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Abstract

A lattice walk with all steps having the same length d is called a d-walk. Denote by 7, the terminal set,
that is, the set of all lattice points that can be reached from the origin by means of a d-walk. We examine
some geometric and algebraic properties of the terminal set. After observing that (7, +) is a normal
subgroup of the group (ZV, +), we ask questions about the quotient group Z" /7, and give the number
of elements of Z?/7, in terms of d. To establish this result, we use several consequences of Fermat’s
theorem about representations of prime numbers of the form 4k + 1 as the sum of two squares. One of
the consequences is the fact, observed by Sierpifiski, that every natural power of such a prime number has
exactly one relatively prime representation. We provide explicit formulas for the relatively prime integers
in this representation.
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1. Introduction

A lattice point in RV is a point with integer coordinates. The set of all lattice points
in RY is denoted by Z". By a lattice walk or lattice path in RV we mean an ordered
sequence of lattice points ‘W = (wg, wy, . .., wy,). The point wy is called the initial point
and wy, is called the terminal point of W. Without loss of generality, we can assume
that wy = 0. With this assumption, there is a one-to-one correspondence between a
lattice walk ‘W and the ordered sequence U = (uy,...,u,) of vectors, called steps,
where u; = w; —w;_; for i =1,...,m. Thus, we shall alternatively use W or U to
represent the same lattice walk.

There are many aspects of research dealing with lattice points and, in particular,
with lattice paths. We refer the reader to [1, 3, 6, 7, 10, 11], where various problems
for different types of lattice walks are considered.
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To present the purpose of this note, we need several definitions. A lattice walk
U = (uy,...,uy) is called a d-walk if all its steps have the same length d, that is,
llu;|| = d fori=1,...,m, where ||x|| denotes the Euclidean norm of x.

A positive real number d is said to be N-admissible if there exists v € ZV such that
[lv]| = d or, in other words, if

Uy={veZVN:|vl=d} +0.

Obviously, d is N-admissible if and only if d*> has a representation as a sum of N
squares.

For x = (xi,...,xy) € ZV, by gcd(x) we denote the number ged(xy, ..., xy). If
there exists a point x € Uy with ged(x) = 1, then we say that d” has a relatively prime
representation as a sum of N squares. In such a case, the real number d is called
N-reduced. A very important class of N-reduced lattice walks are 1-walks using steps
u; € {xeq,...,+ey}, where ey, ..., ey denote the standard unit vectors in RV,

For an N-admissible real number d, we define the terminal set T, as

T4 ={x€Z" : xis the terminal point in a d-walk from the origin}.

It is obvious, for 1-walks in R" using steps u; € {+ey, ..., +ey}, that Ty = RV,

In [7] we proved that 74 = R? if and only if d is a 2-reduced real number whose
square, d?, is odd. In this note, we explore the terminal set 7, further and study its
geometric and algebraic properties. In Section 4, we show that (74, +) is a normal
subgroup of (ZV, +) and that 7 is a sublattice of Z". Therefore questions about
the quotient Z" /7, are well motivated. The main result of this note is in Section 5
where we provide a detailed analysis of the number of elements of Z?/7 in relation
to number theoretical properties of d. This is done by using some consequences of
Fermat’s theorem about representations of prime numbers of the form 4k + 1 as sums
of two squares. One of the consequences is the known fact, observed by Sierpinski
[8], that every power (with a natural exponent) of such a prime number has a unique
relatively prime representation. In Section 2, we provide explicit formulas for the
relatively prime integers appearing in this representation. If L is a sublattice of Z",
the problem of counting the number of elements in the quotient group Z" /L is of great
interest. In [4, Theorem 2.3.19], this question is answered several times in relation to
bases of the sublattice L. However, in the special case when L = 7, it would be nice to
have the number of elements of Z" /7 given in relation to d. This is why we end our
note with a problem to express the cardinality of ZV /7 in terms of d and (possibly)
of N.

2. 2-reduced numbers

To speak about d-walks, we need d to be 2-admissible. From results in elementary
number theory, a real number d is 2-admissible if and only if > has the form

&= 2 (P P @.1)
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where p; and g; are distinct prime numbers such that p; =1 (mod 4) fori=1,...,r,
gi=3(mod4)forj=1,...,s ai,...,a,61,...,5, €N,5,r,s e NU {0} and @ € {0, 1}.

In particular, we will deal with 2-reduced numbers. This is why we will need some
consequences of Fermat’s theorem about representations of natural numbers as sums
of squares. A rephrased version of Fermat’s theorem reads as follows.

TueorEM 2.1 (Fermat). Let p be a prime number of the form p =1 (mod 4). Then
d = +/p is 2-reduced.

Sierpifiski [8, 9] proved that every power (with a natural exponent) of a prime
of the form 4k + 1 has unique relatively prime representation as the sum of two
squares. Below we provide explicit formulas for the integers appearing in this unique
representation.

TueorREM 2.2. Let p be a prime number of the form p =1 (mod 4) with the
representation p = a> + b* as the sum of squares. Then, for every a € N, the number
\p? is 2-reduced, that is, p® = x> + Y2 for relatively prime numbers x, and y, given
by

> a = a
= 1)k 2k pa2k d y, = 1)k 2k pa—ke ).
. ;(21()( Va and -y kzz(;zkﬂ( Va

Proor. Suppose p is a prime of the form p = 1 (mod 4) and p = a®> + b%. Obviously, a
and b are relatively prime. Moreover, x; = b and y; = a.
Clearly, p = (b + ia)(b — ia), where i = YV—1. Observe that, via the binomial

theorem,
.a_oo @\ ok 2kpa-2k RN o vk 2kpa-2k _ .
(b +ia) _Z(Zk)( D*a™b +lz(2k+1)( D*a™b = Xg + 1 Yq-
k=0 k=0
Hence

P = (b +ia) (b= ia)" = (Xa + iya) (¥a = iYa) = Xg + Yo
If x, and y, have a common factor greater than one, then they must both be divisible by
p and so p divides (b + ia)®. That is, (b + ia)(b — ia) divides (b + ia)* and so (b — ia)
divides (b + ia)®~!. This is impossible since (b + ia) and (b — ia) are distinct Gaussian
primes. Thus x, and y, are relatively prime. The proof is finished. O

It was pointed out to us by the editor that the formulas for x, and y, have already
been observed by Plana (compare with [5, page 241]). We show, in addition, that
the representation is relatively prime. It is worth noticing, in this context, that the
following fact is true.

CoRroLLARY 2.3. Let p be a prime number of the form p = 1 (mod 4). Then, for every
a > 3, the number p® has a representation p® = c(zl + d(f such that pl|c, and pl|d,.
Moreover, if p = a* + b?, then

o 2% ) )

(_ 1 )ka2k+1ba—(2k+1)
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and

_w a—1\ fa=1\ o % 0o
o= 32| ) G v

k=0

Proor. Let x, and y, be as in Theorem 2.2. Then
Pe =@+ 0 + Vo) = (@Xamt = bYa-1)? + (DXam1 + @Ya1)’.
It is easy to check that
Cq = aXq-1 —bye—1 and dy =bxe_1 + ay,—1.

So, to complete the proof, it is enough to show that p divides ¢, and d,. For that
purpose, we consider the polynomial

wo= 2[5 (5 )

k=0

(_ l)kZ2k+1ba/—1—2k

of a complex variable z. One can easily check that, for @ > 3,

W(ib) = +ib" Y [(az_kl) - (;{111)

k=0

=0.

Thus W(z) = (z*> + b*) - W(z) for some polynomial W(z). In particular, W(a) =
(a* + b*) - Wi(a) which means that ¢, is divisible by p. In a similar way one can
check that p divides d,. The proof is finished. |

Sierpifiski [8] has shown the following result.

TueorEm 2.4 (Sierpifiski). Let t = p{' --- p,", where p; are distinct prime numbers of
the form p; =1 (mod 4) fori=1,...,r and «ay,...,a, € N. Then t has a relatively
prime representation as the sum of two squares.

The next theorem provides a general form of 2-reduced numbers.

TueoreM 2.5. Every real number d such that d* = 2° p(f‘ -+ py', where p; are distinct
prime numbers of the form p; =1 (mod 4) for i=1,...,r with ay,...,a, € N and
a €{0, 1}, is 2-reduced.

Proor. The case @ = 0 is considered in Theorem 2.4. If s = 2¢ = 2p(1'l --- p¥r, then
Theorem 2.4 guarantees the existence of relatively prime numbers x and y such that
t = x> +y%. Clearly,

s=2(7 +y) = (x+ )7 + (x =) (2.2)
In view of (2.2), the numbers x and y are of different parity. Now it is easily seen that
neither x + y nor x — y are divisible by any of the numbers 2, py,..., p,. Thus x+y
and x — y are relatively prime and d is 2-reduced. O
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3. The cardinality and a property of U,

The number of representations of a natural number n by the sum of two squares,
allowing zeros and distinguishing signs and order, is usually denoted by ry(n). It is
known, see [2], that

() = d(ay +1)---(a,+ 1) if nis of the form (2.1), G.1)
=0 otherwise :
From (3.1), it follows that if d* is of the form (2.1), then

Udl = r2(d®) = &ay + 1)+ (@, + D). (3.2)

We now introduce a notation which plays a crucial role in finding the cardinality of
Z?/T4. Let d be a 2-admissible real number. Define

hg = min{ged(v) > 1 : v e Uy}.
Lemma 3.1. Let d be a 2-admissible real number with d* of the form (2.1). Then

hdzzﬁqflﬁs

Proor. Take a 2-admissible real number d with d” of the form (2.1). Denote by 4 the
number i = Zﬁqf b qf“ and consider the number d* = d/h. Then

d)>=2"py" - p.

By Theorem 2.5, there are relatively prime numbers x and y such that (x,y) € Ug-.
Clearly, the vector (hx, hy) belongs to U, and gcd(v) = A. This means that i, < h.
Now take any vector v = (x,y) from Uy. If h{x or i} y, then the vector v/h would
not belong to Ug,. This, and the obvious inclusion AU, € Uy, would imply that
|Ugnl < 1Uq4l, which gives us a contradiction because, from (3.1) and (3.2), it follows
that |[Ug/u| = |Uy4l. Thus, for every v = (x,y) € Uy, hlx and hly and therefore also
gcd(v) > h. This implies that h; > h. Consequently, & = h, and the proof is finished. O

In the proof of Lemma 3.1 we have shown the following property of A,.
RemMARrk 3.2. Let d be a 2-admissible real number. Then
ha=ged( | (1) (33)
(x)ely
THueOREM 3.3. For any 2-admissible real number d,
/’ld . Ud/hd = Ud.

Proor. The inclusion h; - Uy, € Uy is obvious. From (3.3) it follows, for every
v =(x,y) € Uy, that hy|lx and hyly. Therefore there exists v/ = (x’,y") € Uy, such
that s4v" = v. This means that v € hyUgyp,. Thus the inclusion Uy C hg - Uy, is also
true and the proof is complete. O
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4. The terminal set 7,4

Let d be an N-admissible real number. Recall that the terminal set 7; consists of
all lattice points in ZV that can be reached from the origin by means of a d-walk.
Since d-walks use steps from the set U, obviously, U; C 7. Therefore an immediate
consequence of Theorem 3.3 is the following corollary.

CoroLLARY 4.1. For any 2-admissible real number d,
Td = hd . Td/hd-

It is clear that U, is a finite set which is symmetrical with respect to the origin and
all coordinate axes. The symmetry properties of U, guarantee that the terminal set 7
is also symmetrical with respect to the origin and all coordinate axes. We have also
the following property of U,.

Prorosition 4.2. For any permutation . {1,...,N} = {1,...,N},
(Xl, . XN) elU, = (xﬂ(l), ceey xﬂ(N)) e U,.
In the next theorem, we show an algebraic property of 7.

TueorEM 4.3. Let d be an N-admissible real number. The pair (T4 ,+) is a normal
subgroup of (ZN, +).

Proor. Since (ZV, +) is an Abelian group, we only need to check that (74, +) is a
subgroup of (ZV, +). Take x and y from 7. In order to prove the theorem, it suffices
to show that x — y € 7. There are d-walks

(Lll :{ul,...,uk} and (lez{vl,...,vm}

from the origin to x and y, respectively. Consider the d-walk

1{ = {uh L ’uk$uk+l’- .. ,I/lk+m},
where uyy; = —v; fori=1,...,m. Clearly, U is a d-walk from the origin to x — y. Thus
x —y € T4 and the proof is complete. O

We say that L ¢ ZV is a sublattice of Z" if L is an additive subgroup and the vector
space spanned by L is RY. From the abovementioned geometric properties of 7,
Proposition 4.2 and Theorem 4.3, we get the following corollary.

CoRrOLLARY 4.4. Let d be an N-admissible real number. Then Ty is a sublattice of ZV.

Let uy,...,uy € Z" be linearly independent vectors in R¥. The sublattice L of ZV
generated by uy, ..., uy is defined as

N

Lz{Za,-u,-:a,-eZ,iz1,...,N}.

i=1
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The fundamental parallelepiped of L is the set

N
HLZ{ZII'M[IOSII'< 1,i= 1,,N}
i=1
The next lemma is similar to [4, Theorem 2.3.12] and can be proved in an analogous
way.

Lemma 4.5. Let L be a sublattice of ZV generated by u, .. .,uy. Then, for any w € ZV,
the coset w + L coincides with a coset wy + L for some wy € I1; N ZN. Moreover; if w,
and w, are two distinct points in 11, N ZN, then (w; + L) N (wy + L) = 0.

An immediate consequence of Lemma 4.5 is the following corollary.
COROLLARY 4.6. Let L be a sublattice of ZN generated by u,, ...,uy € Z. Then

iz /L) = 11, N ZY).

5. The cardinality of Z*/7,

After observing Theorem 4.3, it is natural to deal with the quotient Z" /7, which
will be the main object of the remaining part of this note. We start with two useful
lemmas, the first of which immediately follows from [7, Theorem 4.1].

LemMa 5.1. Let d be a 2-reduced real number such that d* is an odd number. Then
Ty =72

Lemma 5.2. Let d be a 2-reduced real number such that d* is even. Then Ty # 72 and
T4 is a sublattice of Z? generated by the vectors (1,1) and (-1, 1).

Proor. Assume that d is a 2-reduced real number such that 4 is even. From the proof
of [7, Theorem 4.1], it follows that (1,0) ¢ 7, and hence 7 # Z>. In view of Corollary
4.4, it is enough to show that the vectors (1, 1) and (-1, 1) belong to 7,4. As 74 is
symmetrical with respect to the y-axis, we only show that (1,1) € 7.

From the assumption that d is 2-reduced, it follows that there exists a vector
vy = (x1, x2) € Uy with ged(xy, xp) = 1. Of course, we may assume that 0 < x| < x;.
Consider the subset Ug C Uy consisting of vy, vy = (—x, x1), v3 = (x2,x1) and vq =
(—x1, x2). We shall show that there exists a lattice walk from the origin to the point
(1,1) using steps from the set U9 U (~UY). The existence of such a walk will be clear
if we show that the system of linear equations

(5.1

1 =aix1 —ayxy + azx, —asxy,
1 =a1x + arx; + azx; + asxo,

has an integral solution a;, a», a3 and a4. By substituting @ = a; — a4, B = a3 — ay,
v =asz + ay and 6 = aj + ay, the system (5.1) gives

1 =ax; +Bx,,
{1 =YX + ox;. (52)
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Since ged(x1, xp) = 1, both equations in (5.2) have the same integral solution a and .
All other solutions of (5.2) are given by

a=ay+xt, B=Bp—x1t, y=ay+xs and 6=pLFy— x5,

where ¢, s are arbitrary integers.
Using this, and returning to the original unknowns ay, a,, as and ag4, yields

ar—ag=ao+ 0l g az —ay = Bo — x1t,
ay +aq =Py — x19, as + ay = agp + xp8.

Solving the two systems, we easily obtain

ap + Bo — x5 + Xt
a, = > , a4 =a; — (g + x21) (5.3)

and

+ B0 — xit +
ay= WP TR gy — a4 (it - o) (5.4)

It remains now to show that, for suitable integers ¢ and s, all four unknowns are
integers. In view of (5.3) and (5.4), it is enough to ensure that a; and a3 are integers.
From the assumptions that d is 2-reduced and d? is even, it follows that both the
numbers x| and x, are odd. From this and the equality a¢x; + Box, = 1 it follows, in
turn, that @y and By must be of different parity. It is easy to check that when we put
s = g and t = By, then a; and a3 are integers. Hence all four unknowns are integers
and this completes the proof. O

Now we are ready to establish the main result of this section and the paper.

TueoreM 5.3. Let d be a 2-admissible real number. Then

h(21 when (d/hg)? is odd,
2h02, when (d/hg)? is even.

122 /T4l = {

Proor. Take a 2-admissible real number d. From (2.1) and the form of 4,4, it follows
that (d/hy)? is either odd (when @ = 0) or even (when a = 1). We will consider the two
possible cases separately.

Case @ =0: By Lemma 5.1, the terminal set 7y, is just Z2. From Corollaries 4.4
and 4.1, it follows that 7, is a sublattice of Z2 generated by the vectors u; = (hy, 0)
and u, = (0, hy). Clearly, Il7, contains hfi lattice points. This, in conjunction with
Corollary 4.6, ends the proof in this case.

Case @ = 1: By Lemma 5.2 and Corollaries 4.4 and 4.1, 7, is a sublattice of Z>
generated by the vectors u; = (hy, hy) and uy = (—hy, hy). One can easily check that, in
this case, 17, contains 2(/,)* lattice points. By Corollary 4.6, [Z* /74| = 2(hg)?, which
establishes the case when @ = 1. The proof of the theorem is complete. O
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6. A problem about the cardinality of Z" /7

Corollary 4.6, in conjunction with Corollary 4.4, provides some kind of implicit
information about the cardinality of Z" /7. It would be interesting to find an explicit
formula for |Z" /7| depending on d and N in a similar way to the formula in Theorem
5.3. Therefore we formulate the following problem.

ProBLEM 6.1. Let d be an N-admissible real number. Express the cardinality of ZV /7,
in terms of d and N.
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