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ISOMETRIC SHIFT OPERATORS ON C(X)

F. O. FARID AND K. VARADARAJAN

ABSTRACT. Recently A. Gutek, D. Hart, J. Jamison and M. Rajagopalan have ob-
tained many significiant results concerning shift operators on Banach spaces. Using
a result of Holsztynski they classify isometric shift operators on C(X) for any com-
pact Hausdorff space X into two (not necessarily disjoint) classes. If there exists an
isometric shift operator T: C(X) — C(X) of type II, they show that X is necessar-
ily separable. In case T is of type I, they exhibit a paticular infinite countable set
D = {p, v~ (), v 2(p), v 3(p), ...} of isolated points in X. Under the additional as-
sumption that the linear functional I carrying f € C(X) to Tf(p) € C is identically
zero, they show that D is dense in X. They raise the question whether D will still be
dense in X even when I" # 0. In this paper we give a negative answer to this question.
In fact, given any integer / > 1, we construct an example of an isometric shift operator
T: C(X) — C(X) of type T with X \ D having exactly / elements, where D is the closure
of Din X.

1. Introduction. R. M. Crownover [1] was the first person to give a basis free
definition of a shift on a general Banach space. In [3]J. R. Holub studied isometric shift
operators on Cg(X), where Cg(X) is the real Banach space of real valued continuous
functions on the compact Hausdorff space X. One of the results proved by him asserts
that if X has only finitely many components then Cg(X) does not admit an isometric shift
operator. However his techniques do not carry over to the complex Banach space C¢(X).
In [2] Gutek et al study simultaneously the real as well as the complex case.

We follow the convention that maps between topological spaces are necessarily
continuous. In the work of Gutek et al [2] a crucial role is played by a result of W. Hol-
sztynski [4] which essentially describes the form of a linear isometry 7: C(X) — C(Y)
where X and Y are any two compact Hausdorff spaces. Here C(X) denotes the complex
Banach space of complex valued continuous functions on X. Using Holsztynski’s re-
sult they classify isometric shift operators 7: C(X) — C(X) into two (but not mutually
exclusive) types (Theorem 2.1 in [2]). On p. 100 of [2] three examples are described.
Example 2 gives an isometric shift operator of type I which is not of type II whereas
Example 3 yields an isometric shift operator which is simultaneously of both types. We
denote the range of an operator 7 by R(T). After proving Theorem 2.1 the authors of [2]
correctly remark that the only element f € R(T) vanishing on X (using the notation in
[2]) is 0. On p. 100 of [2] they further assert that when X, # X, the above observation
gives the “uniqueness” of p where Xy = X \ {p}. It is not clear to us what the authors
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have in mind. Some of our results in §4 are devoted to clarifying the situation. Actually
Example 3 on p. 100 of [2] turns out to be an isometric shift operator expressible as a
shift operator of type I in two different ways. Also it turns out that any isometric shift
operator T: C(X) — C(X) expressible as an operator of type I in two different ways is
automatically of type II. But the converse is not true. We will give a specific example of
an isometric shift operator which is simultaneously of types I and II but is expressible as
an operator of type I in exactly one way.

Let T: C(X) — C(X) be an isometric shift operator of type I which is not of type II.
Then our observation in the earlier paragraph yields a unique isolated point p in X, a
homeomorphism ¢: Xy — X where X = X \ {p} and a map w: Xy — S’ satisfying

(1) Tf(y) = w(y)f(¥()) forally € Xo,f € C(X).

The statement “the only element f € R(T) vanishing on Xy is 0” is equivalent to asserting
that the characteristic function x,, of p is not in R(T). A natural question is whether p is
the only isolated point in X with x,,  R(T). In §4 we will also see that the answer to this
question is negative. We will see that Example 2, p. 100 of [2] satisfies the condition that
none of x, x2 and x3 is in R(T).

Let T: C(X) — C(Y) be any linear isometry. In [4] Holsztynski gives a specific
construction yielding a well determined closed subset Y of Y and well determined maps
Y: Yy — X, w: Yo — S! with 1 surjective and satisfying

@ TF() = w)f(¥()) forally € Yo, f € CX).

One of our major results in §2 is a “universal property” possessed by Holsztynski’s triple
{Yo, ¥, w} (Theorem 2.1). This result has some important consequences which will be
discussed in §2.

In §5, given any integer / > 1 we construct an isometric shift operator 7: C(X) — C(X)
of type I with X \ D having exactly ! elements. One of the results proved in [2] asserts
that if X = S” the n-sphere or " the n-cube then C(X) does not admit an isometric shift
operator. Using Theorem 2.6 of [2] this result can easily be generalised. We will show
that if M" is any compact topological manifold with or without boundary then C(M")
does not admit an isometric shift operator. Actually it turns out that some of the results
proved in [2] are valid for linear isometries T: C(X) — C(X) with codimension of R(T)
in C(X) equal to 1. T need not be a shift operator; namely T need not satisfy the condition
Ma>1 R(T") = {0}. Our exposition will take this fact into account and clearly point out
results which are valid for codimension 1 linear isometries. Actually in §6 we show that
C(M") does not admit a codimension 1 linear isometry when M” is a compact manifold.

2. Universal property of Holsztynski’s construction. For any compact Hausdorff
space X let C(X) denote the complex Banach space of complex valued continuous
functions on X. Throughout this section X, Y will denote compact Hausdorff spaces and
T: C(X) — C(Y) a linear isometry. In [4] Holsztynski describes a specific construction
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yielding a closed subset Y, of Y, well determined maps ¢: Yy — X, w: Yy — S U with ¥
surjective and satisfying

3) Tf3) =w)f(Y()) Yy € Yo, f € CX).

We will refer to {Yy, v, w} obtained as above as Holsztynski’s triple associated to the
linear isometry 7: C(X) — C(Y). We actually need this specific construction. Hence we
briefly describe this construction.

Foranyx € Xlet Sy ={f € CX) | |[f]| =1=|f(0)|}and Qs = {y € Y | T(S:) C S,}
(where of course Sy = {g € C(Y) | ||g|]| = 1 = |g(»)|}. Holsztynski shows that Q, # {) for
anyx € X, 0:N Qv =0 ifx #x' inX, Yo = Uex O is closed in ¥ and that ¢: Yo — X
defined by ¥(y) = x for any y € Q, is continuous. Since Q, # @ for each x € X, it
is clear that v is surjective. If w(y) = T1(y) where 1 € C(X) is the constant function
assigning 1 to each x € X then it is shown in [4] that ¥j, ¢, w satisfy (3). Also in (3) if we
substitute f = 1 € C(X) we get w(y) = T1(y) for all y € Y. This shows that w is unique.
The following theorem shows that Holsztynski’s triple {Yo, ¥, w} possesses a universal
property.

THEOREM 2.1. Let A be any subspace (not necessarily closed) of Y and p: A — X,
u: A — S' maps satisfying

4) Tf(a) = u(a)f(p(a)) Va € Aandf € C(X).

Then A C Yoy, ¢ = ¢|A and u = w|A.

PROOE. Before taking up the proof observe that we do not assume that p: A — X is
surjective.

We first show that any a € A satisfies a € Q). Let f € S, This means [[f|| = 1=
lf(go(a)) ‘ Fromequation (4) we get |Tf (a)| = lf(ga(a))l = 1. Since T is an isometry, we get
|Tf|| = 1. Thus ||Tf]| = 1 = |Tf(a)|, showing that Tf € S,. Hence f € S, = Tf € S,.
This yields a € Q). Since Yo = J,ex Ox We see that A C Yo.

From equation (4) we see that u(a) = T1(a) = w(a) for all a € A, yielding u = w|A.

Since Tf(y) = w(y)f (¥(y)) for all y € Yo and A C Yo, we get Tf(a) = w(a)f (y(a)).
Again equation (4) yields Tf(a) = u(a)f (<p(a)) = w(a)f(cp(a)) since u = w|A. From
Iw(a)| = 1, we get f(1(a)) = f((a)). This is valid for all f € C(X). Since functions in
C(X) separate points of X we get Y¥(a) = p(a). This shows that p = ¥|A. ]

COROLLARY 2.1. Let A, B be subspaces of Y, p:A — X, 6:B — X, u:A — S,
v: B — S' be maps satisfying equation (4) in Theorem 2.1 and equation (5) below:

) Tf(b) = v(b)f(0(b)) Vb € Bandf € C(X).

Then p|ANB =0|AN B and ulANB = v|AN B. Moreover :AUB — X, tAUB — S!
defined by Y|A = ¢, Y|B =0; t]A = u, t|B = v are continuous and

(6) Tf(x) = tx) f(¥(x)) Vx€AUBandf € C(X).
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PROOF. From Theorem 2.1, ¢ = 1|A, § = ¢|B; u = w|A and v = w|B. The first part is
immediate now. Also we get ¥ = |A UB, t = w|A U B from which we get the second
part.

Theorem 2.1 can be strengthened as follows:

THEOREM 2.2. Let A be a subspace of Y, p: A — X and v: A — C be maps satisfying
Tf(a) = va)f(p(@)) Va€Aandf € C(X).

Then A C Yy if and only if v(A) C S'. Moreover when this condition is satisfied we have
¢ =1Y|A and v = wl|A.

PROOE. In view of Theorem 2.1 we have only to show that A C Y, = v(4) C S'.
Assume A C Y;. Then for any a € A, Jan x € A witha € Q,. This means T(S,) C S,,.
Clearly 1 € S,. Hence T1 € S, yielding 1 = |T1(a)| = [W(@)||1(#(a))| = |v(a)|. Hence
v(d) C S .

REMARKS 2.1. (a) A bounded linear operator T on a Banach space E is defined to
be a shift by Crownover [1] if T is injective, the range R(T) of T has codimension 1
in E and ,>; R(T") = {0}. We now observe that Theorem 2.1 of [2] is valid for any
codimension 1 linear isometry 7: C(X) — C(X). Hence we may introduce the concepts
of type I and type II codimension 1 linear isometries. We also observe that Lemmas 2.1,
2.2 and Theorem 2.6 of [2] are valid for codimension 1 linear isometries.

(b) From Theorem 2.1 in our present paper it follows that Yj is the largest subset of
Y admitting maps ¢¥: Yo — X, w: Yy — S ! satisfying equation (3). It turns out that Yy is
closed and v: Yo — X is surjective. It can very well happen that there exists a closed set
Y, ¢ Yo and ¢: ¥ — Xis surjective. This is what happens in the case of a codimension

1 linear isometry T: C(X) — C(X) which is simultaneously of types I and II.

An immediate consequence of Corollary 2.1 is the following:

PROPOSITION 2.1. Suppose T: C(X) — C(X) is a codimension 1 linear isometry and
there are closed subspaces Xo ¢ X, X\ ¢ X with Xo # X mapsw:Xo — S', w':X; — §!
and surjective maps V: Xo — X, V': X| — X satisfying

) () = w) f(¥()) Yy € Xp and f € C(X)
as well as
(8) TFO) =W O (V) VY € Xy andf € CX).

Then T is simultaneously of types I and I1.

PROOE. Theorem 2.1 of [2] yields |X \ Xo| = 1 = |X \ Xi|. Since Xp # X; we get
X = Xp UX;. Now Corollary 2.1 completes the proof of Proposition 2.1. [

DEFINITION 2.1. When the hypotheses of Proposition 2.1 are satisfied we say that T
can be expressed as an operator of type I in two different ways.
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As an immediate consequence of Proposition 2.1 we obtain the following:

COROLLARY 2.2. Let T: C(X) — C(X) be a codimension 1 linear isometry of type |
which is not of type Il. Then there exists a unique isolated point p in X, a unique
homeomorphism : Xo — X where Xo = X \ {p}, a unique map w:Xo — S' satisfving
(7).

Using Corollary 2.1 we can find a necessary and sufficient condition for a given
codimension 1 linear isometry T: C(X) — C(X) of type I to be also of type II.

PROPOSITION 2.2. Let T: C(X) — C(X) be a codimension 1 linear isometry of type I.
Let p be an isolated point in X, 1: Xog — X, w: Xog — S maps with Xo = X \ {p} and ¢
homeomorphic satisfying (7).

Then T will be of type 11 if and only if there exist elements ¢ € X and X € S' satisfying

©) Tf(p) = M(c) forallf € C(X).

PROOF. If T is also of type I, ¢ and w admit extensions, also denoted by the same
letters 1: X — X, w: X — S' satisfying (7) for all y € X. Choose ¢ = ¢)(p) and A = w(p).
Then clearly (9) is satisfied.

Conversely, assume that there exist ¢ € X and A € S' satisfying (9). Then 0: {p} — X,
v: {p} — S' defined by (p) = c, v(p) = X are clearly continuous. Taking A = Xy, ¢ = v,
u=w; B ={p} from Corollary 2.1 we immediately conclude that T is of type II. u

REMARK 2.2. Suppose T: C(X) — C(X) is acodimension 1 linear isometry of type II.
Let ¥: X — X, w: X — S' with v surjective satisfy (7) for all y € X. Then there exist
a # b in X with y(a) = ¥(b) and Y|X \ {a,b}: X\ {a.b} — X\ {c} bijective where
PY(a) = Y(b) = c. It is now straight-forward to see that T is also of type I if and only if
one of g, b is an isolated point in X. T is expressible as a type I operator in two different
ways if and only if both a and b are isolated points in X. In turn this will be the case if
and only if ¢ is an isolated point in X.

In §3 we will discuss methods of constructing codimension 1 linear self isometries of
C(X). Using those methods we will construct a codimension 1 linear isometry 7: C(K) —
C(K) of type II which is not of type I when K is the Cantor set. However our methods
do not yield an isometric shift operator on C(K). Since K has no isolated points, if there
is an isometric shift operator on C(K) it will be of type II which is not of type I.

We end this section by proving the following:

PROPOSITION 2.3. Let T: C(X) — C(X) be a codimension 1 linear isometry of type I;
P, Xo = X\ {p}, ¥: Xo — X and w: Xy — S' have their usual meanings. Let q € X, be
any isolated point. Then x4 € R(T) & Txyq(p) = 0.

PROOF. Suppose x, € R(T) say x4 = Th with h € C(X). Using the equation Th(y) =
w(y)h(w(y)) Vy € X, we immediately see that h| (X — w(q)) = 0 and that h(w(q)) = ;#

Hence xg=Th=> h= w—(lq—)xw(q,. From y4(p) = 0 we now get ﬁ,)TXw(q)(p) = 0 yielding
Tx ) =0.
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Conversely, if Txy,)(p) = 0, straight-forward checking shows that x, = Th where
h= ﬁq)xwm u
We will make use of this proposition in §4.

3. Construction of codimension I linear self isometries of C(X). Throughout this
section X will denote a compact Hausdorff space. Let T: C(X) — C(X) be a codimension
1 linear isometry of type I. Then as seen already in §2, there exist an isolated point p in
X, a homeomorphism 1: Xo — X where X = X \ {p} and a map w: Xy — S' satisfying

(10) Tf(y) = w(y)f(¥()) forally € Xoand f € C(X).

Denoting the continuous linear functional f — Tf (p) on C(X) by I" we see that |[f| < ||f]]
for all f € C(X). We will presently see that the converse to this is true.

PROPOSITION 3.1. Let p be an isolated point and v: Xy — X a homeomorphism. Let
T be a continuous linear functional on C(X) satisfying |Uf| < ||| for all f € C(X) and
w: Xy — S' a map. Then T: C(X) — C(X) defined by Tf (y) = w(y)f (¥:(y)) for all y € Xo
and Tf (p) = IT'f, for any f € C(X) is a codimension 1 linear isometry.

PROOF. The proof given in [2] for the fact that x, & R(T) is valid here also. Still
we spell it out. If x, = Tf, since p ¢ Xo, we get Tf(y) = O for all y € X. It follows
from the equation Tf(y) = w(y)f (d)(y)) that f = 0, since ¥: Xy — X is surjective and
|[w(y)| = 1 for every y. This will mean y, = 0, a contradiction. Let A;: C(X) — C(X)
be defined by Af(x) = f (w“(x)) / w(w“(x)). A straight-forward verification shows
that f = TAf + {f(p) — TAif(p)}x,. This proves that C(X)/R(T) is of dimension
1, with the class [x,] of x, in C(X)/R(T) forming a basis element. Using the facts
supyey, | TFO)] = sup,ey, [f (V)] = sup.ex [F@)| = |If]| and |TF(p)| = |Tf| < |If]| we
immediately get || Tf|| = ||f]|. .

Suppose T: C(X) — C(X) is a codimension I linear isometry of type II. Then we get
Y: X — X, w: X — S! with v surjective and satisfying
(11) Tf(x) = w@) f(Y(x)) Vx € Xandf € C(X).

Moreover there exist two unique elements a # b in X with ¥(a) = ¥(b) and
Y| X —{a,b}: X — {a,b} — X — {c} bijective. Here ¥(a) = Y(b) = c. If W denotes
the quotient space obtained from X by identifying a and b, v induces a map ¥: W — X.
Then 1: W — X is a homeomorphism (analogue of Theorem 2.6 in [2]). The following
proposition yields a converse to this.

PROPOSITION 3.2. Let : X — X, w: X — S! be given with v surjective. Suppose
there exist a # b in X with(a) = Y (b) and Y|X —{a, b}: X —{a, b} — X —{c} bijective,
where ¢ = Y(a) = Y(b).

Then T: C(X) — C(X) defined by
Tf(x) = w)f (¥(x))  Vx € Xand f € C(X)

is a codimension 1 linear isometry (of type II).
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PROOFE. The proof is somewhat similar to that of Theorem 2.6 of [2]. We omit the
details. n

EXAMPLE 3.1. Let K denote the Cantor set. Given a # b in K it is shown in [2]
that there exists a surjection v: K — K satisfying ¥)(a) = ¥(b) = a with the additional
property that 1/|K \ {a}: K\ {a} — K is bijective. Proposition 3.2 yields a codimension
1 linear isometry 7: C(K) — C(K). Since K has no isolated points, it follows that 7" can
not be of type I.

REMARK 3.1. Given an isolated point p in X, a homeomorphism v: Xy — X (where
Xo = X\ {p}), a map w: Xy — S' and a continuous linear functional T": C(X) — C
satisfying |T’f| < ||f|l, Proposition 3.1 shows that 7: C(X) — C(X) defined by Tf(y) =
w) f (w(y)) Vy € Xo and Tf(p) = I'f is a codimension 1 linear isometry of type I. Let
A;: C(X) — C(X) be defined as earlier, namely A;f(x) =f(zj;“(x))/w(1/;"(x)) for any
x € X. Then A, is a surjective complex linear map, ||A\f]| = ||f]| and KerA; = Cx,.
For any integer n > 1, let A,: C(X) — C(X) be defined by A, = (A1)"; let Ay = ldcx).
It is easy to see that f € R(T") if and only if Aif(p) = TAuf for0 < j < n-— L
If Bj: C(X) — C denotes the continuous linear functional 8;f = A;f(p) — I'Ajif then
fERM) & f € ﬂ}’:})' Ker 8. Thus T will be an isometric shift <> ;> Ker 3; = {0}.

We now give an example of a codimension 1 linear isometry 7: C(X) — C(X) which
is not a shift.

EXAMPLE 3.2. Let A = NU {oo} the one point compactification of N. As usual we
identify C(A) with the space of convergent complex sequences ¢ = (¢, ¢2, €3, . . .).

Then T: C(A) — C(A) given by T(cy, ¢, ¢3,...) =(c1,0, 2,3, 4, . . .) is a codimen-
sion 1 linear isometry which is not a shift.

4. Discussion of type (or types) of isometric shift operators. The object of this
section is to remove the vagueness arising from the comment on p. 100, line 1 in [2]
concerning the “uniqueness of p”.

EXAMPLE 4.1. Consider Example 3, p. 100 of [2]. T in this example is expressible
as an isometric shift operator of type I in two different ways. If p =1, Xo = X \ {1} and
VY:Xo — X, w:Xo — S! are given by yi(n+ 1) = n Vn € N, ¥(00) = 0o and w(y) = |
Vy € X, then we clearly have

(12) Tf5) = w)f (V) Yy € Xo and f € C(X).

Similarly setting ¢ = 2, X{, = X \ {2} and defining ¢/ = X, — X, w": X, — S' by
') =1, ¢'(n+1) =nforn > 2, Y'(c0) = 0o, w(l) = —1 and w'(x) = 1 for all
x € Xy \ {1} we see that

(13) TG = wO)F (V') VY € Xpand f € C(X).

Thus T is expressible as an isometric shift operator in two different ways.
Propositions 2.1, 2.2 and Corollary 2.2 were proved for codimension 1 linear isome-
tries. In particular they are valid for isometric shift operators.
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EXAMPLE 4.2. Consider Example 2 on p. 100 of [2]. In this example T is an isometric
shift operator of type I which is not of type II. Thus T is expressible as an isometric shift
operator of type I in only one way. p = 1, Xo = X \ {1}; ¥: Xo — X, w: Xo — S! with
Yn+1) = n¥n € N, 9(00) = 0o and w(y) = 1 Vg € X satisfy Tf(y) = w(y)f (¥(3))
Vy € Xp and f € C(X). However, straight-forward checking shows that 2 and 3 are
isolated points with x, as wel as y3 not in R(T). This means the only function vanishing
oneither X \ {1} or X\ {2} or X\ {3} and lying in R(T) is the constant function 0.

As an immediate consequence of Proposition 2.3 we get the following:

PROPOSITION 4.1. Let T: C(X) — C(X) be an isometric shift operator expressible as
a shift operator of type 1 in a unique way. Let p, Xo = X\ {p}, ¥: Xo — X and w: Xy — S'
have their usual meanings. Let q be any isolated point in X with q # p. Then the following
are equivalent:
(i) fERMD), flX—{ghHh=0=f=0
(ii) x4 £ R(T)
(iii) TXyq)P) #0.

The straight-forward proof of this is omitted.

EXAMPLE 4.3. Let X = N U {00} the one point compactification of N. We identify
C(X) with the space of convergent complex sequences ¢ = (c1, ¢, ¢3,...) under f — ¢
where ¢, = f(n). Under this identification f(oco) will correspond to lim,_,, ¢,. We write
Coo Tor lim,,_, ¢,,. Consider T: C(X) — C(X) defined by

Tc= (Coos icy, —C2, —iC3,C4,C5,C6,CTy - 2.

Let ¢: X — X and w: X — S! be defined by y(n+ 1) = n Vn € N, (1) = ¥(00) = 00;
w(l) =1, wR) =i,w3) = —1, w@d) =—i,wn) =1 forn > 5 and w(oo) = 1. Clearly
P|X — {1,00}: X — {1,00} — X — {oo} is bijective. T is the codimension 1 linear
isometry of type Il obtained from v and w applying Proposition 3.2. Since 1 is isolated
in X we see that T is also of type I (Remark 2.2). Since 00 is not isolated in X from the
same remark we see that 7 can not be expressed as a type I operator in two different
ways.

We will show that T satisfies ,>; R(T") = {0}. Then it will follow that T is an
isometric shift operator simultaneously of types I and I but expressible as a shift operator
of type I in exactly one way.

For any a = (aj,az,a3,...) € C(X) let us denote the conventional shift a +—
0,ay,az,as3,...) by S. Given ¢ = (c1,¢2,¢3,¢4,...) € C(X) let us denote the element
(—cy, icy, —ic3, 4, Cs5, Co, - - ) DY V(). An easy calculation shows that

T3¢ = (Cooy iCo0y —iCo0y 0,0, 0,0, .. ) + 5¥(c)

76£ = (Com iCOO, —icom —Coo0y —Coos —Co0s 07 07 07 07 . ) + S6’Y(£)

https://doi.org/10.4153/CJM-1994-028-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-028-1

540 F. O. FARID AND K. VARADARAJAN

3lterms

Denote the element (Coos iCoos —iCo0s —Cooy —Coos —Coos « « s —Cooy 0, 0,0, 0, ...) of C(X)
by p(cx)- Then by induction on / we show that

(14) T3 e = (o) + D) forl > 1

Suppose a = (a1, a. a3, . . .) is in (> R(T*'*Y). Then from (14) we see that there should
exist an element c,, € C witha| = cu, dy = iCs, a3 = —iCoo and a; = —c, for all k > 4.
Writing A for ¢, we should have

a= A ix —iA, = =N = =N L).

Also a = Tbh for some b = (by, by, b3, ...) € C(X). This means a = (boo, iby, —bs, —ibs.
ba, bs, .. .) yielding A = b, and b, = — X for n > 4. But b being a convergent sequence,
we should have b, = lim, ., b, = —\. Thus we get A = —X or A = 0. This yields
a = 0 € C(X) thereby showing that >, R(T") = {0}. This completes the proof that T
is an isometric shift operator.

5. Isometric shift operators of type I with D # X. In this section, given any
integer / > 1 we construct an isometric shift operator of type I with X \ D having
exactly [ elements. Let A = NU {00} the one point compactification of N. As usual C(A)
will be identified with the space of convergent complex sequences ¢ = (cj. €3, €3, . . ).
Let {aj,ay,...,a;} be a discrete space with / elements and X = AU {ay,as,...qa/}
(disjoint union). Any element of C(X) can be uniquely written as ¢ © Z]’.:l AjXa, With
¢ € C(A). Let T: C(A) — C(A) be the usual lateral shift, namely T¢ = (0, ¢y, 2, 3. - . .).
Let S: C(X) — C(X) be defined by

i
(15) S(Q@ ZAan,-) =(A1,C1,02,¢3,-.) D (MaXa, + + AXa,, — MXa)
=
‘We could rewrite the formula for S as
!
(16) S(c® X Axg ) = (A150,0,0,..) + Te & Maxa, ++++ AXar, — AiXa):
=1

Let Xo =X\ {1}=@A\ {1}hU{ai,...,q}. Define y: Xo — X, w: Xy — S' by

Yr+1)=n VneN, ¥(oo) =00, Y(a)) = as,
(17) Y(ax) = as, ..., P(a;-1) = a;and Y(a)) = a,
(18) w(a)=—1landw(y)=1 forally € Xo\ {a;}.

Then it is clear that

(19) Sf6) = w)S(¥(y)) Vy € Xoandf € C(X).
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We will check that S is an isometric shift operator. One can check that

1 1
(20) S’(g Y A,-Xa,.) = O At AL 0,0,0,.. )+ Tle® (— > ijaj)
Jj=I1 Jj=1

Szz(g@ g )\an,»)

l
(21) = (=M =Aets oo =AML 5 AL0,0,0,.. ) + T @3 Aixa,
j=1

Let us denote (A, Aj_q, ..., A1,0,0,0,...) by u. Then we have

n n—1

i i
22) S(2n+l)l(£ &y >\an,) =y T2y — T 7Dl 4 T+l oy (_ 3 /\an,)
j=1 P

r=0 r=0 J=1

] n—1 n—1 !
(23) San<£ @ Z Aan_,-) - _ Z T'ZrlE + Z T(2r+])l£ + T2nl£ @ Z )\anj
r=0 r=0

=1 j=1

From (22) and (23) we see that if

]
X® 3 X is in R(S") forall n > 1,
j=1

then x will not be convergent unless x = 0 in C(A) and p; = - - - = p; = 0. This proves
that N),>; R(S") = {0}. Thus § is an isometric shift operator of type I. In this example
D=N,D=Aand X\ D = {ay,...,a;}. .

In this example it is easily seen that IpNR(S') = {0}. Also IpNR(S"™") # {0} because
if Ip N R(S"~!) = {0}, we would have |X \ D| < — 1, which is not the case here.

6. Non existence of codimension 1 linear isometries on C(M"). The main result
proved in this section is:

THEOREM 6.1. Let M be any compact manifold with or without boundary. Then C(M)
does not admit a codimension 1 linear isometry. In particular C(M) does not admit an
isometric shift operator.

PROOE. Any compact manifold M has only finitely many connected components.
Hence M can not admit an infinite number of isolated points. Thus to prove Theorem 6.1
we have only to show that C(M) does not admit a codimension 1 linear isometry of
type II. As remarked earlier in §3, if there existed a codimension 1 linear isometry
T: C(M) — C(M), M would be homeomorphic to a quotient of M obtained by identifying
exactly two points. Let a # b be any two points of M. If M were of dimension 0, M would
be a finite discrete space. Hence C(M) can not admit any injective linear map which is
not surjective. Thus we may assume that dimM =n > 1.
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Suppose M = (). Let X be the quotient space obtained from M by identifying a and b.
Let ¢ € X be the point represented by a or b. Let B" = {x € R" | ||x|| < 1} and B" V B"
the wedge where 0 € B" is chosen as the base point. The element ¢ € X will have a
fundamental system of neighbourhoods homeomorphic to B” V B" with ¢ corresponding
to the base pointin B" V B". But B" V B" is not locally Euclidean around the base point.
Hence X can not be homeomorphic to M".

Suppose 6M # (). If a and b are both in Int M", ¢ € X will have a fundamental system
of neighbourhoods homeomorphic to B” VV B" with ¢ corresonding to the base point of
B"VB". Let Bl = {x € R" | x; > 0.||x]| < 1}. If one of a, b is in Int M" and the other
is in &M then ¢ will admit a fundamental system of neighbourhoods homeomorphic to
B" V B! with ¢ corresponding to the base point. If both a and b are in 0M, ¢ will admit
a fundamental system of neighbourhoods homeomorphic to B} V B}. For B* V B" and
B" V B" the manifold condition fails at the base point. Also when n > 2, the manifold
condition fails at the base point for B} V B}.

When n = 1, M will be a disjoint union of k copies of S' and / copies of [0. 1] for
some integers k > 0,/ > 0 and k+ [ > 1. If two boundary points in M are identified, the
quotient X will have strictly less than [ copies of [0, 1], hence cannot be homeomorphic
toM. L]
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