verify
from (4.2), (4.3), (8.1), (8.2), (8.3) that S(4, x)R has an odd denominator
prime to d.

For integral ¢, Rf is integral if

010
(85) x'(l 0 0) E = x1£2 + x2£1 + 2dx3£3 = 0 (mod q)
0 02d

By Lemmas 7, 8, the class of ¥ depends only the coset of v (f) in T'; to which ¢
belongs; so we are free to choose x so that any ¢ in which we are interested
satisfies (8.5).

LEMMA 9. Given any g in Ty and any 0y, 0, # 0, 0, there exists an x satisfying
(8.2) such that, for R = R(x) defined by (8.3), R¢ is integral when

(8.6) £07 + 2dE0:0; — dEif; = 0 (mod g).

Proof. Without loss of generality we may suppose 6; = 1. Then (8.6)
becomes (8.5) and (8.2) holds, if xi, x2, x3 = 1, ¢ — d65?, 0,.

We note that, regarding ¢ as given and (8.6) as a quadratic congruence for
the ratio 6;: ,, the discriminant of the congruence is 4d (£:¢2 + d&;%), which by
(8.4) is congruent to 4df(£) modulo gq.

9. Representation of integers. We study in this section the representa-
tion of an integer » # 0 by forms in the genus of f; and as in the statement of
Theorem 2 we write dn = nin,?, n, square-free. We prove three lemmas and
deduce Theorem 2.

LeMMA 10. Suppose f1 is the genus of f, ¢ € v(f1,f), and f represents n.
Then a sufficient condition for fi to represent m is that (dn|p), the Legendre
symbol, is 0 or 1 for each odd prime p dividing q.

Proof. For any £ with f(§) = n we can solve (8.6) by the hypothesis of this
Lemma (see the remark following Lemma 9). With the x, R(x) whose existence
is asserted by Lemma 9, consider the form ¢ = ¢(f, R) defined by (8.4).
We have
9.1) n = f(§) = ¢ (R = ¢(RY),
and Rf is integral; so y represents n. But since ¢ € v(f1, f) and f goes into ¢
by R with denominator ¢, we see from the definition of v(f1, f) and Lemmas
7, 8 that ¢ is equivalent to fi; hence f; represents 7.

LemMA 11. If f represents n, then so does f1 in the genus of f if there exist
qo, q1 Satisfying
(9-2) q0|2n2y Q() E de Q1 E 7<flyf)1 (quly nl) = ]-y
(9.3) I (1, gogr), = 1
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where the symbol in (9.3) is the Hilbert Symbol (6, p. 27) and the product 1s
over all primes p dividing n, if d 1is odd or ny # —1 (mod 4); over all primes
dividing 2n, if d is even and ny = —1 (mod 4).

Proof. By Dirichlet’s theorem we may choose a positive prime

(9.4) p1= qog1 (mod d’ni), p1 1 2na.
Then, taking ¢=gop1 in Lemma 10, we need only verify (dn, p1),, = (n1|p1) =1.
Now (9.3) and (9.4) imply if d is odd or 7; # —1(mod 4),
1= ]I (1, q01), = [1 (n1, 1),

pln1 pln1
By a fundamental property of the Hilbert symbol the last product is equal
to (n1, 1)y, (B1, p1)e, multiplied by (11, p1). if n: is odd; that is (m4]p1) or
(n1]p1) (11, p1)2 according as 7, is even or odd. But (ny, p1)e =1 if n1=1

(mod 4), while if n;, = —1(mod 4) and d is odd we may choose p; = 1(mod 4)
consistent with (9.4). The case d even and #; = —1(mod 4) is similar but
simpler.

Putting ¢o = ¢1 = 2, we see that f and fi represent the same integers if
2 € v(f1,f). Notice that if d is odd and n; = —1(mod 4) we can choose
p1(mod 4) consistent with (9.4) so that
1= (mlp1) = (m, p1)2 1] (m1, qoq1),

?in1

whatever the value of the product in (9.3).

LeEMMA 12. Suppose f represents n. Then all forms in the genus of f represent
n if (for suitable p1, p2) one of the following holds:

(95) q € P(szf), (q: nld) = lr P2ln’1v (nlr Q)m = —'1,
(9.6) n1 < 0orn, = —1 (mod 4) with d odd,
9.7 g €7, (gm) =1, n, 9, = -1,
(98) P1|2”2y (Plr nld) = 1) H(nlv Pl)zl = _1’

where the products are over the same range as in (9.3).

Proof. We first show that f; represents # if (9.5) holds and

(9.9) (q|p) = 1 for each odd p # p, dividing dn,, and
g =1 (mod 8) if p, = 2.

We have from (9.5)y, in case p,|d, and (9.9), that
g€ NT@pMH;
pld

thus ¢ is in the subgroup of v(f) for which w may be taken equal to 1 in the
definition of v(f). Thus if the product in (9.3) with go = 1 is —1, then the
product Il (n4, g1¢), is +1 since

H (n1, @)p = gl (n1,q), = — 1.

?2n1
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But ¢ € y(f) implies ¢i¢ € v(f1,f) and hence (9.5) and (9.9) are sufficient.
But if (9.5) is soluble at all it must have a solution satisfying (9.9); for the two
formulae, for given p,, are congruences for ¢ to coprime moduli. Hence (9.5)
alone is sufficient.

Next (9.6). follows from the remark after the proof of Lemma 11. Suppose

n1 < 0. Then

[T O =1, = (1, =1)o = —1

plin1 :
if #;is even and — (n;, —1)qif #; is odd. Both are —1 unless #; = —1(mod 4).
We have just excluded #; = —1(mod 4) when d is odd. If d is even the product

in (9.3) with ¢og: replaced by —1 is over primes dividing 27, and hence is
—1. Thus one of
H(”h q0q1)p, H(”h —qq1),
is +1; we may put —gqo for go in (9.2), (9.3).
If (9.7) holds and (9.3) is denied for go = 1, then ¢1¢ is an element of v (fy, f)
and (9.3) holds for ¢, replaced by ¢ ¢:.
If (9.8) holds, then (9.3) can be satisfied either with ¢y = 1 or g, = p;.

Proof of Theorem 2. We write as in the foregoing lemmas dn = mn.?,
n1 square-free; and by the hypothesis of the theorem, some form f in the genus
considered represents #, but there is at least one form in the genus that does
not. It follows that none of the sufficient conditions of Lemma 12 can be
satisfied, while that of Lemma 11 must fail for some f;.

(i) Condition (9.6) gives us n; > 0. If n; = 1, (9.2) can be satisfied with
go = 1 and some ¢;, and then (9.3) necessarily holds. Hence n; > 1.

(ii) Suppose ps|ni, with p, odd. Then (9.5);, (9.5)s hold if (g|p.) = — 1
and so (9.5); must fail for such ¢ satisfying (9.5)s. This means that T'(ps, f)
does not contain the group T, of v prime to p.. By the definition of d, this
means that p,|do.

Now take p, = 2 in (9.5). Then (9.5); must fail for ¢ = 5(mod 8), with
which (9.5). to (9.5)s can be satisfied. Hence 5 is not in I'(2, f); this means,
by the definition of do, that 2|d,. We have thus shown that p.|n; implies
p2|do and hence 71|d,.

(iii) For odd d, m|do|d and hence we have n;= 1(mod 4) by (9.6),. If
n; = 5(mod 8), then (9.8) is satisfied by p; = 2. Hence #; = 1 (mod 8) for
odd d.

(iv) By the hypotheses of this part of the theorem, (9.8), and (9.8); hold
with p; = p; for by (ii) p prime to d cannot divide #;, while IL(ny, py),
reduces to (n1p:). Hence (9.8); must fail and p = p; does not divide z,.

(v) From (ii) we see that (9.7). is implied by (9.7);; hence the failure of
(9.7) for any f1 means that II(ny, ¢), = 1 for all ¢ in y(f). This means that
I1(n,, q), has a fixed value £1, say x(f1,f), for all g in v (f1,f). Now Lemma 11,
with go = 1, tells us that f; represents n if x(f1,f) = 1. We see from Lemma 8
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that this condition holds for just half the classes in the genus. It may be,
however (since the condition of Lemma 11 is only sufficient), that # is repre-
sented by some form f; with x(fe, f) = —1. If so, we have to show that,
contrary to hypothesis, all forms in the genus represent #. But Lemma 11,
with this assumption regarding f, shows that either x(f1,f)=1 or x(f1, f2) =1
is sufficient for representation of # by fi;. And from Lemma 8 it is clear that

X(flyf2) = X(flyf) X(fmf) = - X(flyf)-

The proof of the assertion (v) is thus complete.
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